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Abstract

All molecules naturally live in a 3-dimensional space, though
some of them are linear, like carbon dioxide, or flat, like water or
benzene. Molecules were recently classified as clouds of unordered
atoms by complete invariants with Lipschitz continuous metrics, all
computable in polynomial time. The key ingredient of this new
classification is the strength of a geometric simplex. We rigorously
prove the Lipschitz continuity of this strength in any dimension
and extend this concept to continuously quantify the degeneracy of
atomic clouds when they can close to a flat or linear configuration.

1 The importance of Lipschitz continuity for

quantifying molecular geometry

Molecules are naturally represented as clouds of unordered atoms or atomic

centers, many of which can be chemically indistinguishable [9].

The first fundamental question that can be asked about any data ob-

jects is “Same or different?” A rigorous answer to this question requires
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an equivalence [12], which is any binary relation ~ satisfying three axioms:
(1) reflexivity: A ~ A, (2) symmetry: if A~ B then B ~ A, and (3) tran-
sitivity: if A ~ B ~ C then A ~ C. The transitivity axiom guarantees
a well-defined classification as a splitting into disjoint equivalence classes
[A] = {all objects B ~ A} so that if any classes [A], [C] overlap, share a
common object B, they should coincide: [A] = [C].

Though one can consider many equivalences on molecules, one of them
stands out due to preserving the intrinsic structure of rigid shapes, in-
cluding crystalline materials: a rigid motion in R™ is a composition of
translations and rotations. A crystal structure was defined as an equiva-

lence class of periodic sets of atoms under rigid motion [3, Def 6].

Even if a molecule is flexible, such as a protein, its functional properties
depend on a rigid conformation (an equivalence class under rigid motion)
and should be reliably identified [4,16,30]. Another practical equivalence
on molecules is an isometry, which can be defined as a composition of a
rigid motion and mirror reflections in R”. Isometry is weaker than rigid
motion in the sense that if any objects are related by rigid motion, then
they are isometric, but not vice versa. Any mirror images that are not

equivalent under rigid motion map to a single class under isometry [20].

A unique identification of any object under a given equivalence needs
a complete invariant that is a function I on objects such that A ~ B if
and only if T(A) = I(B). If points p1,...,pm € R™ are ordered, they are
uniquely determined under isometry by the matrix of distances |p; — p;]|

or the Gram matrix of scalar products p; - p;, known since 1935, see [25].

However, if the m given points are not ordered, which is the most
practical case, extending this complete invariant to comparisons of point

clouds requires exponentially many m! permutations on m points.

The case of m = 3 points has been known for 2000+ years as the side-
side-side theorem, which continuously parametrizes the space of triangles
(equivalence classes of 3-point clouds) under isometry by three inter-point
distances a,b,c as {(a,b,c) eR* |0 <a<b<c<a+b} CR>

The crucial obstacle to developing such parameterizations for all real
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data under equivalences is the discontinuity of traditional representations.

Positions in a FEuclidean space, such as atomic centers, are always un-
certain due to measurement noise or thermal vibrations, see Feynman’s
first lecture on physics Atoms in motion [14, chapter 1]. Data objects
from molecules to galaxies are studied through dynamic simulations and
their properties are expected to continuously change depending on rigid
conformations. Moreover, most optimization methods implicitly assume

the smoothness of cost functions, which is stronger than continuity.

Since all real objects are at least slightly different under noise, the

second fundamental question is “If different, by how much?”

A rigorous answer to this question requires a distance metric d on
equivalence classes of data objects satisfying the three metric axioms:
(1) d(A,B) = 0 if and only if A ~ B, (2) symmetry: d(A, B) = d(B, A),
and (3) triangle inequality d(A, B)+d(B,C) > d(A, C). Clustering should
always use a metric, because if the triangle axiom is ignored, outputs of

k-means and DBSCAN on point clouds may not be trustworthy [24].

Though real objects are often symmetric, their noisy representations
deviate from ideal symmetry. For example, a narrow triangle can de-
generate to a straight line and evolve to a mirror image of the original
triangle that has an opposite (sign of) orientation. This discontinuity
challenge for finite and periodic point sets was formalized and extended to
the geo-mapping problem [5, Problem 1.4.5], which aims to continuously
parametrize spaces of real data objects under practical equivalences by

complete invariants similar to geographic coordinates on Earth.

Many molecules, such as benzene C4Hjg, are nearly flat but live and are
simulated on a computer in R3, where their principal directions [1] from
Principal Component Analysis are undefined or unstable [17]. Hence, it
is important to reliably distinguish between nearly flat configurations of
molecules by quickly computable invariants that continuously change un-
der perturbations during computer simulations or phase transitions. The
classical continuity in terms of €, § is too weak in the sense that all standard

functions are continuous on the domains where they are defined.
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1
For example, f(z) = — is continuous for x # 0 because, for any € > 0,
x

there is § = % min{1, e|z|} such that if |x — y| < §, then |f(x) — f(y)| =

— ) 20
=~ 9] < — < —5 <e. However, for small z > 0, the chosen delta ¢ is
leyl eyl T @

1

much smaller than ¢, so f(x) = — grows too fast close to 0. The Lipschitz
x

continuity below is more practical by restricting the growth of a function

via an explicit constant A and a maximum amount ¢ of perturbation.

Definition 1.1 (Lipschitz continuity). A function f : R™ — R is Lipschitz
continuous if there is a Lipschitz constant X > 0 such that |f(z) — f(y)| <

Az — y| for any z,y € R™, where |z — y| denotes the Euclidean distance.

1
Then f(x) = — is not Lipschitz continuous because for any potential
x
1 1
A > 0, we can set ¢ = max{1l,\}, z = % and y = — such that |f(z) —
c c

A
—c>1> 2 =Mz —yl.
fy)l=c> > 5 |z — 1y

Though the Lipschitz continuity makes sense for maps between any

metric spaces, we consider only scalar functions on subsets of R".

A simplex can be defined as a finite set of arbitrary elements whose
every subset is also a simplex. We consider only geometric realizations of

a simplex, called a geometric simplex on ordered points in R”™.

Definition 1.2 (a geometric simplex T on any n+1 ordered points in R™).

(a) The geometric simplex T on any points py, . ..,p, € R™ is the subset

A= { tipi |t; €[0,1], > t; = 1} C R™ with the ordered po, ..., pn.
i=0

i =0
(b) An orientation of a simplex T on ordered points po,...,p, € R™ is
the sign of the determinant of the n x n matrix with the column vectors

P1 — Po, - - -, Pn. — Po, and is denoted by sign(7).

For n = 1, the simplex on any points pg,p; € R is the line segment
connecting po and py. If points pog,...,p, € R™ are affinely independent,

i.e. there is no (n — 1)-dimensional affine subspace of R™ containing all
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Do, - - - » Pn and hence the simplex T, then T is n-dimensional. Definition 1.2

makes sense for any points, which may not be affinitely independent.

The volume vol(T') of a simplex T or an arbitrary polyhedron is often
used as a shape descriptor and detects affine independence in the sense
that T is degenerate if and only if vol(T) = 0. However, the volume
and all other distance-based descriptors do not distinguish mirror images,
which have different signs of orientation. When a simplex T" goes through
a degenerate configuration, an orientation of T' can discontinuously change
sign. This discontinuity is an obstacle to recognizing simplices (or more

general molecules as clouds of atoms) that are nearly mirror-symmetric.

One attempt to resolve this discontinuity is to consider the signed vol-
ume sign(7)vol(T), because vol(T) vanishes only on degenerate simplices.

Unfortunately, vol(T) is not Lipschitz continuous for any n > 2.

Example 1.3 (the area of a triangle is not Lipschitz continuous). For
any large [ > 0 and real € close to 0, let T'(I,¢) C R? be the 2D sim-
plex (triangle) on the vertices (0,¢) and (£l,0). The signed area le of
T(l,e) distinguishes mirror images T'(l, +¢) but is not Lipschitz continu-
ous under perturbations. Indeed, as ¢ — 0, the triangle T'(l,e) degen-

erates to a straight line, while the area drops to 0 too quickly so that
vol(T(l,e)) — vol(T'(1,0)) e

0 = [ is not bounded. Hence, if points are
€— €
not restricted to a fixed bounded region, a small change in their positions

may lead to a large change in the area of a triangle, and also in R™.

Example 1.3 motivated the following problem, which will be solved in

sections 2 and 3, with applications to affinities of molecules in section 4.

Problem 1.4 (Lipschitz continuous detection of degenerate simplices).
Find a Lipschitz continuous real-valued function f(T') for all geometric
simplices T' C R™ on n + 1 ordered points pg,...,p, € R™ such that
f(T) =0 if and only if T is degenerate.
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2 Lipschitz continuous strength of a simplex

We solve Problem 1.4 by introducing the strength of a geometric simplex

in Definition 2.1 and proving its Lipschitz continuity in Theorem 2.4.

Definition 2.1 (the strength o(T) and signed strength s(T) of a sim-
plex T C R™). Let T C R™ be the simplex on any n + 1 ordered points

1
D0y D1, -« -y Pn in R™. The half-perimeter p(T) = 5 > |pi — pj| is one half
i#£]
of the sum of all distances between the vertices of T'. The strength of T is
1*(T
defined as o(T) = ‘272_1((12). The signed strength is s(T') = sign(T)o (T).
p2n

Example 2.2 (the strength of a line segment). For n = 1, the simplex T'

on any points pg, p1 € R is the line segment with vol(T") = |p1—po| = 2p(T),

vol?(T')
p(T)

the strengths o(T') = = 2|p1 — pol, and s(T) = 2(p1 — po).

Example 2.3 (the strength of a triangle). (a) Let 7 C R? be a triangle

with sides a,b,c. Heron’s formula for vol(T) = \/p(p —a)(p — b)(p — ¢),
a+b+c

where p = —y = p(T) is the half-perimeter, gives the strength
vol’(T) _ (p—a)(p—b)(p —¢) . :
o(T) = = . The triangle T'(l,¢) in Exam-
(1) (D) e (l,e)
I /12 1 22
ple 1.3 has p = y Using | < VI2+¢e%2 <1+ ¢, we can

estimate the strength of T'(I, ) as follows: o =

(l—z—:+\/12+52)(5+\/12+z—:2—l)(l+sf\/l2+52)<21~25~5<§
2(l4+ e+ VI2 +€2)? - 20202 T2

for any 0 < e <. Hence, the strength of T'(l,¢) is Lipschitz continuous.

(b) To visualize the strength o(T') of a triangle T', we assume that
b < ¢ and normalize T by the larger side ¢ to get the sides a =
b

— < ¢é = 1. The resulting space of normalized triangles is parameterized
c

cle o

a b
by the coordinates © = — and y = 1 — - in the triangular region
c c

A={(z,y) eR*|z€(0,1], 2>y z+y<1},
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where x +y < 1 means that a < b, while x > y is equivalent to the triangle
inequality a + b > ¢, see Fig. 1 (left). The half-perimeter is

1 ~

ﬁzi(a—kb—&-é):%(x—i—(l—y)—i—l):%@—i-x—y).

1 = 1 1
Then p—a = L(2—a—y), b= (aty) p—c= s(r—y) and
2-z—y)(a® -y : :
2 tx— ) , see Fig. 1 (right).

In the triangular region A in Fig. 1 (left), the horizontal side {z €

O-(:Evy) =

(0,1], y = 0} represents all (normalized) isosceles triangles with @ < b =

2 _ 2
¢ =1 and strength o = (2(2_?3);;2 for z € [0, 1].
The right hand side {z € (0.5,1], z+y = 1} of the region A represents
all (normalized) isosceles triangles with @ = b < ¢ = 1 and strength
20 — 1
o= m for z € [1,1]. The vertex (z,y) = (1,0) represents all

1
equilateral triangles with side 1 of strength o = ITh Any equilateral

(a®V3/4)*  a

triangle T' with sides a = b = ¢ has the strength o(T) = ~——— = = —

(3a/2 18

L oo

11230, N

C;//¢' 5 ™~ :

¢ ' ox

’ i1/2 .
\% o
0 a<b=c ~ 1 g

A a=b=c N e

Figure 1. Left: Example 2.3(b) parameterizes the space of (normal-
ized) triangles with sides 0 < a < b < ¢ by z = d and
c

b
y = 1 — = over the region A = {(z,y) € R? | = €
c
0,1, z > y, z +y < 1}. Right: the strength o(z,y) =
2-z—-y@*—y?
22+ —y)?

of a normalized triangle over A.

The strength of a simplex was used to define a Lipschitz continuous
metric on invariants of n-dimensional clouds of m unordered points, which

are complete under rigid motion in R™ and can be computed in polynomial
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Figure 2. Vertical sections of the strength o of normalized triangles
parameterized by z,y in Fig. 1. Left: isosceles triangles

- 2 — 2
withd:bﬁé:lhavey:Oanda:ﬂ or
2(2 4 z)?
z € [0,1]. Right: isosceles triangles with sides a < b = ¢
2z — 1
havey=1—zando = ———— for z € [L,1].
ve y g 2(2I+1)2 [2 ]

time of m, for a fixed dimension n; see [28, Theorem 4.7] and [18, Theo-
rem 5.8]. Theorem 2.4(c) proves the Lipschitz continuity of o for the first

time, and with better constants than announced in [28, Theorem 4.4].

All time complexities are considered in the RAM model of computation

so that any value in memory can be accessed in constant time.

Recall that any permutation ¢ € S,, has sign(¢) = (—1)*, where ¢ is the
number of pairs of 4,5 € {1,...,n} such that i < j but £(7) > £(j).

Theorem 2.4 (strength properties). (a) If a permutation £ € S,,41 acts
on n+1 ordered vertices of a geometric simplex 7' C R"™, then o (7T’) remains

unchanged, but sign(7") and s(7T") are multiplied by sign(&).

(b) The strength o(T) and signed strength s(7") of any simplex T' C R"
are invariant under isometry and rigid motion in R™, respectively, and can
be computed in time O(n?). The uniform scaling of R™ by any factor ¢ > 0
multiplies both strengths o(T) and s(T) by c.

(c) Fix any dimension n > 1. Then there is a constant A, > 0 such
that, for any € > 0, if a simplex @ is obtained from another simplex
T C R" by perturbing every vertex of T' within its e-neighborhood, then
lo(T) — U(Q)\E} g)\ne and [s(T) — s(Q)| < 2,6, where Ay = 2, Ay = /3,

2
and A\, < e foranyn > 3,e.g. \3 < 0.37and A\, = 0asn — +oo.

(nhn
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3 Proofs of strength properties for all n > 1

2

1
It was highly non-trivial to design the strength o = % in Definition 2.1

after rejecting numerous conjectures. For example, the attempt to choose
a Lipschitz continuous function f(7T') as the shortest height of the simplex
T C R™ likely fails because this height is proportional to a ratio of the
volume of T and the largest volume of an (n — 1)-dimensional subsimplex

of T. Here both volumes are non-Lipschitz for n > 2 by Example 1.3.

Proof of Theorem 2.4(a). Any permutation & of vertices of a geometric

simplex T" C R"™ preserves the volume vol(T') and the half-perimieter p(T),

1*(T
and hence the strength o(7) = o (7(1) ) . Recall that sign(7T') is the sign of
p
the determinant of n X n matrix M(po,...,pn) with the column vectors

P1 — Po, - - ., Pn — Po for the ordered vertices po, ..., pn of the simplex T.
If a permutation £ keeps the vertex pg of T fixed, then £ induces the

permutation of the n columns of M(pg,...,p,) whose sign is sign(£), so
sign(T) is multiplied by sign(¢). Any permutation £ that moves py to
(say) p1 is a composition of the transposition py <+ p1 and a permutation
fixing pp. Since a composition £ o & of permutations has sign(§ o &) =
sign(&)sign(¢’), it remains to prove that sign(7") becomes opposite under
the transposition py <> pi1. The matrix M (p1,po,p2,.-.,Pn) is obtained
from M (po,p1,p2,--.,pn) by changing the sign of the first column, which
changes the sign of the determinant, and by subtracting the first column

from every other column, which preserves the determinant. |
We will prove Theorem 2.4(b,c) using the Cayley-Menger determinant.

Definition 3.1 (Cayley-Menger determinant, [7, Chapter II, p.98]). Let
the simplex T" on any ordered points py,...,p, € R™ have the (n 4+ 1) x
(n + 1) matrix D;; of squared Euclidean distances dfj = |pi — pj|? for
i,j = 0,...,n. The (n 4+ 2) x (n + 2) matrix D is obtained from D by
adding the top row (0,1,...,1) and the left column (0,1,...,1)7.

The Cayley-Menger determinant [10,21] expresses the squared volume

-1 n—1 R
of the simplex T as vol*(T) = (271()')2 det D.
n!
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Proof of Theorem 2.4(b). Any isometry preserves all distances and
hence the strength o(7T) expressed via distances in Definition 2.1. Any
special orthogonal matrix M € SO(R™) keeps the sign of a simplex T on
n + 1 ordered vertices, i.e. multiplies sign(7T") by det M = 1. Then any
rigid motion preserves the signed strength s(T) = sign(T)o(T).

To compute o(T") and s(T'), we need the half-perimeter p(T"), which
requires a quadratic time O(n?), and then sign(T") and vol?*(T") by using
determinants of sizes up to n + 2, which can be calculated in time O(n?3)

by matrix diagonalization [23, section 11.5]. |
We prove Theorem 2.4(c) first for n = 1,2 and then for n > 3.

Proof of Theorem 2.4(c) for n=1 and \; = 2. Forn = 1, asimplex
T C R has two vertices pg,p1 € R at the distance d = |p1 — po|. Then
the strength o(T) = 2d and s(T") = 2(p1 — po) have the Lipschitz constant
2A1 = 4. Indeed, perturbing each of pg,p; up to € changes the difference
p1 — po and the distance d up to 2e. |

Vertical lines denote the determinant |M| of a matrix M, the Euclidean

length |v| of a vector v € R™, and the absolute value |r| of a real r € R.

Proof of Lipschitz continuity in Theorem 2.4(c) for n =2. Let a

triangle T" have pairwise distances a, b, c. Using the half-perimeter

b -
p= #, we change the variablestoa =p—a,b=p—5b,c¢=p—c.
Thena=b+¢&b=a+éc=a+b, p=a+b+¢ and the Jacobian
) 0 1 1
of this change of variables is ~’f =1 0 1 |=2. Ifevery point
a,b, ¢
1 1 0

of T' is perturbed up to ¢, then any pairwise distance between the vertices

of T changes by at most 2¢. By the mean value theorem [13], this bound
0o Oo 0o

2¢ gi T) — < 2esup |V here Vo = | —, —, = | is th

e gives |o(T) — o(Q)| < 2esup |Vo|, where Vo (Ba’ 5 80) is the

gradient of the first order partial derivatives of o(7T") with respect to the

| (00 20 90
- oa’ 9p’ O¢

three distances between points of 7. Since

)

Vol = ’8(a,b,c) . (30 oo 80)

8a,b,e) \0a’ b’ 0¢
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it remains to estimate the first order partial derivatives of the strength
abc -
from Definition 2.1 ¢ = ——=——— with respect to the variables a, b, c.
(@+b+¢)?
Since ¢ is symmetric in a, b, ¢, it suffices to consider

do bé 2abé bé(b+ ¢ — a)
da  (a+b+e)? (a+b+e)d  (arb+e)e

(p—b)(p ;30)(% - _ (1 _ ;) (1 _ ;) (QZ . 1) .

By the triangle inequalities for the sides a, b, ¢, we have max{a, b, c} <

b b b
HOFC Then 2,2% € (0,1, and 1 - 2,1 - £ € [0,1), and
PP p P

p:

2
2% e (=1,1], so a—? < 1. The similar upper bounds for the other two
p a
0
partial derivatives |— |, ;‘ < 1imply that |[Vo| < V12 4+ 12412 = \/g7
c
so [0(T) — o(Q)] < 2sup|Vole < 2Xse for Ay = /3. m

Theorem 2.4(c) for n > 3 will be proved by Lemmas 3.2, 3.3, 3.4.

Lemma 3.2 (edge ratios). For any simplex T on points po, . ..,p, € R™,

we have that i pi] < 2 for all 7,5 = 0 n, where p(T') = 1 g_:l d;;
p(T) - n ’ ’ s Iy 21,7],:1 i

Proof. Set d;; = |p; — p;| and use triangle inequalities as follows:
2p(T) = > dp >dij+ Y (dii +drj) > dij + (n — 1)d;; = nd;;. n

k,l=0 k#i,j
n, (—1)F
Recall that the rencontre number r, = n! > T counts all permu-
k=0 K!
tations of 1,...,n without a fixed point [11] and equals the integer nearest

n!
to —,eg. ro=1,r3=2,1r4=9, r5 =44.
e

Lemma 3.3 (determinant ratio). In the notations of Definition 3.1, we

t D

d 2 2n
have that p;li(T) < Tnao (n> for any n > 1.

Proof. The determinant det D = > sign(ﬁ)DLg(l) .. ﬁn+2,§(n+2) over
§E€ESny2
all permutations £ € S,,49 of 1,...,n+2 excludes all zeros on the diagonal.
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Then k # £(k) for k = 1,...,n+ 2, i.e. we can consider only permuta-
tions £ of 1,...,n + 2 that have no fixed elements. The number of such
permutations is the rencontre number r,42. Then det D is a sum of T2

non-zero terms, each being a product of n squared distances dfj.

2
The upper bound d;; < —p(T') in Lemma 3.2 implies that each term
n

. 2 2n d tD 2 2n
in det D is at most <np(T)> . Then p;(T) < Tpao <n) ) [ ]
~ d

For n = 1 in Lemma 3.3, we have det D = 2d3; and p(T) = %’ so
det D
T = < 22 = 8.
p*(T) 8<rs(2) =8
Lemma 3.4. In the notations of Definition 3.1 for any distinct indices

ddet D 1

2n—1
2

,je{l,....,n}, weh <Ay +raan) (2 .
1,7 €41, n}, we have (T (rn + Tnt1) <n)

6dij

Proof. Since det D contains d?j in exactly two cells in different rows and

columns, det D is a quadratic polynomial adfj—i— 6dfj +~ for some «, 3,7y that

Odet D
8dij

The coefficient « is the determinant of the n x n submatrix (b;;) obtained

depend on other fixed distances dj; # d;;. Then = 4adf’j +28d;;.

from D by removing two rows and columns indexed by ¢ + 2, 5 + 2.

0 1
For example, fix i =0 and j = 1. If n = 2, then a = 0 =—
0 1 1
Ifn=3thena=|1 0 d3; |=2d3s.
1 d3, 0

For any n > 1, since the matrix (b;;) has zeros on the diagonal, its de-

terminant o = ) sign(§)by ¢(1) - - - bn,g(n) is a sum over all permutations
£ € S, with no fixed points. Then the sum « has r, non-zero products

bie(1) - - bn.en) and the total degree 2(n—2) in all distances di; # d;j. Af-
ter dividing the polynomial adf’j of the degree 2n — 1 by p?"~1(T), we use

d 9 « d3 2 2n—1
the upper bound ng) < ~ in Lemma 3.2 to get pQ|n1ZJT‘) <r, (n) )
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The coefficient 3 in det D = adj; + Bd3; + is the sum of products from

the determinants of the two (n+1) x (n+ 1) submatrices obtained from D

by removing row ¢+2 and column j+2 (for one submatrix), then row j+2

and column ¢ + 2 (for another submatrix). For n = 3,7 =0, j = 2, the

0 1 1 1 0 1 1 1
1 d? 0 da 1 d3, d3, d3
determinants give the sum ;0 ) ;3 + o1 32 23
L dyy d3y dag L 0 diy diz
1 d3y d3 0 1 d3, di 0

2
177
all products with this entry, which are multiplied by the removed dizj from

Since each (n+1) x (n+1) submatrix includes one entry dz., we exclude

D and hence were counted in adfj. Hence we can replace dgs = dgo with

0 1 1 1 0 1 1 1
1 &2 0 & 1 d 0 d?
0 and get 5 = 10 ) ;3 + o1 ° g?’
1 0 d3 dss 1 0 diy dis
1 d3, di, 0 1 d3, d3, 0

Up to a permutation of indices, each submatrix can be rewritten with
the diagonal that has one original d?j (now replaced with 0), while all

other diagonal elements are initial zeros. The example above gives 8 =

0 1 1 1 0 1 1 1
1 0 d3 d3 1 0 di, d3
21 %28 12713 1 Similarly to the argument
1 d3, 0 di 1 d3, 0 di
Uy B 0| |1 B o

for the determinant «, the sum 8d;; contains 2r,; products of the total
2n—1
|Bd;;
W < 27"n+1 E by Lemma 3.2.
Then the required inequality follows:

ddet D 1 |4ad§’j + 26d;;] 9\ 271
= < (drp + 4y - : [ |

degree 2n — 1, so

Proof of Theorem 2.4 (c) for n > 3. For n = 3, the squared volume is
0 1 1 1 1
0 dfy di, di
d3, 0 d2, d3; |. Similarly to the case n = 2,
d3, d3 0 di
di, d3, di, 0

1

V012 (T) = @

[ T



102

*(T
the mean value theorem [13] for the strength o(T) = ‘;()1((12), where
P
1
p(T) = 3 >~ d;j, implies that |o(T) — o(Q)] <
i#£]
1
< 2esup|Vo| < 2e <2 @ maxsup 8de
Jdo e .
To find an upper bound of 2.1 we initially ignore the numerical factor
ij
1 n—1 R R
in the squared volume vol?(T) = (277()')2 det D and differentiate det D -
' (n!
1
W by the product rule:
0 det D _8detl§ 1 B detD 2n—1
0d; \p"(T) ) T ody D) AT 2

Lemmas 3.3 and 3.4 imply the upper bound

d det D 2\*"! 1 2\*"
a7 | o1 < (4 n 4 n - - n -
Od (pQ"_l(T)> = U dr) (”) i (n 2) e (n> -

2n—1
2
< (4rp, +4rp41 + 2rp40) () . By taking into account the factors
n

n(n+1) (—=1)n1t
5 e

in vol?(T) to estimate the length of the gradient

1 0
Vo of the @ first order partial derivatives 97 we get

ad;;’
1
lo(T) —o(Q)] < 2¢ % mjx sup < 2ec,, for the upper bound
i#] ij
n(n+1)/2 2\ >
Cn = W (4rn —+ 4rn+1 + 2Tn+2) (n>

2n—0.5\/m

= (2rn + 2rn41 + T”H)W.
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n!
The estimate r,, < 5 gives

o 2105/ T
Cp < 5(24—2(”4’1) + (n+1)(n+2))W =

) 271—145 5 6 / 1 2n—1.5
(n +5n+6)vn+1(n!)n?”1f’:(l+n+rﬂ> 1+EW

5} 6 10 1 2
For n > 3, we get 1+E+ﬁ§§and \/ES\/E’SO
20 gn—15 52 on gn+0.5
= vz =b,. [ |

n < 33 (n)n2n—t ~ 3./3 (nl)n2n—4 < (n)n2n—1

Proof of constants for the signed strength in Theorem 2.4(c). If T, Q

have sign(T") = sign(Q), then |s(T)—s(Q)| = |o(T)—0(Q)] < 2A,e. If T, Q
have opposite signs, we will prove that |s(T") — s(Q)| < 4\,e. Any simplex
T can be connected to its e-perturbation ) by a straight-line deformation
through simplices @, C R™, where r € [0,1], Qo =T, and @1 = Q. There
is an intermediate value r € (0,1) such that (Q,) = 0 = sign(Q,). Then
both T, Q) are deformations of the intermediate simplex (), such that all
corresponding vertices are perturbed up to Euclidean distances re and
(1 — r)e, respectively. The inequalities |s(T)| = |o(T) — o(Qr)| < 2\, re
and [s(Q)] = |0(Q2) — #(@)] < 2Au(1 — 1)z imply that |s(T) — 5(Q)| <
0(T) = 0(Q0)] + 0(Qr) — o(Q)] < 2Ae. -

Hence, the strength of a simplex provides a Lipschitz continuous analog

of a volume, which is measured in the units of point coordinates.

4 Geometric affinities of molecules

This section introduces geometric affinities that continuously quantify the
degeneracy of molecules, for example, how close a molecule of water H,O
is to a straight line (measured in Angstroms), and how flat (close to a

2-dimensional plane) molecules of benzene C4Hg and methane CH, are.

Recall that the affine dimension aff(C') of a point cloud C' is the mini-

mum k such that C' is contained in a k-dimensional affine subspace of R".
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If aff(C') < n, then the simplex on any n + 1 points of C is degenerate
and has strength 0. Definition 4.1 extends the discrete invariant aff(C') to

continuous affinities based on the strength of simplices on points of C.

Definition 4.1 (affinities o(C;k) of a point cloud C). For any cloud

C C R™ of m unordered points, let O(C) = — > p denote the geometric
m pec
center of C'. Fix an integer 1 < k < n. For any points p1,...,px € C, let

T(p1,...,pr) denote the geometric simplex on k+1 points O(C), p1, . . . , pk.
The k-th Mazimum Geometric Affinity MGA(C}; k) and Average Geomet-
ric Affinity AGA(C;k) are the maximum and average, respectively, of
o(T(p1,...,pr)) over all subsets of k unordered points py,...,pr € C.

Since o(T) is invariant under permutations of vertices of T' by Theo-

rem 2.4(a), o(T(p1,...,px)) is independent of an order of pq,...,pg.

For any point cloud C C R", if k = 1, then T'(p1) is the line segment
[O(C), p1] whose the strength o(T'(p1)) = 2|0(C) —p1] is the double radial
distance from p; to the center O(C'). Then MGA(C;1) and AGA(C;1)

are the maximum and average, respectively, radial distances of C'.

In chemistry, the concept of strength is discussed in terms of inter-
atomic bonds [22], while Definition 2.1 introduced the strength only for a
geometric simplex. Geometric affinities in Definition 4.1 are motivated by
the affine dimension of an atomic cloud and certainly differ from binding

affinities of small-molecule ligands to macromolecular receptors [15].

Example 4.2 and Fig. 3 use inter-atomic distances from PubChem [8].

carbon dioxide water molecule methane
o C O 0 0.97A @024 | [1.78A.
o—— H1 . H2 ~ .
1.2A ) i
A f 27\ H

0(Co,) O(H,0) 0.76A 0.79A 1.@9&

Figure 3. Left: a linear molecule of carbon dioxide CO,. Middle:
a water molecule HyO is an isosceles triangle. Right: a
molecule of methane CH, is a regular tetrahedron with a
carbon atom in the center. See details in Example 4.2.
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Example 4.2 (geometric affinities of molecules CO,, H,O, and CH,). (a)
The PubChem entry 280 of carbon dioxide CO, has 3 atoms in a straight
line with a bond length |CO| ~ 1.2A; see Fig. 3 (left). Since the center

of CO, coincides with atom C, three radial distances have the maximum

2x1.2
MGA(CO,;1) ~ 1.2A and the average AGA(CO,;1) ~ VFr2x12

3
0.8A. All other affinities in Definition 4.1 for k > 1 vanish.

(b) The PubChem entry 962 of water H,O has approximate radial dis-

tances 0.4,0.79,0.79 in Fig. 3 (middle). Then MGA(H,0;1) ~ 0.79A
0.44+2x0.79

and AGA(H,0;1) = — = 0.66A. Three triangles with the
vertices at the center O(H,0) and two atoms of H,O have the following
vol?

normalized strengths ¢ =

) with Ay = +/3 in [18, Example 6.9(b)]:
P A2
0.01,0.004,0.004. Then we get MGA(H,0;2) = 0.01\y ~ 0.017A, and

0.01 + 2 x 0.004
AGA(H,0;2) = %)\2 ~ 0.01A. All other geometric affini-

ties of HyO for k > 2 are equal to zero.
(c) The PubChem entry 297 of methane CH, has atom C at the center
O(CH,) and 4 atoms H at a radial distance of 1.09A in Fig. 3 (right).
4% 1.09
Then MGA(CH,; 1) ~ 1.09A and AGA(CH,;1) ~ ——" ~ 0.87A.
For a fixed vertex at C = O(CH,), the 5-point cloud CH, has 4 degen-

erate triangles (of area 0) with two other vertices at C and H, and 6 non-

degenerate triangles with two other vertices at 2 of 4 atoms H. Each non-

degenerate triangle is isosceles with sides 1.09,1.78,1.78, half-perimeter
10942 x1.78

3
Then MGA(CH,;2) ~ 0.08A and AGA(CH,;2) = 1%02 ~ 0.05A.

12
~ 1.55, vol =~ 0.56, and strength oy = % ~ 0.08A.
p

For a fixed vertex at C, molecule CH, has 6 degenerate tetrahedra
(of volume 0) with three other vertices at C, H, H, and 4 non-degenerate
tetrahedra with three other vertices at 3 of 4 atoms H. Each non-degenerate
tetrahedron is a regular pyramid with 3 sides b = 1.09 and an equilateral

base with 3 sides @ = 1.78. This pyramid has the half-perimeter p =

b 1aV/3 2 12
at ~ 1.44, volume ga f b2 — % ~ 0.17, and strength o3 = ALY

p3
4
0.01A. Then MGA(CH,;3) =~ 0.01A and AGA(CH,;3) = 503 ™ 0.004A.
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We could define affinities by using simplices on k£ + 1 points of C, but

computations are faster if we use k points in addition to the center O(C').

Theorem 4.3 (affinity properties). Let C' C R™ consist of m points.

(a) The affine dimension aff (C) is less than n if and only if MGA(C; k) =0
for k = aff(C) 4+ 1 or, equivalently, AGA(C; k) = 0.

(b) For any 1 < k < n, both MGA(C; k) and AGA(C;k) are invariant

under any isometry of R" and can be computed in time O(n®m*).

(c) Let A\, be a Lipschitz constant from Theorem 2.4. For any ¢ > 0,
if a cloud B C R"™ is obtained from C by perturbing every point of C
within its e-neighborhood, then |[MGA(B;k) — MGA(C; k)| < 2\,e and
|[AGA(B; k) — AGA(C; k)| < 2\e.

Proof. (a) Let k = aff (C')+1 < n. Then, for any points p1,...,p; € C, the
simplex T'(p1, ..., pr)) is contained in a (k—1)-dimensional affine subspace
of R™ and hence has k-dimensional volume 0. Then o(T(p1,...,pr)) =0
and MGA(C; k) =0 = AGA(C; k) by Definition 4.1.

Conversely, since the strength of any geometric simplex is non-negative,
each of MGA(C; k) = 0, AGA(C; k) = 0 implies that o(T(p1,...,pr)) =0
for any points p1,...,pr € C. Then the simplex T'(p1,...,pr) has k-
dimensional volume 0 and is contained in a (k — 1)-dimensional affine
subspace H C R™. This subspace H is uniquely defined by the center
O(C) and k — 1 fixed points p1,...,pr—1. By taking any other point
pr € C\{p1,...,pr—1}, we conclude that the whole cloud C is within H.

(b) For any points py,...,px € C, by Theorem 2.4(b) any isometry of R™
preserves the strength o(T(p1,...,pr)), which can be computed in time

O(n3). Hence, any isometry preserves their maximum MGA(C;k) and
average AGA(C'; k) over all (7;) = O(m*) subsets of k unordered points

P1,. ..,k € C. Then the total computational time is O(n3m*).

(c) For any points p1,...,pr € C, which are perturbed within their e-
neighborhoods, the strength o(T'(p1,...,px)) changes by at most 2\,e
by Theorem 2.4(c). Hence the maximum MGA(C;k) and the average
AGA(C; k) of all these strengths also change by at most 2\,¢. |
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Theorem 4.3(c) allows us to physically interpret geometric affinities of
a molecule with a cloud C of atoms as follows. For a flat molecule with
C C R?, such as H,O, if MGA(C;2) > 0, then we need to shift at least

MGA(C:; 2
%for A3 = v/3 to make C
2

linear. If MGA(C;3) > 0, then we need to shift at least one atom of C' by

MGA(C;
w for A3 = 0.37 to make C flat.
3

Here we used very rough upper bounds of Lipschitz constants A, from

one atom of C by Euclidean distance

Euclidean distance

Theorem 2.4(c). Experimental bounds should be much smaller and hence
improve the estimates of perturbations above. For any fixed bounds of A,

geometric affinities can be used for relative comparisons of molecules.

The recent classification of periodic point sets under rigid motion relied
on round clusters of atoms in [2,6] with metrics in [18] based on strengths
of simplices. We plan to adapt the signed strength to quantify chirality
of periodic crystals, whose deviations from higher symmetry were contin-

uously measured in [19] only by isometry invariants from [26,27,29].

Acknowledgment: This research was funded by the Royal Society Short
Industry Fellowship “Ultra-fast comparisons of crystals for large materials
databases” (SIF/R2/252048) of the last author.
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