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Abstract

Quantifying structural similarity among chemical elements is im-
portant for understanding compositional relationships in chemical
systems. In this work, we introduce a compound-derived growth-
tree representation that characterizes each element through its com-
positional expansion patterns across reported compounds.

Based on this representation, we propose a Context-Guided Tree
Similarity (CGTS) measure, which evaluates similarity by aggregat-
ing local overlaps under shared compositional contexts rather than
relying solely on global comparisons.

Applying this framework to rare-earth elements, we obtain a
distinctly non-uniform similarity structure, with high similarity con-
centrated among heavy rare-earth elements such as Tb, Dy, Ho, Er,
Tm, and Lu. Analysis of top-ranked pairs reveals strong consistency
in local expansion behavior within shared chemical environments.

These results suggest that compound-derived structural similar-
ity provides a meaningful basis for analyzing relationships among
chemical elements from a compositional perspective. The identi-
fied similarity patterns are consistent with known chemical affinities
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within the rare-earth series, indicating that the proposed framework
captures structurally relevant chemical behavior. The approach
therefore provides a compound-derived descriptor for comparing el-
emental similarity in chemical systems.

1 Introduction

Quantifying similarity among chemical elements is an important problem
in chemical informatics and computational chemistry, with implications
for understanding structural relationships and compositional behavior in
chemical systems. In particular, rare-earth elements exhibit rich and di-
verse compound chemistry and play important roles in a wide range of
technological applications, including permanent magnets, phosphors, and
catalytic systems [2,3,9]. Because rare-earth elements often exhibit par-
tially overlapping chemical characteristics, establishing reliable similarity
measures is important for analyzing their relationships and potential sub-
stitutability.

Existing approaches to quantifying element similarity are typically
based on physicochemical descriptors, statistical correlations, or computa-
tional representations. Descriptor-based methods rely on properties such
as ionic radius, electronegativity, and electronic configuration, and have
been widely used to construct feature representations of elements [12].
More recently, machine learning and graph-based predictive models have
been developed to infer similarity relationships from large-scale chemical
and materials datasets [1,13,14]. Structural similarity has also been
investigated using chemical network topology and graph-theoretical rep-
resentations [7,8]. While these approaches have achieved considerable
success, they are primarily based on intrinsic elemental properties, learned
representations, or global network structures and often do not explicitly
account for how elements participate in actual compound formation.
Moreover, conventional graph similarity measures typically compare en-
tire graph structures globally and do not explicitly distinguish the local
compositional contexts in which expansion patterns occur.

To address this limitation, we adopt a compound-based perspective

that explicitly considers how elements participate in observed composi-
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tional systems. Instead of relying solely on intrinsic properties or abstract
representations, each element is characterized through the compositions in
which it appears. Specifically, we construct a growth-tree representation
in which nodes correspond to compositional states and edges represent in-
cremental expansion through the addition of new elements. Starting from
simple binary combinations, the structure progressively expands to higher-
order compositions, forming a hierarchical structure that reflects how an
element participates in increasingly complex compositions. This represen-
tation captures not only which elements co-occur with a target element,
but also how these relationships evolve through successive compositional
expansions.

Based on the growth-tree representation, similarity between elements
is defined in terms of their compositional expansion patterns under shared
compositional contexts. To this end, we define a Context-Guided Tree
Similarity (CGTS) measure that evaluates the consistency of local expan-
sions conditioned on shared parent nodes. For each compositional state
that appears in both growth trees, the corresponding sets of expansion out-
comes are compared. In contrast to global overlap measures or graph-level
similarity metrics that compare entire structures, CGTS focuses on local
structural consistency under shared compositional contexts and therefore

emphasizes chemically comparable expansion patterns.

2 Data and growth tree representation

2.1 Data source

The compound data used in this study are obtained from the ChemSpi-
der database [11], which provides a comprehensive collection of reported
chemical compounds. We extract compounds associated with selected rare-
earth magnetic elements and use them as the basis for constructing growth
trees. For each element, the collected dataset defines the set of composi-
tions from which the growth tree is derived. The size of the dataset varies
across elements, reflecting differences in reporting intensity and chemical

research focus.
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2.2 Growth tree construction

To characterize the chemical behavior of rare-earth elements, we construct
a compound-derived growth tree for each element based on its reported
compounds. The key idea is to represent the progressive expansion of
chemical compositions as a hierarchical structure.

Prior to tree construction, all compositions are transformed into a
canonical form to ensure consistency. Stoichiometric coefficients are re-
moved so that each compound is represented only by its set of constituent
elements. For instance, compounds such as F303 and EO are both re-
duced to {E,O}. The element symbols within each composition are then
sorted alphabetically to obtain a unique representation (e.g., {F, Fe, O}),
and duplicate entries are eliminated. As a result, multiple compounds
with different stoichiometries may correspond to the same composition set.
This preprocessing ensures that the representation captures combinational
patterns rather than differences in notation or stoichiometry.

Starting from a target element E, the growth tree is constructed by pro-
gressively expanding compositions through the addition of new elements.
Binary compositions involving E form the second layer of the tree, while
higher-order compositions are generated by iteratively incorporating ad-
ditional elements observed in known compounds. An edge is established
between two nodes if one composition can be obtained from the other
by adding a single element. For example, if both {F, O} and {E,O, Fe}
are present in the dataset, an edge is created between them, and further
expansions (e.g., {E,O, Fe, Al}) extend this hierarchical structure.

To ensure that the resulting structure forms a valid growth tree, only
nodes that are reachable from the root element through such expansion
paths are retained. Compositions that cannot be connected to the root
via successive single-element additions are removed. This constraint guar-
antees that the tree reflects consistent compositional evolution pathways
and avoids the inclusion of isolated or structurally inconsistent nodes.

Definition (Compound-derived growth tree). Let Cg be the
set of canonical composition sets containing a target element E. The

compound-derived growth tree of F is represented as a rooted directed



acyclic graph
Tg = (Ve,Ap,7E),

where rg = {E} is the root, Vg C Cg is the set of composition nodes
reachable from rg, and

Ag ={(u,v) :u,v € Vg, u C v, |v] = |u]+1}.

Thus, each directed edge represents a single-element expansion from one

composition set to another.

2.3 Coverage of growth trees

The constructed growth trees cover more than 90% of the collected com-
pounds (see Table 1), indicating that the tree representation captures the
vast majority of observed chemical combinations. This high coverage is es-
sential, as it ensures that the growth trees provide a sufficiently complete

structural representation of the underlying compound space.

Table 1. Coverage of compound data by growth tree representation

Element Compounds Sets Included Sets Coverage

La 767 191 180 0.94
Ce 783 180 165 0.92
Pr 308 102 98 0.96
Nd 540 132 125 0.95
Pm 8 8 ) 0.63
Sm 631 141 138 0.98
Eu 678 147 142 0.97
Gd 1002 151 145 0.96
Th 305 99 98 0.99
Dy 310 95 94 0.99
Ho 266 90 87 0.97
Er 371 105 104 0.99
Tm 209 82 80 0.98
Yb 492 130 129 0.99
Lu 223 87 84 0.97

Table 1 summarizes the coverage of the growth tree representation for
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Figure 1. Representative portion of the Tm growth tree

each element. Most elements exhibit consistently high coverage, support-
ing the validity of using growth trees as the basis for structural represen-
tation. In contrast, Pm shows a significantly lower coverage (63%), which
is attributed to its radioactive nature and the limited number of reported
compounds. Due to insufficient data support, Pm is excluded from subse-

quent analysis.

2.4 Example of growth tree

Fig. 1 presents the growth tree of Tm as a representative example. The
hierarchical structure illustrates how simple binary compositions expand
into more complex multi-element combinations, highlighting the composi-
tional pathways through which compounds are formed.

Although the completeness of compound data may vary across elements
due to differences in experimental reporting, the analysis in this study is
based on relative structural comparison between growth trees. Therefore,
moderate variations in data coverage do not materially affect the compa-

rability of the results.
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3 Similarity measure

Based on the compound-derived growth tree representation, the similarity
between rare-earth elements is defined by comparing their compositional
expansion behavior under shared chemical environments.
Let
T; = (Vi, Aiyri) and T = (V}, Aj,rj)

denote the growth trees of elements e; and e;, respectively.

For a node p € V;, the set of child nodes generated from p is defined as
L (p)={ceV;:(pc) €A}
Similarly, for p € Vj,
Ii(p)={ceV;:(pc) € 4;}.

These child-node sets represent the possible compositional expansions
from a common chemical context.

The set of comparable parent nodes is defined as
Py ={peV;nV;:Tf(p) U] (p) # 0}.

The Context-Guided Tree Similarity (CGTS) between elements e; and

e; is then defined as

gCGTS _ Z \FJF (p) +(P)\' (1)
" |PU|p€P 2 p ](p)‘

The local similarity term is computed using a Jaccard-type overlap
[4-6], while the overall similarity is obtained by averaging across shared
compositional contexts. Since each local similarity term lies in the interval
[0,1], the resulting CGTS value is also bounded between 0 and 1. The
maximum value is attained when the two trees exhibit identical local ex-
pansion behavior across all shared parent nodes. Thus, CGTS evaluates

whether two elements exhibit consistent expansion behavior when placed



12

in the same chemical environment.

For a fixed parent node p, comparing child-node sets is equivalent to
comparing the corresponding outgoing edge sets, since each child node
uniquely defines an expansion step. Therefore, CGTS may also be in-
terpreted as a similarity measure based on shared expansion edges under
common structural contexts.

Compared with global overlap measures, graph edit distance, or tree
edit distance approaches [10, 15], which evaluate similarity at the level of
entire structures, CGTS performs comparisons only within shared compo-
sitional contexts. This design makes the measure less sensitive to periph-
eral structural differences and more directly aligned with the underlying
chemical question.

The rationale behind CGTS is that chemically similar elements are ex-
pected to exhibit similar expansion patterns when placed in comparable
compositional settings. If two elements repeatedly generate similar higher-
order compositions from the same parent states, they are likely to play
comparable roles in compound formation. Consequently, CGTS character-
izes similarity through observed compositional expansion patterns rather

than intrinsic elemental properties alone.

4 Results

4.1 Structural similarity between Tm and Tb

We first examine the pair Tm—Tb as a representative example to illustrate
structural similarity among rare-earth elements. These two elements be-
long to the heavy rare-earth group and are expected to exhibit comparable
chemical behavior, making them a suitable case for evaluating composi-
tional similarity. Fig. 2 shows the overlap between the growth trees of
the two elements, where the target rare-earth element is represented uni-
formly by X. A substantial portion of the two trees is shared, indicating
that Tm and Tb participate in similar compositional environments and
exhibit closely related expansion patterns.

Quantitatively, the Tm growth tree contains 80 nodes, whereas the Th
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Shared Backbone: 70 nodes, 102 edges; 34 common parent nodes

) ¢
Tm-Specific D Th-Specific

Figure 2. Structural overlap between the growth trees of Tm and Tb,
with common parent nodes and their outgoing shared edges
highlighted.

growth tree contains 98 nodes, among which 70 nodes are shared. This
corresponds to a global node-level Jaccard similarity of 0.6481. In contrast,
the CGTS value for Tm—Tb is 0.8594. This value is obtained by computing
the Jaccard-type overlap of the child-node sets for each of the 34 common
parent nodes and then averaging these local similarities. The sum of the

34 local similarity values is 29.2206, giving

29.2206
STa = o = 08594,

This indicates a much higher level of similarity when compositional expan-
sions are compared under shared contexts.

This difference reflects an important structural feature visible in Fig. 2:
although the overall coverage of compositional space differs between the
two elements, their local expansion behavior within shared chemical en-
vironments remains highly consistent. Most structural discrepancies arise
from peripheral regions of the trees, whereas the overlapping core exhibits
strong agreement in compositional expansion patterns.

Overall, this comparison suggests that local structural consistency pro-
vides a more informative basis for similarity assessment than global overlap

alone. Elements with different overall coverage may still display highly sim-
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ilar combinational behavior when evaluated under shared compositional

contexts.

4.2 Global similarity structure

To place the Tm—Tb result in a broader context, Fig. 3 presents the CGTS
similarity matrix for all rare-earth elements, providing a system-level view

of compositional similarity.

CGTS Similarity Heatmap

Ruepwis

Figure 3. CGTS similarity heatmap for the rare-earth element system

The similarity structure is clearly non-uniform and exhibits a pro-
nounced clustering pattern. High similarity values are concentrated among
a subset of elements, particularly Th, Dy, Ho, Er, Tm, and Lu, indicating
that these elements share closely related compositional expansion behavior.
In contrast, elements such as La and Ce show consistently lower similar-
ity with the rest of the system, suggesting more distinct combinational

patterns.
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This pattern reveals a structured similarity landscape in which strong
similarity is localized within specific groups rather than distributed uni-
formly across the system. Notably, the clustering of heavy rare-earth el-
ements emerges directly from compound-derived structural information,
indicating that their similarity is not only a consequence of periodic prox-

imity but also reflected in their observed compositional behavior.

4.3 Top-ranked similarity pairs

To further identify the strongest structural relationships, Table 2 lists the
ten element pairs with the highest CGTS values.

Table 2. Top 10 element pairs with the highest CGTS values

Element pair CGTS

Tm-Tb 0.8594
Thb-Dy 0.8387
Dy-Tm 0.8186
Dy-Ho 0.8181
Dy-Lu 0.8093
Ho-Lu 0.7996
Ho-Er 0.7961
Ho—Tm 0.7828
Gd-Dy 0.7789
Gd-Ho 0.7717

The top-ranked pairs identify the strongest pairwise structural corre-
spondences within the rare-earth system. Besides the highest-ranked Tm-—
Tb pair, combinations such as Tb-Dy, Dy-Tm, and Dy—Ho also exhibit
high CGTS values, indicating highly consistent local expansion behavior
under shared compositional contexts.

Although these results are broadly consistent with known chemical
trends among heavy rare-earth elements, the ranking is not solely deter-
mined by periodic adjacency. For example, Tm-Tb obtains the highest
CGTS value although the two elements are not adjacent in the periodic
table. This indicates that CGTS captures compound-derived structural

relationships beyond simple periodic position.
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Table 3. Bottom 10 element pairs with the lowest CGTS values

Element pair CGTS

Ce-Sm 0.5964
Nd-Eu 0.5940
Ce-Tb 0.5909
Eu-Gd 0.5863
La—Ce 0.5852
Ce-Er 0.5786
Ce-Lu 0.5776
Ce-Gd 0.5735
La—Lu 0.5673
Ce-Eu 0.5628

For completeness, Table 3 lists the ten element pairs with the lowest
CGTS values. In contrast to the top-ranked pairs, the lowest-similarity
combinations are dominated by Ce-related pairs, with La and Eu also ap-
pearing among several of the least similar combinations. This pattern is
consistent with the broader similarity structure observed in Fig. 3, where
Ce and La generally exhibit weaker structural correspondence with many
of the heavier rare-earth elements. The bottom-ranked pairs therefore
provide a complementary view of the CGTS distribution by highlighting
element combinations with comparatively distinct compositional expan-

sion behavior.

4.4 Implications for chemical substitutability

The similarity patterns identified above provide a structural perspective
for evaluating substitutability among rare-earth elements. A high CGTS
value indicates that two elements exhibit consistent compositional expan-
sion behavior within shared chemical environments, suggesting comparable
roles in compound formation. The clustering observed in the similarity
matrix further indicates that such structural similarity is not uniformly
distributed across the rare-earth series, but concentrated within specific
subsets, particularly among heavy rare-earth elements such as Tb, Dy,
Ho, Er, Tm, and Lu.
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These structural relationships are broadly consistent with practical
substitution tendencies in rare-earth applications, where elements with
similar chemical behavior are often considered interchangeable under spe-
cific performance requirements. Although substitution feasibility ulti-
mately depends on the material system and application constraints, CGTS
provides an interpretable approach for identifying chemically related can-

didate pairs.

5 Conclusion

This study presents a compound-derived structural framework for exam-
ining similarity among rare-earth elements through growth-tree represen-
tations of compositional expansion behavior. By defining the Context-
Guided Tree Similarity (CGTS) measure, the proposed approach evaluates
similarity at the level of local structural organization under shared chemi-
cal environments, rather than relying solely on global overlap or predefined
elemental descriptors.

The results reveal that structural similarity across rare-earth elements
is distinctly non-uniform. High similarity values are primarily concen-
trated among heavy rare-earth elements, including Th, Dy, Ho, Er, Tm,
and Lu, whereas elements such as La and Ce exhibit more differentiated
structural patterns. The Tm-Tb case further illustrates that even when
overall node coverage differs, elements may still display highly consistent
local expansion behavior within shared compositional contexts. This con-
trast between global overlap and context-conditioned similarity highlights
the importance of structural organization in characterizing chemical rela-
tionships among elements.

More broadly, the present framework provides an interpretable descrip-
tor for analyzing compositional similarity from compound-derived struc-
tural information. Since the method is based on a general representation
of compositional expansion, it may be extended to other chemical systems
where entities can be characterized through hierarchical structural rela-
tionships. The resulting CGTS values are necessarily influenced by the

coverage of the underlying compound database, while the composition-



18

set representation intentionally omits stoichiometric information. Future
extensions may therefore incorporate additional data sources and stoichio-
metric information, together with thermodynamic stability or functional
performance, to further examine structural similarity and practical substi-
tutability.
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