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Abstract

Let f be a real-valued function defined on the integers in the
interval [1,n — 1], and let G be a graph with n non-isolated vertices.
The concept of the local value of a degree-function index was in-
troduced by Rada in [Local value of a vertex-degree function
index of a graph, MATCH Commun. Math. Comput. Chem. 95
(2026) 111-124]. The degree-function index H;(G) is defined by

Hi(G)= > f(da(u)),

ueV(G)

where dg(u) denotes the degree of the vertex u in G. The local value
of Hy at a vertex u, denoted by fo(u), measures the contribution
of u to the total value of the index. In the same paper, Rada posed
four questions concerning the local value of a degree-function index
and the zeroth-order general Randi¢ index.

In this paper, we provide answers to these questions. We estab-
lish an upper bound for the difference between the local values of a
vertex-degree function index f at a vertex v in a graph G and in an
induced subgraph H of G. Furthermore, we derive an upper bound
for the difference between the local values of f at two vertices of
a graph GG. We also obtain some upper and lower bounds for the
zeroth-order general Randi¢ local value (Ra)c(u). As applications
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of these results, we identify the vertices attaining the maximum lo-
cal value of the zeroth-order general Randié¢ index R, for 0 < a < 1,
and the minimum local value for a < 0. Finally, we present some
concluding remarks and discuss several possible directions for future
research.

1 Introduction

Let G be a simple graph with vertex set V = V(G) and edge set £ = E(G),
where |V(G)| = n. The degree of a vertex u € V(G) is denoted by dg(u),
and when the graph is clear from the context, we simply write d,, = d¢(u).
The neighborhood of a vertex w is denoted by Ng(u). Let S; and Sz be
two sets of vertices. We denote by S7\S2 the set of vertices belonging to
S1 but not to Sy. Similarly, S; N .Ss denotes the set of vertices common to
both S7 and S3. Other undefined notations and terminology on the graph
theory can be found in [5].

Let n be a positive integer, and let
f:L,n=1NN—=R

be a real-valued function. Following the notation introduced in the litera-
ture, we use the same symbol f to denote the corresponding vertex-degree

function index defined by

&= 3 fd). M)

veV(G)

This concept was first introduced by Linial and Rozenman in 2002 [16].
Since then, vertex-degree function indices have attracted considerable at-
tention and have been extensively studied in recent years; see, for exam-
ple, [1-4,6,7,11,20-23].

One of the most important classes of vertex-degree function indices was
introduced by Li and Zheng in 2005 [15], namely the zeroth-order general

Randi¢ index. For a graph GG with no isolated vertices, the zeroth-order
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general Randi¢ index is defined by

Ra(G)= Y Rald)= Y (du)™

uweV(Q) weV(G)

Some mathematical properties on R, index have been established in [8,
12-14,18,19]. Two particularly important special cases are the following.
For v = 2, the index reduces to the first Zagreb index [10]:

RZ(G): Z di: Z (dv+dw)

ueV(Q) vweE(G)

For a = 3, the index is known as the forgotten index, a terminology
introduced in [9,10]:

Ry(G)= ) dy= ) (d+dy).

ueV(QG) vweE(G)

Very recently, Rada [17] defined and investigated the local value of a
vertex-degree function index f at a vertex w in a graph G, denoted by
fe(u). Intuitively, fo(u) measures the contribution of the vertex u to the
global index f(G). The definition of the local value is constructed in such
a way that

[G) = > falu).
ueV(G)

The remainder of the paper is organized as follows. In Section 2, we
present the necessary definitions and preliminary results related to local
values of vertex-degree function indices. In Section 3, we establish an
upper bound for the difference between the local values of a vertex-degree
function index f at a vertex u in a graph G and in its induced subgraph H.
We also derive an upper bound for the difference between the local values
of f at two vertices of a graph G. In Section 4, we obtain some upper and
lower bounds for the zeroth-order general Randi¢ local value (Rq)c(u).
Using these bounds, we characterize the vertices attaining the maximal
local values of the zeroth-order general Randi¢ index for 0 < o < 1, as

well as the vertices attaining the minimal local values for a < 0. Finally,
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Section 5 concludes the paper and discusses several possible directions for

future research.

2 Definitions and preliminaries

Throughout this paper, let n be a positive integer, and let f : [1,n—1]NN —
R be a real-valued function. Given a graph G with n non-isolated vertices,
it is clear that for every vertex u € V(G), the degree dg(u) € [1,n—1]NN.

Therefore, the vertex-degree function index

is well defined, as given in Equation (1).

Definition 1. Let G be a graph with n non-isolated vertices. The local
value of the degree-function index f at a vertex u € V(G), denoted by
fa(u), is defined as:

fo(u) = (1 —de(w) fde(w) + Y flda(w)). (2)

weENg(u)

This quantity fe(u) can be interpreted as the contribution of the vertex
u to the total value of the degree-function index f(G).

The following results were established in [17].

Lemma 1. [17] Let G be a graph with n non-isolated vertices. Then

ST fldw) = ) duf(du). (3)

ueV(G) weNg(u) uweV(G)

Lemma 2. [17] Let G be a graph with n non-isolated vertices. Then the
sum of the local values over all vertices equals the total degree-function

index of the graph, that is,

> falw) = £G).

ueV(G)
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3 Relations between two local values of a

vertex-degree function index

Rada [17] mentioned that several natural questions arise when studying
the local value of a vertex-degree function index f at a vertex u in a graph
G:

Problem 1. Let H be an induced subgraph of a graph G, and let u €
V(H). Is there a relation between fo(u) and frr(u)?

Problem 2. Let v € V(G). If v € V(G) is such that d, > d,, is there a
relation between fg(u) and fg(v)?
We are looking to find an answer of the above questions. First we

concentrate on the Problem 1.

Theorem 1. Let H be an induced subgraph of a non-isolated graph G. If

f(x) is an non-negative increasing function on x, then

fir(w) = fa(w) < (dau) = 1) f(do() = (dn(w) = 1) f(dn(w)).

Proof. Since H is an induced subgraph of a graph G, for all u € H, we

have
Ne(u) = (Ng(u)\NH (u)) UNg(u) and (NG(U)\NH(U)) N Ny (u) = 0.
Thus we have

Yo fdew)= Y flda(w)+ > fldg(w)). (3)

wENg(u) wENg (u) wENgG(u)\Nu (u)

Again since H is an induced subgraph of a graph G, we have dg(u) > dg(u)
for all w € H. Since f(z) is an increasing function, we have f(dg(u)) >
f(dg(u)) for all w € H. Since f(x) is an non-negative function, we have
f(dg(w)) > 0 and hence

> fldg(w)) > 0.

weNg (u)\Nu (u)
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Using the above results in (3), we obtain

o fldew) = Y flde(w)> D fldu(w)).

wWENG(u) wENg (u) wWENg (u)
as f(dg(u)) > f(dg(u)) for all uw € H.

Using this, from (2), we obtain

Jow) = (1-da(w)) flda(w) + Y. fldo(w))
)

wENg(u

> (1-do(w) fdc@) + > fldu(w)).

wENg (u)

For v € V(H), we have

fulw) = (1=du() fdn@)+ > fldu(w)).

wWENH (u)

From the above two results, we obtain

fa(w) = fo(w) < (do(w) = 1) fldo(w) — (du(w) = 1) f(dn(w)):
This completes the proof of the theorem. |

Corollary 1. Let H be an induced subgraph of a graph G with maximum

degree A. If f(x) be an non-negative increasing function on x, then

fu(u) = fa(u) < (A=1) f(A)
for any non-isolated vertex uw € V(H).

Proof. Since f(z) is an non-negative increasing function on x, and u is any
non-isolated vertex in H, we have dg(u) > 1 and f(dg(u)) > 0, and hence
(i (w) = 1) fldu(u)) = 0. Moreover, dg(u) < A and f(da(u)) < f(A),
and hence (dg(u) - 1) f(dg(u)) < (A=1) f(A). From Theorem 1, we get
the required result. |
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Corollary 2. Let H be an induced subgraph of a graph G of order n. If

f(z) is an non-negative increasing function on x, then

fu(u) = fa(u) < (n—2) f(n—1)
for any non-isolated vertex uw € V(H).
Proof. Since A < n — 1, from Corollary 1, we get the result. |
We now discuss on the Problem 2.

Theorem 2. Let G be a graph with maximum degree A and minimum

degree §. If f(x) is an increasing function on x, then for u, v € V(G),

Jo(u) = fa(v) < (do(w) + da(v) = [Na(u) N Na(@)] = 1) (£(4) - £(5))

with equality if and only if dg(w) = A for w € Ng(u)\Ng(v) or dg(u) =
|NG(u) N Ne(v)|, da(w) =6 for w € Ng(v)\Ne(u) or dg(v) = [Na(u) N
Ne ()|, and dg(v) = A, dg(u) = 0.

Proof. One can easily see that
No(u) = (Na(w) 1 Ne(@) ) U (Na()\No(v) ).

For u € V(G), using the above, from (2), we obtain

fo(w) = (1= do(w) fda) + Y. f(da(w))

wENg(u)

- (1 7dG(u)) flaw)+ > f(dg(w))

wENg(u)NNg(v)

+ > flda(w)).

weNg (u)\Ne (v)
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Similarly, for v € V(G), from (2), we obtain

fow) = (1= o)) fdao) + > fldaw))

wWENG(u)NNg (v)

+ > fldg(w)).

weNeg(v)\Ng(u)

From the above two results, we obtain
Jo(w) = fa(v) = (do(v) = 1) f(da(v)) = (do(w) — 1) f(de(w))
+ Y fdew)— DY flda(w).

weNG (u)\Ne (v) wENG (v)\Ne ()
(4)

Since G has maximum degree A and minimum degree §, we have § <
dg(u) < A for all w € V(G). Again since f(z) is an increasing function,
we have f(d) < f(dg(u)) < f(A) for all uw € V(G). Thus we obtain

> fdew)) < (do(w) - [Na() N Ne@)]) F(A)

weNg(u)\Ne(v)

with equality if and only if dg(w) = A for w € Ng(u)\Ng(v) or dg(u) =
|NG(u) N Ng(v)|, and

> flda(w) = (dov) - INa(w) N NeW)]) £0)

wENg(v)\Ng (u)

with equality if and only if dg(w) = § for w € Ng(v)\Ng(u) or dg(v) =
|Ng(u) N Ng(v)|. Using the above results in (4), we obtain

fe(w) = fo () < (de(v) = 1) (A) = (do(w) = 1) £(6) + (do(w)
~ INa(u) N NeW)]) £(A) = (da(v) — [Na(w) N New)]) £(5)

= (do(w) + da(v) - [Na(w) N Ne()] - 1) (£(2) - £9)).
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This is the first part of the proof. Moreover, the above equality holds if
and only if dg(w) = A for w € Ng(u)\Ng(v) or dg(u) = |[Ng(u)NNg(v)],
dg(w) = d for w € Ng(v)\Ng(u) or dg(v) = |[Ng(u)NNg(v)], and dg(v) =
A, dg(u) =9. |

Corollary 3. Let G be a graph with n non-isolated vertices. If f(x) is an

increasing function on x, then

Jow) = fa(v) < (do(w) +da(v) - [Na() N Na(@)| = 1) (f(n—1)- /(1))

with equality if and only if dg(w) = n — 1 for w € Ng(u)\Ng(v) or
de(u) = |[Ng(u) N Ng(v)|, dg(w) =1 for w € Ng(v)\Ng(u) or dg(v) =
|[Ng(u) N Ng(v)|, and dg(v) =n —1, dg(u) = 1.

Proof. Since G has non-isolated vertices, the maximum degree A < n —
1 and the minimum degree 6 > 1 in G. From Theorem 2, we get the
result. Moreover, the equality holds if and only if dg(w) = n — 1 for
w € Ng(u)\Ng(v) or dg(u) = |Ng(u) N Ng(v)|, dg(w) = 1 for w €
Na(v)\Ng(u) or dg(v) = |Ng(u) N Ng(v)|, and dg(v) =n — 1, dg(u) =
1. ]

Remark 1. The bound in Corollary 3 is tight. If G is a star graph with
central vertex v and pendant vertex u, then dg(u) = 1, dg(v) =n—1 and
|[N¢(u) N Ng(v)] = 0. Thus we have

fa(w) = f(n=1) and fe(v) =—(n—2)f(n—1)+ (n—1) f(1),
and hence

fa(w) = fo(v) = (n=1) (f(n=1) = F(1)
= (daw) + do(v) - IN6(u) N Ne()| - 1) (f(n = 1) = £(1)).
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4 Maximum or minimum local value of the

zeroth-order general Randi¢ index R,

Let n be a positive integer, and let R, : [1,n —1]NN — R be the function
defined by
Ralx) =%,

where @ € R. For a graph G with vertex set V(G), the corresponding

function index is given by

Ra(G): Z Ra(du): Z (du)aa

ueV(G) ueV(G)
which is known as the zeroth-order Randi¢ index of G.

In this setting, the local value of R, at a vertex u € V(G) is defined
by

(Ra)a(u) = (1 —dy)dy + Z i
wENg(u)

where d,, denotes the degree of the vertex u, and Ng(u) represents the

neighborhood of w.

In [17], Rada mentioned that the following natural questions when
studying on bounds for (R)q(u):
Problem 3. Find vertices with maximal local value of the zeroth-order
general Randi¢ index R, when 0 < a < 1.
Problem 4. Find vertices with minimal local value of the zeroth-order
general Randi¢ index R, when a < 0.

Here we give an upper bound on the local value of the zeroth-order
general Randié¢ index R, when 0 < a < 1.
Theorem 3. Let G be a graph with n non-isolated vertices, u € V(G),

and 0 < o < 1. Then

(Ra)o(w) < max { (1= y2) + 31 (n = 1% (1= 92) 45 + 2 (n = 1)° }
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with y1 = |y] and y2 = [y], where y is the unique solution of
(=1 =y ((@+ 1)y - a).
Proof. For u € V(G),

(Ra)a() = (1= do(w)) da()*+ Y dgw)®

wENg(u)

< (1 - dG(U)) da(u)™ + Z (n—1)%

wENg(u)

- (1 . dg(u)> de(uw)® + da(u) (n — 1)°.
Let us consider a function
hz)=1-z)z+2(n—-1) 1<2z<n-1 and 0<a<]l1.

Then we have
P (z)=az*"'—(a+1)2°+(n—-1)* h'(z) = —a(1—a)z* > —(a+1) az®"".

Since 0 < aw < land 1 < 2 < n—1, from the above, we have h”(z) < 0 and
hence h(z) is strictly concave on [1, n — 1]. So it has a unique maximizer
determined by h’/(z) = 0. Thus the maximum value is attained at the

unique solution z =y € (1, n — 1) satisfying
ay® = (a+1)y*+(n—-1)*=0.
Since dg(u) is an integer, we have

(Ro)e(w) < h(do(u)) < max {h(y), () |

= max {(1=y1) o +91 (0= 1%, (1= 12) 45+ (n — 1)}
with y; = |y| and y2 = [y], where y is the unique solution of
(n—l)“:yo‘_l((a—i—l)y—a). |

Remark 2. From Theorem 3, it follows that the vertices y; or ys attain
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the maximal local value of the zeroth-order general Randi¢ index R, when
0 < a < 1, where y; = |y] and y2 = [y], with y being the unique solution
of

(n—1)* =gyt ((a + 1y — a).

Proceeding similarly to Theorem 3, we next present a lower bound on
the local value of the zeroth-order general Randi¢ index R, when —1 <

a < 0, and therefore omit the proof.

Theorem 4. Let G be a graph with n non-isolated vertices, u € V(G),
and —1 < a < 0. Then

(Ra)o(w) = min {(1 = y2) yf + 31 (n = D%, (1= 92) 95 + 12 (0 — 1) }
with y1 = |y| and yo = [y], where y is the unique solution of

(=1 =y ((@+ 1)y - a).

Remark 3. From Theorem 4, it follows that the vertices y; or y» attain
the minimal local value of the zeroth-order general Randi¢ index R, when
-1 < a < 0, where y1 = |y] and yo = [y], with y being the unique

solution of
(n=1)* =y ((a + )y - a).

5 Concluding remarks

In this paper, we established an upper bound for the difference between
the local values of a vertex-degree function index f at a vertex u in a
graph G and in an induced subgraph H of G. Furthermore, we derived
an upper bound for the difference between the local values of f at two
vertices of a graph GG. We also obtained some upper and lower bounds
for the zeroth-order general Randié local value (R, )c(u). As applications
of these results, we identified the vertices attaining maximal (respectively,
minimal) local values of the zeroth-order general Randi¢ index R, for
0 < a < 1 (respectively, a < 0).

The results presented in this paper suggest several interesting directions
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for future research. In particular, the following problems merit further

investigation:

Problem 5. Determine upper and lower bounds for fg(u) — fo(u), where
H is an induced subgraph of a graph G, in terms of various graph param-

eters, and characterize the extremal graphs attaining these bounds.

Problem 6. Determine upper and lower bounds for fo(u)— fa(v), for ver-
tices u,v € V(G), in terms of different graph parameters, and characterize

the corresponding extremal graphs.

Problem 7. Determine upper and lower bounds for the zeroth-order gen-
eral Randi¢ local value (R, )g(u), in terms of graph parameters, and char-

acterize the extremal graphs for which equality holds.
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