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Abstract

Topological charge indices are distance-based molecular descrip-
tors used in chemical graph theory. This paper gives a local, matrix-
free method for computing them in connected weighted molecular
graphs, including graphs with multiple bonds. This avoids dense
matrix computations and leads to efficient algorithms. As conse-
quences, we obtain simplified formulas for simple graphs and bi-
partite graphs, recover and extend known formulas for trees, prove
sharp extremal theorems for trees, and derive a complete layer-by-
layer description for alternating weighted even cycles. In the al-
ternating cycle family, only even distance layers contribute, each
nonzero layer is obtained in closed form, and the total charge index
admits an explicit formula. These results describe vanishing behav-
ior in weighted cycle families, include the benzene model and higher
annulenes as examples, and show that topological charge indices
detect bond-order asymmetry invisible to classical distance-count
descriptors.
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1 Introduction

Topological charge indices (TCIs), introduced by Gédlvez and collaborators
in the molecular-topology literature [1, 2], belong to the wider class of
graph-theoretical descriptors used in QSAR/QSPR, molecular design, and
chemoinformatics [2, 3, 6].

To define TCIs, fix a connected multigraph G = (V, E) with vertex set
V ={1,...,n}, weighted adjacency matrix A = (a;j)1<i j<n Where a;; €
{0,1,2,...}. The weighted degree of vertex i is d(i) = Y7, a;;. Graph
distance d(i,j) is the ordinary shortest-path distance in the underlying
simple graph. For k£ > 1, let

Ty ={(i,j):1<i<j<n, di,j) =k}

be the set of vertex pairs at distance k. The k-th topological charge index
is
Gr=Y_ leil. (1)
(4,5) €Tk
Here C' = (¢ij) = AD* — D*A is the charge-transfer matrix, where the

reciprocal squared distance matrix D* = (d};) has entries

0, =7,

ds; =
d(i,j)=%, i #].

Recall that the diameter of a connected graph G is
diam(G) = max{d(i,j) : i,5 € V(G)}.

The index Gy, is evaluated only for distances that actually occur in G,
namely 1 < k£ < diam(G). For k > diam(G) there are no vertex pairs
at distance k, so G = 0. The algebraic charge-transfer index is p =
13 o1 Gk, and a graph is called zero-TCI if pn = 0.

Two issues make the original definition unsatisfactory for structural
work. First, D* is dense, so direct multiplication by A hides the sparse

graph structure and is computationally expensive. Second, the matrix
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product does not reveal which local graph features actually govern the en-
tries ¢;;. The first systematic simplification in this direction was obtained
for trees by Shahryari and Vakili-Nezhaad [5]. The present paper develops
that local viewpoint for arbitrary weighted molecular graphs and exact
consequences for trees and weighted cycles.

Our principal result is a local formula expressing every charge-transfer
term c;; through weighted degrees and layered adjacency sums. From this
formula we derive explicit expressions for the first and second charge layers
in simple graphs and bipartite graphs.

We then turn to the extremal theory of TCIs on trees motivated by the
general program on extremal distance-based indices surveyed in [7,8]. We
give exact formulas for the algebraic index p for paths, stars, brooms and
bi-stars. We give sharp extremal inequalities for G; and G5 for trees. We
prove that G; obeys the classical path—star extremal pattern that appears
for several standard indices on trees, while G2 behaves in a genuinely
different way, attaining its maximum at the balanced bi-star rather than
at the path and it is closer to the Wiener polarity phenomenon.

Finally, we investigate the alternating weighted even cycles Ca,,(p, q),
for which the local formula gives a complete formula for p. In particular,
this leads to a natural characterization of the zero-TCI members of this
family. The alternating weighted cycles considered here show that TCIs
detect weighted bond-order asymmetry invisible to descriptors based only
on the underlying unweighted graph.

The flow of the paper is as follows. Section 2 proves the local distance-
layer formula for TCIs for multigraphs. Section 3 derives the simple and
bipartite identities. Section 4 develops the exact tree extremal theory.
Section 5 treats alternating even cycles. In section 6 we record a matrix-

free algorithm.

2 Local formula for TClIs

Let G = (V,E) be a multigraph. We adapt the notation given in the

introduction and we write x ~ ¢ to mean that x is adjacent to 7. The
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degree of i is
(5(2) = Z Q-
j=1

Fix distinct vertices i,7 € V and set k = d(4,5) > 1. For a neighbor x

of 4, the triangle inequality gives
d(l’,j)é{k—l,]@k‘—i—l} (2)

For ¢ # j and k = d(3, j), define

Q5 = E Qg 51‘3‘ = E Qg

T~

T~
d(w,5)=k—1 d(z,)) =k

Thus o;; counts, with multiplicity, the incident edges of 7 that move one
step closer to j, while 3;; counts the incident edges that remain in the

same distance layer. The remaining incident edges go to layer k£ + 1, so

’71']' = Z Qip = 5(2) — Cl{ij — ﬂ” (3)

d(z,j)=k+1
For convenience we write pg := 0 and p; := 1/t2 for t > 1.

Theorem 2.1 (Local formula for ¢;;). Leti# j and k = d(i,7). Then

Cij = Prt1 (0(1) = 6(5)) + (pr—1 — prs1)(ij — i) + (pr — prs1) (Big — Bja)-
(4)

Proof. By definition,

Mij = Z awd:j

zeV
The only nonzero terms are for neighbors x of ¢, and by equation (2) such
neighbors satisfy d(z,j) € {k — 1,k,k + 1}. Grouping the contributions

according to these three distances gives
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M;; = Z GigPr—1 + Z Qi Pk + Z aizpr+1  (5)
T~ T~ T~
d(z,j)=k—1 d(z,5)=k d(z,j)=k+1
= pr—104j + prBij + prs1(6(7) — iy — Biy)
= pr4+16(7) + (Pr—1 — Pr+1) i + (Pk — Pr+1)Bij-

Apply this formula to the ordered pairs (i,7) and (j,?) and subtract the
two resulting expressions. Since d(i,j) = d(j,7) = k, the coefficients are

the same in both formulas, and (4) follows. |

Recall that by definition G = }_; ;yer, | ¢ij |- Since ¢;; depends only
on weighted degrees and layered sums (4), each Gy, is computable without
forming D* explicitly.

Formula (4) remains valid for £ = 1 because the convention py = 0
ensures that the formal contribution of the neighbor x = j (at distance 0

from j) vanishes in M;;, matching the requirement dj; = 0

Remark (Dominant terms and a large—distance approximation). For k > 2,
the coefficient of the degree imbalance in (4) is px41 = 1/(k+1)?, whereas
the layer—correction coefficients satisfy

4k 2k +1
Pk—1—Pk+1 (k2 — 1)2 ( )7 Pk —Pk+1 kQ(k ¥ 1)2 ( )

Hence for vertices far apart (large k), the leading contribution to ¢;; is
often the degree term py11(5(7) —0(4)), while the a— and S—terms provide
finer corrections that are especially significant for small k. This suggests
the approximation c¢;; ~ (6(i) — §(5))/(k + 1)? for large k, with an error

controlled by the local layer imbalances |c;; — a;;| and |B;; — B4 in (4).

Example 2.2 (A weighted tree: propene). Consider the weighted path
on three vertices with a double bond between 1 and 2 and a single bond

between 2 and 3:

@

@

©)



202

We apply Theorem 2.1. The weighted degrees are §(1) = 2, §(2) =
3, 0(3) = 1. Since the graph has no cycles f;; = 0,for all i # j. For
the adjacent pair (1,2) we have k = 1, aqs = aj2 = 2, and similarly

o1 = ag1 = 2. Hence the a-term cancels in Theorem 2.1, and

4 4 2

Therefore
1 1 3
G1 = |c12| + |ces| = 1 +§ =7

For the distance-two pair (1,3), the unique geodesic is 1-2-3, so
a3 = a2 =2, asy =azg =1, P13 = Bs1 = 0.

Using Theorem 2.1 with k = 2, we obtain

((M)E(S(?))‘i‘(l_;) (a13—a31):2g1+§(2—1):1~

€13 =
Hence
G2 = |013| =1.
Since Gy = 0 for k£ > 2, the algebraic index is

1/3

1

These values agree with the direct matrix computation.

Example 2.3 (1,3-Cyclopentadiene: a cycle example). Let G be the 5—
cycle with edge multiplicities (2,1,2,1,1) around the cycle, where the dou-
ble bonds are 1-2 and 3—4:
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We apply Theorem 2.1. For an adjacent pair (i,j) we have k = 1, so

ayj = a;; = ;. Moreover, the graph is triangle-free, hence 8;; = 8;; = 0.
Therefore (4) reduces to

_0() —4())
C’ij —f
Thus
_5(1)—6(5)_3—2_} _6(4)—0(5) 1
C15 = 1 R EE 645—74 =1

whereas all other adjacent pairs have equal weighted degrees and hence

zero charge transfer. Therefore,

A~

+

] =

G1 = |eis| + |eas| =

To calculate G, consider first the distance-two pair (1, 3). Relative to j =
3, vertex 1 has one neighbor at distance 1 from 3 (vertex 2 with multiplicity
2) and one neighbor at distance 2 from 3 (vertex 5 with multiplicity 1).

Hence
a13 =2, Bz = 1.

Relative to i = 1, vertex 3 has one neighbor at distance 1 from 1 (vertex 2

with multiplicity 1) and one neighbor at distance 2 from 1 (vertex 4 with
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multiplicity 2). Thus

azr =1, Ba1 = 2.

Since 6(1) = §(3), the degree term vanishes, and using formula (4) gives

8 5 3
c13 = (p1 — p3)(cus — az1) + (p2 — p3)(B1z — B31) = 9 %=1
For the other distance-two pairs one obtains similarly
3
|cas| = T lc14| =0, |cas| =1, |eas| = 1.

Hence

3 3 7
Gy = |e13| + |caa] + |c1a| + 25| + |ess| = Z+Z+0+1+1: 3

Since the diameter is 2, we have G = 0 for all k¥ > 3. Therefore
1 1/1 7
= ——(=+Z)=2
o’ 2(G1+G2) 2(2+2)

These values agree with the direct matrix computation.

3 Simple and bipartite graphs

For simple graphs, the first two charge layers admit especially transparent

formulas.

Theorem 3.1. Let G be a simple connected graph. For every edge (u,v) €
E(G),

Consequently,
1
G1(G) = > 18w = 5(v)|. (6)
(uv)EE(G)
Proof. Let u and v be adjacent. Then k = d(u,v) = 1. In a simple graph,
the only neighbor of u at distance 0 from v is v itself, so a,, = 1; similarly

Qyy = 1. Also, By, and f,,, both count the common neighbors of u and v,
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hence By = Byu- Applying Theorem 2.1 with k = 1 gives

e = pa(6) — () = 2000,

Summing absolute values over all edges yields (6). ]

Theorem 3.2. Let G be a simple connected graph and let i,j be vertices
with d(i,5) = 2. Then

0(1) —o(j 5
Cij = w + 36 (B = Bia)- (7)
Consequently,
0(1) —o(j 5
G2(G) = Z M + %(Bij = Bji)| - (8)
(1,7)€T2

Proof. 1f d(i,j) = 2, then a;; and aj; both count the common neighbors

of 4 and j, hence ay; = ;. Substituting £ = 2 into Theorem 2.1 yields

cij = p3(0(i) = 8(5)) + (p2 — p3)(Bij — Bji)

5(i)—5() (1 1
=— 5 T <4 - 9> (Bi; — Bji)
6(i) —d(j) , 5
9 * 36

(Bij — Bji)-
Summing absolute values over T5 gives (8). |
Proposition 3.3. If G is bipartite, then 5;; =0 for alli # j.

Proof. Let k = d(4,j) and suppose that 8;; > 0. Then there exists a
neighbor x of i such that d(x,j) = k. Take shortest paths P; : j ~» i and
P, : j ~ x. Let u be their last common vertex. Then the subpath of P;
from u to i, the edge iz, and the subpath of P, from z to u form a cycle.
Its length is

which is odd. This contradicts the fact that a bipartite graph has no odd
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cycle [4]. Therefore ;; = 0. [

Many chemically relevant graph families are bipartite. In particular,
benzenoid (polyhex) graphs have no odd cycles and therefore satisfy Propo-

sition 3.3.

Corollary 3.4 (Simplified local formula in the bipartite case). If G is
bipartite and d(i,j) = k, then

cij = pr+1(6(1) = 6(5)) + (pr—1 — pr+1) (@i — i) 9)

Proof. By Proposition 3.3, 8;; = f;; = 0. Substituting into (4) yields
(9). |

Theorem 3.5. Let G be a simple connected bipartite graph. Then

(@) == 3 1) =60, (10)

(4,5)€T>

Proof. Since G is bipartite, Proposition 3.3 gives 8;; = f;; = 0. Substi-
tuting into Theorem 3.2, formula (7) becomes

5(0) — 7).

Cl‘j = 9
Taking absolute values and summing over T4 yields (10). |

Graphs with vanishing charge-transfer matrix are absolute minimizers
of every topological charge index. This leads to a natural classification
problem. Recall that a connected graph G is called distance-regular if, for
any two vertices z,y € V(G) with d(z,y) = 4, the numbers of neighbors of
y at distances ¢ — 1, 4, and 7 4+ 1 from = depend only on %, and not on the

particular choice of  and y.

Theorem 3.6. Every simple distance-regular graph is zero-TCI. In par-
ticular, unweighted cycles, complete graphs, and hypercubes are zero-TCI

graphs.

Proof. We use the matrix definition of Gy, given in the introduction. Let G

be a simple distance-regular graph with adjacency matrix A and diameter
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d. For each k = 0,1,...,d, let A denote the distance-k matrix of G,
defined by

L, if d(ig) =k,
(Ak)ij =

0, otherwise.

Thus Ay = I and A; = A. By definition of D*, we have (D*);; = d(i,j) ™2
and (D*);; = 0. Therefore

k=1

A standard property of distance-regular graphs is that each distance matrix
Ay is a polynomial in the adjacency matrix A [4]. Hence D* = P(A)
for some polynomial P and AD* = AP(A) = P(A)A = D*A. Thus
C = AD* — D*A = 0 and by Definition (1),

GL=0 for all k.

Theorem 2.1 gives a simple necessary condition in the simple—graph

case.

Corollary 3.7. For a simple connected graph G, the following are equiv-

alent:
1. G1(G) =0;
2. every edge of G joins vertices of equal degree;
3. G is regular.

In particular, every zero-TCI graph satisfies G1 = 0 by definition, hence

1s reqular.

Proof. By Theorem 3.1, the identity G1(G) = 0 holds if and only if |6(u) —
d(v)| = 0 for every edge uv. This proves the equivalence of (1) and (2).
Since G is connected, condition (2) propagates along paths and is therefore

equivalent to regularity. |
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4 'Trees and extremal problem

Extremal problems ask for the graphs in a prescribed class that maximize
or minimize a chosen graph invariant. For distance—based topological in-
dices, this “extremal program” has become a central line of research in
chemical graph theory [7,8]. The survey [8] emphasizes that, beyond the
classical Wiener—type indices, much less is known for other distance—based
descriptors. The formulas derived in Corollary 4.2 below make analogous

questions accessible for TCIs.

Definition 4.1. Let C be a class of connected graphs and let I be a graph
invariant. The extremal problem for I on C is to characterize the graphs in
C that minimize or maximize I. For TCIs in the present paper the natural
choices are I = G, and I = p.

For trees, Theorem 2.1 simplifies further because between any two ver-

tices there is a unique geodesic.
Corollary 4.2 (Simple trees). Let T be a simple tree. For k > 1,

GuT) = G 2 ) =46, (1)

(4,5) €Ty

Proof. Let i # j with k = d(4,7). In a tree there is a unique i—j geodesic,
hence i has exactly one neighbor in the layer k — 1 with respect to j, and
similarly for j. Therefore o;; = aj; = 1. Trees are bipartite, so 3;; = B;; =
0 by Proposition 3.3. Substituting into (4) gives ¢;; = pr41(9(2) — d(j)) =
(6(i) — 6(5))/(k + 1)%. Taking absolute values and summing over T} yields
(11). |

For simple trees, Corollary 4.2 recovers the compact formula proved by
Shahryari and Vakili-Nezhaad [5].

The tree case already yields sharp results.
Theorem 4.3. Let T be a simple tree of order n > 3. Then

< Gi(T) < W (12)

N —
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The lower bound is attained if and only if T = P,,, while the upper bound
is attained if and only if T = S,,.

Proof. By Corollary 4.2,

wveE(T)

For the lower bound, let L be the number of leaves of 7. Every edge
incident with a leaf contributes at least 1 to the sum, and these leaf-edges

are distinct. Hence
4G(T) =2 L > 2,

so G1(T) > 1/2.

Assume equality holds. Then necessarily L = 2, because otherwise the
leaf-edges alone would contribute more than 2 to the sum. A tree with
exactly two leaves is a path, so T & P,,. Conversely, in P, the only edges
with unequal endpoint degrees are the two end edges, and each contributes
1, s0 G1(P,) =1/2.

For the upper bound, we use the inequality |a — b] < a + b — 2 for
positive integers a,b and |E(T)| =n — 1. We get

4G1 < ) (6(u) +6(v) = Y )’ -2(n-1).

weE(T) veV(T)

Now write 6(v) = 1 + x,, with x, > 0. Since >, d(v) = 2(n — 1), we have
>,y =n—2and > z2 < (n—2)2 Hence

D 6P = (1422, +22)=n+20n-2)+> 2}
v §vn+2(n72)+(n—2)2:n(nfl).
Consequently,
4Gy <n(n—1)—2(n—1) = (n— 1)(n — 2),

which proves the upper bound in (12).

Assume equality holds. Then all the inequalities above must be equal-
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ities. In particular, ), 22 = (n — 2)?, which forces one z, to equal n — 2
and all the others to be 0. Equivalently, one vertex has degree n — 1 and
every other vertex has degree 1, so 7 = §,. The converse is immediate

because each edge of S,, contributes n — 2. |

Proposition 4.4. For the path P, with n > 2,

2
—— 1<k<n-2
Gp(Py) =4 (k+1)? (13)
07 k Z n— ]-7
and therefore
n—1
1
M(Pn) = tig (14)
t=2
For the star Sy,
—1 —2
Guis) = R G sy =0 ke, ()
and therefore
n—1)(n—2
p(s,) = =2 (16)

Proof. In P, only the two end vertices have degree 1, while every internal
vertex has degree 2. Fix k with 1 < k < n—2. Among the pairs at distance
k, exactly two have unequal endpoint degrees, and each contributes 1/(k+
1)2 by Corollary 4.2. Hence Gy (P,) = 2/(k + 1)2. For k = n — 1, there is
unique pair and it has equal endpoint degrees, so G,,—1(P,,) = 0. Formula
(14) follows by summing Gy /2.

For S,,, the center has degree n — 1 and every leaf has degree 1. By
Corollary 4.2, each edge contributes (n — 2)/4, giving G1(S,) = (n —
1)(n — 2). Any pair at distance at least 2 consists of two leaves and
therefore has equal degrees, so G;(S,) = 0 for k¥ > 2. Formula (16) is

immediate. |
Remark. Formula (14) shows that p(P,) increases to

=g
t=2
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whereas (16) gives 11(S,,) ~ n?/8. Thus the algebraic charge-transfer index

stays bounded on paths but grows quadratically on stars.

Remark (Comparison with classical distance-based tree extremals). The
path—star pattern in Theorem 4.3 is consistent with the classical extremal
behavior of several standard distance-based indices on trees. Indeed, Xu,
Liu, Das, Gutman, and Furtula list in their survey [8, Theorem 3.1] that,
among trees of fixed order, the Wiener index and hyper-Wiener index are
minimized by the star and maximized by the path, whereas the Harary
index and reciprocal complementary Wiener index have the reverse ex-
tremal order. Thus the first charge layer G; fits the same broad path—star

extremal paradigm that governs these better-known indices.

A broom B, ¢ is the tree obtained by attaching £ — 1 pendent vertices
to one pendent vertex of the path P,_;41, where 2 < ¢ <n — 1. Since a
broom is obtained by attaching a collection of pendent edges to one end of
a path, its TCI behavior combines the star-like contribution coming from
the branching end with the path-like contribution coming from the handle.

The next proposition makes this interaction explicit.
Proposition 4.5 (Brooms). Let B, ¢ be a broom. Then

oe—1)

G(1 (Bn,Z) - T7 (17)
forevery2 <k <n-—=¢
2(0-1)
Bhy) = —5, 1
and Gp_¢11(Bn¢) = 0. Consequently,
n—~0+1
6 —1 1
pBa =" ey L (19)

t=3

Proof. Label the broom so that uguy ... u,_g is the path and ¢1,...,6p_1

are the pendent vertices attached to ug. Then

6(“0) =Y, 5(un7£) =1, 5(62) =1,
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and every remaining path vertex has degree 2.
For k = 1, the edges with unequal endpoint degrees are the ¢ — 1 edges
upl;, the edge uguy, and the terminal edge u,,_¢_1u,_¢. Their total degree

imbalance is
(-1l —-1)+{—-2)+1=10((-1),

so (17) follows from Corollary 4.2. When ¢ = n — 1, the path reduces to
the edge upu; with u; a leaf, and the three edge categories merge; the
count /(¢ — 1) remains correct.

Now let 2 < k < n — £. The distance-k pairs with unequal degrees are
exactly the following: the £ — 1 pairs (¢;, ux—1), the pair (ug,uy), and the
pair (up—g—g, Un—¢) when k < n — ¢ —1; when k = n — £, the last two
types collapse to (ug, u,—¢) together with the £ — 1 pairs (¢;, up—s—1). In
either case the total degree imbalance is 2(¢ — 1), and (18) follows from

Corollary 4.2. The last statement and (19) are immediate. |

A bi-star BS(ny,n9) is a tree obtained by joining the centers of the
stars Sp,4+1 and Sp,4+1. We will need the following formulas for the Gs

extremal problem on trees.

Proposition 4.6 (Bi-stars). Let BS(ny,n2) be a bi-star. Then

n? +n3 + ny — nol

Gl(BS'(nl,ng)) = 1 y (20)
2n1n2
GQ(BS(TLl,TLQ)) = 9 5 (21)
Gr(BS(n1,n2)) =0 for k > 3, and therefore
n?+n3+n1 —na|  ning
w(BS(ny,ng)) = (22)

8 9

Proof. Let u and v be the two adjacent non-pendent vertices of BS(nq,ns),

where u is adjacent to n; pendent vertices

L1y yTnqy
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and v is adjacent to no pendent vertices

Yis- -3 Yny-

Thus
o(u) =ny + 1, 0(v) =na +1,

and every other vertex has degree 1. We apply Corollary 4.2. For Gy,
there are three kinds of edges: the n; edges ux;, the ny edges vy; and the

central edge uv. Their contributions lead to
4G1(BS(TL17TL2)) =MN1- Ny +ng-ng+ |77,1 — Na|.

This gives formula (20).
For G, the distance-2 pairs are of the following types:

e two pendent vertices adjacent to u or v, namely {z,, x5} or {y,, ys};

these contribute 0 because vertices degrees are 1;

e pairs {x;,v}, of which there are n, each contributing
0(zi) = 0(v)| =1 — (n2 + 1) = ny;
o likewise, pairs {u,y;}, of which there are nq, each contributing

|0(u) = d(y;)| = [(m + 1) =1 = na.

Hence
QGQ(BS(TLl,TLQ)) = n1ng + Noni = 2n1no,
and so 5
nin
G2(BS(ny,ns)) = ; 2

Now G'3 = 0 since every distance-3 pair {z;,y;} consists of two leaves.
Also, Gj, = 0 for all k > 3 since diam(BS) = 3. Then direct substitution
gives . This proves (22). |
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Theorem 4.7 (Exact extrema of Gy on trees). Let T be a simple tree of
order n > 4. Then

0<Ga(T) < % {WJ

The lower bound is attained if and only if T = S,,. The upper bound is
attained if and only if

reos([ 1))

Proof. Since T is a tree, every pair of vertices at distance 2 has a unique

common neighbor. Because T3 is defined with the convention ¢ < j, each
distance-two pair is represented exactly once by some (i, j) € T». For such
a pair, the vertices ¢ and j can be written uniquely as an unordered pair

{i,j} € N(w), where w is the middle vertex on the unique i—j path and
N(w) ={ueV(T): u~ w}.
Hence, by Corollary 4.2,

9Go(T) = Y > 16w) = 6(v)]. (23)

weV(T) {u,v}CN(w)

For u € V(T) define z,, := 6(u) — 1. Fix w € V(T). Then we have

Z |§(u) - 5(U)| = Z |5Z3u - zv| < Z (mu + zv)~

{uw}CN (w) {uw}CN (w) {uw}CN (w)

Now each term z,, appears exactly d(w) — 1 times in the last sum, so

Y. @utw)=0w) -1 Y wu=(6(w) =1) Y (5(u) - 1).

{u,v}CN(w) U~w u~w

Substituting into (23), we obtain

9G(T) < Y ((w) —1) > (d(u) — 1).

weV (T) u~w
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Finally, each edge uw € E(T) contributes the term

(0(w) = 1)(6(u) = 1)

twice in this double sum, once from the vertex w and once from the vertex

u. Hence

9G(T) <2 > (6(u) = DEw)=1)=2 Y zuzw.  (24)

uweE(T) uweE(T)

Let AU B be the bipartition of the tree 7. Then

S < <2x> (Z xw> < W

uweE(T) u€A weEB

Using these inequalities with Y, ¢y (7 2w =n — 2 in (24), we get
2 | (n—2)?
< - |—].
win =[5

The lower bound G5(7") > 0 is obvious. Suppose now that G5(7) = 0.
If diam(7") > 3, let

VoVU1V2 - - UD

be a diametral path in 7. Then d(vg,ve) = 2, while
8(vo) = 1, 5(vg) > 2.
Therefore the pair {vp, v2} contributes positively to

> 166 = 8()l.
{i,j}€T>
contrary to G2(7) = 0. Hence diam(7) < 2, and therefore T = S,,.
Conversely, if T = S,,, then every distance-2 pair consists of two pendent
vertices, so their degrees are equal and G5(S,,) = 0.

It remains to characterize the equality case in the upper bound. Sup-
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pose that

Then equality must hold in every inequality above. In particular, for each
fixed w € V(T),

Z [Ty — 0| = Z (T + ).

{u,v}CEN(w) {u,v}EN(w)

Since
0 < (Tu +y) — |7y — 20 ({u,v} € N(w)),

the sum of these nonnegative terms is equal to 0. Hence each term is 0,

and therefore
[Ty — @] = Ty + T for every {u,v} C N(w).
Because xz,,x, > 0, this is equivalent to
TyTy =0 for every {u,v} C N(w).

Thus, for every vertex w, at most one neighbor of w can be non-pendent.

Since the upper bound is positive for n > 4, the extremal tree is not a
star, so 7 has at least two non-pendent vertices. Let a and b be two such
vertices, and let

a = vg,V1y...,U;m =0

be the unique a—b path in 7. Every internal vertex of this path is non-
pendent. If m > 2, then vy has two non-pendent neighbors, namely vy and
v, a contradiction. Hence m = 1, so any two non-pendent vertices are
adjacent.

It follows that 7 has exactly two non-pendent vertices. Indeed, if
there were three, then one of them would be adjacent to two non-pendent
vertices, again a contradiction. Therefore T has exactly two adjacent non-

pendent vertices, and all remaining vertices are pendent and attached to
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one of them. Hence
T = BS(ny,n2) for some ny,no > 1 with ny +ny =n — 2.

By Proposition 4.6,

277,1 no

GQ(BS(TM,TLQ)) = 9

For fixed ny + ny = n — 2, the product ninsy is maximal exactly when

o = |57) |55}
] 1

the balanced bi-star satisfies

Since

2nin 2 | (n—2)2
G2(BS(n1,n3)) = é 2 = 5 {( 1 ) J .
This gives the stated extremal tree and completes the proof. |

Remark (Comparison with the Wiener polarity phenomenon). Theo-
rem 4.7 shows that the second charge layer does not follow the classical
path—star pattern: its minimum is attained by the star, but its maximum
is attained by the balanced bi-star rather than by the path. This behavior
is closer in spirit to the Wiener polarity index than to the Wiener or
Harary indices. Indeed, Xu et al. record in [8, Theorem 3.2] that, among
trees of fixed order, the Wiener polarity index is minimized by the star
and maximized by the balanced bi-star, or by a related diameter-4 family.
They also note that the Wiener polarity index is therefore not a branching
measure in the usual path—star sense. In this respect, G5 exhibits a similar

departure from the standard extremal scheme.

Remark. The first two layers already show that the sequence (Gj) does

not satisfy a uniform extremal pattern on trees. The star S,, is extremal
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for G, but

Gr(Sn) =0 (k=2),

because diam(Sy,) = 2. On the other hand, the balanced bi-star is extremal
for Go, yet
G3(BS(’I7,1, ng)) = 0,

since the only pairs of vertices at distance 3 in a bi-star are pairs of pendent
vertices from opposite sides, and these have equal degrees. Hence even the
trees that are extremal for G; and G5 need not contribute at the next
layer. This suggests that the higher charge indices G should be studied
layer by layer.

Corollary 4.8. A simple connected tree is zero—TCI if and only if it is
K.

Proof. If a simple connected tree is zero-TCI, then it is regular by Corol-
lary 3.7. A tree of order at least 3 has a leaf, hence cannot be regular.
Therefore the only possibility is Ko. Conversely, K5 has just one edge, its

endpoints have equal degree, and hence all TCIs vanish. |

5 Alternating even cycles

We now illustrate how the local distance-layer formula yields a complete

layer-by-layer description for a natural family of weighted even cycles.

Definition 5.1. Let m > 2 and let p,q € {1,2,3,...}. The alternating
weighted cycle Cap,(p, q) is the cycle on vertices 0,1,...,2m — 1 in which
the edge {¢,t + 1} (indices mod 2m) has multiplicity p for even t and
multiplicity ¢ for odd ¢.

Thus every vertex has weighted degree p + ¢, and benzene is modeled
by CG (2, 1).

Theorem 5.2 (All charge layers of Ca,,(p,q)). Let G = Copn(p,q) with
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m > 2. Then, for each k with 1 <k <m,

8mk
ﬁ@—qh if k is even and 2 <k <m — 1,
“=, 29
0, otherwise.
Consequently,
1 . .
mlp—q|(1————5 ], ifm is even,
(m—1)
1(Com(p, @) = (26)

1
m|p — ¢| <1 — 2> , if m is odd.
m
Proof. For t € {0,1,...,2m — 1}, write
Wt 1= at, t41,

so that wy = p if ¢ is even and w; = ¢ if ¢ is odd (indices modulo 2m).

Since Cs,,, is an even cycle, it is bipartite. Hence Proposition 3.3 gives
Bij =0 (i # )
Also every vertex has the same weighted degree,
(i) =p+gq.

Therefore the degree term in Theorem 2.1 vanishes, and for every pair of

distinct vertices with d(i,j) = k we have
cij = (pe—1 = pr+1) (@i — a0). (27)

We now determine o;; — oj;.

Case 1: k =m. Let j =i+ m. Then i and j are opposite vertices of the
cycle. Both neighbors of ¢ lie at distance m — 1 from 7, so both incident

edges of ¢ contribute to o;;. Hence

Qij = Wi—1 +w; =p+gq.
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Similarly,
aj; =p+q.

Thus (27) gives ¢;; = 0 for every diametral pair, and therefore

Gpm =0.

Case 2: 1 <k <m — 1. Fix a pair at distance k, and choose the cyclic
orientation so that
j=i+k (mod2m)

along the unique shortest arc from i to j. Then the only neighbor of ¢
lying one step closer to j is ¢ + 1, so

Qij = Q4 i+1 = Wi-

Likewise, the unique neighbor of j lying one step closer to i is j — 1 =
i+k—1,s0

Qji = Qj,j—1 = Witk—1-

If k£ is odd, then i and i + k — 1 have the same parity, hence
Wi = Wi+k—1,

so a;j = avj; and therefore

Cij = 0.

Thus
Gr,=0 for all odd k.

If k is even, then ¢ and ¢ + & — 1 have opposite parity, hence one of

w;, wik—1 equals p and the other equals q. Therefore

|aij - aji| = \p - fZ|-
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Using (27),

4k
leij| = (pr—1 = prr1)lp — al = W'p_ ql.

For each k& < m, the cycle C5,, has exactly 2m unordered pairs of

vertices at distance k. Hence, for even k with 2 < k <m — 1,

4k 8mk
Gp=2m:-——lp—ql=———=|p—q|
k m (]{32 _ 1)2 |p q| (kg — 1)2 |p q|
This proves (25).
Finally,
1 m
n= 5 Z Gk;
k=1
and only the even layers 2,4, ..., m — 1 contribute. Hence
m—1 k
M(sz(ll (J)) = 4dmp — q| Z m (28)
kkglgn
m—1
1 1
== 3 (G )
k even

This is a telescoping sum over the odd integers. Hence

1
#(Com (p.9)) = mlp — | <1 (lm-1/2)+ 1>2> |

The parity form (26) is immediate. ]

Corollary 5.3 (Extremal weighted alternation at fixed weighted degree).

Fiz integers m > 2 and s > 2, and consider the family

Cms ={Com(p,q) :p,q €N, p+q=s}.

For each even k with 2 < k < m — 1, the quantity Gy and the total index

W are increasing functions of |p — q| on Cp, 5. Consequently:



222

1. The mazimum of every nonzero layer Gy, and of u on Cy, s is attained

exactly at the extreme pairs
(r,q)=(1,s=1) or (s—1,1).

2. The minimum is attained at the most balanced pairs:

s s .
(§,§>, if s is even,
(p,g) = s—1 s+1 s+1 s—1 o
, or , , if s is odd.
2 2 2 2

In particular, if s is even, then the minimum value is 0 for every

charge layer and for .

Proof. By Theorem 5.2, every nonzero GG, and pu is a positive constant
depending only on m and k, multiplied by |[p — ¢|. Thus the extremal
problem reduces to maximizing or minimizing |p — ¢| subject to p,q € N
and p + ¢ = s. The maximum is s — 2, attained only at (1,s — 1) and
(s — 1,1), and the minimum is 0 when s is even and 1 when s is odd,

attained exactly at the most balanced pairs. |

Corollary 5.4 (Zero—TCI criterion in the alternating family). In the fam-
ily Com(p, q), the following hold:

1. every 4—cycle Cy(p, q) is zero-TCI;
2. form > 3, the graph Caonm(p, q) is zero-TCI if and only if p = q.

Proof. If m = 2, then the interval 2 < k < m —1 is empty, so Theorem 5.2
gives G, = 0 for all k. If p = ¢, then every nonzero formula in (25) vanishes,
so G = 0 for all k£ and the graph is zero—TCI. Alternatively, when p = ¢,
the graph Cy,,(p, p) satisfies A = p A(Cs,,,) and has unchanged distances,

C(Cgm(p,p)) = pC(C2m) =0

by Theorem 3.6. Assume now that m > 3. Conversely, if p # ¢, then

Theorem 5.2 gives

16m
Gy = T@*Q‘ >0,
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so the graph cannot be zero-TCI. |

Remark (Distance-count versus charge-transfer behavior). Xu et al. em-
phasize in Section 1 of [8] that the classical distance-based indices W,
WW, H, and RCW are determined by the numbers d(G,k) of vertex
pairs at distance k. Hence, for the simple cycle Cy,,, they depend only on
m. Theorem 5.2 shows that the topological charge indices behave differ-
ently on Co,(p, q): they detect the weighted alternation through |p — ¢,
and only the even distance layers contribute. This provides a simple fam-
ily in which TCIs distinguish bond-order asymmetry invisible to classical

distance-count descriptors.

Example 5.5. For annulene modeled by C14(2,1), we have m = 7 and
|[p — g| = 1. The active layers are k = 2,4, 6, and

112 224 48 .
Go = —, Gy = 295" Ge = T Gy, = 0 otherwise.

Therefore ) 48
n= §(G2+G4+G6) = -

6 A matrix—free algorithm

Theorem 2.1 reduces the computation of TCIs to shortest—path distances
together with the layered adjacency sums a;; and B;;. Thus the dense
reciprocal-distance matrix D* never needs to be formed explicitly. Instead,
one may compute the charge-transfer terms c;; directly from local data

obtained by repeated breadth—first searches.

6.1 Pseudocode

Algorithm 1 (Matrix—free evaluation of TCIs).

1. Input: a connected weighted graph G on n vertices, given in

adjacency—list form with multiplicities a..
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2. Compute the weighted degrees

0) =Y aw  (wEV(@)).

r~v

3. Initialize D := 0.
4. For each source vertex s € V(G):

(a) run a breadth—first search (BFS) on the underlying simple graph
to obtain
dfo] = d(v,5) (v € V(G));

(b) update

D = D, d ;
max{ e s[v]}

thus, after all BFS runs, D = diam(G);

(c) scan each adjacency list once and compute the layered sums

Ay = E Ay, BUS = E : Qoz;

z~v, ds[z]=ds[v]—1 z~v, dg[z]=ds[v]

(d) store the values dg[v], ays, and B, for all v € V(QG).
5. Initialize G, :=0 for 1 <k < D.
6. For each unordered pair ¢ < j:
(a) let k =d(i,5);
(b) evaluate ¢;; from Theorem 2.1 using the stored values 6(7), d(j),
Qij, g, ﬁm and 5]’2';

(c) add |¢i;| to Gi.

7. Output: the charge layers {Gy}1<x<p, where D = diam(G), and

hence
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6.2 Complexity and storage

The cost of Algorithm 1 is governed by the repeated breadth—first searches

and the final aggregation over unordered vertex pairs.

Proposition 6.1. Algorithm 1 runs in O(n(m-+n)) time for the distance—
layer preprocessing and in ©(n?) time for the final pair aggregation. In
particular, for sparse molecular graphs with m = O(n), the total running

time is quadratic up to constants.

Proof. For each source vertex s € V(G), one breadth—first search on the
underlying simple graph computes the distances ds[v] for all v € V(G) in
O(m + n) time. The same pass also yields max, ds[v], so the diameter is
obtained as

diam(G) = max max ds[v]
seV(G)veV(GQ)

without additional asymptotic cost.

After the BFS from a fixed source s, one scan of all adjacency lists
computes the layered sums «,s and §, for all vertices v. This costs O(m).
Repeating these two steps over all n choices of s gives a total preprocessing
time of

O(n(m+n)).

Once the distances and layered sums have been stored, the algorithm
loops over all unordered pairs ¢ < j. There are exactly (;’) = O(n?)
such pairs, and the value of ¢;; is then obtained in constant time from
Theorem 2.1. Hence the final aggregation costs ©(n?).

Therefore the total running time is
O(n(m+n)) +O(n?).

In particular, if m = O(n), then the whole algorithm is quadratic. |

The storage requirement is O(n?) if one keeps the arrays d[v], a,s, and
Bus for all ordered pairs (v, s). This is convenient for the final pair aggre-
gation. If memory is an issue, the same method can also be implemented
in streaming form, processing one source vertex at a time and updating

the relevant pair contributions without storing all layers simultaneously.
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6.3 Computational considerations

The main point of Algorithm 1 is not merely to avoid dense matrix multi-
plication, but to align computation with the local structure of Theorem 2.1.
The quantities c;; and J;; are precisely the data that appear in the for-
mula for ¢;;, so the algorithm translates the matrix definition of TCIs into
a layer—by-layer evaluation scheme.

For sparse molecular graphs this is computationally favorable, since
the dense matrix D* is never formed. Even when a direct matrix product
may be competitive for moderate sizes on optimized numerical platforms,

the present scheme has two structural advantages:

1. it provides an interpretable local decomposition of each ¢;; in terms

of degree imbalance and directional layer couplings;

2. it allows partial or targeted evaluation, for example when one is
interested only in layers up to a prescribed distance or only in pairs

involving a selected set of vertices.

Thus the matrix—free algorithm should be viewed as a computational

corollary of the local theory rather than as a benchmarking claim.

7 Conclusion

We established a local distance-layer formula for the charge-transfer en-
tries ¢;; of the topological charge matrix in connected weighted molecular
graphs. This formula expresses each c;; in terms of weighted vertex degrees
together with the layered adjacency sums «;; and §;;, thereby replacing
the dense matrix product AD* by explicitly local graph data. As a result,
the first two charge layers become transparent in simple and bipartite
graphs, and the tree case admits an exact all-layer description.

The extremal consequences already show that TCIs behave differently
from many classical distance-based indices. For trees of fixed order, the
first charge layer G follows the classical path—star pattern: it is minimized
by the path and maximized by the star. In contrast, the second layer Go
is minimized by the star but maximized by the balanced bi-star. Thus
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the charge-transfer viewpoint departs from the usual path—star paradigm
already at distance two.

For the alternating weighted cycle family Ca,,(p, q), the local formula
yields a complete layer-by-layer description. Only even distance layers
contribute, each nonzero layer is obtained in closed form, the total index
is explicit, and the zero-TCI members of the family are completely charac-
terized. In particular, this family provides a simple model in which TCIs
detect bond-order asymmetry that is invisible to classical distance-count
descriptors based only on the underlying unweighted cycle.

From the computational side, the same formulas lead to a matrix-
free breadth-first search procedure that avoids constructing the dense
reciprocal-distance matrix. Structurally, they identify a part of the TCI
theory that is both mathematically complete and chemically interpretable.
Broader cyclic classes, including unicyclic, bicyclic, and benzenoid families,

will be treated separately.

Acknowledgment: The authors are grateful to M. Shahryari for provid-
ing a copy of his paper on topological charge indices during their study of
chemical graphs. Yassir Dinar acknowledges Sultan Qaboos University for
the financial support received under Internal Grant IG/SCI/M/25/075.

References

[1] J. Gélvez, R. Garcfa, M. T. Salabert, R. Soler, Charge indexes. New
topological descriptors, J. Chem. Inf. Comput. Sci. 34 (1994) 520—
525.

[2] J. Gélvez, R. Garcia-Domenech, J. V. de Julidn-Ortiz, R. Soler, Topo-
logical approach to drug design, J. Chem. Inf. Comput. Sci. 35 (1995)
272-284.

[3] R. Garcia-Domenech, J. Gélvez, J. V. de Julidn-Ortiz, L. Pogliani,
Some new trends in chemical graph theory, Chem. Rev. 108 (2008)
1127-1169.

[4] C.D. Godsil, G. Royle, Algebraic Graph Theory, Springer, New York,
2001.



228

[5) M. Shahryari, G. Vakili-Nezhaad, On topological charge indices of
graphs, Trans. Comb. 13 (2024) 351-361.

[6] R. Todeschini, V. Consonni, Handbook of Molecular Descriptors,
Wiley-VCH, Weinheim, 2000.

[7] S. Wagner, H. Wang, Introduction to Chemical Graph Theory, CRC
Press, Boca Raton, 2019.

[8] K. Xu, M. Liu, K. C. Das, I. Gutman, B. Furtula, A survey on graphs
extremal with respect to distance-based topological indices, MATCH
Commun. Math. Comput. Chem. 71 (2014) 461-508.



	Introduction
	Local formula for TCIs
	Simple and bipartite graphs
	Trees and extremal problem
	Alternating even cycles
	A matrix–free algorithm
	Pseudocode
	Complexity and storage
	Computational considerations

	Conclusion

