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Abstract

A new method is developed, allowing control of chemical equi-
librium in such a way that a criterion depending on the chemical
composition is constant with temperature and pressure variations.
The application of the implicit function theorem and Kuhn-Tucker
conditions allows calculating the sensitivity of chemical composition
with respect to internal parameters. The equations are derived that
allow calculation of the dependence between temperature and pres-
sure under a fixed value of a linear or non-linear function of chemical
composition. Numerical calculations are conducted that confirm the
theoretical results.

1 Introduction

The dependence of chemical equilibrium composition of complex reacting

systems (i.e., including tens and hundreds of components) on temperature

and pressure is not explicit. Simple formulas are available only for simple

cases: otherwise, numerical methods are required.
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The usual equilibrium problem statement for an isothermal and isobaric

system is as follows [12]:

neq = arg min
n∈D

G(n, T, P ). (1)

G(n, T, P ) =

N∑︂
j=1

µj(n, T, P )nj . (2)

Here n is a chemical composition vector, G(·) is Gibbs free energy,

µj(·) is the chemical potential of the j-th component, T is temperature, P

is pressure, and D is the admissible set of chemical compositions.

D = {n : An = b,n ≥ 0}. (3)

Here inequality n ≥ 0 means that all the components of n are non-

negative. The matrix A with dimensions (M ×N) is a molecular matrix

with elements aij counting the number of i-th atoms in a molecule of

the j-th component, and b is the elemental composition vector. Usually,

dimb = M < N = dimn.

The optimization problems (1) and (3) are convex if we assume ideal

phase approximations (and they are strictly convex if we consider ideal gas

mixtures). In this case, the numerical solution of (1) and (3) is a relatively

simple task that can be handled by many numerical packages. For ideal

gases, chemical potential can be written as follows [5]:

µj(n, T, P ) = µ0
j (T ) +RgT ln

[︃
Pnj

P0σ(n)

]︃
. (4)

Here µ0
j (T ) is the standard chemical potential of the j-th component,

which can be calculated using thermochemical tables (for example, [11,

18]), σ(n) is the sum of moles of gas-phase components, Rg is the univer-

sal gas constant (8.31446 J/mol/K), and standard pressure is 1 atm by

convention.

Knowing temperature, pressure, chemical potentials, and elemental

composition, one can calculate equilibrium composition by minimizing

Gibbs free energy. Other conditions can be considered as an extension
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of this problem [3].

The main issue is that chemical engineers usually do not know opti-

mal temperature and pressure before using thermodynamic tools. More

important is the inverse equilibrium problem: to determine temperature

and pressure such that the equilibrium composition satisfies some require-

ments (high conversion, low yield of by-products, fixed ratio of several

components, etc.). Some inverse problems were considered in previous

works [7, 17].

The aim of the present study is to develop an algorithm allowing the

solution of the inverse equilibrium problem in a specific statement. Let us

consider some couple (T1, P1) resulting in an admissible equilibrium com-

position ñ according to the optimization problem (1). The question arises:

are there other couples of temperature and pressure that would result in

the same chemical composition or, at least, conserve some characteristics of

this composition? This question leads to inverse optimization problems.

Some intuition can be extracted from the Le Chatelier-Braun principle

(moderation theorems [19]), but the general solution requires including

Kuhn-Tucker conditions into the sensitivity analysis.

A similar approach was proposed in works by Fishtik et al. on chemi-

cal equilibrium sensitivity [8,9]. The main results of these works were the

expressions for the derivatives of equilibrium chemical composition with

respect to temperature, pressure and initial composition. The approach

included transformations of the stoichiometric matrix and the Hesse ma-

trix. However, the analysis was based on the stoichiometric approach. The

influence of different parameters was considered separately. In the present

work, we use more generalized the sensitivity approach [17] and derive new

thermodynamic relations.

A simple consideration shows that it is almost impossible to conserve

the equilibrium composition with changing parameters. However, it is

possible to conserve a wide range of linear combinations associated with

equilibrium compositions. Moreover, there may be continuous curves in

the P − T plane on which these linear combinations are conserved, and

there is a simple algorithm to calculate these curves. The paper is orga-

nized as follows: Sec. 2 considers a simple case allowing conservation of
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equilibrium chemical composition; Sec. 3 considers conservation of linear

combinations; Sec. 4 shows several numerical examples; Sec. 5 discusses

the results; finally, Sec. 6 concludes the paper.

2 Conservation of equilibrium composition

Let us consider a simple system with the only dissociation reaction:

R←→ nP. (5)

The chemical equilibrium follows a well-known mass-action law:

xn
P

xR
= exp

(︃
−∆G0

r

RgT

)︃
. (6)

Here x is a molar fraction and ∆Gr = nµ0
P − µ0

R is the difference

of standard chemical potentials between products and reagents. If the

chemical composition holds constant, then the l.h.s. of (6) is also constant.

The condition of the constant equilibrium composition is therefore the

following:

δ

(︃
∆G0

r

RgT

)︃
= δT

∂

∂T

(︃
∆G0

r

RgT

)︃
+ δP

∂

∂P

(︃
∆G0

r

RgT

)︃
= 0. (7)

Taking the derivatives and using thermodynamic relations, one can

obtain:

−δT ∆H0
r

RGT 2
+ δP

∆V 0
r

RgT
= 0. (8)

Here ∆H0
r is the difference of molar enthalpies (reaction thermal effect

isQr = −∆H0
r ), and ∆V 0

r is the difference of volumes occupied by reagents

and products. The expression leads to the known formula (similar to the

Clausius-Clapeyron equation [5]):

δ lnP

δT
= − Qr

RgT 2∆N0
r

. (9)

Here ∆N0
r is the difference of moles of products and reagents (in our
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case ∆N0
r = n−1). The formula shows that in order to maintain the chem-

ical composition in a simple reacting system with the only reaction, one

should increase pressure with temperature if the reaction is endothermic

and decrease pressure if the reaction is exothermic. It is also important

to have a reaction with a change of volume (number of moles), since oth-

erwise the expression is singular (which makes sense: it is impossible to

influence volume-conserving reaction equilibrium by pressure due to the

Le Chatelier-Braun principle).

It is now possible to generalize the problem to many reactions occur-

ring simultaneously: all the reactions should hold equilibrium constants

unchanged under varying temperature and pressure, i.e., by (9), all reac-

tions should have the same relation Qr/∆N0
r . Although the fulfillment of

this condition may be achieved by coincidence, in general it is practically

impossible to tune a reacting system (allowing hundreds of reactions) into

the same value.

3 Conservation of a criterion depending on

chemical composition

Let us consider a quantity characterizing the reacting system performance:

Y (n) = cTn =

N∑︂
j=1

cjnj . (10)

Here coefficients cj are some costs, for example, product value, by-

products loss, harmful substances penalty, etc. The main difference from

the previous section is that we do not require the system to hold the

equilibrium chemical composition: it may vary preserving the value of

Y (n).

The algorithm for the calculation of temperature and pressure, which

allows to achieve a given value of the criterion (10), will be published in our

future works. Here we consider the case when a couple (T1, P1) was already

found, such that the criterion Y achieved an admissible (not necessarily

optimal) value. The next step is to study the neighborhood of the point
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(T1, P1) to find other points (T, P ) with equal performance.

The main idea of the paper is to apply the implicit function theorem

in order to obtain formulas linking the equilibrium chemical composition

with temperature and pressure. These formulas are not explicit, but the

solution of the equilibrium problem (1) gives all necessary values to proceed

with the calculations.

At first, Kuhn-Tucker conditions [15] for the problem (1) with linear

constraints (3) can be presented as follows:

µj(n, T, P ) +

M∑︂
i=1

λiaij = 0,∀j, (11)

N∑︂
j=1

aijnj − bi = 0,∀i. (12)

Further, we consider the system (11), (12) as a vector function F(n,λ)

with components fk. The system (11), (12) can be presented as F(neq,λeq)

= 0. This vector function produces equilibrium chemical composition and

Lagrange multipliers as its roots. To find the necessary derivatives, we

should calculate the Jacobi matrix [13]:

J =

(︄
∂µ
∂n AT

A 0

)︄
. (13)

Here ∂µ
∂n is the matrix consisting of elements ∂µi

∂nj
, and 0 is the zero

matrix of proper dimensions (M ×M).

Now we consider the variation of F with respect to some parameter U :

δF = δU
∂F(n,λ)

∂U
+ δU

N∑︂
j

∂F(n,λ)

∂nj

∂nj

∂U
+ δU

M∑︂
i

∂F(n,λ)

∂λi

∂λi

∂U
=

=
∂F(n,λ)

∂U
δU + J

(︄
∂n
∂U
∂λ
∂U

)︄
δU.

(14)

In order to maintain the equilibrium conditions, we require that δF = 0.
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In the paper [8] the same approach was applied to the variation of reaction

affinities. This method is also used in analysis of stationary states in

chemical kinetics [4]. The equilibrium sensitivity coefficients are as follows:(︄
∂n
∂U
∂λ
∂U

)︄
= −J−1 ∂F(n,λ)

∂U
. (15)

The expression (see also [17]) gives the implicit formulas to calculate the

derivative of the equilibrium chemical composition with respect to some

parameter U using the solution of the optimization problem (1). Indeed,

the modern solvers allow calculating all the input data (the Jacobi matrix

is a Hessian matrix of the Lagrange function) as auxiliary variables.

In the case when U = T , the derivative is the r.h.s. in (15), which is

the following:

∂F(n,λ)

∂T
=

(︄
−s(n, T, P )

0

)︄
= −

(︄
h(T, P )− µ(n, T, P )

0

)︄
. (16)

Here s is a vector of specific entropy values, and h is a vector of specific

enthalpy values.

If U = P , then the formula simplifies:

∂F(n,λ)

∂P
=

(︄
V(T, P )

0

)︄
. (17)

Here V (T, P ) =
RgT
P is the specific molar volume of an ideal gas, and

V is the vector consisting of repeating values of V .

Now let us introduce the cutting matrix M:

M = (E 0) . (18)

Here E is the identity matrix of N × N , and the zero matrix has

dimensions N ×M . Using the matrix M we can write:

∂n

∂U
= −M J−1 ∂F(n,λ)

∂U
. (19)
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Therefore, we can calculate the derivative of the criterion Y :

∂Y

∂U
= cT

∂n

∂U
= −cTM J−1 ∂F(n,λ)

∂U
. (20)

Now, we require the criterion Y not to change under varying temper-

ature and pressure. The condition is the following:

δT
∂Y

∂T
+ δP

∂Y

∂P
= 0. (21)

The previous expressions give the relation between variations in the

following form:

δP

δT
=

cTM J−1

(︄
s(n, T, P )

0

)︄

cTM J−1

(︄
V(T, P )

0

)︄ . (22)

The equality (22) holds only for infinitely small increments, i.e., this

is a first-order ordinary differential equation for a thermodynamic system

with chemical reactions [20]. The values of Lagrange multipliers are not

necessary for calculation (they do not appear in (13) due to the linear type

of constraints (3)).

It should be noted that the expression (22) does not imply any chemical

mechanism: the calculations require only a list of substances and their

thermodynamic properties. The numerator is related to thermal processes

(change of entropy weighted by special matrices), and the denominator is

related to mechanical processes (changes of volume, also weighted), which

is similar to (9).

There could be degenerated statements, for example, if coefficients cj

are non-zero only for non-reactive species, or the vector cT is a row from

the matrix A, or if the system is apparently low-dimensional. These issues

require specific study in all different cases. We assume that the reacting

system has ”good enough” properties so equation (22) is well-defined in

the given range of parameters.

Given the expression (22), one can use a simple algorithm to find cou-

ples (T, P ) maintaining the linear criterion value. Solving the optimization
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problem in the point (T1, P1), we obtain chemical potentials and specific

entropy values and calculate the matrix J and the auxiliary vectors. Then

we update temperature by a small amount (for example, 1 K) and use

equation (22) to calculate the pressure update corresponding to the tem-

perature change. Then we solve the optimization problem under parame-

ters (T1+δT1, P1+δP1) and repeat until some stopping condition becomes

active (for example, maximum available temperature is reached). If the

step is small enough, then the Euler method can be used; otherwise, itera-

tive methods may be a better choice. It should be noted that every step of

the method requires solving the optimization problem, so computational

gain and losses should be considered carefully.

If the criterion is non-linear, then equation (22) can be generalized as

follows:

δP

δT
=

(︁
∂Y
∂n

)︁T
M J−1

(︄
s(n, T, P )

0

)︄
(︁
∂Y
∂n

)︁T
M J−1

(︄
V(T, P )

0

)︄ . (23)

Here ∂Y
∂n is the gradient vector. In this case, however, the existence and

stability of the solution depend on the properties of the criterion. Some of

these properties reveal themselves in calculations (see next section).

With these formulas, we can study chemical processes in thermody-

namic equilibrium on the P − T plane.

4 Numerical examples

As in our previous paper [7], we considered a methane reforming process

in arbitrary stoichiometry. Methane conversion processes are of particular

interest due to hydrogen demands and production of synthetic liquid fuels

from syngas [1, 16]. The problems concerned with optimal conditions of

methane conversion include many parameters, including catalyst stabil-

ity, flow control, and gas cleaning. We consider only the thermodynamic

parameters that influence the conversion product composition; equilib-



120

rium analysis is always the first step of reactor design. Some macrokinetic

features could be included in thermodynamic analysis through additional

constraints (see, for example, [14]), but this matter is beyond the present

work.

The initial mixture consists of {CH4,CO2,H2O,N2} with 1 mole of

each component. The aim products are {CO,H2}. The molecular matrix

is as follows:

N2 CH4 H2O CO2 CO H2

C 0 1 0 1 1 0

H 0 4 2 0 0 2

N 2 0 0 0 0 0

O 0 0 1 2 1 0

. (24)

The elemental composition vector is bT = (2, 6, 2, 3). We used thermo-

dynamic data from [11]. The interior point method with slight modifica-

tions was used to solve the equilibrium problem (1) [12]. The explicit Eu-

ler method was used to solve the differential equations (22) and (23). The

computational capacities of the High-Temperature Circuit Multi-Access

Research Center (MESI SB RAS) were used in the study.

In all cases we consider (T1, P1) = (1000 K, 1 atm) as a reference

state. All the calculations are conducted based on the characteristics of

the equilibrium composition at these parameters, which is the following:

nCH4 = 0.04, nCO2 = 0.49, nH2O = 0.51, nN2 = 1, nCO = 1.47, nH2 = 2.37.

4.1 Constant hydrogen yield

The first criterion is Y (n) = nH2
: in some cases, hydrogen is the aim

product of methane conversion, and its yield should be maintained at

the fixed level [6]. Fig. 1 shows the calculated P − T curve that holds

hydrogen yield at the same level as at 1000 K and 1 atm. The curve

rises, so it can be concluded that the average thermal effect of hydrogen

formation is endothermic in the studied range. The numerical error (which

is ε = Y − YT1,P1
) increases when moving from the starting point due to

the finite difference approximation, but the relative error is less than 1%
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Figure 1. The dependence of pressure on temperature given fixed hy-
drogen yield (a) and the corresponding numerical error in
hydrogen yield (b).

in the range of 200 K, which is precise enough for engineering analysis.

4.2 Constant heating value

Let us now consider the heating value of the reacting mixture. The com-

bustible components are {CH4,CO,H2}, and their individual heating val-

ues are 802, 283 and 242 kJ/mol, correspondingly. Then we can construct

a new criterion:

Y (n) =

N∑︂
j=1

Qjnj = 802× 103nCH4
+ 283× 103nCO + 242× 103nH2

. (25)

This is a linear criterion that was considered above. At the conditions

of 1000 K and 1 atm, the equilibrium mixture has the heating value of 1.02

MJ. Using the developed technique, we extend the range of conditions with

this heating value. Fig. 2 shows the corresponding dependence between
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Figure 2. The dependence of pressure on temperature given fixed heat-
ing value (a) and the corresponding numerical error (b).

temperature and pressure. Again, the formation of combustible products

is an endothermic process on average. Although the error in heating value

reaches hundreds of J (mainly due to large factors in (25)), the relative

error is again less than 1%.

4.3 Constant CO/H2 ratio

If the syngas is used for liquid fuel synthesis, then the ratio CO/H2 is the

main characteristic of its composition [2] (at 1000 K and 1 atm it is 0.62,

which is not optimal for any industrial process: the following calculation

is just an example of the numerical method use). The criterion is then a

non-linear function of the equilibrium chemical composition:

Y (n) =
nCO

nH2

. (26)

In this case, we use equation (23) with ∂Y/∂nCO = 1/nH2 and ∂Y/∂nH2

= −nCO/n
2
H2

. Fig. 3 shows the calculation results. The increase of tem-

perature leads to a higher hydrogen yield, so in order to suppress its for-
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Figure 3. The dependence of pressure on temperature given fixed
CO/H2 ratio (a) and the corresponding numerical error (b).

mation, a pressure decrease is necessary. And vice versa, at lower temper-

atures, pressure sharply increases. At 976 K, the required pressure already

surpasses 100 atm, and the further calculations make no sense due to the

non-ideal gas mixture state. On the other side, at 1010 K, the pressure

becomes lower than 0.1 atm. Therefore, implementing the constraints on

operating pressure, one can obtain the temperature range allowing one to

hold the constant CO/H2 ratio.

The differential equations are non-linear even for a linear criterion,

and therefore, one should not expect a drastic increase in numerical error.

But the maximum error turns out much higher, reaching 7% at 1100 K.

However, the pressure at this temperature is in the range of deep vacuum.

Restricting the pressure interval between 0.1 and 100 atm, we obtain the

maximum error slightly more than 1%.
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5 Discussion

It can be seen that the P − T curves are similar to phase diagrams, which

follows from the mentioned analogy between (22), (23), and the Clapeyron-

Clausius equation. The difference is in the arbitrary nature of a chosen

criterion. Another possible interpretation is based on the Le Chatelier-

Braun principle: in order to hold some composition-based quantity con-

stant, one should compensate for the thermal effect (change of temper-

ature) by mechanical (pressure) correction. This is another ”unnoticed

identity in chemical thermodynamics” [10].

It should be noted that we did not require ideality when deriving eqs.

(22) and (23). However, the optimization problem would become more

computationally complex for non-ideal mixtures. For multiphase equilib-

ria, some Kuhn-Tucker conditions (11) may turn into inequalities. In this

case, auxiliary variables can be introduced to restore equalities and obtain

the formulas for derivatives.

A modification of criterion is surely possible. The addition of terms

taking into account temperature and pressure may help avoiding extremal

reaction conditions and expensive materials use. For multi-criteria analy-

sis, additional constraints can be added in the matrix A. These prospects

require further investigation with more realistic reacting systems.

6 Conclusion

In this paper we proposed a numerical approach to calculate the P − T

curves corresponding to constant values of functions depending on the

chemical composition of equilibrium reacting systems. The equations of

these curves were derived and solved using the Euler method. It is shown

that the curves are similar to phase transition diagrams and could be inter-

preted in a way of simultaneous thermal and mechanical control over the

reacting systems. The methane conversion process was studied using the

proposed numerical approach, and the numerical errors and the parame-

ters’ boundaries were discussed. The developed method could be useful in

thermodynamic analysis of chemical reactors with respect to the choice of
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operating ranges.
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