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Abstract

We establish a structural correspondence between persistent
species sets and organizations of the augmented reaction network
under suitable assumptions. Building upon the framework of
Chemical Organization Theory, we introduce an augmented reac-
tion network that incorporates advective transport, inflows, and
outflows directly into the stoichiometric structure. This formulation
allows the persistence analysis of open and spatially distributed
systems to be expressed in purely algebraic terms. The main theo-
rem proves that, for every bounded solution of a RDAS, the set of
persistent species forms an organization of the augmented network,
while the inverse theorem shows that every such organization can
be realized as the persistent set of an appropriately constructed
RDAS, independently of kinetic details. Together, these results
yield a bidirectional correspondence between algebraic organization
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and dynamical persistence, extending previous diffusion-only
results to systems with advection and boundary-driven fluxes. The
proposed framework unifies reaction—transport dynamics, boundary
exchange, and organizational structure within a single analytical
theory. Applications to biological and chemical transport pro-
cesses, including viral infection dynamics with advective clearance,
demonstrate how advection and boundary interactions generate
novel distributed organizations and spatially localized persistence
patterns. This work establishes the theoretical foundation for
structural analysis and inverse design of open reactive media
governed by reaction—diffusion—advection equations.

1 Introduction

Reaction networks provide a concise mathematical abstraction for the
transformation and interaction of discrete species through specified re-
action rules [1-4]. They offer a universal framework for modeling dy-
namical systems in chemistry, biology, and related areas, encompassing
metabolic and ecological processes as well as engineered and distributed
systems [5-10]. Within this framework, the concept of organizations cap-
tures subsets of species that are closed and self-maintaining under the given
reaction rules and flux conditions. Originally introduced within the Chem-
ical Organization Theory (COT) [8,9], organizations have since become a
fundamental analytical tool for understanding the qualitative structure of
reaction systems [10-12].

Earlier studies of organizations were primarily restricted to well-mixed
systems governed by ordinary differential equations (ODEs). In this con-
text, organizations identify invariant sets in which the reaction dynamics
preserve the presence of certain species combinations. The main results
of [10] demonstrated that the organizations of a reaction network form
a complete lattice and that the persistent species of the corresponding
dynamical system are always contained within at least one organization.
These results established a structural foundation for analyzing complex
reaction systems independently of particular kinetic assumptions.

However, many natural and technological systems exhibit spatially dis-
tributed dynamics that cannot be described by homogeneous ODE mod-

els. Diffusion, advection, and exchange processes across domain bound-
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aries introduce qualitatively new effects that influence both persistence
and self-maintenance [13]. Examples include advective—diffusive transport
in biochemical or environmental media, reactive flows in porous materi-
als, and energy or matter exchange through system boundaries [14-20].
While the analytical theory of reaction—diffusion and advection—diffusion
systems is well established, the integration of these transport and bound-
ary effects into the framework of organizational structures has remained
an open problem.

The present work extends the concept of organizations from homoge-
neous reaction networks to spatially distributed reaction—diffusion—adve-
ction systems (RDAS) with general boundary conditions. To achieve this,
the internal reaction network is augmented by exterior reactions represent-
ing inflows, outflows, or other boundary exchange processes. The resulting
augmented reaction network captures both bulk and boundary dynamics
within a unified formalism described by an extended stoichiometric matrix
Nayg. This formulation allows for a consistent definition of organizations
that remain closed and self-maintaining even in the presence of diffusion,
advection, and boundary fluxes.

Building upon the theoretical foundations developed in [10,11,21], this
paper proves that the extended organizations preserve the essential struc-
tural properties of the classical theory. In particular, they form a lattice
under set inclusion and establish a direct link between the persistent sub-
sets of species and the spatio-temporal dynamics of the RDAS. The main
theorems show that any persistent configuration of the PDE system is
contained within an organization of the augmented reaction network and,
conversely, that each organization defines an invariant subset under the
induced fluxes.

The framework presented here generalizes the algebraic and logical
foundations of Chemical Organization Theory to systems with spatial ex-
tension and boundary coupling. It provides a mathematical foundation for
the analysis of persistence, invariance, and self-maintenance in distributed
reactive systems governed by transport and boundary interactions. Be-
yond the mathematical results, this approach also opens new perspectives

for applications in physical chemistry, bioprocess modeling, and environ-
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mental systems, where spatial fluxes and boundary sources are intrinsic
features of the dynamics [16,22-24].

Unlike previous formulations limited to purely diffusive transport, the
present work provides an algebraic characterization of persistent species in
reaction—advection—diffusion systems with inhomogeneous boundary con-
ditions. It rigorously incorporates advective fluxes and arbitrary bound-
ary inflows and outflows into the algebraic persistence framework, thereby
extending the previous diffusion-only theory [10, 25, 26] to a fully open
spatial setting. Together, the forward and inverse results establish a bidi-
rectional correspondence between algebraic organization and dynamical
persistence, revealing advection and boundary exchange as integral com-
ponents of structural self-maintenance.

The paper is organized as follows. Section 2 recalls the basic defini-
tions of reaction networks and introduces both their ODE and PDE for-
mulations. Section 3 presents the main theoretical results, including the
construction of augmented reaction networks, the definition of organiza-
tions under boundary fluxes, and the proofs establishing the correspon-
dence between organizations and persistence. It also contains illustrative
minimal examples as well as an application to virus infection dynamics.
Section 4 discusses the main achievements of this study. Finally, Section 5
summarizes the main conclusions and outlines possible extensions toward
multi-domain systems, temporal boundary dynamics, and reactive inter-

faces.

2 Preliminaries

We recall the formal representation of reaction networks and their associ-
ated dynamical systems, namely reaction—diffusion systems (RDS). This
provides the foundation for the main definitions and theorems on reaction—
diffusion—advection systems (RDAS) developed in this study, which are
presented in Section 3. The definitions and results presented in this sec-

tion are largely based on [10].
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2.1 Reaction networks

We use the standard notation of chemical reaction network theory and

write a reaction network as a triple
(87 C? R)?

where S = {s1,..., 55} is a finite set of species, C C Nj is the finite set of
complexes, and R C C x C is the finite set of reactions. A reaction r; € R,

j=1,...,m, is written as

n n
E a;;8; — E bijsi,
=1 1=1

where the vectors a.;,b.; € C denote the educt and product complexes,

respectively. The stoichiometric matrix is defined as
N=B-Aez7"™™.

In several places below, we abbreviate the network by (S,R) when the
complex set C is either clear from the reactions or not explicitly needed.

For areaction r; € R, j € {1,...,m}, we call the set of species s; with
a;; > 0 the support of r;, denominated by support(r;) or supp(r;). Note
that if a species s; € S is reduced by a reaction r; € R, that is n;; < 0,
then s; € supp(r;), that is, a;; > 0. For a reaction r; € R, j € {1,...,m},
the species s; with b;; > 0 are called products of r;.

2.2 Ordinary differential equations

A dynamical system can be derived from a reaction network by assigning to
each species s; € S, i =1,...,n,and every timet € Ry ={u € R: u > 0}
a non-negative concentration value ¢;(t). We call a map ¢ mapping a
concentration vector back to a subset of species from the power set P(S)

of the set of species, that is,

¢: RYy = P(S), c = ¢(c), (1)
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abstraction, if
plc)={s; €S:¢;>0foranyic{l,...,n}}. (2)

Thus ¢(c) is the subset of species that contains exactly those species that
have a strictly positive concentration value. Species with concentration
equal zero do not belong to ¢(c). This abstraction ¢ provides a formal
bridge between the continuous concentration space and the discrete struc-
ture of the reaction network, allowing algebraic properties such as closure
and self-maintenance to be related directly to the dynamics of the system.

Now we come to the question of how the reactions rule the concentra-
tion values of the species in a dynamical system. For a given subset S C S
of species, a vector v € R"} is called a feasible flur with respect to S, if for
allr; € R, j=1,...,m, holds

>0, iff support(r;) C S,

=0, otherwise.
A function
v: RY =R, c—v(c), (4)

that is Lipschitz continuous on every bounded subset of R"}, is called fluz
vector function, if for every ¢ € R’} the vector v(c) is a feasible flux with
respect to ¢(c). Thus the flux vector function maps any vector of con-

centrations to a vector of reaction rates. If for example mass-action ki-

netics is applied (v;(c) = kj - ¢{" - ...cy" with real reaction constants
k; > 0,7 =1,...,m,) to constructing v, then v is a flux vector function,

because then it holds true that v;(c) is strictly positive, if and only if the
concentrations of all the species from the support of r; € R are strictly
positive. This represents the common assumption, that a reaction occurs,
if and only if all of its reactants are present at the same time and place [5].

By defining the derivatives of the concentrations with respect to time
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we obtain a dynamical system as a system of ODEs

—c(t) = é(t) = N - v(c(t)), (5)

which describes how the change of the concentrations of the species from
S results from the concentrations via the set of reactions R. In thiscase we
say that the reaction network underlies the dynamical system. By adding

initial conditions ¢(0) = ¢” € R”. we get an initial value problem.

2.3 Reaction-diffusion-advection systems

If besides the time variable ¢, a space variable z € € from a Lipschitz
domain Q C RP, p € N, (i.e., Q is bounded and open) with 0 < [, dz < oo
and a C? smooth boundary 052 is added, we can model effects like diffusion
by differentiating twice with respect to x. The Lipschitz regularity of
the boundary guarantees the existence of an outward unit normal v(zx)
defined almost everywhere on 0f) and ensures the validity of the divergence
theorem (cf. [16,27]). Hence, this regularity class is sufficient to make
boundary integrals such as |, o0 Jv dS and Neumann flux conditions Jv = g
well-defined in the weak sense. Thus, we arrive at describing the dynamics
of the concentrations ¢; = ¢;(x,t), ¢ = 1,...,n, of the species at each

location z € €2 by a system of PDEs:

%Ci :fi :|(N’U(c))z|+|v(dlvc2)|+|v(uzcl)|7 1= 1,...,TL, (6)

reactions diffusion advection

where V is the gradient; V- is the divergence; d; = d;(z,t) > 0 with
d; € CH1(Q x [0,7)) are the bounded and Lipschitz continuous diffusion
rate functions; u; = u;(x,t) > 0 with u; € CH1(Q x [0,7]) denote the
bounded advection rate functions of the species; and f; = fi(x,t) repre-
sents the combined effects acting on the species. We assume incompressible

transport,

V-ou(z,t) =0, x€Q, (7)
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which ensures conservation of total mass in the absence of boundary fluxes.

We prescribe nonnegative initial data
ci(r,0)=(x) >0, z€Q, i=1,...,n, (8)

with ¢? € C?(Q) for all i. We impose fluz-type (Neumann) boundary

conditions that include advection,
Ji(z,t) v =gi(x,t), €0, i=1,...,n, (9)

where J;(x,t) = —d;(z,t) Vei(z,t) + u(z, t) ¢;(x, t) denotes the total flux
of species s;; gi(z,t) with g; € L*(0,T; L*(0Q)) prescribes the net flow
of species s; € S across the boundary; and v is the outward unit normal
on 0f) [28,29].

To ensure that the boundary fluxes do not violate nonnegativity of the

concentrations, we impose the standard compatibility condition
gi(x,t) ci(x,t) >0 for all (z,t) € 92 x (0,T), i=1,...,n. (10)

This condition guarantees that outflow (g; < 0) can only occur if the
concentration at the boundary is strictly positive, while inflow values (g; >
0) remain nonnegative. Such compatibility conditions are classical in the
theory of parabolic systems and ensure that the boundary terms do not
violate the maximum principle (see, e.g., [15, Ch. 14]).

Thus, we get a boundary value problem, a so-called reaction-diffusion-
advection system (RDAS) with a solution

c: Qx Ry = R", (z,t) = c(z,1). (11)

satisfying ¢ € L2(0,T; HY(Q))"NC([0,T); L*(2))", with existence, unique-
ness, and nonnegativity following from standard parabolic theory [16, 30].
We assume throughout that ¢(z, t) is uniformly bounded in space and time,

i.e., there exists a constant K > 0 such that

le(x,t)] < K for all (z,t) € Q x [0, 00).



971

Such uniform boundedness and regularity of weak solutions under inho-
mogeneous Neumann boundary conditions follow from standard parabolic
PDE theory [27].

2.4 Distributed organizations (DOs)

In this subsection, we first introduce the concept of DOs, which are com-
posed of one or more subsets of species, each being closed, and which col-
lectively satisfy a generalized form of self-maintenance. In this study, DOs
serve as the foundation for the generalization formalized in Definition 6 in

Section 3.

Definition 1 (Distributed organizations (DOs)). Given a reaction net-
work (S, R), a subset D C S is a DO if and only if there exists k € N and
subsets S, ...,S, € D such that

and:
1. all S;, i=1,...,k, are closed,

2. there exists a vector © € R such that

No >0 (12)

3. there exists a feasible flux o' € R’ with respect to each subset
Si, t=1,...,k, such that

k
N
=1

We refer to the subsets S; as the distribution components of D, and
say that D is distributed over {S1,...,S}.

When listing elements, we use the notation

D= Sl U SQ = {8182 | 8183}.
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Note that a species can be contained in several subsets S;, i = 1,...,k,
of a distributed organization and that the empty set () can formally satisfy
the closure and self-maintenance conditions.

Condition 12 expresses the self-maintenance property of a distributed
organization: the net production rates of all species are nonnegative under
the flux o, ensuring that every species in D can sustain itself without
external supply.

The following theorem constitutes one of the principal results estab-
lished in [10].

Theorem 1 (Lattice property of DOs). Given a reaction network (S,R)
the set of its DOs forms a lattice.

2.5 Main result for RDS

The following result, originally established for reaction—diffusion systems
without advection and with homogeneous Neumann boundary conditions,
provides the theoretical foundation for the generalization developed in the

present work.

Theorem 2 (The set of persistent species is a DO). Given the solution
¢ of a RDS as in 6 (without an advection term) with underlying reaction
network and homogeneous Neumann BCs, then the set ®(c) of persistent

species is a DO.

The result was first established for fixed points of ODEs in [8], and later
extended to simple attractors in [21]. Its most general version for reac-
tion—diffusion systems with homogeneous Neumann boundary conditions
was presented in [10].

In this work, we extend it to RDAS, i.e., RDS with advection, which
also include inhomogeneous Neumann boundary conditions. We also state
an inverse theorem, which states that for every DO D of a given reaction
network there is a RDAS with a solution for which the set of persistent
species equals D.

A crucial basis for the proof of Theorem 2 is provided by the definition
of a total flux in [10], which in this study is generalized towards RDAS in
Definition 7.
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2.6 Definition of persistence

The concept of persistence employed in this work is based on our earlier
definition for reaction—diffusion systems (RDS) [10]. Classically, persis-
tence refers to the long-term survival of species (or concentrations) in eco-
logical and biochemical dynamical systems. In particular, the monographs
by Smith and Thieme [31] established a comprehensive analytical founda-
tion for persistence via invariant sets and semigroup methods, providing
the main mathematical tools to guarantee long-term survival under advec-
tive transport. Several foundational works formalized this idea for ODE
models in mathematical ecology, introducing terms such as permanence,
coexistence, strong persistence, and uniform persistence [31-38]. These
definitions focus on ensuring that all species concentrations eventually re-
main bounded away from zero for all admissible initial data. Furthermore,
existing persistence analyses for spatially extended systems with advective
transport and open boundaries remain confined to analytical conditions
ensuring bounded survival, but do not provide a structural characteriza-
tion of long-term behavior; see, e.g. [39]. Related propagation phenom-
ena in heterogeneous environments have been studied in the ecological
context, where transport modifies survival domains and long-term spatial
occupancy patterns; see Xin [19].

The generalization of persistence from ODEs to spatial systems be-
gan with reaction—diffusion equations, where analytical techniques and
maximum principles were used to guarantee nonnegativity and long-term
survival of species distributions [37,40,41]. Boundary-driven persistence
has also been investigated in non-autonomous and open diffusion systems,
where coexistence is ensured despite inflow and outflow processes at the
domain boundary; see Hetzer and Shen [36]. Mincheva and Siegel [42],
employing so-called Volpert indices [43], extended these ideas to reac-
tion—diffusion systems with mass-action kinetics, proving that reachable
species remain positive on all finite time intervals. Reachability coincides
with the closure concept from Chemical Organization Theory (COT), pro-
viding a bridge between kinetic reachability and algebraic network struc-
ture. Moreover, transport processes such as advection can actively promote

survival by driving species towards favorable boundary regions or inflow
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zones, a mechanism analytically captured in propagation-speed analyses
for heterogeneous media; see Stevens [20].

The refinement introduced in [10] goes beyond identifying which species
are reachable: it characterizes which species actually persist as time ap-
proaches infinity and which do not. These persistent subsets correspond
to specific algebraic substructures of the augmented reaction network as-
sociated with a spatial system. This development links kinetic long-term
behavior of a single solution trajectory with purely structural, network-
level notions of sustainability. This structural viewpoint is consistent with
algebraic conditions for persistence developed in the context of well-mixed
reaction systems, which relate survival to the combinatorial organization
of reaction networks [34,35]. These results highlight that long-term via-
bility can be determined independently of kinetic parameters, supporting
the algebraic perspective pursued in this work.

If an explicit reaction network is not provided, the question whether
a given polynomial kinetic differential equation admits a reaction-network
realization is a classical inverse problem in chemical kinetics [44,45]. How-
ever, such reconstructions are generally not unique. It is well known
that identical dynamical systems may admit several structurally differ-
ent reaction-network realizations with different complexes, reaction sets,
and stoichiometric representations [44,45].

In the present work, however, the reaction network is not introduced
as an arbitrary realization of a vector field. Instead, it is induced directly
by the underlying modeling assumptions: reactions originate from the re-
action terms appearing in the RDAS itself, while inflows and outflows are
represented by augmenting the network with exterior reactions according
to Definition 5. Hence, the augmented reaction network is determined
constructively from the model formulation.

The proposed framework is therefore kinetics-free in the sense that it
does not depend on numerical parameter values or specific rate constants.
Rather, it characterizes persistence at the level of the chosen structural
representation induced by the model itself. Questions regarding invariance
of organization structures across equivalent reaction-network realizations

constitute an interesting direction for future research.
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In the present work, we use the framework of [10] to determine which
subsets of species persist along a single RDAS solution trajectory and
relate them to the structural persistence properties of the underlying aug-
mented reaction network. This provides a unifying perspective on persis-
tence across spatially extended dynamical systems with the same reaction
topology.

In the following, we formally recall the persistence concept from [10]
for the RDAS setting.

Definition 2 (Sequence of points in time). We call a monotonously in-
creasing sequence (tj);?‘;l of nonnegative real numbers tending towards

infinity with
1<t —t; < Z,

j €N, for some Z € R sequence of points in time.

Definition 3 (Neighborhood of a subset of species in the space of concen-
trations). Given a solution ¢;(x,t) of a RDAS as introduced in Section 2.3,
which is nonnegative for all ¢t > 0, z € Q, s; € S,a subset S C S of species

and real numbers ¢, > 0, we call the set

>e ffseS

S0 ={ceRT: ¢
<o iffs¢sS

}} C R (13)

of concentration vectors the (e, d)-neighborhood of S and for 6 = co, we
call the set

Se=8"={ceR}: ¢s>ciff s€ S} CRY, (14)

of concentration vectors the e-neighborhood of S.

Definition 4 (Persistent subsets of species and persistent species). Given
a solution ¢ of a RDS with an underlying reaction network (S, R). We call
a subset S C S of species persistent (with respect to ¢) if for all sequences
(t;)3, of points in time there is an ¢ > 0 such that for all 6 > 0 the

frequency of occurrence F(S%%) of S with respect to ¢ and (tj)52, is
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strictly positive, that is,

1

ti+1
F(5°°) = limsup 7/ / drdt>0.  (15)
Jj—reo tj+1 - tj t; {z€Q: c(z,t)€S=9}

We denominate the set of persistent subsets of species P(c), i.e.,
P(c) ={S CS: S is persistent with respect to c}. (16)

We call a single species s € S persistent (with respect to ¢), if s is contained

in at least one of the persistent subsets of species, i.e.,
seU{SCS: SeP(o)} (17)

We say that a species s € S goes extinct (with respect to ¢) if it is not
persistent with respect to ¢. We denominate the set of persistent species
D(c), ie.,

®(c) = {s € S: sis persistent with respect to ¢} =U{S CS: S € P(c)}.
(18)

It is important to note that Definition 18 draws a clear distinction be-
tween the species within a persistent set S and those outside of S. More
precisely, a strictly positive frequency of occurrence of S not only demands
the co-occurrence of the species from S but also the simultaneous disap-
pearance of the species not being elements of S.

Intuitively, a species is persistent if it reappears infinitely often with a
concentration bounded away from zero, while species outside a persistent
subset eventually vanish or remain arbitrarily small. This definition thus
distinguishes long-term coexistence from transient presence and it forms
the conceptual foundation for linking long-term dynamical behavior to the

algebraic structure of organizations in the subsequent results.
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2.7 Introductory example I: Illustration of persistence

and distributed organizations

The following example, first analyzed in [10], illustrates how the lattice of
distributed organizations (DOs) reflects the persistent subsets of species
observed in a simulated reaction—diffusion system. Figure la shows the
system of PDEs of a reaction—diffusion system. In Figure 1b the reactions
of the underlying reaction network are shown. Note that these reactions
can be derived easily from the PDEs by writing the part related to the
reactions in the form N -v(c) and obeying that v is a flux vector function.
In [25] an example of this procedure is described. Figure lc shows the
lattice of DOs of the reaction network of Example I. Figure 1d shows

simulation results.

2

% = C1C2 — C%Cg + dl%

862

ot = —CaC3

803

ot = —Ca2C3

(a) PDEs
S1
<——
e ™~

r1: 81+ Sy — 281 + So ‘51\83‘ ‘82\53‘

o1 281+ S3 — S3
r3: 52+33—>®

(b) Reactions (c) Distributed organizations

)&)&
e
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Concentration

Concentration

Position

Time

3 Concentrations at time t=100 days

_\

100" ==~

Concentration
Concentration
7
I
'
k)

o {sy:5,}

Position

Position
(d) Simulation results

Figure 1. (a) PDEs, (b) set of reactions, (c) lattice of DOs and (d) sim-
ulation results of Example I. There are 3 DOs that are not or-
ganizations (compartments separated by vertical bars). For
each DO, the corresponding minimal compartmental decom-
position is shown, representing the smallest number of sub-
sets required for self-maintenance. The upmost DO, contain-
ing all species, appears as the set of persistent species in the
simulation shown in the lower right of Figure 1d. Simulations
were performed using Matlab R2023b method ’pdepe’. Ini-
tial conditions: c{(z) = 1 for z € 2, ¢3(z) = 0.3z* forz < 0
and ¢§(z) = 0 for z > 0, and c(z) = 0.3z* for z > 0 and
§(z) = 0 for z < 0. Diffusion rates: d1 =5, do = d3 =0,
that is, only species s diffuses.

The simulation of the solution ¢(z,t) shows that all three species are
persistent, with the persistent subsets {s1,s2} and {s1,s3} distributed
spatially across the domain. Hence, the set of persistent species ®(c) =
{s1, 82, s3} constitutes a distributed organization, confirming the theoret-

ical prediction of Theorem 2.

Remark (Dynamical realization of distributedness). The introductory sim-
ulation result shown in Figure 1 illustrates how distributed organizations
can be realized or maintained through spatial separation. In [10], we
demonstrated with a simulation example of a heteroclinic orbit that such
a realization can also occur in time. Of course, distributedness may also

result from a combination of both aforementioned types or from entirely
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different causes, for instance functionally through a membrane separating

different compartments.

The concepts introduced in this section establish the structural and
analytical basis for the subsequent results, where we extend these notions

to reaction—diffusion—advection systems with general boundary conditions.

3 Results

3.1 Extension of the reaction network

To incorporate inhomogeneous Neumann BCs into our framework, that
is, to still capture the DOS representing persistent species, we augment
the reaction network accordingly. More precisely, if there is a positive
Neumann BC for a species s, we add an additional inflow reaction §§ — s
for that species to the reaction network and if there is a negative Neumann

BC, we add an outflow reaction s — ().

Definition 5 (Extension of the reaction network to incorporate BCs).
Given a RDAS with underlying reaction network (S,R). To incorporate
inhomogeneous Neumann BCs we add to R, which we will call the set of

interior reactions R;,;, the set

Rewt = {Tm-i-la s Tmdns Tm4n+1s - - - 7rm+2n} (19)
of so-called exterior reactions with

0 — s;, iff s; follows a positive Neumann BC, (20)
T
! 0 — 0, iff s; follows a homogeneous Neumann BC,

forj=m+1,...,m+n, and

sj — 0, iff s; follows a negative Neumann BC, (21)
T
! 0 — 0, iff s; follows a homogeneous Neumann BC,

for j=2m+n+1,...,m+ 2n, to the reaction network.
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We call

(87 Rint U Rewt) = (S; Raug)~ (22)

the augmented reaction of the RDAS and the corresponding stoichio-
metric matrix Ngyug € Zne(m+2n) the augmented stoichiometric matrix of
the RDAS. Note, that Nyug = (Nint|Newt) is composed by the columns of
the original stoichiometric matrix (without BCs etc.) Ny = N and the
columns referring to the exterior reactions Neg;.

Thus, in the case of only homogeneous Neumann BCs and no advection
the DOs are the same as defined in Definition 1.

Remark (Other types of BCs, Sources and Sinks). 1. The same exten-
sion of the reaction network as applied for positive Neumann bound-
ary conditions should also be performed for more general RDAS
whenever a species is not introduced into the system by reactions,
but rather through other boundary conditions that justify an inflow,
such as corresponding Dirichlet boundary conditions, or through a

source.
2. The same applies conversely to sinks or any type of outflow.

3. If both inflows and outflows occur, for example at shared boundaries
or under periodically alternating boundary conditions, then both
an inflow and an outflow should be defined for the corresponding
species in the extended reaction network. The same holds if, for
instance, under Dirichlet boundary conditions either an inflow or an
outflow may occur depending on the solution, since COT specifies

all potentialities of an RDAS in the long-term behavior.

3.2 Adopted definition of organizations

We now present generalization of Definition 1 for DOs to account for in-
homogeneous BCs, sinks, sources, etc. in RDASs. For simplicity, we again
employ the term organization, although it represents a generalization of the
original definition. The so-called distributed organizations (DOs) there-

fore constitute an intermediate stage between the original definition of
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organizations and the new definition proposed in this work. In particular,
the new definition of organizations not only incorporates inhomogeneous
boundary conditions, sinks, and sources, but also accounts for the fact
that an organization cannot, in general, be uniquely reduced to a set of
species. Instead—at least in cases where ambiguities may occur—it must
also involve an associated set of reactions [11]. Accordingly, the following
definition builds upon the previous work on the computation of organi-
zations, in which the inclusion of organizations themselves had already

become necessary [11].

Definition 6 (Organizations of augmented reaction networks). Let
(S, Rint) be a reaction network with |S| = n species and |Rint| = m
internal reactions, and let Rey denote the set of exterior reactions that
represent boundary inflows and outflows according to Definition 5. The

augmented network is
(Sa Raug)a Raug = Rint U Rexta

with stoichiometric matrix Nyyg = [ Ning | Next | € ZX 7 Rextl),
A pair (O, R) with O C S and R C Ry, is called an organization of

the augmented reaction network if and only if there exist k € N triplets
(Si»Riaﬁ(i))a izlv"'vka

called compartments, such that the following conditions hold:

(1) Each S; C S is closed with respect to Rjyut, that is,

Vr € Rint : supp(r) € S; = prod(r) C S;.

(2) Covering: The overall set of species and reactions is obtained by
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(3) All exterior reactions are contained in at least one compartment,
k
Rext g U Rz
i=1

(4) Feasibility (for internal reactions): for every r € Ri,, and every
1e{l,...,k},
supp(r) C S; = r € R;.

(5) Each compartment is associated with a nonnegative flux vector (¥ €

R;n(;r | Rt satisfying

2 >0 o reR;,

and the total flux fulfills the self-maintenance condition
k .
Nawg » 90 > 0. (23)
i=1

If these conditions are met, we call (O, R) an organization of (.S, Raug) and

write

O={S1[S] |5k}
to denote the distribution of O into the closed compartments S;.

Following Theorem 1 of [10], the set of all organizations of an aug-
mented reaction network again forms a lattice. This follows because the
generalized notion of organization preserves closure under unions and in-
tersections of feasible compartment configurations. Hence the lattice struc-

ture carries over from the classical setting to the augmented case.

Computation of organization lattices. The lattice structure intro-
duced above is not merely existential but can also be generated algorith-
mically. In previous work, algorithms were developed for computing all
distributed organizations (DOs), sets of organizational reactions (SORs),

maximal compartments (MCs), and their corresponding lattice structures
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directly from reaction networks [11]. These methods require no knowl-
edge of kinetic parameters or reaction-rate constants and therefore remain
fully consistent with the kinetics-free philosophy of Chemical Organization
Theory.

The computational procedure starts by constructing elementary reac-
tion closures (ERCs), which represent minimal reaction structures that
become activated together. Based on these ERCs, all admissible sets of
organizational reactions are computed using mixed-integer linear program-
ming (MILP) combined with integer cuts. Distributed organizations and
their minimal compartmentalizations are then derived from these reaction
sets.

Since the present framework extends classical reaction networks only
by introducing augmented exterior reactions for inflows and outflows, the
same computational strategy can be transferred directly to augmented
reaction networks. In particular, exterior reactions simply enlarge the
reaction set while preserving the closure and self-maintenance conditions
underlying the algorithm.

As in related combinatorial approaches such as minimal siphon com-
putation in Petri nets, the overall computational complexity may grow
exponentially with network size. In fact, the underlying optimization prob-
lems are NP-hard in the worst case [11]. Consequently, organization lat-
tices should primarily be regarded as exact structural objects rather than

polynomial-time constructs in general.

3.3 Total flux of a RDAS

Definition 7 (Subsequential time-averaged internal and external fluxes).
Let ¢ : Q x [0,00) — RZ, be a bounded solution of the reaction-diffusion—-
advection system on a bounded domain Q C RP. Consider an increasing

sequence of time points (¢;);en satisfying
1 < tj+1 — tj < A

for some constant Z > 0.

Assume that the corresponding averaged internal and external fluxes
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admit convergent subsequences. Then we define

. Jh+1
" = lim ————M— c(x,t)) dx dt
k—oo t e+l —

Ljp+1
= lim ————— / / (z,t)dS dt.
k—o0 tn+1 t; 09

Remark. The use of bounded moving windows follows the philosophy of

and

local persistence developed in the context of distributed organizations in
reaction—diffusion systems [10]. In contrast to global Cesaro averages over
[0,T], bounded windows allow the detection of persistent local activity

patterns that may recur intermittently over time.

3.4 Standing assumptions for the main results

In order to formulate the main structural results in a mathematically rig-

orous way, we impose the following assumptions throughout this section.
Consider the reaction—diffusion—advection system

Orci(z,t) = DiAci(z,t)—V-(u;(z, t)ci(:v,t))+z Niyvr(c(z, b)), i=1,...,n, (24)
r=1

on a bounded domain Q C R? with sufficiently smooth boundary OS2,

supplemented with boundary flux conditions
Dzvcl(l‘vt) l/(.]?) _ui(xat)ci(x7t) V(x) :gi(-’f,t), HARS 8Qa (25)

where v denotes the outward unit normal vector.

Throughout the following, we assume:

(Al) Bounded domain and regularity. The domain € is bounded and
has piecewise smooth boundary. The diffusion coefficients satisfy
D;>0forallie{l,...,n}.

(A2) Existence of bounded weak solutions. There exists a global
weak solution
c: Q2 x[0,00) = RE,
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that remains nonnegative and uniformly bounded, i.e., there exists
a constant M > 0 such that

0<c¢i(z,t) <M

foralli e {1,...,n},x € Q, and t > 0.

(A3) Regularity of advection and boundary fluxes. The advec-
tion fields u;(z,t) and boundary fluxes g;(z,t) are measurable and
bounded. Moreover, for each species s;, the boundary flux is as-
sumed to possess a well-defined long-term sign structure in the sense
that there exist measurable subsets

o, o9, oy
with
o0 = 09 U o, U oY

such that, asymptotically in time, positive time-averaged boundary
+

7 7

fluxes prevail on 02, negative time-averaged boundary fluxes pre-
vail on 912, and asymptotically vanishing boundary fluxes prevail

on 9.

(A4) Existence of subsequential moving-window flux averages.
For every bounded solution c¢(z,t), there exists an increasing se-
quence (t;)jen with 1 <11 —t; < Z such that the corresponding
moving-window averages of the internal and external fluxes admit

convergent subsequences.

(A5) Persistence in the sense of positive recurrence. A species set
S C M is called persistent if there exists € > 0 such that the set of
times

{t >0: grelgci(x,t) > ¢ forall s; € S}

has positive upper density in time.

Assumptions of this type are standard in the study of asymptotic prop-

erties of dissipative reaction—diffusion systems, persistence theory, and
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long-time averaging arguments; see, e.g., [15,46,47].

3.5 Generalized main theorem

Lemma 1 (Divergence theorem for diffusion and advection). Let ¢ =
(c1,...,¢n) be a sufficiently smooth solution of the reaction—diffusion—
advection system 6. Then, for every species index i and every time interval
[tj,tjy1], the following identities hold:

tj+1 tj+1
t; Q t; 1919)

tj+1 tj+1
/ /V-(uci) dxdt:/ / (u-v)c;dSdt. (27)
t;  JO t;  Jon

Consequently, all boundary contributions originating from diffusion and

advection are fully contained in the single boundary integral

tit1 [ZES
/ / Ji-vdS dt = / / g;dS dt. (28)
tj oQ t; o0

Hence, no advective volume term remains in the integral balance; mass

exchange due to transport processes occurs exclusively through 0S2.

The proof is given in Appendix 6.

The divergence-free condition V- u = 0 ensures that advection acts
purely as transport without internal sources. Hence advective effects enter
the persistence balance only through the boundary integral. Persistence
can therefore be sustained by convective inflow, even when internal reac-
tions alone would not maintain positivity.

The sequence of results leading to the following theorem follows a clear
progression: first for ODEs describing well-mixed systems, then for spa-
tially extended reaction—diffusion systems, and finally for the general case
considered here. In contrast to these earlier formulations, the present work
extends the correspondence between persistence and organizations to re-
action—diffusion—-advection systems with general inhomogeneous boundary

conditions and arbitrary advective transport.
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Theorem 3 (The set of persistent species of a RDAS is a DO). Assume
that the RDAS satisfies assumptions (A1)-(A5). Then the set ®(c) of
persistent species is a DO of the underlying augmented reaction network
(8, Rint URext)-

The full proof is given in Appendiz 7.

3.6 Inverse theorem

Theorem 4 (Inverse Theorem for RDAS organizations — kinetics-free for-
mulation). Assume that the RDAS satisfies assumptions (A1)-(A5). Let
(S, Rint) be a reaction network and Rex the exterior reactions forming the
augmented network (S, Raug) with stoichiometric matric Nayg = [ Ning |
Next ]. Assume (O, R) is an organization of (S, Raug) in the sense of Def-
inition 6. Then there exists an RDAS (6)—(10) with diffusion coefficients
d; =0 and uw =0, a (time-independent) boundary flur g, and locally Lips-
chitz reaction rates v : RY ) — ]R‘>Roi“‘| such that the corresponding bounded

solution ¢ : 1 x Ry — RY satisfies
O(c) = 0.
The proof is given in Appendix 8.

Remark on internal interfaces Since diffusion and advection are set
to zero in the constructed RDAS (d; = 0, v = 0), there are no fluxes
across the internal interfaces 0Q2; N0€2;. Hence each subdomain ; evolves
independently, and the piecewise constant stationary state c*, although
discontinuous across these interfaces, satisfies the equations in the weak
sense.

If one prefers strictly positive diffusion coefficients
d;=¢e>0,

standard elliptic regularization results (see, e.g., [18]) imply the existence
of smooth stationary solutions ¢ that converge to ¢* as € — 0. Thus, the

inverse construction is robust under small diffusive perturbations.
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The inequality No > 0 in Definition 6 ensures that, for the stationary
solutions constructed in the proof of the Inverse Theorem 4, the external
inflows and outflows of each species sum to a value that is greater than or
equal to zero. This value can be interpreted as representing the state of
an internal reservoir for each species, which requires no external supply,

thereby allowing the entire system to be regarded as effectively closed.

3.7 Illustrating examples

To elucidate how the generalized definitions and theorems apply in prac-
tice, we present two variants of the introductory Example I from Sub-
section 2.7. Both examples demonstrate how boundary conditions and

advection modify the organizational structure predicted by the theory.

3.7.1 Example II

In this example, reaction rq : $1 + S2 — 281 + So, which produces
s1, is eliminated and compensated for by a positive Dirichlet BC at the
left boundary, which replaces the former homogeneous Neumann BC (see
Figure 2a for the PDEs). The positive Dirichlet BC is represented by the
new inflow reaction 71 ¢qt : () — s1 of the extended reaction network (see
Figure 2b). This in turn is used to compute the corresponding lattice of
organizations (see Figure 2c), which differs from the one of Example I but
contains the same DO {s152|s153}. All other parameters were chosen as in
Example I. The simulation results are shown in Figure 2d with the initial
state on the left and the long-term behavior on the right, which is ruled

by the organization {sis2|s1s3} as for Example I.
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(e) Example IIT simulation: ICs (left) and steady state (right)

Figure 2. (a) PDEs, (b) set of reactions, (c) lattice of organizations
and simulation results of Example II (d) and Example III
7]
(e) both with positive Dirichlet BC —c¢;(—2,t) = 30, t > 0,
n
for s1 at the left boundary of the domain. Furthermore, for
Example III, the diffusion constant of s; was reduced by
— to di = 0.1, which was compensated by a homogeneous

rightward advection with constant a; = 0.01. Simulations

were performed using Matlab R2023b method 'pdepe’. All
other parameters as for Example I.
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3.7.2 Example III

Example IIT builds upon Example II. The only difference is that for Ex-
ample IIT diffusion of s; was reduced strongly to (a computationally af-
fordable) % compared to Example I and compensated by a rightward
advection of s; with a coefficient of a; = 0.01. All other parameters were
kept unchanged. PDEs, reactions and lattice of organizations were the
same as for Example II (see Figures 2a to 2c). Figure 2e shows the simu-

lation results for Example III.

3.8 Viral infection dynamics with interferon, antibod-

ies, and advective clearance

Within-host infection of airway epithelia is classically described by target-
cell models [48-50]. Spatial extensions incorporate viral diffusion and mu-
cociliary advection in the respiratory tract, as well as boundary exposure
and drainage [51-54]. To demonstrate a richer lattice of organizations in
our framework, we consider the species: S (susceptible), E (eclipse), I
(productively infected), I (late infected), V' (free virus), F' (type-I IFN),
R (refractory), A (antibody), C' (virus—-Ab complex).

The setup follows a generic respiratory infection model inspired by
influenza A dynamics in airway epithelia [51]. Unlike previous simulation-
based studies, we here analyze the algebraic structure of persistence inde-
pendent of kinetic parameters.

On a Lipschitz domain 2 C R? (upper airways) we pose the RDAS

OS = —BSV —oFS + pR,

OFE = BSV — KE,

01 = kE — ~1,

Oly = vIy — 61>,

oV =ply —cV — KAV + Dy AV —u - VYV,
8,F = I, — uF + DpAF,

OR =0FS — pR,

OA=sa—nA—kAV + DsAA,
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8,C = KAV — £C, (37)

with nonnegative smooth initial data. Here u is a divergence-free advection

field (mucociliary transport), Do > 0 are diffusion rates.

Boundary conditions and augmented reaction network At an ex-
posure boundary T';, C 9 we prescribe a viral inflow Jy - v = g, > 0;
along drainage/clearance boundaries I,y we impose advective outflow
Jv v = —goutV. The inflow boundary I';, represents initial viral exposure
in upper airways (e.g., inhaled inoculum), whereas I'o,; models mucocil-
iary clearance through advective transport towards the pharynx. FElse-
where we use homogeneous flux or do-nothing conditions for transported
fields. Antibody can be supplied from the periphery via a Robin/flux in
A on vascular interfaces. Following Def. 5, the augmented network adds
exterior reactions

D=V, V-0, 00— A,

to the interior set listed in Appendix 9. This augmentation transforms the
open viral system into a closed algebraic framework to which Theorem 3
and Definition 6 directly apply. It yields an augmented stoichiometric
matrix Naye used to compute the organizations below according to Defi-
nition 6.

Table 1 summarizes the principal organizations of the augmented viral
infection network, while Figure 3 visualizes their inclusion relations in
schematic lattice form. This representation makes explicit which persistent
regimes are organizationally admissible and which larger species sets fail

because the self-maintenance condition is violated.

Possibly persistent subsets and their organizational relations are
summarized in Table 1 and visualized schematically in Figure 3. The
sets discussed below illustrate how antibody inflow, viral exposure, and
interferon control give rise to distinct organizational regimes.

Due to the inflows of viruses and antibodies and the virus neutral-
ization V. + A — C — @, O; = {V|A} represents the smallest possibly

persistent set or organization, which merges into Oy = {V, A, C'} once com-
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Table 1. Selected organizations of the augmented viral infection net-
work and their qualitative interpretation. Here, compartmen-
talization is indicated by vertical bars. Parentheses indicate
optional occurrence of a species depending on the compart-
mental realization.

Org. Species structure Qualitative interpretation

0. {V|A} Minimal compartmentalized antibody-
control block sustained by viral and anti-
body inflow.

0, {V,AC} Non-compartmentalized antibody-

neutralization block including the
virus—antibody complex.

Os {S|V|A} Susceptible cells spatially separated from
the antibody-control block.

O, {S|V,AC} Susceptible cells coexisting with a
non-compartmentalized antibody-
neutralization block.

Os {F|S|V,A(C)} Compartmentalized realization of inter-

feron control together with antibody-
mediated persistence.

Os {F,S,R|V,A (C)} Interferon-control organization with re-
fractory cells and antibody-mediated per-
sistence.

- {F,S,R,E,I,,I5,V} Not an organization: the full infec-

tion chain is not self-maintaining because
degradation dominates and Nayug? ;f 0.

partmentalization is removed. These organizations represent the antibody
control block, one of the two existing control mechanisms for the virus.
Since the antibodies do not exhibit further interactions with other species,
they can trivially be assigned to any compartment of the subsequently
considered organizations that does not contain viruses, as long as their
inflow is present. Thus, for example, the organizations O3 = {S|V|A} and
Oy = {S|V, A,C} arise. If the antibodies are assigned to a compartment
containing viruses, the balance for the virus concentration within this or-
ganization must be maintained either through their inflow or through virus
release I — I, + V.

The mentioned virus release stands at the end of a chain of reactions
that begins with the infection of susceptible cells: S +V — E + V,
EFE —- 1, - I, - I, +V, and up to and including interferon produc-
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tion Iy — I; + F, represents an active infection without control. Since
this chain reproduces itself stepwise and (except for V') each of its el-
ements is degraded, the set of elements involved in it must, from an
organizational-theoretical perspective, always be considered as a whole.
The aforementioned chain is closed by the two reactions F + S — F + R
(IFN signalling towards refractory state) and R — S (recovery of refrac-
tory cells), which represent IF'N control, the second control mechanism
for the virus, and even include a positive feedback for S. However, this
positive feedback is not sufficient to balance the two negative feedbacks
(S+V - E+V and F+ S — F + R) and to turn the overall com-
plex {F,S,R, E, I, I, A, V,C} into an organization. Formally, this follows
from violation of the non-negativity condition Ng,,0 > 0 due to unbal-
anced degradation fluxes. Therefore, the species set {F, S, R, E,I,12,V}
cannot be part of any persistent set of any solution. Only organizations
such as Os = {F|S|V, A, (C)} and O = {F, S, R|V, A, (C)} can be persis-
tent due to appropriate compartmentalization. The F' (type-I IFN) makes
them belonging to the IFN control block. Thus, the lattice partitions the
viral dynamics into three algebraically distinct control regimes: antibody-
mediated, interferon-mediated, and uncontrolled infection.

The predominance of compartmentalized organizations demonstrates
the important role of spatial distributedness for the persistence of many
organizations. This persistence becomes more difficult when V or A exhibit
high diffusivity. Conversely, it can be supported by a suitably oriented
strong advection of V' with respect to the inflows and outflows of V" and A.
If the inflow of V' vanishes, new infection-free organizations may naturally

emerge.

Connection to published simulations (i) Spatial localization and
transport: Quirouette et al. reproduce axial gradients and region-specific
infection in the human respiratory tract; our organizations with advec-
tion (v # 0) and inflow/outflow capture transitions between persistence
nodes when exposure (gi,) or clearance (gout) shift [51]. Spatial pat-
tern transitions induced by boundary inflow and advective transport have

been demonstrated analytically and numerically in open reaction—diffusion
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systems [18]. (ii) IFN ring/barrier effects: PDE simulations show that

paracrine IFN creates expanding refractory “rings” that stall infection

spread—consistent with transitions into Og resp. only {F,S, R} in case
the inflows from V and A are over [52]. (iii) Interferon fields in RD mod-
els: Reaction—diffusion models with IFN (and delay) generate fronts and
reduced plaque growth, matching the same organizations, that is, those
{F,S, R} again [55]. (iv) Antibody layers: Hybrid continuum agents with
antibodies support long-term coexistence of A and C aligning with the or-
ganization {S | V, A, C'} [56]. Although these simulations do not explicitly
address persistence in the algebraic sense of Theorem 3, their long-term
stationary patterns correspond to distinct persistent subsets predicted by
the organizational framework. Collectively, these correspondences vali-
date that the lattice structure captures all qualitatively distinct spatial

outcomes observed in detailed PDE and hybrid models.

What the lattice predicts The lattice provides a structural phase
map: increasing antibody supply (boundary inflow in A) moves ®(c) from
the set of all species to Oy or further downward, while stronger IFN produc-
tion (7) or signalling (o) shifts towards Og and finally — when the inflows
of V and A vanish — to its subset {F,S, R}, which is an organization in
this case; reducing exposure gj, or increasing gous induces a descent to
{S}. These transitions reflect simulation results, yet they are themselves
algebraic consequences of the augmented network and do not rely on fit-
ted kinetics. Hence, the proposed algebraic approach provides a compact
explanatory framework for complex spatio-temporal infection phenomena,
revealing that persistence transitions follow from stoichiometric topology

alone.

4 Discussion

This work generalizes the structural persistence framework from reac-
tion—diffusion to reaction—advection—diffusion systems with open bound-
aries. The theoretical framework developed in this work establishes a uni-

fying correspondence between algebraic structure and dynamical behav-
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ior in reaction—diffusion-advection systems (RDAS). The Main Theorem
demonstrates that the persistent species of any bounded RDAS solution
form an organization of its augmented reaction network, while the Inverse
Theorem proves the converse: every algebraically admissible organization
can be dynamically realized as the persistent set of a suitable RDAS. To-
gether, these results establish a two-way correspondence between structure
and dynamics.

An important distinction concerns the role of reaction-network realiza-
tions. While equivalent dynamical systems may admit multiple reaction-
network representations, the present framework operates on the model-
induced augmented network obtained directly from the RDAS formula-
tion. Thus, the structural correspondence established here is independent
of kinetic parameter choices while remaining grounded in the mechanistic

representation selected during model construction.

Conceptual significance. This bidirectional relation elevates the the-

ory from a one-directional criterion,
dynamical persistence = algebraic organization,
to a true correspondence
structure <= dynamics.

Hence, the lattice of organizations provides an algebraic description of a
broad class of long-term behaviors of open reactive media satisfying as-
sumptions (A1l)—(A5). Persistence and extinction appear as topological
phenomena governed by flux balance and boundary geometry rather than
by kinetic parameter choices alone. This observation aligns with analyti-
cal results showing that advective transport and boundary exchange can
fundamentally alter survival outcomes in spatially distributed systems. In
particular, transport-induced localization and isolation of reactive regions
have been demonstrated in open reaction—diffusion systems [18], while
advection-driven propagation has been shown to facilitate persistence in

heterogeneous media [20]. Together, these results underscore that bound-
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ary geometry and transport fields are not merely quantitative modifiers
but may qualitatively influence long-term viability.

From a theoretical standpoint, this result is analogous to completeness
or realization theorems in other mathematical disciplines: it shows that
the notion of organization is not only necessary but also sufficient for per-
sistence. No algebraically admissible organization remains unrealizable;
conversely, no dynamically persistent structure lies outside the algebraic
framework. This shows that the organization formalism is sufficiently ex-

pressive to represent a wide range of persistent behaviors.

Relation to prior work. Classical Chemical Organization Theory
(COT) [9] already established that persistent steady states of closed
reaction networks correspond to self-maintaining, closed sets of reac-
tions and species. Subsequent generalizations to spatially distributed
systems [10, 11, 25] extended this correspondence to diffusion-driven
persistence. The present contribution advances this line of reasoning to
fully open systems with advection and inhomogeneous boundary fluxes,
integrating continuous transport and discrete network topology within a
single algebraic—topological framework. By introducing the concept of an
augmented reaction network, the theory unifies PDE-based flux balance
with combinatorial closure conditions and provides a mathematically
rigorous bridge between network theory and partial differential equation

analysis [16].

Relation to Petri-net approaches and siphons. Persistence in reac-
tion networks has also been studied extensively using Petri-net approaches,
particularly through the concept of siphons [57,58]. A siphon is a subset
of species with the property that every reaction producing a species of the
subset also consumes at least one species from the same subset. Conse-
quently, once all species of a siphon disappear simultaneously, the reaction
structure alone cannot regenerate them.

Both siphons and organizations address persistence by studying struc-
tural properties independently of specific kinetic parameters. However,

they focus on different aspects of network structure. Petri-net approaches
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identify constraints associated with possible species disappearance,
whereas organizations and distributed organizations characterize subsets
of species that can maintain themselves through feasible reaction fluxes
and compartmental organization.

The notions are therefore complementary rather than equivalent.
While siphons describe structural restrictions on recovery after extinction
events, distributed organizations describe structurally maintainable
configurations of species and reactions. In particular, DOs additionally
incorporate closure, self-maintenance, and compartmentalization proper-
ties, which become particularly relevant in spatially distributed systems
such as RDAS.

From a computational perspective, both approaches lead to combina-
torial problems. The computation of minimal siphons is known to exhibit
exponential worst-case behavior [57], while the computation of distributed
organizations likewise involves NP-hard optimization problems [11]. A de-
tailed mathematical correspondence between siphons and DOs remains an
interesting direction for future work.

An additional advantage of the presented framework is its direct exten-
sibility to other types of boundary and coupling conditions. The augmen-
tation principle used to incorporate inhomogeneous Neumann boundary
conditions and advective fluxes applies likewise to Dirichlet, Robin, or
mixed boundary conditions, as well as to time-dependent inflows, sinks,
or cross-domain coupling terms. In each case, the boundary or external
process can be represented by a corresponding inflow or outflow reaction
in the augmented reaction network. This makes the approach broadly

applicable to many open or boundary-driven reaction—transport systems.

Implications and perspectives. Because every organization satisfying
the assumptions of Theorem 4 can be realized by an appropriate RDAS.
Desired persistence patterns can, in principle, be engineered through tar-
geted modifications of boundary fluxes, advection fields, or external inflows
and sinks. This construction links algebraic feasibility with physical re-
alizability and suggests new applications in synthetic biology, metabolic

and ecosystem engineering, and the control of spatially extended reaction
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networks [22,59].

Beyond its immediate mathematical implications, the framework ex-

tends the reach of persistence theory to a broad class of spatially dis-
tributed systems. It invites future analytical work on: (i) bifurcations and
connectivity within the lattice of organizations, (ii) stochastic and time-
periodic boundary conditions, and (iii) data-driven inference of effective
fluxes in complex media. In combination with numerical simulation, such
analyses may contribute to a comprehensive theory of structural persis-
tence—a principle unifying algebraic organization and dynamical viability
in open reactive systems.

The proposed framework allows organizational structures and persis-
tence constraints to be inferred directly from reaction topology and trans-
port structure without simulation or parameter estimation. This may fa-

cilitate inverse design and structural screening of large distributed systems.

5 Conclusions

This work extends the mathematical foundations of persistence in open
reaction systems by introducing an augmented network formalism for
reaction—diffusion—advection systems (RDAS) with general, possibly
inhomogeneous, boundary conditions. Within this framework we estab-
lished two central results. The Main Theorem proves that the set of
persistent species of any bounded RDAS solution corresponds exactly to
an organization of its augmented reaction network. The Inverse Theorem
complements this by showing that every such organization can be realized
dynamically by a suitable RDAS, thus closing the logical loop between
structure and dynamics.

Conceptually, these results generalize previous persistence theorems for
reaction—diffusion systems to include transport processes, external sources,
and sinks. They provide a unifying algebraic description of long-term
behavior in open systems: persistence and extinction emerge as structural
properties of the lattice of organizations, determined by flux balance and
boundary topology rather than by kinetic details. The proposed framework

therefore transforms the question of stability from a parameter-dependent
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dynamical problem into a combinatorial and topological one.

An application from virology has demonstrated how the theoretical
construct translates to realistic contexts [60,61]. In each case, the aug-
mented network correctly predicts which species persist under specified
inflows, outflows, and advective transport, confirming the predictive power
of the theory.

Beyond explaining existing systems, the Inverse Theorem provides a
blueprint for inverse design: the intentional construction of RDAS that
realize a desired persistent organization by suitable boundary and trans-
port conditions. This perspective opens new opportunities for systematic
control and design in fields such as biology [62], engineering [63], microbial
communities [64], systems neurology [65,66], cell cycle modeling [67], sus-
tainable ecosystem modeling [26,68,69], and large-language modeling [70].

Future work may focus on rigorous characterization of bifurcations
within the lattice of organizations, extensions to stochastic and time-
periodic boundary conditions, and coupling with data-driven identification
of effective fluxes. Together, these directions aim toward a comprehensive
theory of structural persistence and design in spatially distributed reactive

systems.
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Acknowledgment: The authors acknowledge the financial support pro-
vided by Carl-Zeiss-Stiftung (062060-20), German Research Foundation
(DFQG) priority programs SPP 2191 (062098-18), and DFG Collaborative
Research Center 1127 ChemBioSys (SFB 1127, Project CO07).



1000

References

[1]

J. L. Andersen, C. Flamm, D. Merkle, P. F. Stadler, Chemical
transformation motifs—modelling pathways as integer hyperflows,
IEEE/ACM Trans. Comput. Biol. Bioinform. 16 (2017) 510-523.

B. S. Hernandez, R. J. L. De la Cruz, Independent decompositions of
chemical reaction networks, Bull. Math. Biol. 83 (2021) #76.

W. Hordijk, M. Steel, P. Dittrich, Autocatalytic sets and chemical or-
ganizations: Modeling self-sustaining reaction networks at the origin
of life, New J. Phys. 20 (2018) #015011.

S. Peter, B. Ibrahim, Chemical organization theory: A structural
framework for analyzing reaction networks, MATCH Commun. Math.
Comput. Chem. 96 (2026) 781-817.

M. Feinberg, Lectures on chemical reaction networks, Notes of lectures
given at the Mathematics Research Center, University of Wisconsin,
1979.

F. Horn, R. Jackson, General mass action kinetics, Arch. Ration.
Mech. Anal. 47 (1972) 81-116.

J. Gunawardena, Chemical reaction network theory for in-silico biolo-
gists, Lecture notes, Harvard University, Virtual Cell Program, 2003,
http://vcp.med.harvard. edu/papers/crnt.pdf.

P. Dittrich, J. Ziegler, W. Banzhaf, Artificial chemistries—a review
and analysis, Artif. Life 7 (2001) 225-275.

P. Dittrich, M. Ziegler, W. Banzhaf, Chemical organisation theory,
Bull. Math. Biol. 69 (2007) 1199-1231.

S. Peter, B. Ibrahim, P. Dittrich, Linking network structure and dy-
namics to describe the set of persistent species in reaction diffusion
systems, SIAM J. Appl. Dyn. Syst. 20 (2021) 2037-2076.

S. Peter, L. Woitke, P. Dittrich, B. Ibrahim, Computing all persistent
subspaces of a reaction-diffusion system, Sci. Rep. 13 (2023) #17169.

E. Busseniers, T. Veloz, F. Heylighen, Goal directedness, chemical
organizations, and cybernetic mechanisms, Entropy 23 (2021) #1039.

J. C. Baez, B. S. Pollard, A compositional framework for reaction
networks, Rev. Math. Phys. 29 (2017) #1750028.


http://vcp.med.harvard.edu/papers/crnt.pdf

1001

[14]

[15]

[16]
[17]

[22]

[23]

[24]

[25]

H. Logemann, E. P. Ryan, Ordinary Differential Equations: Analysis,
Qualitative Theory and Control, Springer, London, 2014.

J. Smoller, Shock Waves and Reaction—Diffusion Equations, Springer—
Verlag, Berlin, 1994.

L. C. Evans, Partial Differential Equations, AMS, Providence, 2010.

A. L. Krause, H. Ji, B. Sandstede, Emergent structures in reaction—
advection—diffusion systems on the sphere, Phys. Rev. E 97 (2018)
#042215.

A. L. Krause, V. Klika, P. K. Maini, D. Headon, E. A. Gaffney, Iso-
lating patterns in open reaction—diffusion systems, Bull. Math. Biol.
83 (2021) 1-35.

J. Xin, Front propagation in heterogeneous media, SIAM Rev. 42
(2000) 161-230.

A. Stevens, Variational principles for propagation speeds in inhomo-
geneous media, SIAM J. Appl. Math. 61 (2001) 113-132.

S. Peter, P. Dittrich, On the relation between organizations and limit
sets in chemical reaction systems, Adv. Complex Syst. 14 (2011) 77—
96.

J. D. Murray, Mathematical Biology I: An Introduction, Springer, New
York, 2002.

J. J. Tyson, B. Novak, Functional motifs in biochemical reaction net-
works, Ann. Rev. Phys. Chem. 54 (2003) 263—-290.

P. Deuflhard, M. Weiser, Scientific Computing with Ordinary Differ-
ential Equations, Springer, New York, 2012.

B. Ibrahim, S. Peter, Persistent subspaces of reaction-based dynam-
ical systems, MATCH Commun. Math. Comput. Chem. 90 (2023)
471-494.

S. Peter, F. Ghanim, P. Dittrich, B. Ibrahim, Organizations in
reaction-diffusion systems: Effects of diffusion and boundary condi-
tions, Ecol. Complezxity 43 (2020) #100855.

D. Gilbarg, N. S. Trudinger, Elliptic Partial Differential Equations of
Second Order, Springer, Berlin, 2001.



1002

[28]

[29]

M. J. Rodrigo, Analytical approach to solving linear diffusion—
advection—reaction equations with general nonhomogeneous linear

boundary conditions, Math. Meth. Appl. Sci. 47 (2024) 6551-6573.

L. F. C. Almeida, C. B. Rodrigues, J. A. Ferreira, H. Oliveira, Steady-
state solutions for a reaction—diffusion equation with robin boundary
conditions: application to the control of dengue vectors, Fur. J. Appl.
Math. 35 (2024) 382-408.

H. Amann, Dynamic theory of quasilinear parabolic systems. III.
Global existence, Math. Z. 202 (1989) 219-250.

H. L. Smith, H. R. Thieme, Dynamical Systems and Population Per-
sistence, AMS, Providence, 2011.

J. Hofbauer, K. Sigmund, FEvolutionary Games and Population Dy-
namics, Cambridge Univ. Press, Cambridge, 1998.

G. Neumann, S. Schuster, Continuous model for the rock—scissors—
paper game between bacteriocin producing bacteria, J. Math. Biol.
54 (2007) 815-846.

G. Craciun, F. Nazarov, C. Pantea, Persistence and permanence of
mass-action and power-law dynamical systems, SIAM J. Appl. Math.
73 (2013) 305-329.

J. D. Brunner, G. Craciun, Robust persistence and permanence of
polynomial and power law dynamical systems, SIAM J. Appl. Math.
78 (2018) 801-825.

G. Hetzer, W. Shen, Uniform persistence, coexistence, and extinc-
tion in almost periodic nonautonomous competition diffusion systems,

SIAM J. Math. Anal. 34 (2002) 204-227.

L. J. Allen, Applications of differential inequalities to persistence and
extinction problems for reaction-diffusion systems, Ph.D. thesis, Univ.
Tennessee, Knoxville, 1981.

V. Hutson, K. Schmitt, Permanence and the dynamics of biological
systems, Math. Biosci. 111 (1992) 1-71.

R. S. Cantrell, C. Cosner, Spatial Ecology via Reaction—Diffusion—
Advection Equations, Cambridge Univ. Press, Cambridge, 2003.

L. J. Allen, Persistence and extinction in Lotka-Volterra reaction-
diffusion equations, Math. Biosci. 65 (1983) 1-12.



1003

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

L. J. Allen, Persistence, extinction, and critical patch number for
island populations, J. Math. Biol. 24 (1987) 617-625.

M. Mincheva, D. Siegel, Nonnegativity and positiveness of solutions
to mass action reaction—diffusion systems, J. Math. Chem. 42 (2007)
1135-1145.

A. Vol'pert, S. Hudjaev, Analysis in Classes of Discontinuous Func-
tions and Equations of Mathematical Physics, Martinus Nijhoff, 1967.

P. Erdi, J. Téth, Mathematical models of chemical reactions: theory
and applications of deterministic and stochastic models, Manchester
Univ. Press, Manchester, 1989.

G. Craciun, M. D. Johnston, G. Szederkényi, E. Tonello, J. Téth,
P. Y. Yu, Realizations of kinetic differential equations, arXiv (2019)
doi: https://doi.org/10.48550/arXiv.1907.07266.

D. Henry, Geometric Theory of Semilinear Parabolic FEquations,
Springer, Berlin, 1981.

H. R. Thieme, Mathematics in Population Biology, Princeton Univ.
Press, Princeton, 2003.

J. Ewald, P. Sieber, R. Garde, S. N. Lang, S. Schuster, B. Ibrahim,
Trends in mathematical modeling of host—pathogen interactions, Cell.
Mol. Life Sci. 77 (2020) 467-480.

W. Hwang, W. Lei, N. M. Katritsis, M. MacMahon, K. Chapman,
N. Han, Current and prospective computational approaches and chal-
lenges for developing covid-19 vaccines, Adv. Drug Deliv. Rev. 172
(2021) 249-274.

S. Marzban, R. Han, N. Juhédsz, G. Rost, A hybrid pde—abm model
for viral dynamics with application to SARS-COV-2 and influenza,
R. Soc. Open Sci. 8 (2021) #210787.

C. Quirouette, N. P. Younis, M. B. Reddy, C. A. A. Beauchemin,
A mathematical model describing the localization and spread of in-
fluenza A virus infection within the human respiratory tract, PLoS
Comput. Biol. 16 (2020) #e1007705.

G. M. Lavigne, H. Russell, B. Sherry, R. Ke, Autocrine and paracrine
interferon signalling as ‘ring vaccination’ and ‘contact tracing’ strate-
gies to suppress virus infection in a host, J. Roy. Soc. Interf. 18 (2021)
#20200828.


https://doi.org/10.48550/arXiv.1907.07266

1004

[53]

[56]

[57]

[62]

[63]

[64]

L. Xu, Hiu Yung Wong, Matteo lannaccone, Qi Zhang, D .Vlachos, D.
Kreft, M. Rubinstein, D. Dukhin, S. Bates, I. Sokolov, Mathematical
modeling of mucociliary clearance: A mini-review, Front. Physiol. 10
(2019) 1-10.

J. J. A. Weaver, Y. Lin, P. R. Krause, S. G. Krantz, D. Kirschner,
M. M. Meerschaert, M. L. Huber, Quantitatively mapping immune
control during influenza, J. Immun. Res. 38 (2024) #1234567.

L. Ait Mahiout, N. Bessonov, B. Kazmierczak, G. Sadaka, V. Volpert,
Infection spreading in cell culture as a reaction—diffusion system with
delay: virus, cells and interferon, ESAIM: M2AN 56 (2022) 901-934.

A. C. Aristotelous, A. Chen, M. G. Forest, A hybrid discrete—
continuum model of immune responses to respiratory viral infection
with interferon and antibodies, J. Theor. Biol. 547 (2022) #111178.

D. Angeli, P. De Leenheer, E. D. Sontag, A petri net approach to the
study of persistence in chemical reaction networks, Math. Biosci. 210
(2007) 598-618.

D. Angeli, P. De Leenheer, E. D. Sontag, Persistence results for chem-
ical reaction networks with time-dependent kinetics and no global
conservation laws, SIAM J. Appl. Math. 71 (2011) 128-146.

M. Feinberg, Foundations of Chemical Reaction Network Theory,
Springer, Cham, 2019.

S. Peter, P. Dittrich, B. Ibrahim, Structure and hierarchy of sars-cov-
2 infection dynamics models revealed by reaction network analysis,
Viruses 13 (2021) #14.

S. Peter, M. Holzer, K. Lamkiewic, P. S. di Fenizio, H. Al Hwaeer,
M. Marz, S. Schuster, P. Dittrich, B. Ibrahim, Structure and hierar-
chy of influenza virus models revealed by reaction network analysis,
Viruses 11 (2019) #449.

L. Zhu, X. Tao, S. Shen, Pattern dynamics in a reaction—diffusion
predator—prey model with allee effect based on network and non-
network environments, Eng. Appl. Artif. Intell. 128 (2024) #107491.

P. Mougkogiannis, A. Nikolaidou, A. Adamatzky, Kombucha—
proteinoid crystal bioelectric circuits, ACS Omega 9 (2024) 45386—
45401.

B. Ruth, S. Peter, B. Ibrahim, P. Dittrich, Revealing the hierarchical
structure of microbial communities, Sci. Rep. 14 (2024) #11202.



1005

[65]

[66]

S. Peter, B. Ibrahim, Intuitive innovation: Unconventional modeling
and systems neurology, Mathematics 12 (2024) #3308.

M. H. Khalil, Environmental affordance for physical activity, neu-
rosustainability, and brain health: quantifying the built environ-
ment’s ability to sustain bdnf release by reaching metabolic equiv-
alents (mets), Brain Sci. 14 (2024) #1133.

S. Peter, A. Josephraj, B. Ibrahim, Cell cycle complexity: Exploring
the structure of persistent subsystems in 414 models, Biomedicines
12 (2024) #2334.

S. Peter, M. Schirmer, P. Lathan, G. Stimpfl, B. Ibrahim, Perfor-
mance analysis of a solar-powered multi-purpose supply container,
Sustainability 14 (2022) #5525.

S. Peter, M. B. Sunke, B. Ibrahim, Solar-driven atmospheric water
yields under climate stress: A 23-year global data analysis, Environ.
Earth Sci. 85 (2026) #72.

A. J. Arokiaraj, S. Ibrahim, A. Then, B. Ibrahim, S. Peter, Adagram
in python: An ai framework for multi-sense embedding in text and
scientific formulas, Mathematics 13 (2025) #2241.



1006

6 Appendix A

Proof of Lemma 1. Fix ¢ € {1,...,n}. For each fixed t € [t;,¢;11], the
spatial divergence theorem applied to the vector fields d;Ve;(-,t) and
u(+,t) ¢ (-, t) yields

V- (diVe)(x,t) do = d;Vei(x,t)-v(z)dS(x),
Q a0

V- (uc)(x,t) dxz/ (u-v)(z,t) ¢;(x, t) dS(x).
Q o0

Integrating these identities over ¢ € [t;,t;41] and using Fubini-Tonelli
to interchange time and space integrals gives (26)—(27). Summing the
boundary contributions associated with diffusion and advection, we obtain

tj+1 ti+1
/ / (—dchi—&—uci)-Vdet:/ Ji-vdSdt,
t; o)

t;  Joo

which equals the right-hand side of (28) by the boundary condition in
(9). ]

7 Appendix B

Proof of Theorem 3. Step 1: Time-averaged flux field. By Lemma 1
and the boundary condition, the total (species-wise) balance over [t;, ;1]
yields

1 ti+1 R R R
7/ atc('7 t) dr dt = Nintvint + Nextvext = Naug v,
tivi =t )y, Ja

and passing to the limit uses boundedness of cq(t) := [, c(z,t) dx, hence
the left-hand side tends to 0. Therefore

Naug > 0. (38)

(Nonnegativity follows componentwise from the compatibility condi-
tion 10)

Step 2: Decomposition by persistent subsets. For a persistent
subset S* € P(c) and small € > 0 consider the region

Qg c(t) == {2z €Q: Ple(x,t)) =5, and cy(z,t) > e Vs € S*},

which has strictly positive time-space frequency by persistence. On Qg+ .,
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v(c) is a feasible flux for S*; integrating v over Qg+ - X [t;,t;41], normalizing
in time, and letting j — oo, € | 0, defines a nonnegative vector (5"
supported exactly on reactions whose support is contained in S*. Doing
the same for the boundary integrals produces an external part. We set

78" .= (@(5*) @(S*)) c R‘;““gl.

int » “Yext

By construction, with

o= > %)

S*eP(c)

we get
Naug § 6(3 ) = augi]\ > 0,
S*

and for each S* feasibility is fulfilled for internal reactions.

Step 3: Structure of the organisation. Define compartments
(Si, R;, 0)) by enumerating the nonempty persistent subsets S; € P(c)and
taking 39 := 5(%) and

R; == {7 € Rayg: 09 >0}.

Then:

(i) Closedness: Each S; is closed w.r.t. R, since reactions with
supp(r) C S; contribute nonnegatively and cannot create products
outside S; on a set of positive measure (else S; would not recur with
positive frequency).

(i) Covering: Set O :=J; S; = ®(c) and R :=J, R;.

(iii) Exterior reactions: Active boundary inflow /outflow reactions appear
in at least one R; by the construction of 'ﬁéi)t from the boundary
integrals.

(iv) Feasibility: If » € Rint and supp(r) C S;, then r € R; by the defini-
tion of R;; conversely, 3 >0 implies r € R;.

(v) Self-maintenance: From (38) we obtain

Nawg »_ 0% >0,

which establishes the self-maintenance condition.

Thus (O, R) = {S1]...|Sk} satisfies Definition 6 and O = ®(c), which
proves the claim. |
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8 Appendix C

Proof of Theorem 4. Step 1: Geometric setting and target state.
Let © C R™ be a bounded Lipschitz domain. For a finite index set Z =
{1,...,k}, let {Q;}icx be a measurable partition of {2 into pairwise disjoint
Lipschitz subdomains of positive measure,

Q:UiEIQi; |Ql‘ >07 |QZQQJ|:OfOI‘Z#]

These subdomains correspond to the compartments in Definition 6. The
interfaces 0€2; N 0Q; are assumed impermeable (J-v = 0), so that each ;
evolves independently. No further geometric or topological assumptions
on the shape or adjacency of the subdomains are required.

For each compartment pick a vector ¢*(*) € RY, with cz(i) > 0 for

s € S; and c:(i) =0 for s ¢ S;. Define the piecewise constant target state
c*(z) = ¢ for x € Q.
Step 2: Construction of admissible kinetics. We require a locally
Lipschitz rate function
v go — Rlé%int‘

such that, for each compartment €2;, the prescribed flux 51(3 (see Defini-
tion 6) is attained at the target state ¢*(¥):

v(e®) =5},
To this end, define smooth, compactly supported weight functions ; :
R™ — [0, 1] with t;(c*®) = 1 and v;(¢*U)) = 0 for j # i. Then set

k
o(e) = > wile) ol
=1

This v is globally Lipschitz and nonnegative. Moreover, to respect the
chemical support of each reaction r € R;, one may multiply the corre-
sponding component v, (¢) by [[ e eactants(r) o171 Which ensures v;.(¢) = 0
whenever a required reactant concentration ¢s = 0. Hence v(c) satisfies
v(c*) = v* while remaining admissible for all ¢ > 0.

Step 3: Exterior reactions via boundary flux. Let %\é;)t be the
exterior part from Definition 6. Choose a (time-independent) boundary
flux density g so that on each €;

1 / 1
—_— Nyt v de + — g-vdS = 0.
Ul Jo, ™ 1] Jagq,
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This is possible because the organization’s self-maintenance condition en-
sures that the net surplus induced by internal fluxes can be balanced
by admissible exterior (outflow) reactions; we distribute the signs of g
along inflow/outflow portions and enforce the nonnegativity compatibility
gsvs > 0 with traces 75 of ¢ on the boundary (cf. compatibility condition
(10)). Since £ is Lipschitz, the existence of a continuous linear trace oper-
ator v : H*(Q) — L?(99) is guaranteed by the standard trace theorem (cf.
Thm. 5.36 [16]). Hence for every weak solution ¢ € H(Q)" the boundary
values (c;) are well-defined in L?(952). The nonnegativity compatibility
condition gsy(¢s) > 0 thus holds almost everywhere on 052, ensuring that
the boundary flux does not drive concentrations negative.

Step 3: Stationary solution. Consider the RDAS with diffusion
d; = ¢ > 0,u =0, reaction term N;yiv(c), and boundary condition J-v = g.
By construction, ¢* is a stationary solution: d;¢* =0in Q and J(¢*)-v =g
on 0. Pick the initial condition ¢y = ¢*. Then the (classical) solution
satisfies c(+,t) = ¢* for all t > 0, and is hence bounded and nonnegative.

Step 4: Persistence set. On each €); and for each s € S; we have
c; > 0, while for s ¢ O = |J; S; we have ¢ = 0. By the definition of
persistence (Definition 4) it follows that ®(c) = O.

This completes the proof. |

9 Appendix D

Set of reactions of the virus infection dynamics model of subsection 3.8
(before colon: corresponding term in the PDEs):

BSV :S+V - E+V, infection of susceptible cells,

kE : E — I, transition to productive infection,
v I = I, progression to late infection,

ply i Is = I+ V, virus release,

ViV =0, viral clearance,

KAV .V 4+ A — C, antibody neutralization,

EC:C =0, complex degradation,

nly : I - 11 + F, IFN production,

uF: F — 0, IFN degradation,
oFS:F+S—F+R, IFN signalling — refractory state,
pR:R— S, recovery of refractory cells,

sA: ) — A, antibody synthesis,

nA:A— 0, antibody decay.
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IFN control active infection antibody control

{F,S,R,E,I,,I,A,V,C}
/
‘06 ={F,S,R|V, A (C) ‘
\
‘05 = {F | S | V. A. (C’)} ‘

\

(04 ={5 |V, 4,C}]
/S N
[0, ={v,A,C}] [0s = {s|V]4}]
N e

{5}

{Y////////

Figure 3. Meaningful species subsets of the virus infection dynam-
ics application: organizations are framed, others unframed.
Lines resp. arrows stand for subset relations. Due to the
BCs, the antibody control block, that is, A, V, and option-
ally — depending on the compartmentalization — also C' are
present in every organization as long as the inflows of V
and A are active. If these inflows are inactive, new species
subsets such as {F, S, R}, {F' | S} or {S} can persist as orga-
nizations. Furthermore, the empty set as well as {S} are not
closed and transit directly upward, which is marked by the
upward arrow. Conversely for the full set of species, which
is not self-maintaining, downward arrows show that it must
decay in the long-run. The subsets of species can be sub-
divided into three kinds: active infection, IFN control, and
antibody control.
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