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Abstract

We establish a structural correspondence between persistent
species sets and organizations of the augmented reaction network
under suitable assumptions. Building upon the framework of
Chemical Organization Theory, we introduce an augmented reac-
tion network that incorporates advective transport, inflows, and
outflows directly into the stoichiometric structure. This formulation
allows the persistence analysis of open and spatially distributed
systems to be expressed in purely algebraic terms. The main theo-
rem proves that, for every bounded solution of a RDAS, the set of
persistent species forms an organization of the augmented network,
while the inverse theorem shows that every such organization can
be realized as the persistent set of an appropriately constructed
RDAS, independently of kinetic details. Together, these results
yield a bidirectional correspondence between algebraic organization
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and dynamical persistence, extending previous diffusion-only
results to systems with advection and boundary-driven fluxes. The
proposed framework unifies reaction–transport dynamics, boundary
exchange, and organizational structure within a single analytical
theory. Applications to biological and chemical transport pro-
cesses, including viral infection dynamics with advective clearance,
demonstrate how advection and boundary interactions generate
novel distributed organizations and spatially localized persistence
patterns. This work establishes the theoretical foundation for
structural analysis and inverse design of open reactive media
governed by reaction–diffusion–advection equations.

1 Introduction

Reaction networks provide a concise mathematical abstraction for the

transformation and interaction of discrete species through specified re-

action rules [1–4]. They offer a universal framework for modeling dy-

namical systems in chemistry, biology, and related areas, encompassing

metabolic and ecological processes as well as engineered and distributed

systems [5–10]. Within this framework, the concept of organizations cap-

tures subsets of species that are closed and self-maintaining under the given

reaction rules and flux conditions. Originally introduced within the Chem-

ical Organization Theory (COT) [8,9], organizations have since become a

fundamental analytical tool for understanding the qualitative structure of

reaction systems [10–12].

Earlier studies of organizations were primarily restricted to well-mixed

systems governed by ordinary differential equations (ODEs). In this con-

text, organizations identify invariant sets in which the reaction dynamics

preserve the presence of certain species combinations. The main results

of [10] demonstrated that the organizations of a reaction network form

a complete lattice and that the persistent species of the corresponding

dynamical system are always contained within at least one organization.

These results established a structural foundation for analyzing complex

reaction systems independently of particular kinetic assumptions.

However, many natural and technological systems exhibit spatially dis-

tributed dynamics that cannot be described by homogeneous ODE mod-

els. Diffusion, advection, and exchange processes across domain bound-
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aries introduce qualitatively new effects that influence both persistence

and self-maintenance [13]. Examples include advective–diffusive transport

in biochemical or environmental media, reactive flows in porous materi-

als, and energy or matter exchange through system boundaries [14–20].

While the analytical theory of reaction–diffusion and advection–diffusion

systems is well established, the integration of these transport and bound-

ary effects into the framework of organizational structures has remained

an open problem.

The present work extends the concept of organizations from homoge-

neous reaction networks to spatially distributed reaction–diffusion–adve-

ction systems (RDAS) with general boundary conditions. To achieve this,

the internal reaction network is augmented by exterior reactions represent-

ing inflows, outflows, or other boundary exchange processes. The resulting

augmented reaction network captures both bulk and boundary dynamics

within a unified formalism described by an extended stoichiometric matrix

Naug. This formulation allows for a consistent definition of organizations

that remain closed and self-maintaining even in the presence of diffusion,

advection, and boundary fluxes.

Building upon the theoretical foundations developed in [10,11,21], this

paper proves that the extended organizations preserve the essential struc-

tural properties of the classical theory. In particular, they form a lattice

under set inclusion and establish a direct link between the persistent sub-

sets of species and the spatio-temporal dynamics of the RDAS. The main

theorems show that any persistent configuration of the PDE system is

contained within an organization of the augmented reaction network and,

conversely, that each organization defines an invariant subset under the

induced fluxes.

The framework presented here generalizes the algebraic and logical

foundations of Chemical Organization Theory to systems with spatial ex-

tension and boundary coupling. It provides a mathematical foundation for

the analysis of persistence, invariance, and self-maintenance in distributed

reactive systems governed by transport and boundary interactions. Be-

yond the mathematical results, this approach also opens new perspectives

for applications in physical chemistry, bioprocess modeling, and environ-
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mental systems, where spatial fluxes and boundary sources are intrinsic

features of the dynamics [16,22–24].

Unlike previous formulations limited to purely diffusive transport, the

present work provides an algebraic characterization of persistent species in

reaction–advection–diffusion systems with inhomogeneous boundary con-

ditions. It rigorously incorporates advective fluxes and arbitrary bound-

ary inflows and outflows into the algebraic persistence framework, thereby

extending the previous diffusion-only theory [10, 25, 26] to a fully open

spatial setting. Together, the forward and inverse results establish a bidi-

rectional correspondence between algebraic organization and dynamical

persistence, revealing advection and boundary exchange as integral com-

ponents of structural self-maintenance.

The paper is organized as follows. Section 2 recalls the basic defini-

tions of reaction networks and introduces both their ODE and PDE for-

mulations. Section 3 presents the main theoretical results, including the

construction of augmented reaction networks, the definition of organiza-

tions under boundary fluxes, and the proofs establishing the correspon-

dence between organizations and persistence. It also contains illustrative

minimal examples as well as an application to virus infection dynamics.

Section 4 discusses the main achievements of this study. Finally, Section 5

summarizes the main conclusions and outlines possible extensions toward

multi-domain systems, temporal boundary dynamics, and reactive inter-

faces.

2 Preliminaries

We recall the formal representation of reaction networks and their associ-

ated dynamical systems, namely reaction–diffusion systems (RDS). This

provides the foundation for the main definitions and theorems on reaction–

diffusion–advection systems (RDAS) developed in this study, which are

presented in Section 3. The definitions and results presented in this sec-

tion are largely based on [10].
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2.1 Reaction networks

We use the standard notation of chemical reaction network theory and

write a reaction network as a triple

(S, C,R),

where S = {s1, . . . , sn} is a finite set of species, C ⊂ Nn
0 is the finite set of

complexes, and R ⊂ C×C is the finite set of reactions. A reaction rj ∈ R,

j = 1, . . . ,m, is written as

n∑︂
i=1

aijsi −→
n∑︂

i=1

bijsi,

where the vectors a·j , b·j ∈ C denote the educt and product complexes,

respectively. The stoichiometric matrix is defined as

N = B −A ∈ Zn×m.

In several places below, we abbreviate the network by (S,R) when the

complex set C is either clear from the reactions or not explicitly needed.

For a reaction rj ∈ R, j ∈ {1, . . . ,m}, we call the set of species si with
aij > 0 the support of rj , denominated by support(rj) or supp(rj). Note

that if a species si ∈ S is reduced by a reaction rj ∈ R, that is nij < 0,

then si ∈ supp(rj), that is, aij > 0. For a reaction rj ∈ R, j ∈ {1, . . . ,m},
the species si with bij > 0 are called products of rj .

2.2 Ordinary differential equations

A dynamical system can be derived from a reaction network by assigning to

each species si ∈ S, i = 1, . . . , n, and every time t ∈ R+ ≡ {u ∈ R : u ≥ 0}
a non-negative concentration value ci(t). We call a map ϕ mapping a

concentration vector back to a subset of species from the power set P(S)
of the set of species, that is,

ϕ : Rn
≥0 → P(S), c ↦→ ϕ(c), (1)
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abstraction, if

ϕ(c) ≡ {si ∈ S : ci > 0 for any i ∈ {1, . . . , n}}. (2)

Thus ϕ(c) is the subset of species that contains exactly those species that

have a strictly positive concentration value. Species with concentration

equal zero do not belong to ϕ(c). This abstraction ϕ provides a formal

bridge between the continuous concentration space and the discrete struc-

ture of the reaction network, allowing algebraic properties such as closure

and self-maintenance to be related directly to the dynamics of the system.

Now we come to the question of how the reactions rule the concentra-

tion values of the species in a dynamical system. For a given subset S ⊆ S
of species, a vector v ∈ Rn

+ is called a feasible flux with respect to S, if for

all rj ∈ R, j = 1, . . . ,m, holds

vj

⎧⎨⎩> 0, iff support(rj) ⊆ S,

= 0, otherwise.
(3)

A function

v : Rn
+ → Rm

+ , c ↦→ v(c), (4)

that is Lipschitz continuous on every bounded subset of Rn
+, is called flux

vector function, if for every c ∈ Rn
+ the vector v(c) is a feasible flux with

respect to ϕ(c). Thus the flux vector function maps any vector of con-

centrations to a vector of reaction rates. If for example mass-action ki-

netics is applied (vj(c) = kj · ca1j

1 · . . . canj
n with real reaction constants

kj > 0, j = 1, . . . ,m,) to constructing v, then v is a flux vector function,

because then it holds true that vj(c) is strictly positive, if and only if the

concentrations of all the species from the support of rj ∈ R are strictly

positive. This represents the common assumption, that a reaction occurs,

if and only if all of its reactants are present at the same time and place [5].

By defining the derivatives of the concentrations with respect to time
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we obtain a dynamical system as a system of ODEs

d

dt
c(t) = ċ(t) ≡ N · v(c(t)), (5)

which describes how the change of the concentrations of the species from

S results from the concentrations via the set of reactions R. In thiscase we

say that the reaction network underlies the dynamical system. By adding

initial conditions c(0) = c0 ∈ Rn
+ we get an initial value problem.

2.3 Reaction-diffusion-advection systems

If besides the time variable t, a space variable x ∈ Ω from a Lipschitz

domain Ω ⊂ Rp, p ∈ N, (i.e., Ω is bounded and open) with 0 <
∫︁
Ω
dx <∞

and a C2 smooth boundary ∂Ω is added, we can model effects like diffusion

by differentiating twice with respect to x. The Lipschitz regularity of

the boundary guarantees the existence of an outward unit normal ν(x)

defined almost everywhere on ∂Ω and ensures the validity of the divergence

theorem (cf. [16, 27]). Hence, this regularity class is sufficient to make

boundary integrals such as
∫︁
∂Ω
J·ν dS and Neumann flux conditions J·ν = g

well-defined in the weak sense. Thus, we arrive at describing the dynamics

of the concentrations ci = ci(x, t), i = 1, . . . , n, of the species at each

location x ∈ Ω by a system of PDEs:

∂

∂t
ci = fi = (N · v(c))i

reactions

+∇ · (di · ∇ci)
diffusion

+∇ · (ui ci)
advection

, i = 1, . . . , n, (6)

where ∇ is the gradient; ∇· is the divergence; di = di(x, t) ≥ 0 with

di ∈ C1,1(Ω̄ × [0, T ]) are the bounded and Lipschitz continuous diffusion

rate functions; ui = ui(x, t) ≥ 0 with ui ∈ C1,1(Ω̄ × [0, T ]) denote the

bounded advection rate functions of the species; and fi = fi(x, t) repre-

sents the combined effects acting on the species. We assume incompressible

transport,

∇· u(x, t) = 0, x ∈ Ω, (7)
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which ensures conservation of total mass in the absence of boundary fluxes.

We prescribe nonnegative initial data

ci(x, 0) = c0i (x) ≥ 0, x ∈ Ω, i = 1, . . . , n, (8)

with c0i ∈ C2(Ω̄) for all i. We impose flux-type (Neumann) boundary

conditions that include advection,

Ji(x, t) · ν = gi(x, t), x ∈ ∂Ω, i = 1, . . . , n, (9)

where Ji(x, t) = − di(x, t)∇ci(x, t) + u(x, t) ci(x, t) denotes the total flux

of species si; gi(x, t) with gi ∈ L2(0, T ;L2(∂Ω)) prescribes the net flow

of species si ∈ S across the boundary; and ν is the outward unit normal

on ∂Ω [28,29].

To ensure that the boundary fluxes do not violate nonnegativity of the

concentrations, we impose the standard compatibility condition

gi(x, t) ci(x, t) ≥ 0 for all (x, t) ∈ ∂Ω× (0, T ), i = 1, . . . , n. (10)

This condition guarantees that outflow (gi < 0) can only occur if the

concentration at the boundary is strictly positive, while inflow values (gi >

0) remain nonnegative. Such compatibility conditions are classical in the

theory of parabolic systems and ensure that the boundary terms do not

violate the maximum principle (see, e.g., [15, Ch. 14]).

Thus, we get a boundary value problem, a so-called reaction-diffusion-

advection system (RDAS) with a solution

c : Ω× R+ → Rn, (x, t) ↦→ c(x, t). (11)

satisfying c ∈ L2(0, T ;H1(Ω))n∩C([0, T ];L2(Ω))n, with existence, unique-

ness, and nonnegativity following from standard parabolic theory [16,30].

We assume throughout that c(x, t) is uniformly bounded in space and time,

i.e., there exists a constant K > 0 such that

|c(x, t)| ≤ K for all (x, t) ∈ Ω× [0,∞).
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Such uniform boundedness and regularity of weak solutions under inho-

mogeneous Neumann boundary conditions follow from standard parabolic

PDE theory [27].

2.4 Distributed organizations (DOs)

In this subsection, we first introduce the concept of DOs, which are com-

posed of one or more subsets of species, each being closed, and which col-

lectively satisfy a generalized form of self-maintenance. In this study, DOs

serve as the foundation for the generalization formalized in Definition 6 in

Section 3.

Definition 1 (Distributed organizations (DOs)). Given a reaction net-

work (S,R), a subset D ⊆ S is a DO if and only if there exists k ∈ N and

subsets S1, . . . , Sk ⊆ D such that

D =

k⋃︂
i=1

Si

and:

1. all Si, i = 1, . . . , k, are closed,

2. there exists a vector v̂ ∈ Rm
+ such that

Nv̂ ≥ 0 (12)

3. there exists a feasible flux v̂i ∈ Rm
+ with respect to each subset

Si, i = 1, . . . , k, such that

v̂ =

k∑︂
i=1

v̂i

We refer to the subsets Si as the distribution components of D, and

say that D is distributed over {S1, . . . , Sk}.
When listing elements, we use the notation

D = S1 ∪ S2 = {s1s2 | s1s3}.
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Note that a species can be contained in several subsets Si, i = 1, . . . , k,

of a distributed organization and that the empty set ∅ can formally satisfy

the closure and self-maintenance conditions.

Condition 12 expresses the self-maintenance property of a distributed

organization: the net production rates of all species are nonnegative under

the flux v̂, ensuring that every species in D can sustain itself without

external supply.

The following theorem constitutes one of the principal results estab-

lished in [10].

Theorem 1 (Lattice property of DOs). Given a reaction network (S,R)

the set of its DOs forms a lattice.

2.5 Main result for RDS

The following result, originally established for reaction–diffusion systems

without advection and with homogeneous Neumann boundary conditions,

provides the theoretical foundation for the generalization developed in the

present work.

Theorem 2 (The set of persistent species is a DO). Given the solution

c of a RDS as in 6 (without an advection term) with underlying reaction

network and homogeneous Neumann BCs, then the set Φ(c) of persistent

species is a DO.

The result was first established for fixed points of ODEs in [8], and later

extended to simple attractors in [21]. Its most general version for reac-

tion–diffusion systems with homogeneous Neumann boundary conditions

was presented in [10].

In this work, we extend it to RDAS, i.e., RDS with advection, which

also include inhomogeneous Neumann boundary conditions. We also state

an inverse theorem, which states that for every DO D of a given reaction

network there is a RDAS with a solution for which the set of persistent

species equals D.

A crucial basis for the proof of Theorem 2 is provided by the definition

of a total flux in [10], which in this study is generalized towards RDAS in

Definition 7.
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2.6 Definition of persistence

The concept of persistence employed in this work is based on our earlier

definition for reaction–diffusion systems (RDS) [10]. Classically, persis-

tence refers to the long-term survival of species (or concentrations) in eco-

logical and biochemical dynamical systems. In particular, the monographs

by Smith and Thieme [31] established a comprehensive analytical founda-

tion for persistence via invariant sets and semigroup methods, providing

the main mathematical tools to guarantee long-term survival under advec-

tive transport. Several foundational works formalized this idea for ODE

models in mathematical ecology, introducing terms such as permanence,

coexistence, strong persistence, and uniform persistence [31–38]. These

definitions focus on ensuring that all species concentrations eventually re-

main bounded away from zero for all admissible initial data. Furthermore,

existing persistence analyses for spatially extended systems with advective

transport and open boundaries remain confined to analytical conditions

ensuring bounded survival, but do not provide a structural characteriza-

tion of long-term behavior; see, e.g. [39]. Related propagation phenom-

ena in heterogeneous environments have been studied in the ecological

context, where transport modifies survival domains and long-term spatial

occupancy patterns; see Xin [19].

The generalization of persistence from ODEs to spatial systems be-

gan with reaction–diffusion equations, where analytical techniques and

maximum principles were used to guarantee nonnegativity and long-term

survival of species distributions [37, 40, 41]. Boundary-driven persistence

has also been investigated in non-autonomous and open diffusion systems,

where coexistence is ensured despite inflow and outflow processes at the

domain boundary; see Hetzer and Shen [36]. Mincheva and Siegel [42],

employing so-called Volpert indices [43], extended these ideas to reac-

tion–diffusion systems with mass-action kinetics, proving that reachable

species remain positive on all finite time intervals. Reachability coincides

with the closure concept from Chemical Organization Theory (COT), pro-

viding a bridge between kinetic reachability and algebraic network struc-

ture. Moreover, transport processes such as advection can actively promote

survival by driving species towards favorable boundary regions or inflow
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zones, a mechanism analytically captured in propagation-speed analyses

for heterogeneous media; see Stevens [20].

The refinement introduced in [10] goes beyond identifying which species

are reachable: it characterizes which species actually persist as time ap-

proaches infinity and which do not. These persistent subsets correspond

to specific algebraic substructures of the augmented reaction network as-

sociated with a spatial system. This development links kinetic long-term

behavior of a single solution trajectory with purely structural, network-

level notions of sustainability. This structural viewpoint is consistent with

algebraic conditions for persistence developed in the context of well-mixed

reaction systems, which relate survival to the combinatorial organization

of reaction networks [34, 35]. These results highlight that long-term via-

bility can be determined independently of kinetic parameters, supporting

the algebraic perspective pursued in this work.

If an explicit reaction network is not provided, the question whether

a given polynomial kinetic differential equation admits a reaction-network

realization is a classical inverse problem in chemical kinetics [44,45]. How-

ever, such reconstructions are generally not unique. It is well known

that identical dynamical systems may admit several structurally differ-

ent reaction-network realizations with different complexes, reaction sets,

and stoichiometric representations [44,45].

In the present work, however, the reaction network is not introduced

as an arbitrary realization of a vector field. Instead, it is induced directly

by the underlying modeling assumptions: reactions originate from the re-

action terms appearing in the RDAS itself, while inflows and outflows are

represented by augmenting the network with exterior reactions according

to Definition 5. Hence, the augmented reaction network is determined

constructively from the model formulation.

The proposed framework is therefore kinetics-free in the sense that it

does not depend on numerical parameter values or specific rate constants.

Rather, it characterizes persistence at the level of the chosen structural

representation induced by the model itself. Questions regarding invariance

of organization structures across equivalent reaction-network realizations

constitute an interesting direction for future research.
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In the present work, we use the framework of [10] to determine which

subsets of species persist along a single RDAS solution trajectory and

relate them to the structural persistence properties of the underlying aug-

mented reaction network. This provides a unifying perspective on persis-

tence across spatially extended dynamical systems with the same reaction

topology.

In the following, we formally recall the persistence concept from [10]

for the RDAS setting.

Definition 2 (Sequence of points in time). We call a monotonously in-

creasing sequence (tj)
∞
j=1 of nonnegative real numbers tending towards

infinity with

1 ≤ tj+1 − tj ≤ Z,

j ∈ N, for some Z ∈ R+ sequence of points in time.

Definition 3 (Neighborhood of a subset of species in the space of concen-

trations). Given a solution ci(x, t) of a RDAS as introduced in Section 2.3,

which is nonnegative for all t > 0, x ∈ Ω, si ∈ S,a subset S ⊆ S of species

and real numbers ε, δ > 0, we call the set

Sε,δ ≡ {c ∈ Rn
+ : cs

⎧⎨⎩> ε iff s ∈ S

≤ δ iff s /∈ S

}︄
} ⊆ Rn

≥0 (13)

of concentration vectors the (ε, δ)-neighborhood of S and for δ = ∞, we

call the set

Sε ≡ Sε,∞ ≡ {c ∈ Rn
+ : cs > ε iff s ∈ S} ⊆ Rn

≥0 (14)

of concentration vectors the ε-neighborhood of S.

Definition 4 (Persistent subsets of species and persistent species). Given

a solution c of a RDS with an underlying reaction network (S,R). We call

a subset S ⊆ S of species persistent (with respect to c) if for all sequences

(tj)
∞
j=1 of points in time there is an ε > 0 such that for all δ > 0 the

frequency of occurrence F (Sε,δ) of Sε,δ with respect to c and (tj)
∞
j=1 is
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strictly positive, that is,

F (Sε,δ) = lim sup
j→∞

1

tj+1 − tj

∫︂ tj+1

tj

∫︂
{x∈Ω: c(x,t)∈Sε,δ}

dx dt > 0. (15)

We denominate the set of persistent subsets of species P (c), i.e.,

P (c) ≡ {S ⊆ S : S is persistent with respect to c}. (16)

We call a single species s ∈ S persistent (with respect to c), if s is contained

in at least one of the persistent subsets of species, i.e.,

s ∈ ∪{S ⊆ S : S ∈ P (c)}. (17)

We say that a species s ∈ S goes extinct (with respect to c) if it is not

persistent with respect to c. We denominate the set of persistent species

Φ(c), i.e.,

Φ(c) ≡ {s ∈ S : s is persistent with respect to c} = ∪{S ⊆ S : S ∈ P (c)}.
(18)

It is important to note that Definition 18 draws a clear distinction be-

tween the species within a persistent set S and those outside of S. More

precisely, a strictly positive frequency of occurrence of S not only demands

the co-occurrence of the species from S but also the simultaneous disap-

pearance of the species not being elements of S.

Intuitively, a species is persistent if it reappears infinitely often with a

concentration bounded away from zero, while species outside a persistent

subset eventually vanish or remain arbitrarily small. This definition thus

distinguishes long-term coexistence from transient presence and it forms

the conceptual foundation for linking long-term dynamical behavior to the

algebraic structure of organizations in the subsequent results.
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2.7 Introductory example I: Illustration of persistence

and distributed organizations

The following example, first analyzed in [10], illustrates how the lattice of

distributed organizations (DOs) reflects the persistent subsets of species

observed in a simulated reaction–diffusion system. Figure 1a shows the

system of PDEs of a reaction–diffusion system. In Figure 1b the reactions

of the underlying reaction network are shown. Note that these reactions

can be derived easily from the PDEs by writing the part related to the

reactions in the form N · v(c) and obeying that v is a flux vector function.

In [25] an example of this procedure is described. Figure 1c shows the

lattice of DOs of the reaction network of Example I. Figure 1d shows

simulation results.

∂c1
∂t

= c1c2 − c21c3 + d1
∂2c1
∂x2

∂c2
∂t

= −c2c3
∂c3
∂t

= −c2c3

(a) PDEs

r1 : s1 + s2 → 2s1 + s2

r2 : 2s1 + s3 → s3

r3 : s2 + s3 → ∅

(b) Reactions

s1s2|s1s3

s2|s3s1s2

s3s2s1

∅

s1|s3

s1

(c) Distributed organizations
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(d) Simulation results

Figure 1. (a) PDEs, (b) set of reactions, (c) lattice of DOs and (d) sim-
ulation results of Example I. There are 3 DOs that are not or-
ganizations (compartments separated by vertical bars). For
each DO, the corresponding minimal compartmental decom-
position is shown, representing the smallest number of sub-
sets required for self-maintenance. The upmost DO, contain-
ing all species, appears as the set of persistent species in the
simulation shown in the lower right of Figure 1d. Simulations
were performed using Matlab R2023b method ’pdepe’. Ini-
tial conditions: c01(x) = 1 for x ∈ Ω, c02(x) = 0.3x4 for x < 0
and c02(x) = 0 for x ≥ 0, and c03(x) = 0.3x4 for x ≥ 0 and
c03(x) = 0 for x < 0. Diffusion rates: d1 = 5, d2 = d3 = 0,
that is, only species s1 diffuses.

The simulation of the solution c(x, t) shows that all three species are

persistent, with the persistent subsets {s1, s2} and {s1, s3} distributed

spatially across the domain. Hence, the set of persistent species Φ(c) =

{s1, s2, s3} constitutes a distributed organization, confirming the theoret-

ical prediction of Theorem 2.

Remark (Dynamical realization of distributedness). The introductory sim-

ulation result shown in Figure 1 illustrates how distributed organizations

can be realized or maintained through spatial separation. In [10], we

demonstrated with a simulation example of a heteroclinic orbit that such

a realization can also occur in time. Of course, distributedness may also

result from a combination of both aforementioned types or from entirely
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different causes, for instance functionally through a membrane separating

different compartments.

The concepts introduced in this section establish the structural and

analytical basis for the subsequent results, where we extend these notions

to reaction–diffusion–advection systems with general boundary conditions.

3 Results

3.1 Extension of the reaction network

To incorporate inhomogeneous Neumann BCs into our framework, that

is, to still capture the DOS representing persistent species, we augment

the reaction network accordingly. More precisely, if there is a positive

Neumann BC for a species s, we add an additional inflow reaction ∅ → s

for that species to the reaction network and if there is a negative Neumann

BC, we add an outflow reaction s→ ∅.

Definition 5 (Extension of the reaction network to incorporate BCs).

Given a RDAS with underlying reaction network (S,R). To incorporate

inhomogeneous Neumann BCs we add to R, which we will call the set of

interior reactions Rint, the set

Rext ≡ {rm+1, . . . , rm+n, rm+n+1, . . . , rm+2n} (19)

of so-called exterior reactions with

rj :

⎧⎨⎩∅ → sj , iff sj follows a positive Neumann BC,

∅ → ∅, iff sj follows a homogeneous Neumann BC,
(20)

for j = m+ 1, . . . ,m+ n, and

rj :

⎧⎨⎩sj → ∅, iff sj follows a negative Neumann BC,

∅ → ∅, iff sj follows a homogeneous Neumann BC,
(21)

for j = 2m+ n+ 1, . . . ,m+ 2n, to the reaction network.
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We call

(S,Rint ∪Rext) = (S,Raug). (22)

the augmented reaction of the RDAS and the corresponding stoichio-

metric matrix Naug ∈ Znx(m+2n) the augmented stoichiometric matrix of

the RDAS. Note, that Naug = (Nint|Next) is composed by the columns of

the original stoichiometric matrix (without BCs etc.) Nint ≡ N and the

columns referring to the exterior reactions Next.

Thus, in the case of only homogeneous Neumann BCs and no advection

the DOs are the same as defined in Definition 1.

Remark (Other types of BCs, Sources and Sinks). 1. The same exten-

sion of the reaction network as applied for positive Neumann bound-

ary conditions should also be performed for more general RDAS

whenever a species is not introduced into the system by reactions,

but rather through other boundary conditions that justify an inflow,

such as corresponding Dirichlet boundary conditions, or through a

source.

2. The same applies conversely to sinks or any type of outflow.

3. If both inflows and outflows occur, for example at shared boundaries

or under periodically alternating boundary conditions, then both

an inflow and an outflow should be defined for the corresponding

species in the extended reaction network. The same holds if, for

instance, under Dirichlet boundary conditions either an inflow or an

outflow may occur depending on the solution, since COT specifies

all potentialities of an RDAS in the long-term behavior.

3.2 Adopted definition of organizations

We now present generalization of Definition 1 for DOs to account for in-

homogeneous BCs, sinks, sources, etc. in RDASs. For simplicity, we again

employ the term organization, although it represents a generalization of the

original definition. The so-called distributed organizations (DOs) there-

fore constitute an intermediate stage between the original definition of
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organizations and the new definition proposed in this work. In particular,

the new definition of organizations not only incorporates inhomogeneous

boundary conditions, sinks, and sources, but also accounts for the fact

that an organization cannot, in general, be uniquely reduced to a set of

species. Instead—at least in cases where ambiguities may occur—it must

also involve an associated set of reactions [11]. Accordingly, the following

definition builds upon the previous work on the computation of organi-

zations, in which the inclusion of organizations themselves had already

become necessary [11].

Definition 6 (Organizations of augmented reaction networks). Let

(S,Rint) be a reaction network with |S| = n species and |Rint| = m

internal reactions, and let Rext denote the set of exterior reactions that

represent boundary inflows and outflows according to Definition 5. The

augmented network is

(S,Raug), Raug := Rint ∪Rext,

with stoichiometric matrix Naug = [Nint | Next ] ∈ Zn×(m+|Rext|).

A pair (O,R) with O ⊆ S and R ⊆ Raug is called an organization of

the augmented reaction network if and only if there exist k ∈ N triplets

(Si, Ri, v̂
(i)), i = 1, . . . , k,

called compartments, such that the following conditions hold:

(1) Each Si ⊆ S is closed with respect to Rint, that is,

∀r ∈ Rint : supp(r) ⊆ Si ⇒ prod(r) ⊆ Si.

(2) Covering: The overall set of species and reactions is obtained by

O =

k⋃︂
i=1

Si, R =

k⋃︂
i=1

Ri.
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(3) All exterior reactions are contained in at least one compartment,

Rext ⊆
k⋃︂

i=1

Ri.

(4) Feasibility (for internal reactions): for every r ∈ Rint and every

i ∈ {1, . . . , k},
supp(r) ⊆ Si ⇒ r ∈ Ri.

(5) Each compartment is associated with a nonnegative flux vector v̂(i) ∈
Rm+|Rext|

≥0 satisfying

v̂(i)r > 0 ⇔ r ∈ Ri,

and the total flux fulfills the self-maintenance condition

Naug

k∑︂
i=1

v̂(i) ≥ 0. (23)

If these conditions are met, we call (O,R) an organization of (S,Raug) and

write

O = {S1 | S2 | · · · | Sk }

to denote the distribution of O into the closed compartments Si.

Following Theorem 1 of [10], the set of all organizations of an aug-

mented reaction network again forms a lattice. This follows because the

generalized notion of organization preserves closure under unions and in-

tersections of feasible compartment configurations. Hence the lattice struc-

ture carries over from the classical setting to the augmented case.

Computation of organization lattices. The lattice structure intro-

duced above is not merely existential but can also be generated algorith-

mically. In previous work, algorithms were developed for computing all

distributed organizations (DOs), sets of organizational reactions (SORs),

maximal compartments (MCs), and their corresponding lattice structures



983

directly from reaction networks [11]. These methods require no knowl-

edge of kinetic parameters or reaction-rate constants and therefore remain

fully consistent with the kinetics-free philosophy of Chemical Organization

Theory.

The computational procedure starts by constructing elementary reac-

tion closures (ERCs), which represent minimal reaction structures that

become activated together. Based on these ERCs, all admissible sets of

organizational reactions are computed using mixed-integer linear program-

ming (MILP) combined with integer cuts. Distributed organizations and

their minimal compartmentalizations are then derived from these reaction

sets.

Since the present framework extends classical reaction networks only

by introducing augmented exterior reactions for inflows and outflows, the

same computational strategy can be transferred directly to augmented

reaction networks. In particular, exterior reactions simply enlarge the

reaction set while preserving the closure and self-maintenance conditions

underlying the algorithm.

As in related combinatorial approaches such as minimal siphon com-

putation in Petri nets, the overall computational complexity may grow

exponentially with network size. In fact, the underlying optimization prob-

lems are NP-hard in the worst case [11]. Consequently, organization lat-

tices should primarily be regarded as exact structural objects rather than

polynomial-time constructs in general.

3.3 Total flux of a RDAS

Definition 7 (Subsequential time-averaged internal and external fluxes).

Let c : Ω× [0,∞) → Rn
≥0 be a bounded solution of the reaction–diffusion–

advection system on a bounded domain Ω ⊂ Rp. Consider an increasing

sequence of time points (tj)j∈N satisfying

1 ≤ tj+1 − tj ≤ Z

for some constant Z > 0.

Assume that the corresponding averaged internal and external fluxes
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admit convergent subsequences. Then we define

v̂int = lim
k→∞

1

tjk+1 − tjk

∫︂ tjk+1

tjk

∫︂
Ω

v(c(x, t)) dx dt

and

v̂ext = lim
k→∞

1

tjk+1 − tjk

∫︂ tjk+1

tjk

∫︂
∂Ω

g(x, t) dS dt.

Remark. The use of bounded moving windows follows the philosophy of

local persistence developed in the context of distributed organizations in

reaction–diffusion systems [10]. In contrast to global Cesàro averages over

[0, T ], bounded windows allow the detection of persistent local activity

patterns that may recur intermittently over time.

3.4 Standing assumptions for the main results

In order to formulate the main structural results in a mathematically rig-

orous way, we impose the following assumptions throughout this section.
Consider the reaction–diffusion–advection system

∂tci(x, t) = Di∆ci(x, t)−∇·(ui(x, t)ci(x, t))+

m∑︂
r=1

Nirvr(c(x, t)), i = 1, . . . , n, (24)

on a bounded domain Ω ⊂ Rd with sufficiently smooth boundary ∂Ω,

supplemented with boundary flux conditions

Di∇ci(x, t) · ν(x)− ui(x, t)ci(x, t) · ν(x) = gi(x, t), x ∈ ∂Ω, (25)

where ν denotes the outward unit normal vector.

Throughout the following, we assume:

(A1) Bounded domain and regularity. The domain Ω is bounded and

has piecewise smooth boundary. The diffusion coefficients satisfy

Di > 0 for all i ∈ {1, . . . , n}.

(A2) Existence of bounded weak solutions. There exists a global

weak solution

c : Ω× [0,∞) → Rn
≥0
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that remains nonnegative and uniformly bounded, i.e., there exists

a constant M > 0 such that

0 ≤ ci(x, t) ≤M

for all i ∈ {1, . . . , n}, x ∈ Ω, and t ≥ 0.

(A3) Regularity of advection and boundary fluxes. The advec-

tion fields ui(x, t) and boundary fluxes gi(x, t) are measurable and

bounded. Moreover, for each species si, the boundary flux is as-

sumed to possess a well-defined long-term sign structure in the sense

that there exist measurable subsets

∂Ω+
i , ∂Ω−

i , ∂Ω0
i

with

∂Ω = ∂Ω+
i ∪ ∂Ω−

i ∪ ∂Ω0
i

such that, asymptotically in time, positive time-averaged boundary

fluxes prevail on ∂Ω+
i , negative time-averaged boundary fluxes pre-

vail on ∂Ω−
i , and asymptotically vanishing boundary fluxes prevail

on ∂Ω0
i .

(A4) Existence of subsequential moving-window flux averages.

For every bounded solution c(x, t), there exists an increasing se-

quence (tj)j∈N with 1 ≤ tj+1 − tj ≤ Z such that the corresponding

moving-window averages of the internal and external fluxes admit

convergent subsequences.

(A5) Persistence in the sense of positive recurrence. A species set

S ⊆ M is called persistent if there exists ε > 0 such that the set of

times {︃
t ≥ 0 : inf

x∈Ω
ci(x, t) ≥ ε for all si ∈ S

}︃
has positive upper density in time.

Assumptions of this type are standard in the study of asymptotic prop-

erties of dissipative reaction–diffusion systems, persistence theory, and
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long-time averaging arguments; see, e.g., [15, 46,47].

3.5 Generalized main theorem

Lemma 1 (Divergence theorem for diffusion and advection). Let c =

(c1, . . . , cn) be a sufficiently smooth solution of the reaction–diffusion–

advection system 6. Then, for every species index i and every time interval

[tj , tj+1], the following identities hold:∫︂ tj+1

tj

∫︂
Ω

∇·
(︁
di∇ci

)︁
dx dt =

∫︂ tj+1

tj

∫︂
∂Ω

(di∇ci ·ν) dS dt, (26)

∫︂ tj+1

tj

∫︂
Ω

∇·
(︁
u ci

)︁
dx dt =

∫︂ tj+1

tj

∫︂
∂Ω

(u·ν) ci dS dt. (27)

Consequently, all boundary contributions originating from diffusion and

advection are fully contained in the single boundary integral∫︂ tj+1

tj

∫︂
∂Ω

Ji ·ν dS dt =
∫︂ tj+1

tj

∫︂
∂Ω

gi dS dt. (28)

Hence, no advective volume term remains in the integral balance; mass

exchange due to transport processes occurs exclusively through ∂Ω.

The proof is given in Appendix 6.

The divergence-free condition ∇· u = 0 ensures that advection acts

purely as transport without internal sources. Hence advective effects enter

the persistence balance only through the boundary integral. Persistence

can therefore be sustained by convective inflow, even when internal reac-

tions alone would not maintain positivity.

The sequence of results leading to the following theorem follows a clear

progression: first for ODEs describing well-mixed systems, then for spa-

tially extended reaction–diffusion systems, and finally for the general case

considered here. In contrast to these earlier formulations, the present work

extends the correspondence between persistence and organizations to re-

action–diffusion–advection systems with general inhomogeneous boundary

conditions and arbitrary advective transport.
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Theorem 3 (The set of persistent species of a RDAS is a DO). Assume

that the RDAS satisfies assumptions (A1)–(A5). Then the set Φ(c) of

persistent species is a DO of the underlying augmented reaction network

(S,Rint ∪Rext).

The full proof is given in Appendix 7.

3.6 Inverse theorem

Theorem 4 (Inverse Theorem for RDAS organizations — kinetics-free for-

mulation). Assume that the RDAS satisfies assumptions (A1)–(A5). Let

(S,Rint) be a reaction network and Rext the exterior reactions forming the

augmented network (S,Raug) with stoichiometric matrix Naug = [Nint |
Next ]. Assume (O,R) is an organization of (S,Raug) in the sense of Def-

inition 6. Then there exists an RDAS (6)–(10) with diffusion coefficients

di ≡ 0 and u ≡ 0, a (time-independent) boundary flux g, and locally Lips-

chitz reaction rates v : Rn
≥0 → R|Rint|

≥0 such that the corresponding bounded

solution c : Ω× R+ → Rn
≥0 satisfies

Φ(c) = O.

The proof is given in Appendix 8.

Remark on internal interfaces Since diffusion and advection are set

to zero in the constructed RDAS (di ≡ 0, u ≡ 0), there are no fluxes

across the internal interfaces ∂Ωi∩∂Ωj . Hence each subdomain Ωi evolves

independently, and the piecewise constant stationary state c∗, although

discontinuous across these interfaces, satisfies the equations in the weak

sense.

If one prefers strictly positive diffusion coefficients

di ≡ ε > 0,

standard elliptic regularization results (see, e.g., [18]) imply the existence

of smooth stationary solutions cε that converge to c∗ as ε→ 0. Thus, the

inverse construction is robust under small diffusive perturbations.
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The inequality Nv̂ ≥ 0 in Definition 6 ensures that, for the stationary

solutions constructed in the proof of the Inverse Theorem 4, the external

inflows and outflows of each species sum to a value that is greater than or

equal to zero. This value can be interpreted as representing the state of

an internal reservoir for each species, which requires no external supply,

thereby allowing the entire system to be regarded as effectively closed.

3.7 Illustrating examples

To elucidate how the generalized definitions and theorems apply in prac-

tice, we present two variants of the introductory Example I from Sub-

section 2.7. Both examples demonstrate how boundary conditions and

advection modify the organizational structure predicted by the theory.

3.7.1 Example II

In this example, reaction r1 : s1 + s2 → 2s1 + s2, which produces

s1, is eliminated and compensated for by a positive Dirichlet BC at the

left boundary, which replaces the former homogeneous Neumann BC (see

Figure 2a for the PDEs). The positive Dirichlet BC is represented by the

new inflow reaction r1,ext : ∅ → s1 of the extended reaction network (see

Figure 2b). This in turn is used to compute the corresponding lattice of

organizations (see Figure 2c), which differs from the one of Example I but

contains the same DO {s1s2|s1s3}. All other parameters were chosen as in

Example I. The simulation results are shown in Figure 2d with the initial

state on the left and the long-term behavior on the right, which is ruled

by the organization {s1s2|s1s3} as for Example I.
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∂c1
∂t

= −c21c3 + d1
∂2c1
∂x2

∂c2
∂t

= −c2c3

∂c3
∂t

= −c2c3

(a) PDEs

r1,ext : ∅ → s1

r2 : 2s1 + s3 → s3

r3 : s2 + s3 → ∅

(b) Reactions

s1s3s1s2

s1

s1s2|s1s3

s1

(c) Organizations

(d) Example II simulation: ICs (left) and steady state (right)

(e) Example III simulation: ICs (left) and steady state (right)

Figure 2. (a) PDEs, (b) set of reactions, (c) lattice of organizations
and simulation results of Example II (d) and Example III

(e) both with positive Dirichlet BC
∂

∂n
c1(−2, t) = 30, t ≥ 0,

for s1 at the left boundary of the domain. Furthermore, for
Example III, the diffusion constant of s1 was reduced by
1

50
to d1 = 0.1, which was compensated by a homogeneous

rightward advection with constant a1 = 0.01. Simulations
were performed using Matlab R2023b method ’pdepe’. All
other parameters as for Example I.
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3.7.2 Example III

Example III builds upon Example II. The only difference is that for Ex-

ample III diffusion of s1 was reduced strongly to (a computationally af-

fordable)
1

50
compared to Example I and compensated by a rightward

advection of s1 with a coefficient of a1 = 0.01. All other parameters were

kept unchanged. PDEs, reactions and lattice of organizations were the

same as for Example II (see Figures 2a to 2c). Figure 2e shows the simu-

lation results for Example III.

3.8 Viral infection dynamics with interferon, antibod-

ies, and advective clearance

Within-host infection of airway epithelia is classically described by target-

cell models [48–50]. Spatial extensions incorporate viral diffusion and mu-

cociliary advection in the respiratory tract, as well as boundary exposure

and drainage [51–54]. To demonstrate a richer lattice of organizations in

our framework, we consider the species: S (susceptible), E (eclipse), I1

(productively infected), I2 (late infected), V (free virus), F (type-I IFN),

R (refractory), A (antibody), C (virus–Ab complex).

The setup follows a generic respiratory infection model inspired by

influenza A dynamics in airway epithelia [51]. Unlike previous simulation-

based studies, we here analyze the algebraic structure of persistence inde-

pendent of kinetic parameters.

On a Lipschitz domain Ω ⊂ Rp (upper airways) we pose the RDAS

∂tS = −βSV − σFS + ρR, (29)

∂tE = βSV − κE, (30)

∂tI1 = κE − γI1, (31)

∂tI2 = γI1 − δI2, (32)

∂tV = pI2 − cV − kAV +DV ∆V − u · ∇V, (33)

∂tF = πI1 − µF +DF∆F, (34)

∂tR = σFS − ρR, (35)

∂tA = sA − ηA− kAV +DA∆A, (36)
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∂tC = kAV − ξC, (37)

with nonnegative smooth initial data. Here u is a divergence-free advection

field (mucociliary transport), D• ≥ 0 are diffusion rates.

Boundary conditions and augmented reaction network At an ex-

posure boundary Γin ⊂ ∂Ω we prescribe a viral inflow JV · ν = gin > 0;

along drainage/clearance boundaries Γout we impose advective outflow

JV ·ν = −goutV . The inflow boundary Γin represents initial viral exposure

in upper airways (e.g., inhaled inoculum), whereas Γout models mucocil-

iary clearance through advective transport towards the pharynx. Else-

where we use homogeneous flux or do-nothing conditions for transported

fields. Antibody can be supplied from the periphery via a Robin/flux in

A on vascular interfaces. Following Def. 5, the augmented network adds

exterior reactions

∅ → V, V → ∅, ∅ → A,

to the interior set listed in Appendix 9. This augmentation transforms the

open viral system into a closed algebraic framework to which Theorem 3

and Definition 6 directly apply. It yields an augmented stoichiometric

matrix Naug used to compute the organizations below according to Defi-

nition 6.

Table 1 summarizes the principal organizations of the augmented viral

infection network, while Figure 3 visualizes their inclusion relations in

schematic lattice form. This representation makes explicit which persistent

regimes are organizationally admissible and which larger species sets fail

because the self-maintenance condition is violated.

Possibly persistent subsets and their organizational relations are

summarized in Table 1 and visualized schematically in Figure 3. The

sets discussed below illustrate how antibody inflow, viral exposure, and

interferon control give rise to distinct organizational regimes.

Due to the inflows of viruses and antibodies and the virus neutral-

ization V + A → C → ∅, O1 = {V |A} represents the smallest possibly

persistent set or organization, which merges into O2 = {V,A,C} once com-
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Table 1. Selected organizations of the augmented viral infection net-
work and their qualitative interpretation. Here, compartmen-
talization is indicated by vertical bars. Parentheses indicate
optional occurrence of a species depending on the compart-
mental realization.

Org. Species structure Qualitative interpretation

O1 {V | A} Minimal compartmentalized antibody-
control block sustained by viral and anti-
body inflow.

O2 {V,A,C} Non-compartmentalized antibody-
neutralization block including the
virus–antibody complex.

O3 {S | V | A} Susceptible cells spatially separated from
the antibody-control block.

O4 {S | V,A,C} Susceptible cells coexisting with a
non-compartmentalized antibody-
neutralization block.

O5 {F | S | V,A, (C)} Compartmentalized realization of inter-
feron control together with antibody-
mediated persistence.

O6 {F, S,R | V,A, (C)} Interferon-control organization with re-
fractory cells and antibody-mediated per-
sistence.

– {F, S,R,E, I1, I2, V } Not an organization: the full infec-
tion chain is not self-maintaining because
degradation dominates and Naugv̂ ≱ 0.

partmentalization is removed. These organizations represent the antibody

control block, one of the two existing control mechanisms for the virus.

Since the antibodies do not exhibit further interactions with other species,

they can trivially be assigned to any compartment of the subsequently

considered organizations that does not contain viruses, as long as their

inflow is present. Thus, for example, the organizations O3 = {S|V |A} and

O4 = {S|V,A,C} arise. If the antibodies are assigned to a compartment

containing viruses, the balance for the virus concentration within this or-

ganization must be maintained either through their inflow or through virus

release I2 → I2 + V .

The mentioned virus release stands at the end of a chain of reactions

that begins with the infection of susceptible cells: S + V → E + V ,

E → I1 → I2 → I2 + V , and up to and including interferon produc-
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tion I1 → I1 + F , represents an active infection without control. Since

this chain reproduces itself stepwise and (except for V ) each of its el-

ements is degraded, the set of elements involved in it must, from an

organizational-theoretical perspective, always be considered as a whole.

The aforementioned chain is closed by the two reactions F + S → F + R

(IFN signalling towards refractory state) and R → S (recovery of refrac-

tory cells), which represent IFN control, the second control mechanism

for the virus, and even include a positive feedback for S. However, this

positive feedback is not sufficient to balance the two negative feedbacks

(S + V → E + V and F + S → F + R) and to turn the overall com-

plex {F, S,R,E, I1, I2, A, V, C} into an organization. Formally, this follows

from violation of the non-negativity condition Naug v̂ ≥ 0 due to unbal-

anced degradation fluxes. Therefore, the species set {F, S,R,E, I1, I2, V }
cannot be part of any persistent set of any solution. Only organizations

such as O5 = {F |S|V,A, (C)} and O6 = {F, S,R|V,A, (C)} can be persis-

tent due to appropriate compartmentalization. The F (type-I IFN) makes

them belonging to the IFN control block. Thus, the lattice partitions the

viral dynamics into three algebraically distinct control regimes: antibody-

mediated, interferon-mediated, and uncontrolled infection.

The predominance of compartmentalized organizations demonstrates

the important role of spatial distributedness for the persistence of many

organizations. This persistence becomes more difficult when V or A exhibit

high diffusivity. Conversely, it can be supported by a suitably oriented

strong advection of V with respect to the inflows and outflows of V and A.

If the inflow of V vanishes, new infection-free organizations may naturally

emerge.

Connection to published simulations (i) Spatial localization and

transport: Quirouette et al. reproduce axial gradients and region-specific

infection in the human respiratory tract; our organizations with advec-

tion (u ̸= 0) and inflow/outflow capture transitions between persistence

nodes when exposure (gin) or clearance (gout) shift [51]. Spatial pat-

tern transitions induced by boundary inflow and advective transport have

been demonstrated analytically and numerically in open reaction–diffusion
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systems [18]. (ii) IFN ring/barrier effects: PDE simulations show that

paracrine IFN creates expanding refractory “rings” that stall infection

spread—consistent with transitions into O6 resp. only {F, S,R} in case

the inflows from V and A are over [52]. (iii) Interferon fields in RD mod-

els: Reaction–diffusion models with IFN (and delay) generate fronts and

reduced plaque growth, matching the same organizations, that is, those

{F, S,R} again [55]. (iv) Antibody layers: Hybrid continuum agents with

antibodies support long-term coexistence of A and C aligning with the or-

ganization {S | V,A,C} [56]. Although these simulations do not explicitly

address persistence in the algebraic sense of Theorem 3, their long-term

stationary patterns correspond to distinct persistent subsets predicted by

the organizational framework. Collectively, these correspondences vali-

date that the lattice structure captures all qualitatively distinct spatial

outcomes observed in detailed PDE and hybrid models.

What the lattice predicts The lattice provides a structural phase

map: increasing antibody supply (boundary inflow in A) moves Φ(c) from

the set of all species to O4 or further downward, while stronger IFN produc-

tion (π) or signalling (σ) shifts towards O6 and finally – when the inflows

of V and A vanish – to its subset {F, S,R}, which is an organization in

this case; reducing exposure gin or increasing gout induces a descent to

{S}. These transitions reflect simulation results, yet they are themselves

algebraic consequences of the augmented network and do not rely on fit-

ted kinetics. Hence, the proposed algebraic approach provides a compact

explanatory framework for complex spatio-temporal infection phenomena,

revealing that persistence transitions follow from stoichiometric topology

alone.

4 Discussion

This work generalizes the structural persistence framework from reac-

tion–diffusion to reaction–advection–diffusion systems with open bound-

aries. The theoretical framework developed in this work establishes a uni-

fying correspondence between algebraic structure and dynamical behav-
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ior in reaction–diffusion–advection systems (RDAS). The Main Theorem

demonstrates that the persistent species of any bounded RDAS solution

form an organization of its augmented reaction network, while the Inverse

Theorem proves the converse: every algebraically admissible organization

can be dynamically realized as the persistent set of a suitable RDAS. To-

gether, these results establish a two-way correspondence between structure

and dynamics.

An important distinction concerns the role of reaction-network realiza-

tions. While equivalent dynamical systems may admit multiple reaction-

network representations, the present framework operates on the model-

induced augmented network obtained directly from the RDAS formula-

tion. Thus, the structural correspondence established here is independent

of kinetic parameter choices while remaining grounded in the mechanistic

representation selected during model construction.

Conceptual significance. This bidirectional relation elevates the the-

ory from a one-directional criterion,

dynamical persistence ⇒ algebraic organization,

to a true correspondence

structure ⇐⇒ dynamics.

Hence, the lattice of organizations provides an algebraic description of a

broad class of long-term behaviors of open reactive media satisfying as-

sumptions (A1)–(A5). Persistence and extinction appear as topological

phenomena governed by flux balance and boundary geometry rather than

by kinetic parameter choices alone. This observation aligns with analyti-

cal results showing that advective transport and boundary exchange can

fundamentally alter survival outcomes in spatially distributed systems. In

particular, transport-induced localization and isolation of reactive regions

have been demonstrated in open reaction–diffusion systems [18], while

advection-driven propagation has been shown to facilitate persistence in

heterogeneous media [20]. Together, these results underscore that bound-
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ary geometry and transport fields are not merely quantitative modifiers

but may qualitatively influence long-term viability.

From a theoretical standpoint, this result is analogous to completeness

or realization theorems in other mathematical disciplines: it shows that

the notion of organization is not only necessary but also sufficient for per-

sistence. No algebraically admissible organization remains unrealizable;

conversely, no dynamically persistent structure lies outside the algebraic

framework. This shows that the organization formalism is sufficiently ex-

pressive to represent a wide range of persistent behaviors.

Relation to prior work. Classical Chemical Organization Theory

(COT) [9] already established that persistent steady states of closed

reaction networks correspond to self-maintaining, closed sets of reac-

tions and species. Subsequent generalizations to spatially distributed

systems [10, 11, 25] extended this correspondence to diffusion-driven

persistence. The present contribution advances this line of reasoning to

fully open systems with advection and inhomogeneous boundary fluxes,

integrating continuous transport and discrete network topology within a

single algebraic–topological framework. By introducing the concept of an

augmented reaction network, the theory unifies PDE-based flux balance

with combinatorial closure conditions and provides a mathematically

rigorous bridge between network theory and partial differential equation

analysis [16].

Relation to Petri-net approaches and siphons. Persistence in reac-

tion networks has also been studied extensively using Petri-net approaches,

particularly through the concept of siphons [57, 58]. A siphon is a subset

of species with the property that every reaction producing a species of the

subset also consumes at least one species from the same subset. Conse-

quently, once all species of a siphon disappear simultaneously, the reaction

structure alone cannot regenerate them.

Both siphons and organizations address persistence by studying struc-

tural properties independently of specific kinetic parameters. However,

they focus on different aspects of network structure. Petri-net approaches
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identify constraints associated with possible species disappearance,

whereas organizations and distributed organizations characterize subsets

of species that can maintain themselves through feasible reaction fluxes

and compartmental organization.

The notions are therefore complementary rather than equivalent.

While siphons describe structural restrictions on recovery after extinction

events, distributed organizations describe structurally maintainable

configurations of species and reactions. In particular, DOs additionally

incorporate closure, self-maintenance, and compartmentalization proper-

ties, which become particularly relevant in spatially distributed systems

such as RDAS.

From a computational perspective, both approaches lead to combina-

torial problems. The computation of minimal siphons is known to exhibit

exponential worst-case behavior [57], while the computation of distributed

organizations likewise involves NP-hard optimization problems [11]. A de-

tailed mathematical correspondence between siphons and DOs remains an

interesting direction for future work.

An additional advantage of the presented framework is its direct exten-

sibility to other types of boundary and coupling conditions. The augmen-

tation principle used to incorporate inhomogeneous Neumann boundary

conditions and advective fluxes applies likewise to Dirichlet, Robin, or

mixed boundary conditions, as well as to time-dependent inflows, sinks,

or cross-domain coupling terms. In each case, the boundary or external

process can be represented by a corresponding inflow or outflow reaction

in the augmented reaction network. This makes the approach broadly

applicable to many open or boundary-driven reaction–transport systems.

Implications and perspectives. Because every organization satisfying

the assumptions of Theorem 4 can be realized by an appropriate RDAS.

Desired persistence patterns can, in principle, be engineered through tar-

geted modifications of boundary fluxes, advection fields, or external inflows

and sinks. This construction links algebraic feasibility with physical re-

alizability and suggests new applications in synthetic biology, metabolic

and ecosystem engineering, and the control of spatially extended reaction
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networks [22,59].

Beyond its immediate mathematical implications, the framework ex-

tends the reach of persistence theory to a broad class of spatially dis-

tributed systems. It invites future analytical work on: (i) bifurcations and

connectivity within the lattice of organizations, (ii) stochastic and time-

periodic boundary conditions, and (iii) data-driven inference of effective

fluxes in complex media. In combination with numerical simulation, such

analyses may contribute to a comprehensive theory of structural persis-

tence—a principle unifying algebraic organization and dynamical viability

in open reactive systems.

The proposed framework allows organizational structures and persis-

tence constraints to be inferred directly from reaction topology and trans-

port structure without simulation or parameter estimation. This may fa-

cilitate inverse design and structural screening of large distributed systems.

5 Conclusions

This work extends the mathematical foundations of persistence in open

reaction systems by introducing an augmented network formalism for

reaction–diffusion–advection systems (RDAS) with general, possibly

inhomogeneous, boundary conditions. Within this framework we estab-

lished two central results. The Main Theorem proves that the set of

persistent species of any bounded RDAS solution corresponds exactly to

an organization of its augmented reaction network. The Inverse Theorem

complements this by showing that every such organization can be realized

dynamically by a suitable RDAS, thus closing the logical loop between

structure and dynamics.

Conceptually, these results generalize previous persistence theorems for

reaction–diffusion systems to include transport processes, external sources,

and sinks. They provide a unifying algebraic description of long-term

behavior in open systems: persistence and extinction emerge as structural

properties of the lattice of organizations, determined by flux balance and

boundary topology rather than by kinetic details. The proposed framework

therefore transforms the question of stability from a parameter-dependent
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dynamical problem into a combinatorial and topological one.

An application from virology has demonstrated how the theoretical

construct translates to realistic contexts [60, 61]. In each case, the aug-

mented network correctly predicts which species persist under specified

inflows, outflows, and advective transport, confirming the predictive power

of the theory.

Beyond explaining existing systems, the Inverse Theorem provides a

blueprint for inverse design: the intentional construction of RDAS that

realize a desired persistent organization by suitable boundary and trans-

port conditions. This perspective opens new opportunities for systematic

control and design in fields such as biology [62], engineering [63], microbial

communities [64], systems neurology [65,66], cell cycle modeling [67], sus-

tainable ecosystem modeling [26,68,69], and large-language modeling [70].

Future work may focus on rigorous characterization of bifurcations

within the lattice of organizations, extensions to stochastic and time-

periodic boundary conditions, and coupling with data-driven identification

of effective fluxes. Together, these directions aim toward a comprehensive

theory of structural persistence and design in spatially distributed reactive

systems.
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6 Appendix A

Proof of Lemma 1. Fix i ∈ {1, . . . , n}. For each fixed t ∈ [tj , tj+1], the
spatial divergence theorem applied to the vector fields di∇ci(·, t) and
u(·, t) ci(·, t) yields∫︂

Ω

∇·
(︁
di∇ci

)︁
(x, t) dx =

∫︂
∂Ω

di∇ci(x, t)·ν(x) dS(x),∫︂
Ω

∇·
(︁
u ci

)︁
(x, t) dx =

∫︂
∂Ω

(u·ν)(x, t) ci(x, t) dS(x).

Integrating these identities over t ∈ [tj , tj+1] and using Fubini–Tonelli
to interchange time and space integrals gives (26)–(27). Summing the
boundary contributions associated with diffusion and advection, we obtain∫︂ tj+1

tj

∫︂
∂Ω

(︁
− di∇ci + u ci

)︁
·ν dS dt =

∫︂ tj+1

tj

∫︂
∂Ω

Ji ·ν dS dt,

which equals the right-hand side of (28) by the boundary condition in
(9).

7 Appendix B

Proof of Theorem 3. Step 1: Time-averaged flux field. By Lemma 1
and the boundary condition, the total (species-wise) balance over [tj , tj+1]
yields

1

tj+1 − tj

∫︂ tj+1

tj

∫︂
Ω

∂tc(·, t) dx dt = Nintˆ︁vint +Nextˆ︁vext = Naug ˆ︁v,
and passing to the limit uses boundedness of cΩ(t) :=

∫︁
Ω
c(x, t) dx, hence

the left-hand side tends to 0. Therefore

Naug ˆ︁v ≥ 0. (38)

(Nonnegativity follows componentwise from the compatibility condi-
tion 10)

Step 2: Decomposition by persistent subsets. For a persistent
subset S⋆ ∈ P (c) and small ε > 0 consider the region

ΩS⋆,ε(t) := {x ∈ Ω : ϕ(c(x, t)) = S⋆, and cs(x, t) > ε ∀s ∈ S⋆ },

which has strictly positive time–space frequency by persistence. On ΩS⋆,ε,
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v(c) is a feasible flux for S⋆; integrating v over ΩS⋆,ε×[tj , tj+1], normalizing
in time, and letting j → ∞, ε ↓ 0, defines a nonnegative vector ˆ︁v(S⋆)

supported exactly on reactions whose support is contained in S⋆. Doing
the same for the boundary integrals produces an external part. We set

ˆ︁v(S⋆) :=
(︁ˆ︁v(S⋆)

int , ˆ︁v(S⋆)
ext

)︁
∈ R|Raug|

≥0 .

By construction, with ˆ︁v =
∑︂

S⋆∈P (c)

ˆ︁v(S⋆)

we get

Naug

∑︂
S⋆

ˆ︁v(S⋆) = Naug ˆ︁v ≥ 0,

and for each S⋆ feasibility is fulfilled for internal reactions.

Step 3: Structure of the organisation. Define compartments
(Si, Ri, ˆ︁v(i)) by enumerating the nonempty persistent subsets Si ∈ P (c)and
taking ˆ︁v(i) := ˆ︁v(Si) and

Ri := { r ∈ Raug : ˆ︁v(i)r > 0 }.

Then:

(i) Closedness: Each Si is closed w.r.t. Rint since reactions with
supp(r) ⊆ Si contribute nonnegatively and cannot create products
outside Si on a set of positive measure (else Si would not recur with
positive frequency).

(ii) Covering: Set O :=
⋃︁

i Si = Φ(c) and R :=
⋃︁

iRi.

(iii) Exterior reactions: Active boundary inflow/outflow reactions appear

in at least one Ri by the construction of ˆ︁v(i)ext from the boundary
integrals.

(iv) Feasibility: If r ∈ Rint and supp(r) ⊆ Si, then r ∈ Ri by the defini-

tion of Ri; conversely, ˆ︁v(i)r > 0 implies r ∈ Ri.

(v) Self-maintenance: From (38) we obtain

Naug

∑︂
i

ˆ︁v(i) ≥ 0,

which establishes the self-maintenance condition.

Thus (O,R) = {S1| . . . |Sk} satisfies Definition 6 and O = Φ(c), which
proves the claim.
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8 Appendix C

Proof of Theorem 4. Step 1: Geometric setting and target state.
Let Ω ⊂ Rn be a bounded Lipschitz domain. For a finite index set I =
{1, . . . , k}, let {Ωi}i∈I be a measurable partition of Ω into pairwise disjoint
Lipschitz subdomains of positive measure,

Ω = ∪i∈IΩi, |Ωi| > 0, |Ωi ∩ Ωj | = 0 for i ̸= j.

These subdomains correspond to the compartments in Definition 6. The
interfaces ∂Ωi ∩ ∂Ωj are assumed impermeable (J ·ν = 0), so that each Ωi

evolves independently. No further geometric or topological assumptions
on the shape or adjacency of the subdomains are required.

For each compartment pick a vector c∗(i) ∈ Rn
≥0 with c

∗(i)
s > 0 for

s ∈ Si and c
∗(i)
s = 0 for s /∈ Si. Define the piecewise constant target state

c∗(x) = c∗(i) for x ∈ Ωi.
Step 2: Construction of admissible kinetics. We require a locally

Lipschitz rate function

v : Rn
≥0 −→ R|Rint|

≥0

such that, for each compartment Ωi, the prescribed flux ˆ︁v(i)int (see Defini-
tion 6) is attained at the target state c∗(i):

v(c∗(i)) = ˆ︁v(i)int.

To this end, define smooth, compactly supported weight functions ψi :
Rn → [0, 1] with ψi(c

∗(i)) = 1 and ψi(c
∗(j)) = 0 for j ̸= i. Then set

v(c) :=

k∑︂
i=1

ψi(c) ˆ︁v(i)int.

This v is globally Lipschitz and nonnegative. Moreover, to respect the
chemical support of each reaction r ∈ Ri, one may multiply the corre-
sponding component vr(c) by

∏︁
s∈reactants(r)

cs
cs+1 , which ensures vr(c) = 0

whenever a required reactant concentration cs = 0. Hence v(c) satisfies
v(c∗) = v∗ while remaining admissible for all c ≥ 0.

Step 3: Exterior reactions via boundary flux. Let ˆ︁v(i)ext be the
exterior part from Definition 6. Choose a (time-independent) boundary
flux density g so that on each Ωi

1

|Ωi|

∫︂
Ωi

Nint v
∗ dx +

1

|Ωi|

∫︂
∂Ωi

g · ν dS = 0.
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This is possible because the organization’s self-maintenance condition en-
sures that the net surplus induced by internal fluxes can be balanced
by admissible exterior (outflow) reactions; we distribute the signs of g
along inflow/outflow portions and enforce the nonnegativity compatibility
gs γs ≥ 0 with traces γs of c on the boundary (cf. compatibility condition
(10)). Since Ω is Lipschitz, the existence of a continuous linear trace oper-
ator γ : H1(Ω) → L2(∂Ω) is guaranteed by the standard trace theorem (cf.
Thm. 5.36 [16]). Hence for every weak solution c ∈ H1(Ω)n the boundary
values γ(cs) are well-defined in L2(∂Ω). The nonnegativity compatibility
condition gs γ(cs) ≥ 0 thus holds almost everywhere on ∂Ω, ensuring that
the boundary flux does not drive concentrations negative.

Step 3: Stationary solution. Consider the RDAS with diffusion
di ≡ ε > 0, u ≡ 0, reaction termNintv(c), and boundary condition J ·ν = g.
By construction, c∗ is a stationary solution: ∂tc

∗ = 0 in Ω and J(c∗) ·ν = g
on ∂Ω. Pick the initial condition c0 = c∗. Then the (classical) solution
satisfies c(·, t) ≡ c∗ for all t ≥ 0, and is hence bounded and nonnegative.

Step 4: Persistence set. On each Ωi and for each s ∈ Si we have
c∗s > 0, while for s /∈ O =

⋃︁
i Si we have c∗s ≡ 0. By the definition of

persistence (Definition 4) it follows that Φ(c) = O.
This completes the proof.

9 Appendix D

Set of reactions of the virus infection dynamics model of subsection 3.8
(before colon: corresponding term in the PDEs):

βSV : S + V → E + V, infection of susceptible cells,

κE : E → I1, transition to productive infection,

γI1 : I1 → I2, progression to late infection,

pI2 : I2 → I2 + V, virus release,

cV : V → ∅, viral clearance,

kAV : V +A→ C, antibody neutralization,

ξC : C → ∅, complex degradation,

πI1 : I1 → I1 + F, IFN production,

µF : F → ∅, IFN degradation,

σFS : F + S → F +R, IFN signalling → refractory state,

ρR : R→ S, recovery of refractory cells,

sA : ∅ → A, antibody synthesis,

ηA : A→ ∅, antibody decay.
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{S}

{}

O5 = {F | S | V,A, (C)}

O1 = {V | A}

O6 = {F, S,R | V,A, (C)}

O3 = {S|V |A}O2 = {V,A,C}

O4 = {S | V,A,C}

{F, S,R,E, I1, I2, A, V, C}

IFN control active infection antibody control

Figure 3. Meaningful species subsets of the virus infection dynam-
ics application: organizations are framed, others unframed.
Lines resp. arrows stand for subset relations. Due to the
BCs, the antibody control block, that is, A, V , and option-
ally – depending on the compartmentalization – also C are
present in every organization as long as the inflows of V
and A are active. If these inflows are inactive, new species
subsets such as {F, S,R}, {F | S} or {S} can persist as orga-
nizations. Furthermore, the empty set as well as {S} are not
closed and transit directly upward, which is marked by the
upward arrow. Conversely for the full set of species, which
is not self-maintaining, downward arrows show that it must
decay in the long-run. The subsets of species can be sub-
divided into three kinds: active infection, IFN control, and
antibody control.
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