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Abstract

We present an exact algorithmic framework for enumerating all
maximum common subgraphs shared by multiple vertex- and edge-
labeled graphs, motivated by molecular-graph comparison in chem-
informatics and computational chemistry and, more generally, by
comparison problems on labeled networks. The framework addresses
maximum common induced subgraphs (MCIS), maximum common
edge subgraphs (MCES), and their connected variants under label-
preserving matching. Algorithmically, it combines labeled modular-
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product constructions with a modified Bron—Kerbosch clique-enu-
meration procedure that retains the maximal intermediate candida-
tes needed for exact multi-graph reduction. To improve practical
performance, we incorporate pruning of redundant type-0 product
edges and similarity-based ordering of the input graphs. Formal cor-
rectness proofs, benchmarks on the ZINC and ChEMBL22 molecu-
lar datasets, and a publicly available implementation show that the
framework yields a reproducible exact method for labeled-network
comparison that is practically usable on the studied molecular in-
stance sizes.

1 Introduction

The maximum common subgraph (MCS) problem is a central computa-
tional challenge in graph-based modelling across numerous domains, in-
cluding bioinformatics, cheminformatics, pharmacophore mapping, pat-
tern recognition, computer vision, code analysis, compiler design, and
model checking [12,20,36,38]. More broadly, graph-theoretic methods are
used in epidemiology to model disease outbreaks [22], in neuroscience to
analyze brain networks [15], in landscape ecology to study habitat connec-
tivity [41], and in transportation science to analyze metro networks [16].
Returning to MCS, its importance is underscored by applications such
as structural alignment in systems biology [17], where large interaction
networks or metabolic pathways must be compared to reveal conserved
motifs, and in cheminformatics, where computing an MCS helps uncover
shared molecular frameworks and acts as a core ingredient for atom—atom
mapping and related tasks in computational chemistry.

Most foundational work addresses the pairwise MCS problem, which
is already NP-complete [23]. In practice, however, many cheminformatics
workflows require identifying a structural motif shared across more than
two molecules [14,27,28]. Two classical variants are especially relevant in
molecular informatics: the maximum common induced subgraph (MCIS),
which seeks the largest vertex-induced subgraph shared across the graphs
under comparison, and the maximum common edge subgraph (MCES),
which maximizes the number of common edges [5,7]. Both formulations

are commonly approached via clique search in modular (compatibility)
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product graphs [5], with foundational methods due to Bron and Kerbosch
[8] for maximal clique enumeration and Carraghan and Pardalos [11] for
exact maximum-clique search.

Subsequent work improved practical performance on labeled graphs
through branch-and-bound methods, backtracking, dynamic programming
on special graph classes, pruning strategies, and vertex-ordering heuristics
[6,9,24,32,34,35,40,42]. Heuristic approaches, such as those of Englert
and Kovacs, further trade optimality for speed when exact enumeration
becomes impractical [21].

For multiple graphs, however, the problem becomes substantially har-
der: combining pairwise solutions can miss substructures that are common
to all inputs [28]. Existing multiple-graph approaches include sequential
and parallel heuristics [10], FMCS [14], and MultiMCS [27]. These con-
tributions are practically important, but, to our knowledge, the literature
still lacks an exact framework for multiple labeled graphs that both enu-
merates all optimal solutions and provides formal correctness guarantees
for the setting studied here. This motivates the development of an exact
framework for common-subgraph analysis across multiple labeled graphs.

To address this gap, we develop an exact algorithmic framework for
comparing multiple labeled graphs, with molecular graphs as the primary
application domain. The framework covers MCIS and MCES problems,
including connected variants, under vertex- and edge-label constraints, and
is accompanied by formal correctness proofs. Algorithmically, it combines
modular-product constructions with a modified Bron—-Kerbosch-based cli-
que-enumeration procedure [5,8] and three complementary refinements:
pruning redundant product edges while preserving the relevant connectiv-
ity information, retaining all maximal intermediate candidates during it-
erative pairwise reduction, and ordering the input graphs by precomputed
similarity measures to reduce intermediate problem sizes. Benchmarks on
molecular datasets show that these design choices make the exact method
practically usable on the studied instances, while the publicly available

implementation supports reproducibility and comparative evaluation.
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Modeling assumptions and scope. Throughout the paper, molecules
are represented as finite simple undirected graphs whose vertex and edge
labels encode atom and bond types. Accordingly, all exactness claims
are with respect to this molecular representation and to label-preserving
matches. For MCES, we work via labeled line graphs; the formal connect-
edness and admissibility conditions used in this setting are introduced in
Section 2. This modeling scope is used consistently throughout the theory

and the computational experiments on molecular graphs.

Chemical interpretation of exactness. In the present paper, “exact”
always means exact with respect to the chosen molecular-graph representa-
tion. The framework therefore exhaustively enumerates optimal common
subgraphs under the specified vertex labels, edge labels, and connectedness
constraints, but it does not infer or preserve chemical information that is
not encoded in those labels. This interpretation applies throughout the
theoretical results, the molecular benchmarks, and the reaction-rule ex-

ample.

Generality beyond the molecular setting. Although the motivating
application and the empirical study concern molecular graphs, the formal
framework developed here is stated for arbitrary finite simple vertex- and
edge-labeled graphs. The same constructions—labeled modular products,
type-A connectivity, recursive candidate retention, and the line-graph re-
duction for MCES—therefore define a general exact method for labeled-
network comparison. Molecular graphs serve as the primary validation
setting because they provide a natural typed network representation, re-
alistic benchmark data, and an interpretable downstream application.

Beyond molecular similarity assessment, the framework can also serve
as a modeling primitive for extracting conserved reaction patterns. Sec-
tion 7 illustrates this point through an application of the connected MCES
framework to graph transformation rule inference from sets of related re-
actions.

The remainder of the paper is organized as follows. Section 2 introduces

the formal definitions and notation. Section 3 summarizes the method and
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states the main results, whose proofs are given in Section 4. Section 5 de-
scribes the modified Bron—Kerbosch-based pairwise MCS computation, the
pruning procedure, and the graph-ordering heuristics. Section 6 presents
benchmarking results, and Section 7 discusses the application to graph

transformation rule inference. Section 8 concludes the paper.

2 Preliminaries

Graphs. We consider (finite undirected) graphs G = (V| E), that is, V
is finite and F is a subset of the 2-element subsets of V. In this case,
G is always simple, that is, it cannot have multiple edges or edges of
the form {v,v}. For a graph G, we denote its vertex set by V(G) =V
and its edge set by F(G) = E. We write G ~ H if the graphs G and
H are isomorphic. We denote the Cartesian product of the vertex sets
V(G1),V(Gs),...,V(Gy) by V(G1) x --- X V(Gy).

A clique in G is a subset C' C V(G) such that every two distinct vertices
in C' are adjacent in G. A mazimal clique is an inclusion-maximal clique,
whereas a maximum clique is a clique of largest cardinality. A clique C of
size |C| = 3 is a triangle. A graph G is a claw if |V(G)| = 4 and there is
a vertex « € V(G) and edges {z,v} € E(G) for all v € V(G) \ {z} and no
further edges exist.

A graph H = (W, F) is called a subgraph of a graph G = (V, E), in
symbols H C G, if W C V and F C E. A subgraph H = (W, F) of a
graph G = (V,E) is called an induced subgraph of G if F = {{u,v} €
E:u,v € W}. For W C V(G), we denote by G[W] the induced subgraph
of G with vertex set W. We often consider cliques C' C V(G) also as
the induced subgraph G[C]. For F C E(G), we define the edge-induced
subgraph G[F] = (W, F) of G by setting W = U.cre as the set of all
vertices incident to edges in F' and keeping the edges in F'.

Two graphs G and H are isomorphic, in symbols G ~ H, if there is
a bijective map ¢: V(G) — V(H) such that {u,v} € E(G) if and only if
{o(u),p(v)} € E(H). In this case, ¢ is an isomorphism between G and
H. We use the standard notion of common subgraphs up to isomorphism.

A graph H is called a common subgraph of graphs G; and Go if there
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exist subgraphs H; C G; and Hy C G5 such that H; ~ Hy ~ H. If]

moreover, H; and Hy are induced subgraphs of G; and G5, respectively,

then H is called a common induced subgraph of G1 and G5. A common
induced subgraph H is a mazimum common (vertez-)induced subgraph
(MCIS) of G; and Gs if |V(H)| is maximum among all common induced
subgraphs of G; and G3. Equivalently, there exist induced subgraphs
H; C G; with Hy ~ Hs such that |V(H;p)| is maximum. Similarly, a
mazimum common edge subgraph (MCES) of G; and G2 is a common
subgraph H that maximizes |E(H )| among all graphs that are isomorphic
to edge-induced subgraphs of both G; and G3. These definitions naturally
generalize to more than two graphs G1, . . . , G, by requiring the existence of
subgraphs H; C G; that are pairwise isomorphic (and induced, respectively
edge-induced, in the MCIS and MCES settings).

A classical method for finding an MCIS of two graphs G; and Gs
proceeds via their modular product [5,29], which we slightly generalize

here.

Definition 1 ((n-ary) modular product). For i = 1,...,n, let G; be a
finite simple graph with vertex set V; and edge set F;. The (unlabeled,
n-ary) modular product G = *' |G, is the graph with vertex set V(G) :=
Vi x --- x V, and edge set defined as follows. Two distinct vertices x =
(x1,...,2n) and y = (y1,...,yn) are adjacent in G if and only if x; # y;
for all 4 € {1,...,n} and either

(0) {x;,y:} ¢ E; foralli € {1,...,n}, or
(1) {zi,y:} € BE; foralli e {1,...,n}.

Edges arising from case (0) are called type-0 edges and edges arising from
case (1) are called type-1 edges.

Forie {1,...,n},let p;: V(G) — V(G;) be the coordinate projection,
defined by p;(z) = z; for © = (21, ...,2,) € V(G). For asubgraph K C G,
set pi(K) = {pi(2): @ € V(K)} C V(Gy),

The subgraph of G; induced by the vertex set p; (K ), denoted G;[p;(K)],
is called the projection of K onto the i-th factor.

The 2-ary modular product G x G5 is also known as the weak modular
product [26].
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Labeled Graphs. In order to track specific atom types (vertex labels)
and bond types (edge labels), we consider labeled graphs. A vertez- and
edge-labeled graph is a tuple ¥4 = (G, A\v,Ag), where G = (V,E) is a
graph and Ay : V — Xy assigns a label to each vertex, and A\g: E — Xg
assigns a label to each edge. We also often write (V, E, Ay, Ag) instead of
(G, A\v,Ag) and call G the underlying graph of 4. We write V(¥¢) =V
and E(¥) := F for its vertex and edge sets.

Note that each unlabeled graph G = (V, E) gives rise to a labeled
version ¥ = (G, Ay, Ag) by putting the labels of all edges and vertices to
1. We call such labeled graphs uniformly-labeled.

In the following, let G = (V, E) and H = (V', E’) be two graphs. For
labeled graphs ¢ = (G, A\v, Ag) and 5 = (H, A\y/, Ag/), an isomorphism
p: V= V' between G and H is label-preserving if Ay (v) = Ay (¢(v)) for
all v € V and Ag({u,v}) = g ({p(u), p(v)}) for all {u,v} € E. In this
case we say that & and S are label-preserving isomorphic. Suppose now
that H C G. Then, we just say that J¢ is a subgraph of 4. In particular, a
clique of ¢ refers to a clique in G. Moreover, 7 is a labeled subgraph of ¢
if Ay (u) = Ay (u) for all vertices u € V' and Ag/(e) = Ag(e) for all edges
e € E'. Moreover, if 57 is a labeled subgraph of ¢ and H is an induced
subgraph of G, then J# is an induced labeled subgraph of ¢. Similarly, if
J is a labeled subgraph of ¥ and H is an edge-induced subgraph of G,
then JZ is an edge-induced labeled subgraph of ¢.

For a set of labels A and a graph G = (V, E), a labeled graph ¥ =
(G, A\v, Ag) is type-A connected if for every two distinct vertices u,v € V,
there exists a u-v-path in G such that Ag(e) € A for every edge e of this
path. Equivalently, the spanning subgraph (V,{e € E: Ag(e) € A}) of G
is connected. Note that if ¢ is uniformly labeled, or if A = ¥ (where
Y p =im(Ag)), then type-A connectedness coincides with the usual notion
of connectedness.

In the following, let %1 = (G1, A\v(c1), Ae(G1)), D2 = (G2, Av(Ga)s AE(G))
and s = (H, A\v(m), Aec)) be labeled graphs. If JZ is label-preserving iso-
morphic to an induced labeled subgraph of ¢4 as well as of %, then 7 is
called a labeled common induced subgraph of 4 and %. A mazimum labeled

common induced subgraph (labeled MCIS) is a labeled common induced
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subgraph ¢ for which |V (H)| is maximum among all labeled common
induced subgraphs of ¢ and %. Similarly, if 77 is label-preserving iso-
morphic to an edge-induced labeled subgraph of ¢4 as well as of %, then
A is called a labeled common edge-induced subgraph of 4 and %. A max-
imum labeled common edge-induced subgraph (labeled MCES) is such an
¢ maximizing |E(H)|. These definitions naturally generalize to labeled
common induced subgraphs and labeled common edge-induced subgraphs
of more than two labeled graphs.

We generalize here the modular product to be able to deal with labeled
graphs.

Definition 2 ((n-ary) labeled modular product). Let % = (Vi, E;, Av;, Ar,),
i=1,...,n, be finite simple vertex- and edge-labeled graphs with pairwise
disjoint vertex sets. The (n-ary) labeled modular product ¥ = +_,%; is
the labeled graph ¢ = (V, E, Ay, Ag) with vertex set

Vi={(v1,...,vn) €Vi X X Vit Ay (v1) =+ = Ay, (vn) },

and, for two vertices z = (x1,...,24),y = (Y1,.-.,Yn) € V, we have
{z,y} € E if and only if z; # y; for all i € {1,...,n} and either

(0) {xs,y:} ¢ E; foralli e {1,...,n}, or

(1) {zsy} € B for all i € {1,...,n} and Ap,({z1,;n}) = -+ =
Mg, ({@n, yn})-

Edges arising from case (0) are called type-0 and are assigned the dummy
label Ag({z,y}) := L. Edges arising from case (1) are called type-1 prod-
uct edges and receive the common edge label Ag({z,y}) == Ag, ({z1,91}) €
Y. Moreover, for each vertex v = (vy,...,v,) € V, we put Ay (v) =

)\V1 (1}1).
Note that if g1 = (Gl, )\V1 5 /\E1) and gg = (Gg, /\Vza )\E2) are uniformly

labeled, then the modular product ¢ x % coincides with the “classical”
modular product of G; and Gs that has vertex set V(G1) x V(G2) and
where, for any two distinct vertices (u,v) # (u/,v") € V(G1) x V(G3) with
u # v and v # V', {(u,v), (v, v")} is an edge if and only if (0) {u,u'} ¢
E(Gy) and {v,v'} ¢ E(G2), or (1) {u,u'} € E(G1) and {v,v'} € E(G2).
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Fori e {1,...,n}, let p;: V(¥4) = V(%) be the coordinate projection,
defined by p;(z) = z; for © = (z1,...,2,) € V(¥). For a subgraph
K C¥9,set pi(K) = {pi(z): z € V(K)} C V(¥). The labeled subgraph
of ¢; induced by the vertex set p;(K), denoted ¥;[p;(K)], is called the
projection of K onto the i-th factor.
Given a labeled graph ¢ = (V, E, Ay, Ag), its labeled line graph £ (¥)
= (W, F,\w, Ar) has vertex set W = F and edge set F = {{e, f} C
E:e # f, enf # 0}. For a vertex e € W, we set the vertex label
Aw (e) == Ag(e), and for an edge {e, f} € F, where we always have eNn f =
{v}, we set Ap({e, f}) == Ay (v). In this way, edge labels of ¥ become
vertex labels of .2 (%) and vertex labels of 4 become edge labels of .£(¥).

3 Finding maximum common subgraphs

As outlined above, all maximal (inclusion-wise) common induced sub-
graphs of G; and G5 can be obtained, up to isomorphism, by enumerating
all maximal cliques of G1 *G4 and projecting them back to Gy and G5 [31].
We extend this idea to develop methods for solving the following tasks.

(1) Finding an MCIS for two or more graphs.
(2) Finding a connected MCIS for two or more graphs.
(3) Finding a (connected) MCES for two or more graphs.

(4) Handling the MCIS and MCES problems for vertex- and edge-
labeled graphs on two or more graphs, where common subgraphs

must respect the respective labels.

We now give an overview of how we address Tasks (1)—(4). In partic-
ular, we state the main theoretical results here; all proofs are deferred to

Section 4.

Task (1). Suppose that G = G1 G4 is the “classical” modular product
of two uniformly-labeled graphs G; and G3. Each vertex (u,v) in a clique
C of G corresponds to the vertex u in (G; and the vertex v in GG3. Moreover,
an edge {(u,v), (v/,v")} in C ensures that either both {u,u'} and {v,v'}
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are edges, or both are non-edges, in G; and G5, respectively. Consequently,
all maximal (inclusion-wise) common induced subgraphs of G; and G5 (up
to isomorphism) can be obtained by enumerating all maximal cliques in
their modular product [31].

In general, we want to determine an MCIS of more than two graphs,
say the graphs G1,Ga, ..., G,. A straightforward but naive way to achieve

this goal follows from the following result.

Proposition 1. Let Gi,...,G, be graphs and let G = *}_,G; be their
modular product. Let K be some cliqgue in G and denote by Hyx =
Gi[pi(K)] the projection of K onto G; for an arbitrary i € {1,...,n}.

Then the following two statements are equivalent.
1. K is a maximum-sized clique in G.
2. Hg is an MCIS of Gy,...,G,.

Proposition 1 implies that it suffices to find maximum cliques in the
modular product G = x}_; G; to determine MCISs of Gy, ..., G, a prob-
lem that is known to be NP-hard [23]. Moreover, |V(G)| = |[V(G;1) %

- x V(G,)| > 2™ always holds whenever all factors G; have at least
two vertices; making the search space for finding maximal or maximum
cliques extremely large. Hence, although Proposition 1 provides an inter-
esting structural characterization, it does not lead directly to an efficient
method to solve the MCIS problem. Nevertheless, we will employ the
ideas in Proposition 1 to design efficient methods that rely only on well-
suited subgraphs of G in which we need to find maximal cliques, thereby
reducing the search space significantly.

The basic idea of our method works as follows. We begin by computing
all maximal cliques in G x G and storing them in the set K(2). For each
K € K@ and 1 < i < 2, we define Hi = G;[p;(K)] to be the projection of
K onto G;. By construction of the modular product, we have H}, ~ H%
for every K € K(®). We then choose the representative Hy = Hj. for all
K € K® and collect all such representatives in the set Hio. Next, for
each H € H, 2, we repeat this process: we compute all maximal cliques in

the modular product H x G'; collecting them over all H € H; > yields a
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Figure 1. In panel (A), two maximal cliques K and K’ in the modular
product G1xG2 of the two graphs G1 and G2 are shown. For
visual clarity, panel (A) does not display all edges of G1xGa;
only the edges belonging to the highlighted cliques K and
K’ are drawn. Panel (B) shows the graphs H}<, H}(, € Hi,2,
while panel (C) shows the modular products H}; * Gs and
HIl{, * (G3; see Example 1.

new collection X(®). Taking the representatives G1[p1 (K)] for all K € K®)
yields the set Hi 2 3.
We illustrate the latter idea with the help of the following example.

Example 1. For most of the graphs used here, we refer to Figure 1.
Consider the two graphs G, G2 and their modular product G; * G2. One
easily verifies that G; x G2 contains several maximal cliques. We have
highlighted two of them in panel (A) of Figure 1: K, which is induced
by the vertices (d,1) and (¢,2), and K’, which is induced by the vertices
(a,2), (b,3), and (d,4). In panel (B), we have shown H} = G1[p;(K)] and
H}., = G1[p1(K")]. These graphs are saved in the set H; 2. Note that only
H}., leads to an MCIS of G; and G2. However, we keep also the smaller
common subgraph H}( in the set H; 2 to track potential MCISs of G and
G5 and further graphs.

Indeed, if we consider a third graph Gj3, we can take advantage of
having stored the smaller subgraph H} of G; and Ga, since the maximal
cliques in H}.xG3 are larger than those in HL, *G3 and lead to an MCIS
of GG1, G2, and G3 that cannot be obtained using H}(, * (3; see panel (C)

of Figure 1. This also illustrates why, in our recursive construction, it is
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essential to retain all maximal cliques of the modular product G; x Go
rather than only maximum ones.

According to Proposition 1, we could have computed an MCIS by
determining maximum cliques in G = G; x Gy * G3. Note that G has
32 vertices. In our approach, we first enumerate maximal cliques in the
graph G x Gy with 16 vertices, and afterwards determine maximal cliques
in H}; x G (which has 4 vertices) and in H}, « G3 (which has 6 vertices).
This illustrates that the search space for determining maximal, and con-
sequently maximum, cliques is significantly reduced, particularly when a

large number of factors is involved.

We state here one of our main results, which shows that the aforemen-
tioned procedure can be used to solve the MCIS problem of unlabeled

graphs.

Theorem 2. Let Gy,...,G, be graphs. Then Hi,.. ., contains, up to
isomorphism, all MCISs of G1,...,Gy.

Task (2). For this task, we aim to find a connected MCIS of the graphs
G1,Ga,...,Gp. Recall from Definition 1 that edges {(u,v), (v,v')} in
the “classical” modular product G; * Gy are formed either from edges
{u,v'} € E(G;) and {v,v'} € E(G2), or from non-edges {u,u'} ¢ E(G1)
and {v,v'} ¢ E(G2).

Let H be a subgraph of G; x Gy. Clearly, H can contain both type-0
and type-1 edges. In [29], such edges are also called c-edges (connected)
and d-edges (disconnected). If there exists a wv-path in H consisting of
type-1 edges only for every two distinct vertices u and v of H, we say
that H is type-1 connected. Note that, for each type-1 edge {u,v} of
H, it holds that {p;(u),p;(v)} is an edge in G;, i € {1,2}. Suppose now
that K is a type-1 connected clique in G; x G3. Hence, for every u
and v in K, there exists a uv-path in K whose edges are all of type-1.
By the argument above, there is a corresponding p;(u)p;(v)-path in G,
i € {1,2}. Therefore, in this case, G;[p;(K)] is a connected (spanning on
p;(K)) subgraph of G, for i € {1,2}. For example, for the two graphs G

and G5 shown in Figure 1, the clique K is type-1 connected, whereas K’
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is not. Thus, if we restrict attention to connected MCISs, we would store
Hj}- but not Hi,. This generalizes naturally to more than two factors.
Hence, restricting to maximal type-1 connected cliques and select-
ing those of maximum cardinality yields exactly the connected MCISs of
G1,...,G,. A general version of this result, covering labeled graphs and

more general connectivity constraints, is stated in Theorem 3 below.

Task (3). To solve the MCES problem, we employ the line graph L(G)
= (W, F) of a graph G = (V, E), defined by setting W := E and {e, f}
€ Fifandonly ife # f and eNf # (. It is straightforward to verify that if
G is simple, then so is L(G).

It is well-known that finding a (connected) MCES in G is equivalent
to finding a (connected) MCIS in L(G), with special handling required
for claws and triangles; see, e.g., [29]. Using the methods from Tasks (1)
and (2), we start with L(Gy) and L(Gz) and compute L(G1) * L(G2)
to find all maximal (connected) common induced subgraphs. We then
proceed similarly with L(G3),. .., L(G,,) to obtain all maximal (connected)
common induced subgraphs of L(G1), ..., L(G,), which correspond to all
maximal (connected) common edge-induced subgraphs of Gy,...,G,.

However, the line-graph reduction suffers from a classical ambiguity
[43]: three mutually adjacent vertices in a line graph may correspond
either to a triangle or a claw in the original graph. To ensure an exact
correspondence between cliques in the modular product of the line graphs
and edge-induced common subgraphs of the original graphs, we restrict
attention to a family of cliques that avoids such ambiguous configurations
and, in particular, ensures that those cliques lead to a solution to the
MCES problem, see Theorem 5. The following definition is stated for the
general setting of labeled graphs and will later be used to treat the MCIS
and MCES problems for such labeled graphs, where common subgraphs
must respect the labels. Nevertheless, this definition carries over directly

to unlabeled graphs by considering their uniformly-labeled versions.

Definition 3 (Type-1 triangles and A-Y consistency and admissibility).
Let 4 = (G, A\v, Ag) == %1% be the modular product of labeled graphs
“,...,%,. Then a triangle T in G is of type-1 if all edges of T" are type-1
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Figure 2. Shown are several labeled graphs whose vertex and edge la-
bels are indicated by different vertex and line styles. In
panel (A), the product % x % contains exactly five vertices
and four edges. The gray edge with label L is a type-0 edge
in % x4, while all other edges in 4 x% are type-1. It is easy
to see that 4 * % has two maximal cliques: K, which is in-
duced by (d, 1) and (c,2), and K’ which is induced by (a, 2),
(b,3) and (d,4). The set H1,2 = {3, #},} consists of the
labeled graphs obtained as projections onto the first factor,
ie., #%E =% [p1(K)] and #;L, = % [p1(K')]; see panel (B).
Note that Jf& and .}fé/ are isomorphic to the labeled graphs
obtained from K and K’, respectively, by deleting all type-0
edges. However, only jfé, leads to a labeled MCIS of ¢; and
%5. Nevertheless, if we now consider a third labeled graph ¢
shown in panel (C), we use the set Hi1,2 = {#7}, #,L,} of all
maximal common labeled subgraphs of 4; and % and com-
pute S} x5 and 3?1%, *%3. The maximal labeled clique K’/
in J"f}%*gg then gives rise to a labeled MCIS of 41, % and 43,
and we obtain Hi,23 = {%é/,}, where :}féﬁ =% [p1(K")]
is the subgraph of 4 induced by the vertices ¢ and d.

edges of ¥.
A type-1 triangle T = {z,y,z} in G is A-Y consistent if the subgraph
of G; induced by {pi(z),p:(y),pi(2)} is either a triangle (A) for all i €
{1,...,n} or a claw (Y) for all i € {1,...,n}. Otherwise, T is called
ambiguous.
A clique C in G is A-Y admissible if all the type-1 triangles contained in

C' are A-Y consistent.

Note that the problem of finding (connected) maximum common edge-
induced subgraphs of Gi,...,G, can be viewed as a special case of our

labeled framework: we regard each G; as a uniformly labeled graph and
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apply the labeled modular product to their labeled line graphs L(G;), re-
stricting the clique search to A-Y admissible cliques as above. In this way,
the (unlabeled) MCES problem is reduced to a labeled MCIS problem on
line graphs. The general labeled setting, as well as the precise correspon-
dence guaranteed by Theorem 5, is discussed in more detail under Task (4)

below.

Task (4). We address the MCIS and MCES problems for labeled graphs
in order to track specific atom types (vertex labels) and bond types (edge
labels).

Recall from Section 2 that labeled MCISs of labeled graphs are com-
mon induced subgraphs that are pairwise label-preserving isomorphic and
have a maximum number of vertices. Moreover, a labeled subgraph J# =
(H,\v,\g) C ¥ is type-A connected if every two vertices of H are linked
by a path whose edges have labels in A. Vertex labels are already aligned
in the labeled modular product: a product vertex (v1,...,v,) exists only
if Ay,(v1) = -+ = Ay, (vy). Thus, vertex-label agreement (atom types)
along the factors is inherent in the labeled MCIS notion and requires no
additional tracking.

The correspondence between cliques in the modular product % ;%;
and the MCISs of 4,...,%, (as in Proposition 1) extends naturally to
the labeled setting and to the type-A connectivity constraint.

Theorem 3. Let 9 = %' %, be the modular product of the labeled graphs
4, ...,9, whose edge labels are collected in the set g, and let A C Xg
be a set of edge labels. Moreover, let # = (K = (Vk,Ex), Avy, \E, ) be
a type-A connected labeled clique in 4. Fix some i € {1,...,n}, and let
Hi be the labeled subgraph of 9; induced by the vertex set {p;(w): w €
Vi}, that is, #x = 9%[p;(Vk)]. Then, the following two statements are

equivalent:

1. & has the mazimum number |Vi| of vertices among all type-A

connected cliques in 9.
2. Hi is a type-A connected labeled MCIS of 4, ...,%,.
If A =Yg, then Hk is a connected labeled MCIS.
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Suppose we want a type-A connected labeled MCIS of ¢4, ...,%, for
some set of labels A. As in the unlabeled case, we first compute all maximal
type-A connected cliques in %) x%, store them in the set X(?), and derive
the set HfQ of all maximal common type-A connected labeled subgraphs
Ak =4 [p1(K)] of % and % for all K € K@), For each s € Hﬁz we
then consider the modular product 57 x ¢; and repeat this procedure to
derive the set 7—[‘14,273, and so on recursively, until we obtain the final set
i
The recursive construction in the labeled setting is illustrated in Fig-
ure 2, where panel (A) shows the initial labeled product, panel (B) the
projected candidates, and panel (C) their subsequent products with ¥;.

Theorem 4. Let 9, ..., %9, be labeled graphs and A be a set of edge labels.
Then H’f‘n
of 4,...,%,.

contains, up to isomorphism, all type-A connected MCISs

In the MCES (line-graph) setting, type-A paths in the product will
correspond to paths in the original graphs whose intermediate vertices
have labels in A as specified next. To recall, for a labeled graph ¥ =
(V,E, A\v, Ag), its labeled line graph is £ (¥4) = (E, F, Ag, \r) where F :=
{{e,f} CE:e# fien f # 0} and Ar({e, f}) = Av(v) with v being the
vertex that is contained in both e and f. Thus, edge labels of ¢4 become
vertex labels of .2 (%) and vertex labels of 4 become edge labels of £ (¥).

Definition 4 (Edge projections in the line-graph product). Let 4,...,9,
be labeled graphs and 4 = (G, A\v(q), Ag(@)) = *j=1-Z (%) be the modular
product of their labeled line graphs. For i € {1,...,n}, let p; : V(¥4) —
V(Z(%)) be the coordinate projection as defined in Section 2. Then,
for any subgraph K C G, it holds that p;(K) C E(%;) and we define
H(K) = Yi[pi(K)].

Note that a labeled subgraph S = (H, Ay, Ag) C 4 =+ .2 (%) is
type-A connected if every two vertices of H are linked by a path whose
edges have labels in A. Since each factor £ (%;) is a labeled line graph, ev-
ery edge {e, f} € E(Z(¥)) represents the incidence of two distinct edges
e, f € E(%) and is labeled by the label of their unique common endpoint
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in &;. Note that each vertex x € V(¥) is of the form z = (e, ..., e,) with
e; € V(Z(%)) = E(¥%). Hence, if {z,y} € E(¥) is a type-1 product
edge with Ag({z,y}) = a € A, then for every i € {1,...,n} the two edges
pi(z),pi(y) € E(¥;) are incident at a vertex v; with Ay, (v;) = a. Con-

sequently, A-labeled paths in the product ¢ project to chains of incident
edges in the original graphs whose intermediate vertices have labels in A.

On the other hand, vertex labels in .#(¥;) are precisely the edge labels
of ¢;, and these are already aligned in the labeled modular product: a
product vertex z = (eq,...,e,) in ¥ exists only if Ag, (e1) = -+ = Ag, (en).
Thus, edge-label agreement (bond types) along the factors is inherent in

the labeled MCES notion and requires no additional tracking.

Theorem 5 (A-Y disambiguation for MCES via line graphs). Let %, ...,
9, be labeled graphs whose edge labels are collected in the set X g, and let
A C X be a set of edge labels. Moreover, let G = I 1.L(¥Y;) be the
modular product of their labeled line graphs. Let K C V(¥4) be a A-
Y admissible clique (resp. a type-A connected A-Y admissible clique).

Then the following two statements are equivalent.

1. K has mazimum cardinality among all A-Y admissible cliques in 4

(resp. among all type-A connected A-Y admissible cliques in ¢).

2. For every i € {1,...,n}, the labeled graph 4 (K) is a MCES of
G, ...,9, (resp. a type-A connected MCES of 4,...,%,).

In particular, Theorem 5 implies that, when we restrict the clique
search in ¢4 to A-Y admissible cliques, then maximum cliques in ¢4 corre-
spond exactly to maximum (connected) common edge-induced subgraphs
of 4,...,%,. Therefore, Task (4) is handled uniformly within the labeled
modular product framework. For labeled M CISs we work directly in the
product ¢ = %*_,%;, while for labeled MCESs we pass to the labeled line
graphs .Z(%;) and restrict to A-Y admissible cliques satisfying the type-A
connectivity constraint. Theorems 3 and 5 together guarantee that maxi-
mum (type-A connected) cliques in these products correspond exactly to
the desired labeled MCISs and MCESs of the original graphs, without

loss of any optimal solutions.
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4 Theory

In this section we provide the formal proofs underlying the results stated in
Section 3. We first establish the clique-MCIS correspondence for labeled
graphs (subsuming the unlabeled case), then prove the claims underlying
the recursive candidate-set construction under type-A connectivity, and
finally address the line-graph formulation of MCES together with the A-Y

disambiguation.

Proof of Theorem 3 and Proposition 1

For our proofs, we first require two additional technical results.

Lemma 1. Let ¥ = %' 9, be the modular product of the labeled graphs
4, ...,9, whose edge labels are collected in the set X g. Moreover, let
A C X be a set of edge labels. Suppose that 7 = (U, F, \y,\p) is
a labeled type-A connected MCIS of 4,...,%,. Then, there exists a
mazimal type-A connected labeled clique 2 = (K, Ay (i), Ag(K)) in 9
such that |V(K)| = |U| and %[p;(K)] ~ A for alli € {1,...,n}.

Proof. Let 4, = (Vi, E;, A\v,, Ag,), 1 < i < n, be labeled graphs, and let
G = (V,E,\v, \g) = %1% be their modular product. Suppose that
A = (U, F, Ay, Ar) is a labeled type-A connected MCIS of 4,...,%,.
Thus, for each i € {1,...,n} there is an injective map ¢;: U — V; such
that ¢; induces a label-preserving isomorphism between J# and the labeled
induced subgraph ¥;[¢;(U)].

To simplify writing, for each v € U and ¢ € {1,...,n} we write
u; = @;(u). Since y; is a label-preserving isomorphism, it must hold
that Av;(u;) = Av(u) = Ay, (uy) for all 4,5 € {1,...,n}. This, in par-
ticular, implies that the vertex (ui,...,u,) exists in V for all v € U.
Therefore, the map x: U — V that assigns to every vertex u of S the
vertex (ui,...,up) of ¢ is well-defined. Let W := {(u1,...,un): u € U}.
Since ¢; is an injective map from U to V;, the map « is an injective map
from U to V and, therefore, |W| = |U|. Define K = G[W], i.e., the
induced subgraph of the underlying graph G = (V, E) of 4 on W. Let
Av(k) and Agk) be the restrictions of Ay and Ag to V(K) = W and
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E(K), respectively; that is, Ay (x)(v) = Ay (v) forallv € V(K) and
Ag(k)(e) == Ap(e) forall e € E(K).

We show first that K is a clique in the underlying graph G of ¢4. Let
a,b € U with a # b. Then k(a),x(b) € W = V(K). Write k(a) =
(a1,...,ay,) and k(b) = (by,...,by,), where a; = ¢;(a) and b; = ;(b).
Since each ¢; induces an isomorphism between the underlying graph (U, F)
of A and the induced subgraph of (V;, E;) on ¢;(U), we have {a,b} € F
if and only if {a;,b;} € E; for all i.

e If {a,b} € F, then {a;,b;} € E; for all i and, by label-preservation,
Ae;({ai, b)) = Ap({a,b}) for all i. Hence {x(a),x(b)} € E is a
type-1 product edge.

o If {a,b} ¢ F, then {a;,b;} ¢ E; for all i, hence {k(a),k(b)} € E is a
type-0 product edge.

In either case, x(a) and k(b) are adjacent in G. Thus K is a clique in
G. We next show that %" = (K, Ay k), Ag(k)) is type—A connected. Let
a,b € U be distinct and consider the vertices k(a), x(b) € V(K). Since ¢
is type-A connected, there exists an a—b path a = ug,u1, ..., U, = bin the
underlying graph (U, F') such that Ap({uj_1,u;}) € Aforallj=1,...,m.
For each j, the edge {u;_1,u;} € F implies that {s(u;_1), k(u;)} is a type-
1 product edge in K. By label preservation,

M) ({r(uj-1), k() ) = Ar({uj-1,u,}) € A.

Hence k(up), x(u1),. .., k() is a path in K whose edges have labels in
A. Therefore, J# is type-A connected.

It remains to show that % = (K, A\y(k), Ag(k)) is a labeled type-A
connected clique in ¢ that is inclusion-maximal w.r.t. these properties. By
construction, for each i € {1,...,n} and each u € U, we have p;(x(u)) =
u; = @i(u). Hence p;(V(K)) = ¢;(U) and therefore 4;[p;(K)] ~
for every i. Assume, for contradiction, that %" is not inclusion-maximal
among labeled type-A connected cliques in ¢. Then there exists a vertex
x € V\ W such that W’ := W U {z} induces a labeled type-A connected
clique in 4. Let K' := G[W'] and let 2" := (K', Ay k1), \p(k)) be the
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induced labeled subgraph of 4 on W’. Write x = (x1,...,%,). Since W’
is a clique, x is adjacent to every vertex x(u) € W. Thus for each u € U,
the product edge {z,k(u)} is either type-0 (then Ag({z,x(u)}) = L) or
type-1 (then A\g({z,x(u)}) € ¥g). Since £’ is type-A connected and
A C X g, there exists u* € U such that Ag({z, x(u*)}) € A (in particular,
{z, k(u*)} is type-1).

Now define a labeled graph % = (U*, F'* Ay=, Ap=) as follows. Let
U? := U U {z*} where z* is a new vertex. Define the vertex labeling Ay«
by setting Ay=(u) = Ay (u) for all w € U and Ay=(a*) := Ay, (z1). Let

F*:=FU {{u,x*} ’ u € U and Ag({z,k(u)}) # L}.

Define the edge labeling Ap= by setting Ap« (f) := Ap(f) for all f € F, and
for each {u,z*} € F*\ F put Aps({u,2*}) = Ag({z, k(u)}). In addition,
for each ¢« € {1,...,n}, we define ¥;: U* — V; by ¥;(u) = @;(u) for
u € U and ¢;(z*) = ;. By construction, v¢; induces a label-preserving
isomorphism between % and the labeled induced subgraph %;[vy;(U*)].
Hence J#7* is a common labeled induced subgraph of 4,...,%,,.
Moreover, {u*,z*} € F* and Ap=({u*,2*}) = Ag({z,k(u*)}) € A.
Since JZ is type-A connected, every u € U has an A-labeled path to u*
in 4, and extending this path by the edge {u*,z*} yields an A-labeled
path to z*. Thus % is type-A connected. Since |[U*| = |U| + 1, this
contradicts that 7 is a labeled type-A connected MCIS of 4, ...,9,.
In summary, there exists a maximal type-A connected labeled clique
H = (K, Ay k), Ap(K)) in & such that |V(K)| = |U| and %;[p;(K)] ~
for all i € {1,...,n}. |

Lemma 2. Let 9 = *I' 9, be the modular product of the labeled graphs
4, ...,9, whose edge labels are collected in the set X . Moreover, let A C
Y be a set of edge labels and suppose that # = (K = (Vk, Ex), \vi, AEx )
is a type-A connected labeled clique in 4. For each i € {1,...,n}, let
A = Gpi(Vi)] be the labeled subgraph of ¥; induced by the vertex set
pi(Vk). Then, the graphs 54, ...,5¢, are all type-A connected, pairwise

label-preserving isomorphic, and each has |V | vertices.

Proof. Let %; = (V;, E;, Av;,, Ag,) for i € {1,...,n} be labeled graphs and
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let ¥ = (V,E, A\v, Ag) = x11%; be their labeled modular product. More-
over, let A C X and suppose that # = (K = (Vk, Ex), Avy, Mg, ) is a
type-A connected labeled clique in 4.

Fix some ¢ € {1,...,n}. We claim that the i-th coordinate projection
pi: Vik — V; is injective. Let x,y € Vi be distinct. Since K is a clique,
it follows that {z,y} € Ex. By the definition of the labeled modular
product, this is only possible for z = (z1,...,2,) and y = (y1,...,Yn) if
xk £y for all k € {1,... n}.

Hence, p;(z) # pi(y). Thus, p;: Vi — V; is injective. Therefore,
|[V(H;)| = |pi(Vk)| = |Vk| where H; is the underlying graph of 4, 1 <
1< n.

Now, fix some 4,5 € {1,...,n} and define the map ®;;: p;(Vkx) —
pj(Vi) by

®;;(pi(z)) == pj(z) for all z € V.

This is well-defined because p; is injective, so each vertex of p;(Vi) has a
unique preimage in Vi. Moreover, ®;; is the inverse of ®;; and it follows
that ®;; is a bijection.

We next verify that ®;; is a label-preserving graph isomorphism be-
tween the induced labeled subgraphs 5% = ¥;[p; (V)] and 5% = 9;[p; (Vk)].

Let v € p;(Vk). Since p; is a map, there is a unique = = (z1,...,2,) €
Vi with p;(xz) = v. Hence, v = x; and ®;;(v) = z;. Since z € V(¥), its
coordinates have equal vertex labels by definition of the product vertex
set, i.e., Ay, (w;) = Ay, (x5), i.e., Ay, (v) = Ay, (®i5(v)).

Let v, w € p;(Vk) be distinct, and let x,y € Vk be the unique vertices
with p;(z) = v and p;(y) = w. Since K is a clique in ¢, we have {z,y} €
E. By the definition of the labeled modular product, exactly one of the
following holds:

(0) {zk,yx} ¢ Ei for all k € {1,...,n} (type-0 case), in which case
Ap({z,y}) = L or

(1) {xk,yx} € Ey for all k € {1,...,n} and Ag, ({z1,11}) = -+ =
Mg, {Zn, yn}) (type-1 case), in which case

Ae({z,y}) = Mg, {2k, y}) € Zg  for every k.
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In case (0), {v,w} = {x;,y;} ¢ F;, so v and w are non-adjacent in H;,
and likewise {®;;(v), ®;;(w)} = {x;,y;} ¢ Ej, so they are non-adjacent
in H;. In case (1), {v,w} = {z;,y;} € E;, so v and w are adjacent in
H;, and similarly {z;,y,;} € E}, so ®;;(v) and ®,;(w) are adjacent in Hj.

Moreover, in case (1) we also have equality of edge labels:

A, ({v,w}) = Ag, ({24, 4i}) = Ae({7,y})
= A, ({75, y;})
= Ag; ({ @45 (v), ®ij(w)}).

Thus ®;; preserves adjacency and, whenever an edge exists, it preserves
its label. Hence ®;; is a label-preserving isomorphism between % and
#¢;. Since i, j were arbitrarily chosen, the graphs 74, ..., ¢, are pairwise
label-preserving isomorphic.

It remains to prove that each J# is type-A connected. Fix i €
{1,...,n} and let v,w € V(H;) = p;(Vk) be arbitrary distinct vertices.
Let x,y € Vi be the unique vertices with p;(z) = v and p;(y) = w. Since
K is type-A connected, there exists an x—y path © = xg,z1,...,Zm =¥y
in K such that Ag, ({zt—1,2:}) € A for all t = 1,...,m. Because Ag,, is
the restriction of the product edge-labeling A\g, and since A C X, each
edge {x;_1,2z;} must be a type-1 product edge (type-0 edges have label
1 ¢ ¥g). Therefore, for each ¢, the pair {p;(x¢—1), pi(x:)} is an edge of ¥;

and satisfies

Mg, ({pi(ze—1),pi(ee)}) = As({zi-1, 24}) = Mg ({21, 24}) € A

Hence v = p;(xo),pi(z1), ..., pi(xm) = w is a v—w path in H; whose edges
all have labels in A. This shows that J# is type-A connected. ]

Now we are ready to present the proof of Theorem 3.

Proof of Theorem 3. Let ¢4 = x* 1%, be the modular product of the la-
beled graphs ¢, ...,%, whose edge labels are collected in the set ¥ g, and
let AC Xg. Let # = (K = (Vk, Ex), Avy, Ag ) be a type-A connected
labeled clique in 4. Now fix some i € {1,...,n} and put #% = %[p;(Vk)].
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Assume % has the maximum number |Vi| of vertices among all
type-A connected cliques in 4. Suppose, for contradiction, that 7k
is not a type-A connected labeled MCIS of ¢, ...,%,. Then there exists

a type-A connected labeled common induced subgraph
H = (U7F7>\U3AF)

of 4,...,9, with |U| > |V (k)| = |[V(K)|. By Lemma 1, there exists a
maximal type-A connected labeled clique 2" := (K', Ay (k+), A\g(k)) in
¢ such that |V(K')| = |U|. Hence |V(K")| = |U| > |V(K)|, contradicting
the assumption that |V(K)| is maximum among all type-A connected
cliques in ¢. Therefore, #% must be a type-A connected labeled MCIS
of4,....,9,.

Assume now that J# is a type-A connected labeled MCIS of ¢4, .. .,
4. Let " = (K',A\v(k7), Ag(x)) be any type-A connected clique in
¢. By Lemma 2, 7 = ¥%[p;(V(K'))] is a type-A connected labeled
common induced subgraph of ¢4, ...,%, such that |V (% )| = |[V(K')|.

Since % is maximum among all type-A connected labeled common

induced subgraphs, we obtain
[V(K')| = |V (Hic)| < |V(Hi)| = V(K.

Thus, # has the maximum number |Vk| of vertices among all type-A
connected cliques in ¥.

Finally, if A = X, then every edge label occurring in any ¥; lies in A,
hence type-A connectedness in ¥; is ordinary connectedness; therefore, in
this case, 7% is a connected labeled MCIS. |

Proof of Proposition 1. Proposition 1 is a direct consequence of Theorem 3
and the fact that there is a 1-to-1 correspondence between unlabeled graphs

and their uniformly-labeled versions. |

Proof of Theorems 2 and 4

For our proofs, we first require the following technical result.
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Lemma 3. Let ¥4y, ...,%9, be labeled graphs whose edge labels are collected
in the set X and let A be a set of labels. For each t € {2,...,n}, let
G®) = «t_ 4, denote the modular product of the first t factors. Let K(*)
be the set of all mazimal type-A connected labeled cliques in 9. Define
the family of sets ’H’f‘,_“’t of induced labeled subgraphs of % recursively as

follows.
o Fort=2, let H{y = {Ap1(K)]: H = (K, Av(x), Apx)) € KD}
e Fort > 3, consider ,H114,..‘,t71'

1. Put Hi =

2. For all 7€ € Hf...,t_u collect all mazimal type-A connected
labeled cliques X = (K, Ay (k), A\g(k)) in H x9; and add the
induced labeled subgraph % [p1(K))] to H{ .

Then, for every t € {2,...,n} and every maximal type-A connected la-
beled clique X = (K, Ay (i), A\p(K)) € K® | the induced subgraph  [pi(K)]

belongs to Hﬁ...,t'

Proof. Let 9y,...,%,, A, 9, K and H{ , be as stated. We proceed
now by induction on ¢.

For the base case, assume that ¢t = 2. By definition of 7-[‘14)2, for each
maximal type-A connected labeled clique 2 = (K, Ay k), A\g(k)) € K®
we explicitly include % [p; (K)] in H{';. Thus the claim holds for ¢ = 2.

Assume now that the statement flOldS for some t — 1 > 2. Let J# =
(K, Av (k) AB(K)) € K® be a maximal type-A connected labeled clique
in 9 = x!_ 4. Write vertices of ¥ as tuples = (21,...,2;) with
x; € V(¥;). Define the set

Vir = {(z1,...,m-1) € V(@) | (@1,...,zi-1,3) € V(K) for some z},

and let #" = 4~ D[Vi.]. We now prove some claims that we use to
establish the main result.

Claim 1. A" is a type-A connected labeled clique in 9~Y. Let a =
(a1y...,a;—1) and b = (by,...,bs—1) be two distinct vertices in Vi/. By

definition of Vi, there exist aq, by such that a == (aq,...,a;—1,a:) and b=
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(by,...,by_1,b;) are vertices of K. Since K is a clique in ¢(*), the vertices
a and b are adjacent in ¢®). By the definition of the labeled modular
product, this implies that for all i € {1,...,t} either {a;,b;} ¢ E(94)
(type-0 case) or {a;,b;} € E(%;) and all corresponding edge labels coincide
(type-1 case). In particular, the same alternative holds simultaneously for
all i € {1,...,t— 1}, which is precisely the adjacency condition in (=1,
Hence a and b are adjacent in (=) and thus #” is a labeled clique.
To see type-A connectedness, let a,b € Vi, and choose ab e V(K)
as above. Since JZ is type-A connected, there exists a a-b path a =
2@ 2 2(m) = pin K such that )\E(K)({x(j_l),a:(j)}) € A for all
j = 1,...,m. Projecting each z(/) = (xgj),...,mgj)) to its first ¢ — 1
coordinates yields a sequence in V. Moreover, each edge {z(U~—1, z()}
is necessarily a type-1 product edge (since A C ¥g), hence the projected
vertices are adjacent in 4= by a type-1 edge carrying the same label
in A. Therefore, the projected sequence is an a—b path in J#” using only
edges with labels in A. This shows that .#” is type-A connected. This

completes the proof of Claim 1.

Since, by Claim 1, .#” is a type-A connected labeled clique in ¢~
and since ¥(*~1 is finite, we can extend .#’ to an inclusion-maximal
type-A connected labeled clique 2 = (Q,Av(q), Ap@)) € K1 with
Vi CV(Q). By the induction hypothesis, the induced labeled subgraph
H = 4 [p1(Q)] belongs to Hﬁ__,t_l. In particular, 5 is among the

graphs that are processed in step (2) of the recursive construction of ’H’f"m’t.

Claim 2. The set C = {(z1,2;) | # = (z1,...,3¢) € V(K)} induces a
type-A connected labeled clique in 7 xY;.

First note that for each x € V(K) we have (z1,...,24-1) € Vg C
V(Q), hence x; € pi(Q) = V(). Moreover, since z € V(4®), all its
coordinates have the same vertex label, in particular Ay, (z1) = Ay, (x+)
(and 2 inherits vertex labels from ¥ ), so (x1,2;) is indeed a vertex of
I *Y,.

Let (x1,2¢), (y1,y:) € C be distinct, and choose x,y € V(K) with these
projections. Since K is a clique, # and y are adjacent in ¢(*) and hence,
in particular, the pair {z1,y1} is an edge in 4 if and only if {z, y;} is an

edge in ¢4, and in the edge case the labels coincide. As # is an induced
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labeled subgraph of ¢;, the same equivalence holds with J# in place of ¥;.
Therefore, by the definition of the labeled modular product, (z1,z;) and
(y1,y:) are adjacent in 5 x%;. Thus C is a clique.

For type-A connectedness, let (z1,2;), (y1,y:) € C and choose z,y €
V(K) as above Take an A-labeled path z = 2, ... (™ = y in K.
Then (z3 D ) € C for all j, and each edge {z(/—1) x(J)} has label in A
and is type—l, hence {(xlj 23 §7 1)) (xg ,xgj))} is a type-1 product edge
in S x %, with label in A. This yields an A-labeled path in the clique
induced by C. Hence C' is type-A connected. This completes the proof of

Claim 2.
By Claim 2, C induces a type-A connected labeled clique in 7 x ;.

To ensure that this clique is generated in step (2) of the recursive construc-
tion of wat, we still need inclusion-maximality, which is established in
Claim 3.

Claim 3. C' is inclusion-mazimal among type-A connected cliques in J€ %
9, .

Suppose, for contradiction, that there exists a vertex (uq,z) € V(5 %
4,) \ C such that C U {(u1,2)} induces a type-A connected clique in
JE*9,;. Since (u1,z) € V(5 x%,), we have uy € V() =p1(Q). As Q is
a clique, there is a unique vertex q(u1) = (u1, usg,...,u—1) € V(Q) with
first coordinate u;. Define 2* := (uy, ua, ..., ut—1,2).

We first note that z* € V(4®): indeed, q(u;) € V(YD) implies
Avy (u1) = - = Ay,_, (ug—1), and (u1,2) € V(I *9,) implies Ay, (u1) =
Av, (2) (since # inherits vertex labels from %;). Hence all coordinates of
z* share the same vertex label.

Next, we show that z* is adjacent in () to every vertex x € V(K).
Write = (21,...,2¢), and fix such an z. Since C'U {(u1,2)} is a clique
in 2 x%,, the vertex (uq, z) is adjacent to (z1,2:). Thus, by the product
definition, either {uj, 21} and {z,2;} are both non-edges, or both edges
with equal labels. On the other hand, since (z1,...,2:—1) € Vkr C V(Q)
and g(u1) € V(Q), and @ is a clique, the same alternative (non-edge vs.
edge-with-common-label) holds simultaneously for all pairs {u;,x;} with
i €{1,...,t—1}, and in the edge case their labels all coincide with the label
of {uy,z1}. Combining these facts shows that, across all i € {1,...,¢},
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either all {u;,z;} are non-edges, or all are edges and all labels coincide;
hence z* is adjacent to x in ¥*).

Finally, because C' U {(u1, )} is type-A connected, there exists an A-
labeled path from (uq, z) to some vertex of C. In particular, the first step
of such a path yields a vertex (y1,y;) € C with Ag({(u1,2), (y1,%:)}) €
A. Let y = (y1,...,y) € V(K) be the corresponding vertex. Then the
previous adjacency argument applies in the type-1 case, and shows that
{z*,y} is a type-1 product edge in ¥ with label in A. Since .# is type-A
connected, it follows that V(K)U{z*} induces a type-A connected clique
in 9 contradicting the maximality of .#". Hence no such vertex (u, 2)
exists, and therefore C is inclusion-maximal among type-A connected

cliques in 7 x %;. This completes the proof of Claim 3.

Combining Claims 2 and 3, we conclude that C is a maximal type-A
connected labeled clique in J# % %,. Since JZ € ’Hfm’t_l, step (2) of the
recursive construction of /Hf...,t therefore adds the induced labeled sub-
graph #[p1(C)] to Hi* ;. By definition of C' we have p1(C) = {z1 :

(x1,2¢) € C} = {z1 : (21,...,2) € V(K)} = pi(K), and therefore
G [p1(K)] € Hi'_,, as required. |

Proof of Theorem 4. Let 2* = (U*, F*, \y+, Ap+) be a type-A connected
labeled MCIS of 4, ...,%,. By Lemma 1 (applied with n factors), there
exists a maximal type-A connected labeled clique

H* = (K", A\v(k+), A\B(K*)) € *ie1Yi

such that |V (K™*)| = |U*| and ¥;[p;(K*)] ~ s¢* for all i € {1,...,n}. In
particular, 4 [p1 (K*)] ~ J*.

Now apply Lemma 3 with ¢t = n. Since #* € K™ is a maximal
type-A connected labeled clique in ¢ () — *_ 1%, Lemma 3 implies that
% [p1(K*)] belongs to H1' .. Therefore, H{' , contains an element that
is label-preserving isomorphic to J*. Since J* was an arbitrary type-A
connected labeled MCIS, the claim follows. |

Proof of Theorem 2. Theorem 2 is a direct consequence of Theorem 4 and

the fact that there is a 1-to-1 correspondence between unlabeled graphs
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Figure 3. Example illustrating that a maximal clique obtained by
the recursive construction need not be maximal in the full
ternary modular product *leGi. Starting from a maxi-
mal clique Ko in G; x G2 we obtain the common subgraph
Hpyg,, = G1[p1(Ko)]. In the product Hg, G5 there is a max-
imal clique C which, under the natural lifting, corresponds
to a clique K = {(3,0,2),(1,1,0)} in *}_, G; that is strictly
contained in a larger clique K’ = {(3,0,2), (1,1,0),(2,3,3)},
and hence K is not maximal in the full ternary product.

and their uniformly-labeled versions. |

Remark. Although Lemma 3 shows that every maximal clique of the t-ary
modular product x!_;G; is represented by the recursive construction (i.e.,
belongs to the family H1, ...t via its projection to G1), the converse does
not hold in general. Every maximal clique encountered by the recursive
procedure in an intermediate product H xG; canonically lifts to a clique of
the full t-ary product xi = 1°G;, but this lifted clique need not be maximal
there. Figure 3 illustrates this phenomenon for t = 3, where a maximal
clique C' in Hp, *G3 lifts to a clique K C x3_,G; that is strictly contained

in a larger clique K.

Proof of Theorem 5

Proof of Theorem 5. Let & = x| . 2(¥%;) and let K C V(¥) be a A-Y
admissible clique (resp. a type-A connected A-Y admissible clique). For
1 €{l,...,n} set F; = Ei(K) = p;(K) C E(%) and 5 = H(K) =
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| E;] as in Definition 4.

Step 1: From an admissible clique to a common edge-induced subgraph.
Arguing as in the proof of Lemma 2 (applied to the factors £ (¥;)), each
projection p; is injective on K, and for any 7,j the map ®;;: E; — E; de-
fined by ®;;(pi(x)) = p;(x) is a label-preserving isomorphism between the
induced labeled subgraphs £ (%;)[E;] and 2 (9;)[E;]. Using Z(%[E;]) =
Z(%;)|E;], we obtain label-preserving isomorphisms

L) ~ L () for all i,5 € {1,...,n}.

It is well-known [43] that a (simple) graph is determined by its line
graph up to the unique triangle/claw ambiguity; cf. the discussion under
Task (3) in Section 3. The only obstruction to lifting a line-graph isomor-
phism to an isomorphism of the underlying graphs is therefore the case
that one factor realizes a 3-edge configuration as a triangle while another
realizes the corresponding 3 edges as a claw. In our setting, any triple of
pairwise incident edges in some 4% corresponds (via injectivity of p;) to
a type-1 triangle in K. Since K is A-Y admissible, every such triangle
is A-Y consistent (Definition 3), and hence the triangle/claw choice is the
same in every factor. Thus the above line-graph isomorphisms lift to label-
preserving isomorphisms ¢ ~ 5¢; for all i, j, i.e. JA, ..., ¢, are pairwise
label-preserving isomorphic edge-induced subgraphs. Moreover, since p; is
injective we have |E(J%)| = |E;| = |K| for every i.

If K is additionally type-A connected, then for any z,y € K there
is a path z = xg,...,2, = y in K such that every edge {z:_1,2:} is a
type-1 edge with label in A. Projecting to coordinate ¢ yields a path
in Z(s) whose edge labels all lie in A. By the definition of labeled
line graphs, these edge labels are precisely the labels of the intermediate
vertices at which consecutive edges of % meet. Hence J7; satisfies the
required type-A connectivity constraint (equivalently, £ (.7) is type-A
connected) for every 1.

Step 2: From a common edge-induced subgraph to an admissible clique.
Conversely, let 72 be a labeled common edge-induced subgraph of 4, ...,

&, (resp. satisfying the type-A connectivity constraint), and for each i
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fix a label-preserving isomorphism ;: 7 — %;[E!] onto an edge-induced
labeled subgraph. For an edge e = {u,v} € E(J) we write i;(e) =
{¥i(u),¥;(v)}. For each e € E(H) define the tuple z. = (¢¥1(e),...,
Yn(e)).

Since 1); preserves edge labels and vertices of £ (%;) are labeled by edge
labels of ¥;, the tuple z, is a vertex of 4. Set K = {x. : e € E(J)}.

For distinct e, f € E(5¢), if e and f are incident in 5, then 1;(e) and
¥;(f) are incident in every factor ¥;, hence adjacent in £ (¥;) for every
i, and the corresponding line-graph edge labels agree across all ¢ because
the shared endpoint vertex label is preserved. Thus {z.,zs} is a type-1
edge in 4. If e and f are not incident in 42, then ¥;(e) and ;(f) are
non-incident for every %, hence non-adjacent in every .Z(%;), and {z.,zs}
is a type-0 edge. Therefore K is a clique.

Moreover, every type-1 triangle in K 5 arises from three pairwise inci-
dent edges of #, which induce the same 3-edge pattern (triangle or claw)
in each image ©;(5¢); hence K is A-Y admissible. If J# satisfies the
type-A connectivity constraint, then £ () admits A-labeled paths be-
tween any two of its vertices, and the same projection argument shows

that K s is type-A connected. Finally, by construction | K| = |E(5)].

We are now in a position to prove the equivalence between Statements
(1) and (2) in Theorem 5.

Assume Statement (1) holds; that is, K has maximum cardinality
among all A-Y admissible cliques in ¢ (resp. among all type-A connected
A-Y admissible cliques in ¢). Assume, for contradiction, that J&(K) is
not a MCES for some i € {1,...,n}. Then, there exists a labeled common
edge-induced subgraph 7 with |E(J¢)| > |E(J4(K))| = | K|. By Step 2,
A yields a A-Y admissible clique K with |K | = |E(57)| > |K| (and
type-A connected if required), contradicting the maximality of K. Hence
Statement (2) holds.

Conversely, assume Statement (2) holds; that is, for every i € {1,...,n}
the labeled graph 4% (K) is a MCES of 4, ...,%, (resp. a type-A con-
nected MCES of 4,...,%,). For any A-Y admissible clique K’ (resp.
type-A connected), Step 1 yields a labeled common edge-induced sub-
graph 4 (K') with |E(J6(K"))| = |K'|. Since 74 (K) is a MCES (resp. a
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type-A connected MCES), we have |K'| = |E(J(K"))| < |E(H(K))| =

|K|. Thus K has maximum cardinality among all admissible cliques (resp.

among all type-A connected admissible cliques), i.e. Statement (1) holds.
|

5 Methods

Here, we describe the algorithmic choices that ensure correctness and effi-
ciency in solving the problem. All methods are implemented in C++ using
the Boost Graph Library (BGL) and Open Babel®. The implementation
and experiment scripts are publicly available at https://github.com/

johannesborg/cmces.

5.1 Pruning steps

The methods described above implicitly define a search tree whose leaves
are candidate maximum common subgraphs. Many branches of this search
tree can be pruned by a depth-first search that maintains the best solution
found so far and backtracks when a partial candidate cannot reach that
size. To recall, H1,. . ; denotes the candidate set of the MCIS of the first
Jj graphs G1,...,G;. Here, we first compute H1 2 as outlined in Section 3.
Afterwards, for a fixed H € H; 2, we compute candidates only for H %
('3, yielding a subset ’H'LQ,:), C Hi,2,3, and continue recursively to obtain
Hin © Hine Let m = max{|V(H")| | H € H} _,}. We can then
remove all elements H € H;y o for which |V(H)| < m, which can greatly
reduce the number of candidates on which we need to recurse. This pruning
is safe because extending a candidate can never increase its attainable size.
When we intersect a candidate H € H;, . ; with a new factor G4, any
clique K found in H % Gj41 projects injectively back to H, so |K| =
|p1(K)| < |V(H)|. Consequently, once a full solution of size m has been
witnessed, every candidate H with |[V(H)| < m can be discarded (no

continuation of H can reach size m).

TBoost Graph Library: https://www.boost.org/libs/graph/; Open Babel: https:
//openbabel.org/.
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5.2 Techniques for finding type-A connected cliques

The Bron—Kerbosch algorithm [8] is a clique-finding algorithm that itera-
tively extends non-maximal cliques until they can be certified as maximal,
at which point they are returned. Based on variants of the Bron—Kerbosch
algorithm, Koch’s algorithm (Alg. 3 in [29]) can be used to find all con-
nected maximal subgraphs of two graphs. We extend both algorithms
to find type-A connected cliques, and consequently, type-A connected
MCIS and MCES in multiple graphs.

In the type-A connected MCIS and MCES problems, we seek not
just maximal cliques in *_;G; and *I'_; L(G;), but specifically maximal
type-A connected cliques. We illustrate the key ideas using the MCIS
problem on *7_; G;, as the same approach naturally extends to *; L(G;)
for the MCES problem.

At each step j, we take candidates H € Hi,.. j—1, compute G = HxGj,
and identify all type-A connected cliques in GG. Since such cliques are con-
tained within type-A connected subgraphs of G, we first partition G into
its type-A connected components G, ..., G}, by retaining only type-A
edges. We then augment each G by restoring all non-type-A edges, yield-
ing induced subgraphs G7, ..., G/ that remain type-A connected. To find
all type-A connected maximal common subgraphs of H and G}, it suffices
to compute the maximal type-A connected cliques in each G separately,
enabling parallel processing.

As outlined at the end of Section 3, for finding cliques in A-labeled
products, we relabel “consistent” type-A edges as type-1 edges, relabel all
edges in the product referring to non-edges in the factors as type-0 edges,
and remove all remaining edges. To further optimize runtime, we remove
additional type-0 edges in G = H % G; before determining the type-A
connected components G7, ..., G}. Specifically, we remove a type-0 edge
{(u,v), (w',v")} from G whenever there exists no simple type-A uu’-path
in H that is isomorphic to a simple type-A vv'-path in G;. Those par-
ticular type-0 edges {(u,v), (v/,v")} indicate that any type-A connected
subgraph of H containing v and ' cannot be isomorphic to any type-A
connected subgraph of G containing v and v’, meaning (u,v) and (u’,v")

cannot be part of the same type-A connected clique corresponding to a
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maximal type-A connected common subgraph of H and G;. When parti-
tioning G into type-A connected components Gf,...,G, (as outlined in
the preceding part), we include only “consistent” type-A edges. Removal
of the additional type-0 edges as explained here yields a finer partition

Y, ..., GY,. We then compute maximal type-A connected cliques in each
G/. Although these type-0 edge-removal operations are based on compu-
tationally hard problems, Section 6 shows that they significantly speed up
clique detection, likely due to the moderate size of the molecular graphs
under consideration.

Determining which type-0 edges can be safely removed by the above
path-based criterion is NP-hard (by reduction from the Hamiltonian path
problem [37]). Typically, this does not pose a problem in the domain of
molecular graphs, but we have encountered instances where it becomes
problematic, in which case it is better to perform only a partial pruning

of the modular product.

Algorithmic workflow. At a high level, the exact method proceeds it-
eratively. The input graphs are first ordered by a similarity-based heuris-
tic to reduce the size of intermediate search problems. For the current
reduction step, we then construct the appropriate modular product, di-
rectly for MCIS and on labeled line graphs for MCES, partition it into
type-A connected components, optionally remove selected type-0 edges,
and enumerate all maximal type-A connected cliques using the modified
Bron—Kerbosch procedure. These cliques are projected back to common
subgraphs of the first factor and retained as intermediate candidates, which
are recursively intersected with the remaining input graphs until all op-
timal solutions have been identified. Algorithm 1 summarizes this exact
workflow.

The pseudocode for the described algorithm is presented in Algorithm 1.
The function PRUNE takes a modular product graph G as input, par-
titions it into its type-A connected components, prunes each component
individually, and returns the resulting set of graphs {G%,...,G}}. The
function FIND-CLIQUES also takes a modular product graph G as in-

put and returns all type-A connected maximal cliques in G. The function
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Algorithm 1: Pseudocode for MAXIMUM-COMMON-
SUBGRAPH({G1,G3,...,G,})
Input: {G1,Gs,...,G,}: A list of n labeled graphs
Output: All maximum common subgraphs of the input graphs
if n = 2 then

G <+ Gy * Go;
(G,...,G\} « PRUNE(G);
foreach G, € {G},...,G}} do

foreach C € FIND-CLIQUES(G!) do

Ge¢ + PROJECT (C,Gy);

if |V(G¢)| = MAXIMUM then

| SOLUTIONS < SOLUTIONS U{Gc¢};

end

if [V(Gc)| > MAXIMUM then
SOLUTIONS <+ {Gc¢};
MAXIMUM «+ |V(Ge)l;

end

end

end

nd

Ise

G+~ G1 * Gz;

{G%,...,G},} « PRUNE(G);

foreach G, € {G},...,G}} do

foreach C € FIND-CLIQUES(G)) do
Gc < PROJECT (C,Gy);
if |V(Ge)| > MAXIMUM then

MAXIMUM-COMMON-
SUBGRAPH({G(¢,Gs, ..., Gn});

end

o 0

end
end
end

PROJECT takes as input a clique C in a modular product and its first
factor graph G1, and returns the projection of C' onto GG;. Prior to calling
Algorithm 1, the variable MA XIMUM is initialized to zero, and SOLU-
TIONS is initialized to the empty set. After execution, SOLUTIONS

will contain all maximum common subgraphs of the input graphs.
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5.3 Handling triangles and claws

Another step in our method handles special cases when finding the MCES
of G1, ..., Gy, via maximal cliques in *! ; L(G;). This issue, known in this
domain as the A-Y exchange problem [18, 35], arises due to structural
ambiguities in line graphs.

Let K3 denote the complete graph on three vertices (a triangle) and
K 3 the claw graph, consisting of four vertices and three edges meeting at
a single vertex. It is well-known that L(K3) = K3 and L(K; 3) = K3, mak-
ing them the only two graphs indistinguishable by their line graphs [43].
Consequently, if input graphs contain both triangles and claws before con-
version to line graphs, naive methods may incorrectly report non-existent
common subgraphs. To resolve this, we use the inverse mapping ¢;, which
maps vertices in V(L(G;)) back to their corresponding edges in E(G;).
When a K3 is found in +} ;| L(G;), we define H; as the edge-induced sub-
graph of G; whose edges correspond (via J;) to the vertices of this K5 in
L(G,). If H; % H; for some i # j, then one of G; and G, contains a claw
while the other contains a triangle, and we classify such K3 structures in
*_ L(G;) as “bad” triangles. Instead of including a bad triangle T' ~ K3
in 7, L(G;), we replace it with its three subgraphs T'— vy, T — v3, and
T —wv3. These derived subgraphs serve as refined candidates for the MCES

of G1,...,G,, ensuring that only valid common subgraphs are considered.

5.4 Ordering of input graphs

As we will see in Section 6, the ordering of input graphs significantly im-
pacts the algorithm’s runtime. Consider three graphs ordered as [G1, G2,
G3] versus [G1, G3, Go]. If the number of maximal common subgraphs be-
tween G and G is much larger than between G; and Gs, then |H; 2| >
|H13|. Since we compute H x Gs for each H € Hi2 and H x G» for
each H € M, 3, the ordering [G1, G3, G2] results in fewer graphs requiring
clique detection, leading to improved efficiency. However, determining an
optimal ordering a priori is challenging, as computing a maximum con-
nected common subgraph between a pair of graphs is NP-hard [23]. To

address this, we use a heuristic that greedily selects graph pairs with low
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similarity, based on the intuition that graphs with lower similarity tend
to have fewer maximal common subgraphs. Our procedure for ordering
input graphs works as follows. Given {Gy,...,G,} and a similarity mea-
sure k: G x G — R, we first select the two graphs G; and G; minimizing
kij = k(G;, G;) over all pairs, and set the tentative ordering O = [G;, G,].
Then, given a tentative ordering O = [Gy,,...,G},], we select a graph
Gp € {G1,...,G,} \ {G4,,...,G, } minimizing max{k,p,...,K;p}. We
update O = [G,,..., G, Gp| and terminate when all graphs have been
added (i.e., when {G1,...,G,} \{Gy,..., G, } =0).

For similarity estimation, we employ two families of pairwise graph
similarity measures. The first family is based on graph kernels [30], i.e.,
functions k: G x G — R widely used in machine learning. While stan-
dard graph kernels must be positive semi-definite, we do not impose this
requirement. In particular, we use three kernels: the vertex histogram ker-
nel (VH) [33], the Weisfeiler-Lehman optimal assignment kernel (WL) [30],
and the neighborhood subgraph pairwise distance kernel (NSPD) [33]. The
second measure, called the “minmax” similarity, is defined as follows. We
compute the minmax similarity of two graphs G; and G; by first partition-
ing G; * G; into its type-A connected components G/, ..., G}, as outlined
in Section 5.2, and then setting k;; = max{|V(G))| | ¢ =1,...,k}. Using
the minmax similarity measure with the greedy ordering outlined above,
we greedily minimize the size of the largest graph in which we have to find
cliques at each step. The computational results in Section 6 demonstrate a
strong relationship between the chosen similarity measures and the number
of maximal connected common subgraphs, validating the choice of these

measures.

Computational trade-offs. The practical cost of the exact framework
is governed by three coupled factors: the size of the modular products that
must be searched, the number of maximal intermediate candidates retained
during the recursive reduction, and the preprocessing cost of pruning se-
lected type-0 edges. The ordering heuristics target the first two factors
by attempting to keep intermediate products small, whereas pruning may

reduce later clique-search cost at the expense of additional preprocessing.
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Accordingly, the implementation should be viewed as a configurable exact
workflow rather than as a single fixed pipeline, and partial pruning can be

preferable when preprocessing becomes the dominant cost.

6 Results

To study the relationship between graph similarity and the number of
maximal type-A connected common edge subgraphs (for a fixed label
set A, cf. Section 2), we conducted the following experiment. For 500
molecular graphs, M = {G1, ..., G500}, from the ZINC data set [39], each
having n vertices with 20 < n < 25, we computed for each pair of graphs
their number of maximal type-A connected common edge subgraphs, and
also the similarity measures (the three graph kernels VH, WL, NSPD, and

the minmax similarity; see Section 5).

6.1 Experimental setup, verification,

and reproducibility

Our evaluation follows two complementary principles: verification of cor-
rectness via the formal results in Section 4, and walidation of practi-
cal performance via computational benchmarks on molecular graphs in
this section. All methods are implemented in C++, and the implementa-
tion together with the experiment scripts is publicly available at https:
//github.com/johannesborg/cmces. To support reproducibility of the
reported runtimes, we specify the hardware/software environment, termi-
nation criteria, and all benchmark construction steps alongside the respec-
tive experiments, and we encourage reporting the exact dataset versions
and molecule identifiers used when re-running or extending the bench-

marks.

Validation scope. The experiments in this section are designed to val-
idate two practically relevant aspects of the framework. First, they test
whether the chosen similarity measures are informative for ordering mole-

cular-graph instances by examining their relationship to the number of
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maximal type-A connected common subgraphs. Second, they assess whe-
ther similarity-based ordering and the removal of selected type-0 edges re-
duce runtime while preserving exactness on the studied ZINC and
ChEMBL22 benchmarks. We do not interpret these experiments as estab-
lishing universal runtime dominance across arbitrary graph classes; rather,
they validate practical usefulness for the molecular-graph regime consid-

ered here.

Algorithmic interpretation of the benchmarks. The experiments
are intended to evaluate the proposed exact method as an algorithm for
labeled-network comparison rather than to optimize a single implementa-
tion constant. In particular, they test whether pairwise similarity provides
a useful proxy for ordering the input graphs and whether selective removal
of admissible type-0 edges reduces the effective search space while preserv-
ing the exact solution set on the studied instances. Read in this way, the
benchmark results support the algorithmic role of ordering and pruning as
structural components of the method, while the reported runtimes remain
specific to the molecular benchmark regime and hardware configuration
considered here.

The relationship between type-A connected common edge subgraphs
of G; and G; and the respective similarity between G; and G; is shown
in Figure 4. To avoid having the plot dominated by outliers, we ag-
gregated pairs of graphs from M into buckets. To be more precise, let
k;i; be one of the four normalized similarity measures VH, WL, NSPD,
or minmax between G;,G; € M. Moreover, let m;; be the number of
maximal type-A connected cliques in the product L(G;) » L(G;) (and,
therefore, the number of maximal type-A connected common edge sub-
graphs of G; and G; induced by these cliques). We now define a set of
1,000 buckets, B = {b1,...,bio00}, where each bucket by = {(i,j) | ki; €
[¢-0.001—0.005, £-0.001+0.005]} collects the index pairs whose similarity
falls into the prescribed interval. For each nonempty bucket b, we com-
pute (zg,ye) = (€ -0.001, ﬁ Z(i)j)ebe mij). The plot showing the pairs
(2¢,y¢) computed over all pairs of graphs in M is provided in Figure 4.

Roughly speaking, Figure 4 shows how the average number of maximal
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Figure 4. Plots showing the relationship between the four normalized
similarity measures VH, WL, NSPD, and minmax (x-axis)
and the values y, (y-axis), where y, is the average number
of type-A connected common edge subgraphs of two graphs
within a similarity bucket (see text for details).

type-A connected cliques in the product L(G) x L(H) (and, hence, the
average number of type-A connected common edge subgraphs of G and
H induced by those cliques) varies with the similarity between G and H,
for all pairs G, H € M.

Figure 4 suggests a consistent trend for the VH, WL, and NSPD kernels
and the minmax similarity: higher similarity values tend to correspond to
larger values of vy, i.e., more type-A connected common edge subgraphs
induced by maximal cliques in the respective products. This motivates
using these similarity measures for the greedy ordering heuristic in Sec-
tion 5.4.

To test the effect of ordering the input graphs together with “removal
of certain type-0 edges” for finding MCES (see the last part of Sec-
tion 5.2), we created 500 problem instances, each containing 5 molecular
graphs with 50 atoms (excluding hydrogen) randomly chosen from the
ChEMBL22 database [44]. All experiments were performed on a machine
with 32 GB of LPDDR5X RAM, an Intel Core Ultra 9 processor, and a
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Figure 5. Box-plot showing the effect of different techniques applied
to the input graphs (instances of 5 molecular graphs with
50 atoms) on the runtime for finding MCES. In particular,
we applied the greedy-ordering based on the four similarity
measures VH, WL, NSPD and minmax together with the
computation of maximal type-A connected cliques with and
without the removal of type-0 edges (see Section 5). The
term Z € {VH, WL, NSPD, minmax} on the z-axis refers to
the application of measure Z without this refinement step,
while ZF means that the removal of certain type-0 edges has
been applied. The dotted lines represent the mean values
across all instances. Without greedy-ordering, the runtime
exceeded in many cases one hour, if it finished at all.

1TB NVMe SSD, running Fedora Workstation 41. To determine an or-
dering of the input graphs, we used the four similarity measures VH, WL,
NSPD, and minmax and the method outlined in Section 5.4. Furthermore,
we also used a random ordering to serve as a baseline for comparison. For
each ordering, we determined the maximal type-A connected cliques with
and without the removal of certain type-0 edges. Each of the ten differ-
ent configurations was applied to the 500 test instances and the runtime
in seconds was recorded. For all configurations and test instances, we ter-
minated early if the runtime exceeded 3600 seconds (one hour), and for
those instances we recorded the runtime as 3600 seconds. As such, for

some configurations the recorded runtime is a lower bound on the actual
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runtime. The resulting box plots are shown in Figure 5. For Rand, there
were 9 instances where the runtime reached 3600 seconds, and for Rand”
there were 4 such instances. For VH there were 4 such instances, and for
VH? there were 2 such instances. For both WL and WL? there was one
such instance. For NSPD, NSPD%, minmax, and minmax all instances
were solved in less than one hour. Finally, we do not report the size-based
ordering heuristic used in [27] separately, since it is not informative on this
benchmark. Because all graphs have 50 vertices, the heuristic effectively
degenerates to an arbitrary ordering and is therefore expected to behave
comparably to the random-ordering baseline.

In contrast, the mean runtime for graphs ordered by similarity ranges
from 1.54 to 62.23 seconds, highlighting the significant impact of the or-
dering methods. Moreover, the runtime improves in all cases when ap-
plying the removal of the specified type-0 edges. The minmax ordering
with the refinement step achieves the lowest mean runtime. Since NSPD,

R are the only configurations where no in-

NSPD#, minmax, and minmax
stance reached the 3600-second cutoff, the gain in efficiency from using
greedy ordering with NSPD or minmax, combined with removing certain
type-0 edges, is substantial compared to the baseline (random ordering
without type-0 edge removal). Overall, these heuristics preserve exactness
while improving efficiency in practice on this benchmark.

In Figure 6 we show five molecular graphs and highlight two different

labeled MCES in red and green, respectively.

7 Inference of graph transformation rules

The double-pushout (DPO) approach is a classical algebraic framework
for graph transformation, introduced in the context of graph grammars
by Ehrig et al. [19] and surveyed in, e.g., the handbook chapter of Corra-
dini et al. [13]. Habel et al. [25] provide a later revisitation that discusses
variants such as injective matching, which is natural in chemical settings
where atoms should not be merged by a rule. DPO-style graph transforma-
tions have also been advocated as a convenient rule-based representation

of chemical reactions with explicit atom maps and rule composition [1,2,4],
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Figure 6. An example instance with five different molecular graphs
from the ChEMBL22 database with 35 non-hydrogen ver-
tices each. There are exactly two MCESs with 6 edges each.
A single occurrence of each MCES within each graph is high-
lighted in red and green, respectively; additional occurrences
may exist.

and are implemented in chemistry-facing tooling such as M@D [3].

In this formalism, a graph transformation rule can be represented by a
span L Ly R, where L, K, R are graphs and [, r are monomorphisms.
In a chemical context we can think of L as a molecular graph representing
the reactant and R as a molecular graph representing the product. Fur-
thermore, the monomorphisms mapping, respectively, from K to L and K
to R can be thought of as the atom-atom mapping of the reaction. In what
follows we assume that the atom-atom mapping is injective on vertices and
covers all atoms of interest in the products (i.e. atoms not in the image are
treated as absent via the symbol xy/). We can obtain a single graph repre-
senting the overall reaction by combining L and R via the atom mapping.
Welet L = (V,Er, Av,, Ag,) and R = (Vg, ER, Av,, Ag,). For ease of

notation we view undirected edges as unordered pairs {u,v} and define

IEL ({u’v}) _ )\EL({U7U})7 if {u,v} € ELa

x, otherwise.

Here z is an arbitrary symbol satisfying ¢ Yg. We also introduce an

arbitrary symbol zy with xy ¢ Xy to represent an “absent” vertex label.
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Similarly, define a (partial) vertex mapping m : Vi, — Vg U{L} by

) r(I71(v)), ifveim(l),
m(v) =
1, otherwise.

We extend the edge-labeling on R to unordered pairs of vertices in Vg by

if m(u) # L, m(v) # 1,
A, ({m(u), m(v)}),
Mo (Quop) =47 Am(w),m)h), {m(w),m(v)} € Eg,

x, otherwise.

We define a function I'" which, given a graph transformation rule L &

K 55 R, returns a single graph
l T
'L+ K = R) = (V,E,A\v,\g).

This graph represents the graph transformation rule L LKL R
o Let V=V.
e For every v € V let

Avg(m(v)), if m(v) # L,

Av () = (O, (1), A (v), Avg(v) = .
Ty, otherwise.

e Let E be defined by

E=FEpU{{u,v} | m(u) # L, m(v) # L,
{m(u),m(v)} € Er}.

e For every {u,v} € E let Ag({u,v}) = (Ng, {u,v}), Ng, {u,v})).

Given a set of graph transformation rules representing chemical reac-
tions, we can map them to labeled graphs via I' and compute an MCES.
To interpret such an MCES as a generalization of a set of reactions, we

restrict to sets of reactions that share the same reaction core. The reaction
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Figure 7. An instance of the anchored MCES problem for graph trans-
formation rules. Each graph represents a fragmentation re-
action taken from an in silico fragmentation tool. The maxi-
mum common subgraph is highlighted within each graph us-
ing color: yellow for non-anchor edges; and red/green/blue
for anchor edges by change type. Here, a red edge symbol-
izes a single bond being removed, a green edge symbolizes a
new single bond being created, and a blue edge symbolizes
a single bond being converted to a double bond. The solu-
tion shows that all three reactions have in common that an
ammonia molecule is cleaved off, which is a common frag-
mentation reaction occurring in gas-phase ions.

core of a graph transformation rule is the subgraph of the combined graph
that contains exactly the vertices and edges that change: we remove all
edges whose edge-label tuples have identical components, and we then re-
move isolated vertices unless their vertex-label tuples contain two different
elements. We refer to this reaction core as an anchor. When comput-
ing an MCES for a set of reactions with isomorphic anchors under the
additional constraint that the solution must contain the anchor, we call
the problem the anchored MCES problem. An example instance is shown
in Figure 7. Since the anchor is fixed, we can prune candidate solutions
that do not contain it, which can reduce the search space compared to the
unconstrained MCES problem.

Given a set of reaction mechanisms, we group them according to their
reaction cores, such that two reactions are put in the same set if and only
if they have isomorphic reaction cores. We then solve the anchored MCES
problem for each set of reactions to obtain one graph transformation rule
per reaction core.

The motivation for solving the anchored MCES problem is to find the
most restrictive generalization of a set of chemical reactions with the same

reaction cores. Typically, we use graph transformation rules to expand
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chemical spaces. For instance, we might be interested in predicting what
fragments of a precursor ion would be observed in a mass spectrometer.
However, if the graph transformation rules we use are too general, we
would produce too many spurious fragments, and if the graph transforma-
tion rules we use are too restrictive, we miss many fragments that would

otherwise be observed in practice.

8 Conclusion

We have presented an exact and reproducible algorithmic framework for
comparing multiple labeled graphs, with molecular-graph comparison in
computational chemistry as the primary application setting. By com-
bining modular-product formulations, an adapted Bron—Kerbosch search,
pruning of redundant type-0 product edges, and similarity-based graph
ordering, the framework unifies exact MCIS and MCES computation, in-
cluding type-A-connected variants, under explicit label and connectivity
constraints. Formal proofs establish correctness, and benchmarks on the
ZINC and ChEMBL22 datasets show that the method is practically usable
on the studied molecular instances. Because the framework is formulated
for arbitrary labeled graphs, it also provides a reproducible exact method
for labeled-network comparison beyond the molecular case. The pub-
licly available implementation supports comparative evaluation, and the
reaction-rule example illustrates that the framework supports application-

driven tasks beyond similarity analysis.

Practical implications. From an applied-modeling perspective, the fra-
mework provides an exact and interpretable way to identify conserved
structural motifs across multiple molecular graphs under explicit label and
connectivity constraints. This makes it useful both as a standalone method
for common-substructure analysis and as a rigorous exact baseline against
which approximate or heuristic methods can be evaluated. The reaction-
rule example further shows that the framework is not limited to similarity
scoring, but can also support the extraction of shared mechanistic patterns

from sets of related reactions.
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When the exact framework is most useful. In practice, the frame-
work is most useful when exhaustive identification of all optimal shared
substructures matters more than computational throughput, for example
when constructing exact baselines, analyzing moderate-size collections of
molecular graphs under explicit label constraints, or extracting conserved
reaction patterns from closely related reactions. In such settings, enu-
merating all optimal solutions can be as important as determining the
optimum size itself. When throughput on much larger or less constrained
inputs is the main priority, the framework is better interpreted as a refer-

ence method against which approximate strategies can be calibrated.

Limitations and scope. As with other exact methods for NP-hard
graph matching problems, worst-case runtimes can grow rapidly with in-
stance size, structural ambiguity, and weak label constraints. The present
contribution is therefore best viewed as a verified exact computational
methodology for moderate-size labeled-network comparison problems, with
molecular graphs as the main validation regime, rather than as a universal
large-scale solver. For substantially larger inputs or less constrained ap-
plication settings, approximate, hybrid, or decomposition-based strategies

may be more appropriate.

Data availability

The source code and experiment scripts are publicly available at https:
//github.com/johannesborg/cmces. The molecular datasets analyzed
in this study are available from the ZINC database [39] and ChEMBL
(release 22) [44]; benchmark construction steps and computational settings

are fully described in the manuscript.
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