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Abstract

The energy of a simple graph G is defined as the sum of absolute
values of all eigenvalues of its adjacency matrix and is denoted by
E(G). The Degree-Ratio Sombor index of G is defined as

4 4
DRSO(G) = 3 Vutd
weE(G) dudy

where d,, and d, are the degrees of vertices u and v, respectively. In
this paper, we investigate the relationship between DRSO(G) and

().
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1 Introduction

Let G = (V(G), E(G)) be a simple graph with m = |E(G)| edges, maxi-
mum degree A(G), and minimum degree §(G). Let A1, Ag,..., A, be the
eigenvalues of the adjacency matrix of G. The energy of G is defined
n [8]as

=> |l
=1

For recent bounds on graph energy, see [1,6,7].
Following [3], the vertez energy of a vertex v; is the i-th diagonal entry
of |A] = (A%)'/2, where A is the adjacency matrix of G:

5G(Uz') = |A|u (1)

Because tr|A| =) . |A;|, we have the decomposition

G)=> E(v) = Z)(‘C”ijﬁﬁi@)). (2)
G

veV uveEE( “

The latter identity was proved in [2], together with the lower bound
Ec(v) > +/d,/A. For a tutorial on vertex energies, see [4].

The Degree-Ratio Sombor index DRSO(G) was recently introduced in
[9] and further studied in [5]. It is originally defined as

s~ 3 (5 (2]

wweE(G)

which simplifies to

JET
DRSO(G W;E:@ i
where d,, denotes the degree of vertex u.
In this paper we investigate the relationship between DRSO(G) and
E(G). We establish several sharp inequalities. In particular, we combine
DRSO(G) with the Randié index R(G) to obtain a refined lower bound for
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the energy. We then derive general upper and lower bounds for £(G) in
terms of DRSO(G), the maximum degree A, the minimum degree §, and

the number of edges m. For regular graphs these bounds simplify nicely.

2 Auxiliary Lemmas

In this section we collect all the technical lemmas that will be used through-

out the paper.

Lemma 1. For any positive integers r,s with r + s > 3,

VIr+Vs>Vr+s+e,

where ¢ = 14++/2 —+/3 = 0.6822. The constant c is optimal; equality holds
for (r,s) € {(1,2),(2,1)}.

Proof. Fix t = r +s > 3 and define f(r) = \/r +t—r —/t for r €
(0,%). Since f”(r) = —1r=3/2 — (¢t —r)=3/2 < 0, f is concave on (0,?).
Consequently, on the integer set {1,...,t—1} the minimum of f is attained
at an endpoint. By symmetry in r and s, we may assume r < s, so the
minimum occurs at r = 1 (and s =t —1 > 2). Thus it suffices to minimize
g(s) =1+ /s — /s + 1 over integers s > 2. For s > 0,

1 1
NN ES

hence g is strictly increasing. Therefore the minimum over s > 2 is attained
at s = 2, yielding ¢ = g(2) = 1 +v2 — V3. u

q'(s) >0,

Lemma 2. For any edge wv € E(G),

du | dy
d, " d,

Consequently,
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where M1(G) = 3, ep)(du + dv) = X, cv(a) da-

Proof. From d,,,d, > 1 we obtain d,/d, < d,, and d,/d, < d,, hence

dy  dy
7 + T <d, +d, for every edge uwv.

Summing over all edges yields the right-hand inequality in the statement.
For the left-hand inequality, apply va? + b2 < a + b with a = d2, b = d>

to get
\/d3+d3<d3+d§7di dy
dydy = dydy,  dy  dy
Summing this over all edges and using the previously established bound
gives DRSO(G) < ¥, (% + &) < My(G). u

Lemma 3. For any edge xy of G,
\/di +d
Ve +dy > —————e.
A(G)VA(G)

Proof. Using dy,dy < A,

Vi i <\ [A2(02 + d3) = A\ + 3 < AVA(de + dy) = AVAN, +d,.

Rearranging gives the desired inequality. |

Lemma 4. For any graph G,

3 (du n dv) < V2 DRSO(G).

dy  dy
uveE(G)

Proof. The well-known inequality v/a2 +b2 > (a + b)/v/2 for a,b > 0
applied to a = d2, b = d? yields

Vdi +dy > d3+d7%.
u v — \/5

Consequently,

dy +dy _ 3 Vb +di
dydy,  — dudy
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. d? +d? .
Since C’l‘tl v = % + g%, summing over all edges completes the proof. N

U

Lemma 5. For any graph G,
dy  dy
weE(QG) v “

Proof. Since d,, < A we have d,, < A- Z—”, hence d, +d, = ‘;—”dv 4 8oy, <
A(% + %). Summation yields the claim. |

3 Relations between graph energy and the

Degree-ratio Sombor index

In this section we present our main results, establishing various sharp
inequalities between £(G) and DRSO(G).

Theorem 1. For any graph G with at least one edge and mazimum degree

A, we have

DRSO(G) < £(G) A%(G) — 3 dy(dy — 1) + dy(du — 1)

weE(G) dudy

Proof. For any edge uv € E(G), using va? +b? < a+ b with a = d,,/d,
and b =d,/d,, we have

DRSO(G) = > Vd4+d4 < ) <d”+d”>.

dy, dy
weE(G) uUEE(G)

Also, from the elementary inequality ilTu + %: < dy + d, (which follows
from d? + d2 < dyd,(d, + dy)), we get

DRSO(G) < Y (du+dy) =M (G). (3)
weEE(G)
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Now, since d,, < A(G) for every vertex v,

Mi(G)= > dI<AG) D dy=2mA(G).
veEV(G) veV(G)

For any eigenvalue )\; of the adjacency matrix we have |\;| < Ay < A(G),

hence A;|\;] > A2. Summing over all eigenvalues yields

2m =3 <M YNl = MEG) < AG)EG),

so 2m < A(G) £(G). Therefore
M (G) < A%(G)E(G). (4)

To obtain the refined bound, observe that

v/ dd 4 d?
(dy + dy) — Vby t+dy

My(G) =DRSO(G) = > ™

wweE(G)

. \/dd +ds .
Since utdy < Z—“ + %, it follows that

dydy

My(G)=DRSO(G) > > {(du +d,) — (‘;Z + flz)] .

weE(G)

A direct algebraic simplification gives

dy dy\ _ di(dy—1)+d3(dy — 1)
(et o) = <dv ’ du> - dd,

Therefore,

diy(dy — 1) + dj(dy — 1)

DRSO(G) < My(G) — > i

weE(G)

(5)
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Combining (4) and (5) yields the desired inequality:

2 _ 2 -
DRSO(G) < E(Q)AXG) — Y dy (dy 1()itldv(du 0l -
weEE(G) uthy

Theorem 2. Let G # Ko be a connected graph with maximum degree A.
Then

DRSO(G) c
8@ = 2 + RO,

where R(G) = 3 ,.cp(q) ﬁ is the Randi¢ index. The constant ¢ =
1++/2 — /3 =0.6822 is defined in Lemma 1.

Proof. Using the vertex energy deﬁnition (1) and the identity (2) together
with the bound &g (v) > /d,/A from [2], we have

1 L, &+ Vs
5(G>2fw§®<f f) VB Vi,

Since G is connected and G # Ks, every edge satisfies d, + d, > 3, so

Lemma 1 applies and gives

Vi +\/d, > \d, +d, +ec.

Hence

Vdy + dy c
2 Y Ee s Y

w€EE(G) vEE(G)

For the first sum, Lemma 3 yields

d, + dy 1 d4+d4 DRSO
= Y > )

/7 2
quE(G) \/7 uwv€E(G) Afd“d” A
Therefore,
DRSO(G) c
> 74— . |
E(Q) > A2 + A R(G)

Corollary. Let G # Ko be a connected graph with m edges and mazimum
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degree A. Then

DRSO(G) < A2E(G) — cVAm.

Proof. Because d,d, < A2, we have x/diidv > % for every edge, so R(G) >

m/A. Substituting this into Theorem 2 and rearranging yields the claimed

inequality. |

Corollary. Let G be an r-regular graph with v > 2 and m edges. Then
DRSO(G) <72 &(G) — ev/rm.

Proof. The result follows immediately by substituting A(G) = r into
Corollary 3. |

Theorem 3. Let G be a graph with minimum degree § > 1 and mazimum
degree A. Then

V26 V2A
"5 DRSO(G) < £(G) < 5 DRSO(G).

Proof. Lower bound. By the Cauchy—Schwarz inequality,

s (s VEFE' (g ) (s 1
(DRSO(G))” = (Z duds ) : (MEE dud )(% dudu)

uveE

For each edge,

4 4 3 3
i G R )

Summing over all edges and applying Lemma 4 gives

dt + dt d d
Zu T v o A2 ) <AZV2D )
uwweFkR dudv B u;E <dU i du) B \/> RSO(G)

Thus
1

dud,’

(DRSO(G))” < A%V2 DRSO(G) Y
uwweE
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which implies
Z 1 S DRSO(G)

uveE dudv B AQ\/§

. 1 1 . .
Since d,, d, > §, we have T, < ST Summation yields

1
du 2. Vaud,

wveE wweE

~ R(G).

qu—*

Combining the two estimates,

DRSO(G) _ 1
Az =g RO
Hence, 5
R(G) > o (@)

Finally, the well-known inequality £(G) > 2R(G) (which holds for graphs

without isolated vertices, see [8]) gives

£(G) > 2R(G) > \” DRSO(G).

Upper bound. We start from the bound £(G) < Y, oy, Vd, (see [3]).
Using v/d, < d,/V/$ (because d, > §), we obtain

2m
S
\[UEV \/g

Now 2m =3 d, < 3>, d2 = w, hence

My (G)

€6 < 5

From Lemma 5 we have M;(G) < A ZM(‘;—: + g—z), and Lemma 4 gives
5 4o (% + %) < /2 DRSO(G). Therefore,

A-V2DRSO(G) V2A
£(G) < 53/2 = 532

DRSO(G). ]
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Theorem 4. Let G be a graph of order n with minimum degree § > 1 and

mazximum degree A. Then

£(G) < \/\@”A DRSO(G).

Proof. From Lemma 5 and Lemma 4 we obtain M;(G) < Ay/2 DRSO(G).
Since M1(G) = Y ,cpd2 = 63 ey dv = 2mé, it follows that 2m <
w < ATﬂ DRSO(G). By the Cauchy—Schwarz inequality applied to
the eigenvalues of G, £(G) < \/n).;_, A2 = v2mn. Substituting the

upper bound for 2m completes the proof. |

Theorem 5. Let G be a graph with m edges and mazimum degree A.

Then DRSO2(G
£(G) > &)

- m A3
Proof. By the Cauchy—Schwarz inequality,

@mwwW=<§:¢%+%f<m§:ﬁ+ﬁ

dudy a2 d2

uwveE uvelE

For any edge uv,

dd + g4 d? d? d d
Y v U A2
PERE dfd%-(%+%»

dz . . .
where we used 7 = % . % <A- % together with the symmetric estimate
z v dy v

for the second term. Summing over all edges and applying Lemma 2 yields

i+ di dy  dy
> pore <A N (d+d)§AM1(G).

uwveE wweE v w

As shown in the proof of Theorem 1, M;(G) < A? £(G). Consequently,
(DRSO(G))* <m-A - A%E(G) = mA*E(G),

and taking square roots completes the proof. |
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