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Abstract

Let G be an undirected simple graph with n vertices and let di
be the degree of the vertex i in G. The ABC matrix of G is a square

matrix of order n whose (i, j)- entry is
√︂

di+dj−2

didj
, if the vertices vi

and vj are connected and zero otherwise. Let H be a simple undi-
rected graph with r vertices, v1, v2, . . . , vr and G1, G2, . . . , Gr, r dis-
joint pj- regular graphs, j = 1, . . . , r. The H-join of G1, G2, . . . , Gr,
denoted by H[G1, G2, . . . , Gr], is the graph G obtained by joining
each vertex of Gi to all vertices of Gj whenever the vertices vi and
vj are neighbors in H for all 1 ≤ i, j ≤ r. In this work, the ABC
spectrum, the ABC spectral radius, and the ABC energy of certain
caterpillars trees are studied.
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1 Introduction

Let G be a graph with vertex set V (G) and edge set E (G). A vertex vi

∈ V (G) and an edge vivj ∈ E (G) , is sometimes just denoted by i and ij,

respectively. It is known that the cardinality of V(G) is the order of G.

A path of order r, Pr, is a graph G with r distinct vertices, v1, v2, . . . , vr

such that E (G) = {vivi+1 : i = 1, . . . , r − 1}. If uv ∈ E (G) we say that u

and v are connected (or linked) or that u and v are neighbors. A pendant

vertex or leaf is a vertex that has only one neighbor. A tree is a graph

where any two vertices are connected by exactly one path. A rooted tree

is a tree in which a special vertex is singled out. This vertex is called the

root of the tree. For r ≥ 1, a star with r + 1 vertices, Sr+1, is a tree that

has a rooted vertex, v, and r neighbors of v that are pendant vertices.

A caterpillar tree (also known as Gutman tree or benzenoid tree) is a

tree of order n ≥ 4 such that, when all its pendant vertices are removed

the resulting structure is a path with at least two vertices. Let r ≥ 2. The

caterpillar tree T (q1, . . . , qr) is then constructed by identifying the central

vertex of each star Sqi+1 with the i-th vertex of the path Pr, i = 1, . . . , r.

Then, the order of T (q1, . . . , qr) is

n = r +

r∑︂
i=1

qi.

Caterpillar trees are very important in Chemistry. Check for instance

[16], where the author shows that certain benzenoid systems (models of

aromatic hydrocarbons) can be analysed via graph structures closely re-

lated to caterpillars. In this setting, the sextet polynomial, which encodes

the number of aromatic sextets and thus reflects molecular stability, can

be connected to characteristic polynomials of these graphs. This illus-

trates how caterpillar-like structures naturally arise in Chemical Graph

Theory and help capture chemically relevant properties such as electron

delocalization.

Further notation will be introduced as necessary throughout the text.

The set of neighbors of i ∈ V (G) is denoted by NG (i) and the degree of

i, which is the cardinality of this set, is denoted by di.
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A vertex of degree 0 is called an isolated vertex. If di = k, for all

i ∈ V(G) we say that G is a k-regular graph. The largest and smallest

degree of the vertices of G are denoted by ∆ (G) (or simply, ∆) and δ (G) ,

(or, simply δ), respectively. A graph is called (∆, δ)-bipartite semiregular

if it is bipartite and each vertex in the first (respectively, second) set of

the bipartition has degree ∆(G) (respectively, δ(G)). A k-regular simple

graph G on ν vertices is strongly k-regular if there exist positive integers

k, λ, and µ such that every vertex has k neighbors, every adjacent pair of

vertices has λ common neighbors, and every nonadjacent pair of vertices

has µ common neighbors [19]. A strongly regular graph is denoted by

sgr(ν, k, λ, µ).

The adjacency matrix of G is denoted by AG = (aij)1≤i,j≤n , where

aij =

{︄
1 ij ∈ E (G)

0 otherwise.

The Randić matrix R = (rij)1≤i,j≤n is defined by rij = 1√
didj

, if the i-th

and j-th vertices are neighbors and rij = 0, otherwise. The Randić energy

is the sum of the absolute values of eigenvalues of R. The general Randić

index or branching index was defined in [20] as

R−1(G) =
∑︂

ij∈E(G)

1

didj
(1)

Among other results, in [21] it is shown that

n

2∆(G)
≤ R−1(G) ≤

n

2δ(G)
, (2)

where the equality holds if and only if G is a regular graph. For a square

matrix M , the set of its eigenvalues, is denoted by σM . If the eigenvalues

of M are ordered in non increasing order, we denote by λi(M) its i-th

eigenvalue, for i = 1, . . . , n. The multiplicity m of an eigenvalue α of M is

indicated by α[m]. Thus, the set of eigenvalues of M is

σM =
{︂
α
[m1]
1 , . . . , α[ms]

s

}︂
.
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If M = AG the set σM is denoted by σG and it is called the spectrum

of the graph G. If G has n vertices, the elements of σG are ordered as

λ1 ≥ λ2 ≥ · · · ≥ λn.

If α is an eigenvalue of a square matrix M and x is one of its eigenvectors,

the pair (α,x) is an eigenpair of M . If M is a square matrix, its spectral

radius is given by

ρ (M) = max{|λ| : λ ∈ σM}.

It is well known that the largest eigenvalue of a non-negative matrix (a

matrix whose entries are all non-negative) and its spectral radius coincide,

[18]. Moreover, the nonnegative eigenvector of a non-negative matrix is

called maximal eigenvector.

Notation: Kp denotes the complete graph with p vertices. The graph

complement of G is G. The graph Kn is the empty graph with n vertices.

The join of the graphs G and H is denoted by G
⋁︁
H.

A complete multipartite graph with partitions of size |V1| = n1, |V2| =
n2, . . . , |Vp| = np, is denoted by Kn1,n2,...,np

. We denote by G ∪ H the

vertex-disjoint union of the graphs G and H. In particular, kG is the

vertex-disjoint union of k copies of the graph G. The null square matrix of

arbitrary order will be denoted by O. The all ones vector and the identity

matrix of order k are represented by ek and Ik, respectively. The Frobe-

nius norm of a matrix M , [23], is denoted by ∥M∥F . If M is square, its

determinant is denoted by det(M). The Euclidean norm for a vector v is

denoted by ∥v∥. If M = (mij) and N = (nij) we denote by |M | = (|mij |)
and M ≤ N if mij ≤ nij for all (i, j). For more basic notation we refer to

[6].

The overview of the paper is the following: after the Introduction, Section

2 presents the ABC matrix and known bounds for its spectral radius (re-

ferred to as the ABC spectral radius) and its energy (referred to as the

ABC energy). Additionally, new bounds for the spectral radius of con-

nected graphs with respect to the ABC matrix are introduced. Moreover,

upper bounds for the ABC energy for bipartite graphs are revisited. In

Section 3, we recall the definition of H-join of a family of regular graphs
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(as defined in [3]) and study its ABC spectrum. We present bounds for the

ABC spectral radius of those graphs. Section 4 applies the results from

the previous section to study the ABC spectral radius of certain cater-

pillar graphs and its ABC energy is discussed. Finally, Section 5 focuses

on determining an upper bound for the ABC energy of the caterpillar

T (q, . . . , q).

2 The ABC matrix and bounds for its spec-

tral radius and energy

The atom-bond connectivity matrix or ABC matrix of graph G of order

n, Ω(G), [5, 6] is a type of combinatorial matrix constructed based on the

adjacency matrix and the degree matrix of a graph as follows:

Ω(G) = (τij)1≤i,j≤n, (3)

where

τij =

⎧⎨⎩
√︂

di+dj−2
didj

if ij ∈ E(G)

0 otherwise.

The matrix in (3) was designed as a weighted adjacency matrix of G, [5],

and is commonly associated with the atom-bond connectivity index (see

below). This matrix plays a crucial role in understanding the spectral

properties of networks and graphs, as well as in modeling the dynamics of

systems governed by such matrices.

The atom-bond connectivity index of a graph G, [10], is defined by

ABC(G) =
∑︂

ij∈E(G)

√︄
di + dj − 2

didj
. (4)

Ernesto Estrada et al. in [10] have proposed the index in (4) where it

was simply called the ABC index. This invariant displays an excellent

correlation with the heat of formation of alkanes [10, 11] and is of special

importance in chemical graph theory as it gives information on the molec-

ular structure of chemical compounds and is related to their biological
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activity, chemical reactivity, and thermodynamic properties.

A connected graph is known as a molecular graph if its maximum degree

is at most four. Furtula et al. [13] determined the minimum and max-

imum values of this index for molecular trees and showed that the star

is the unique tree with the maximum ABC index when the number of

vertices is given. Kinkar Ch. Das [7] presented lower and upper bounds

on the ABC index of graphs and trees, and characterize graphs for which

these bounds are the best possible. See also [17] and [8] for further reading.

We recall that the matrix Ω (G) , is symmetric, thus its eigenvalues are

real and can be ordered as follows: ν1 ≥ ν2 ≥ · · · ≥ νn. The set of the

eigenvalues of the previous matrix is called the ABC spectrum of G and

it is denoted by σABC(G). The spectral radius of the ABC matrix of G is

called the ABC spectral radius of G and it is denoted by ρ(Ω(G)). It is a

global structural descriptor of a molecular graph and it reflects branching

and degree distribution of the molecule.

2.1 Bounds for the spectral radius of the ABC matrix

In this subsection, we present several bounds for the ABC spectral radius,

which have been identified in the literature. We also present some new

bounds.

Theorem 1. [5] If G is a connected graph without triangles of order n ≥ 3,

then

ρ (Ω (G)) ≤
√
n− 2,

with equality if and only if G ∼= Kn1,n2
with n1 + n2 = n. Moreover, if G

is a connected graph then

min{
√︁

di + dj − 2 : ij ∈ E(G)} ≤ ρ (Ω (G)) ≤ max{
√︁

di + dj − 2 : ij ∈ E(G)},

with equality on both inequalities if and only if G is regular or bipartite

semiregular.

The following corollary is a direct consequence of Theorem 1.
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Corollary 1. [5] Let G be a connected graph. Then√︁
2δ (G)− 2 ≤ ρ (Ω (G)) ≤

√︁
2∆ (G)− 2,

with equality in both inequalities if and only if G is regular.

Concerning trees we also present some known results related with the ABC

spectral radius.

Theorem 2. [6] Let T be a tree of order n ≥ 3. Then,

√
2 cos

π

n+ 1
≤ ρ(Ω(T )) ≤

√
n− 2,

with equality on the left-hand side of the inequality if and only if T ∼= Pn,

and equality on the right-hand side of the inequality if and only if T ∼= Sn.

Theorem 3. [6] If G is a connected graph of order n ≥ 3, then

√
2 cos

π

n+ 1
≤ ρ(Ω(G)) ≤

√
2n− 4,

with equality on the left-hand side of the inequality if and only if G ∼= Pn,

and equality on the right-hand side of the inequality if and only if G ∼= Kn.

2.2 Bounds for the energy of the ABC matrix

This subsection presents the definition of the ABC energy and some bo-

unds established in the literature. Furthermore, we give new upper bounds

for the ABC energy for bipartite graphs.

The energy of the ABC matrix associated to a graph G with n vertices

(see [12]) is given by

EABC (G) =

n∑︂
i=1

|νi|,

where νi is the i-th largest eigenvalue of Ω (G) , i = 1, . . . , n.

Theorem 4. [4] If G = G1 ∪G2 ∪ · · · ∪Gr then

EABC (G) =

r∑︂
i=1

EABC (Gi) .
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Theorem 5. [4] Let G be a graph with n ≥ 3 vertices and without isolated

vertices. The following statement hold:

1. If k ≥ 2 and G is k−regular, then

EABC (G) =

√
2k − 2

2
E (G) ,

where

E (G) =

n∑︂
i=1

|λi|,

and λ1 ≥ λ2 ≥ · · · ≥ λn are the elements of σG.

2. If G is (∆, δ)−semiregular bipartite, then

EABC (G) =

√
∆+ δ − 2

2
E (G) ,

in particular

EABC (Ka,b) = 2
√
n− 2, a+ b = n.

The next result gives an upper bound for EABC (G).

Theorem 6. [4] Let G be a graph without isolated vertices and order

n ≥ 3. Then

EABC (G) ≤ n

√︄
2

(︃
1− 1

∆ (G)

)︃
,

with equality if and only if G ∼= n
2K2. If k ≥ 2 and G is a connected

k-regular graph, then

EABC (G) ≤
√
k +

√︁
(n− 1) (n− k)

√︄
2

(︃
1− 1

k

)︃
,

with equality if and only if G ∼= Kn or G ∼= srg
(︂
n, k, k(k−1)

n−1 , k(k−1)
n−1

)︂
.

To establish an upper bound for the ABC energy in the context of bipartite

graphs, we present some auxiliary results from [1,15,18].
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Lemma 1. [15] Let G be a graph of order n ≥ 3 without isolated vertices

and ABC eigenvalues ν1, . . . , νn. The following equalities hold:

1.
∑︁n

i=1 νi = 0.

2.
∑︁n

i=1 ν
2
i = 2n− 4R−1(G),

where R−1(G) is defined in (1).

As recalled in [18, Chap 3], if a nonnegative irreducible square matrix

M has a maximal eigenvalue r and exactly h eigenvalues of modulus r,

then h is referred to as the index of imprimitivity of M . Furthermore, a

symmetric irreducible nonnegative matrix M must have an imprimitivity

index of 2. According to its Frobenius form ( [18, Theorem 3.1]), there

exists a permutation matrix P such that

M = PT

(︄
0 M12

M21 0

)︄
P, (5)

where the zero blocks in the main diagonal are square.

The following result was proved in [1]:

Theorem 7. [1] Let M be an imprimitive symmetric nonnegative irre-

ducible matrix whose Frobenius form is given in Eq (5). If M12 has order

m1 ×m2, M21 has order m2 ×m1 and m̃ = min{m1,m2}, then

E(M) ≤ 2λ1(M) + 2

√︂
(m̃− 1)(∥M∥2F /2− λ21(M)). (6)

Equality holds if and only if M has 2(m̃− 1) eigenvalues beyond ±λ1(M)

with the same modulus, namely

√︂
∥M∥2

F /2−λ2
1(M)

m̃−1 and |m2−m1| eigenvalues
equal to 0.

Corollary 2. Let M be an imprimitive symmetric nonnegative irreducible

matrix whose Frobenius form is given in Eq. (5). Let M12 and M21 matri-

ces with orders m1×m2 and m2×m1 respectively, and m̃ = min{m1,m2}.
If

λ1(M) ≥ ψ ≥
∥M∥F√

2m̃
, (7)
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then

E(M) ≤ 2ψ + 2

√︂
(m̃− 1)(∥M∥2F /2− ψ2). (8)

A value T in the condition (7) exists, and is neither equal to λ1(M) nor
∥M∥F√

2m̃
, if and only if M has at least two eigenvalues with distinct modulus.

Proof. Consider

f(x) = x+

√︂
(m̃− 1)(∥M∥2F /2− x2),

whose derivative is

f ′(x) = 1−
√
m̃− 1x√︂

∥M∥2F /2− x2
,

which is non-increasing if and only if x ≥ ∥M∥F√
2m̃

. Next, we will show that

λ1(M) ≥ ∥M∥F√
2m̃

.

Clearly, the cardinality of the set

σ0(M) = {λ ∈ σM : λ ̸= 0}

is the rank of M , say m0. Since M and MMT have the same rank we

conclude that m0 ≤ 2m̃ and λ21(M) = max{λ2 : λ ∈ σ0(M)}.
As the maximum of a numerical set is greater than its average, and

equality holds if and only if all the numbers are equal, we have

λ21(M) ≥ ∥M∥2F /m0 ≥ ∥M∥2F /2m̃, (9)

and the equality holds if and only if all the eigenvalues have the same

modulus, namely, |λ| = ∥M∥F /
√
2m̃. The result follows from Theorem 7

and by comparing f(λ1(M)) and f(ψ).

The following result is obtained by the direct application of Theorem

7 applied to M = Ω(G) and using Lemma 1.

Theorem 8. Let G be a bipartite connected graph with n ≥ 3 vertices and

bipartition V1 and V2 where |V1| = n1 and |V2| = n2. Let k = min{n1, n2}
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and n = n1 + n2. Then,

EABC(G) ≤ 2ν1 + 2
√︂
(k − 1)(n− 2R−1(G)− ν21). (10)

Equality holds if and only if G has 2(k − 1) nonzero ABC eigenvalues

distinct from ±ν1 with the same modules and |n2 − n1| eigenvalues equal

to 0.

The following result is a direct consequence of Corollary 2.

Corollary 3. Let G be a graph bipartite connected graph with n ≥ 3

vertices and bipartition V1 and V2 where |V1| = n1 and |V2| = n2. Let

k = min{n1, n2} and n = n1 + n2. If ν1 ≥ ψ ≥
√︂

n−2R−1(G)
k . Then

EABC(G) ≤ 2ψ + 2
√︁
(k − 1)(n− 2R−1(G)− ψ2). (11)

The following result uses Corollary 1.

Corollary 4. Let G be bipartite connected graph with n > 3 vertices and

bipartition V1 and V2 where |Vj | = k, j = 1, 2. . If n = 2k and δ ̸= 1, then

EABC(G) ≤ 2
√
2δ − 2 + 2

√︁
(k − 1)(n+ 2− 2R−1(G)− 2δ).

Proof. In the inequalities below, we take into account that R−1(G) ≥ n
2∆

(2). Note also that (δ − 1)∆ > ∆− 1. Thus,

(δ − 1)∆ > ∆− 1

⇔ (δ − 1)∆ + 1 > ∆

⇔ (δ − 1)k∆+ k > k∆

⇔ (2δ − 2)k∆+ n > n∆

⇔ (2δ − 2)k +
n

∆
> n.
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Then,

(2δ − 2)k + 2R−1(G) > n

⇔ 2δ − 2 >
n− 2R−1(G)

k

⇔
√
2δ − 2 >

√︃
n− 2R−1(G)

k
,

where this last inequality is the condition in the above result (Corollary

2.20).

3 The ABC spectrum of the H-join

of graphs

The spectrum of the H-join of graphs, that is a generalized join operation

on a family of graphs, regular in the case of the adjacency matrix and arbi-

trary in the case of the Laplacian matrix, was characterized in [3, Theorem

5]. In [3] this operation was designated by H-join of a family of graphs

G1, . . . , Gk, where H is an arbitrary graph of order k, but this definition is

the same as the so called generalized composition, considered in [22] with

the notationH[G1, . . . , Gk], where the adjacency spectra ofH[G1, . . . , Gk],

when G1, . . . , Gk are all regular, was also treated. Using almost equitable

partitions [9], in [14] the Laplacian eigenvectors and eigenvalues of the

H-join (generalized composition) of a family of graphs G1, . . . , Gk were

determined, in particular, all the eigenvalues of each one of the graphs

of the family with eigenspaces orthogonal to the all-one vector are also

eigenvalues of the H-join. Following a different approach, the same result

is proven in [3]. We recall here some of the definitions and results.

Let H be a graph with k vertices and without isolated vertices. Let

G1, G2, . . . , Gk be a finite family of pj-regular graphs, with vertex sets

V (Gj), for j = 1, . . . , k which are pairwise disjoint. Moreover, suppose that

the graphs Gj have nj vertices for j = 1, . . . , k. Let G ∼= H [G1, . . . , Gk].

Let Aj be the adjacency matrix of Gj , j = 1, . . . , k . Let AH = (δij)1≤i,j≤n
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be the adjacency matrix of H. Consider the matrix ˆ︁C below, called the

quotient matrix of the H-join:

ˆ︁C =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

p1 δ12
√
n1n2 · · · δ1k

√
n1nk

δ12
√
n2n1 p2

. . . δ2k
√
n2nk

...
. . .

. . .
...

...
. . .

. . .
...

δk1
√
nkn1 · · · δk(k−1)

√
nknk−1 pk

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (12)

Applying [3, Theorem 3], the following result, that relates the spectrum

of the adjacency matrix of the H-join and the matrix in (12), is obtained.

Theorem 9. [3] For j = 1, 2, . . . , k let Gj be a pj-regular graph with nj

vertices and spectrum σj. If G ∼= H [G1, . . . , Gk] and ˆ︁C is the matrix in

(12), then

σG = σ ˆ︁C ∪
k⋃︂

j=1

σj \ {pj} .

Applying again [3, Theorem 3] we obtain an analogous result for the

ABC-matrix of the H-join of k disjoint regular graphs.

To define the ABC matrix associated with the H-join, it is crucial to

establish key invariants related to theH-join of graphs, which can be found

in [3].

Definition 1. For j = 1, 2, . . . , k let Gj be a pj regular graph with nj

vertices and spectrum σj . Let G ∼= H [G1, . . . , Gk] and

Nj =
∑︂

ij∈E(H)

ni. (13)

Note that the degree of an arbitrary vertex v ∈ V (Gj), as vertex of G, is
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pj +Nj . Let

βj =

√
2
√︁
pj +Nj − 1

pj +Nj
. (14)

Consider the matrix

˜︁Ω (Gj) = βjA (Gj) , j = 1, . . . , k. (15)

Let ρ be the following k(k−1)
2 −tuple of scalars

ρ = (ρ12, . . . , ρ1k, ρ23, . . . , ρ2k, . . . , ρk−1,k) (16)

such that

ρij = δij

√︄
(pi + pj +Ni +Nj − 2)ninj

(pi +Ni)(pj +Nj)
. (17)

Thus, the ABC matrix of the H-join H [G1, . . . .Gk] is:

Ω (G) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

˜︁Ω (G1)
ρ12en1

eTn2√
n1n2

· · ·
ρ1ken1

eTnk√
n1nk

ρ12en1
eTn2√

n1n2
˜︁Ω (G2)

ρ23en2
eTn3√

n2n3

.

.

.

.

.

.
ρ23en2

eTn3√
n2n3

. . .
. . .

. . .
. . .

ρk−1,kenk−1
eTnk√

nk−1nk

ρ1ken1
eTnk√

n1nk
· · ·

ρk−1,kenk−1
eTnk√

nk−1nk
˜︁Ω (Gk)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(18)

Moreover, the matrix

ˆ︁Ω (G) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

β1p1 ρ12 · · · ρ1k

ρ12 β2p2 ρ23 · · ·
...

... ρ23
. . .

. . .

. . .
. . . ρk−1,k

ρ1k · · · ρk−1,k βkpk

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (19)

is called the ABC quotient matrix of the H-join.

The following result characterize the ABC spectrum of an H-join of

regular graphs.
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Theorem 10. Let A (H) = (δij)1≤i,j≤k. For 1 ≤ j ≤ k let Gj be a pj

-regular graph with nj vertices. Consider the vector in (16) defined as

(17). Let σj be the spectrum of graph Gj, j = 1, . . . , k. Consider Nj be the

integer defined as (13). Then,

σABC (G) = σˆ︁Ω(G) ∪
k⋃︂

j=1

{︄√
2
√︁
pj +Nj − 1

pj +Nj
λ : λ ∈ σj \ {pj}

}︄

where ˆ︁Ω (G) is the matrix in (19). In particular, if Gj
∼= Knj

, j = 1, . . . , k,

we obtain

σABC (G) =
{︂
0[n−k]

}︂
∪ σˆ︁Ω(G)

where

ˆ︁Ω (G) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 ρ12 · · · ρ1k

ρ12 0 ρ23 · · ·
...

... ρ23
. . .

. . .

. . .
. . . ρk−1,k

ρ1k · · · ρk−1,k 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
(20)

and

ρij = δij

√︃
ninj
NiNj

√︁
Ni +Nj − 2, (21)

for all 1 ≤ i ≤ k− 1 and 2 ≤ j ≤ k, ni is the number of vertices of Gi and

Ni is the invariant defined in (13).

Theorem 11. Let Gj be a connected pj-regular graph, with j = 1, 2 . . . , k.

The ABC spectral radius of the H-join G ∼= H [G1, . . . , Gk], with H con-

nected, and the spectral radius of the matrix ˆ︁Ω (G) in (19) coincide.

Proof. Firstly, it is important to observe that both matrices ˆ︁Ω (G) in (19)

and Ω (G) in (18) are nonnegative irreducible matrices. Therefore, the

eigenvectors corresponding to their largest eigenvalues have (up to a neg-

ative scalar multiple) all coordinates positive, [18, Corollary 4.2]. On the

other hand, by [18, Theorem 4.4] we can conclude that the maximal eigen-

value of a nonnegative irreducible matrix M is the unique eigenvalue of

M that has an associated positive eigenvector (up to a negative scalar
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multiple). From the proof of the result [3, Theorem 3], it is clear that the

eigenvectors associated to the eigenvalues of Ω(G), which come from the

eigenvalues of ˆ︁Ω(G), are constructed by the product of the coordinates of

the respective eigenvector of ˆ︁Ω(G) and the vector v = (vT
1 ,v

T
2 , . . . ,v

T
k )

T

with ˜︁Ω (Gj)vj = βjpjvj , ∀j, where ˜︁Ω(G) is the matrix in (15) and βj are

the elements in (14). Since, for all j, vj is a maximal eigenvector and˜︁Ω (Gj) is a nonnegative irreducible matrix, vj is positive (up to a negative

scalar multiple). Taking into account the products among the positive co-

ordinates of the maximal eigenvector of ˆ︁Ω(G) and the vector components

of the vector v the result follows.

4 Application to the ABC spectrum

of caterpillars

In chemical graph theory, caterpillar trees are widely used. A caterpillar

tree represents a benzenoid hydrocarbon molecule allowing a better pre-

diction and analysis of its properties, stability and reactivity. We label the

vertices of the caterpillar T (q1, . . . , qr) with qi ≥ 1, in the following form:

1. The labels 1, . . . , r are used in the path Pr from left to right.

2. Again, from left to right the labels r + i con 1 ≤ i ≤ n− r are used

in the q1 + q2 + · · ·+ qr pendant vertices of T (q1, . . . , qr).

3. Let H0
∼= T (1, 1, . . . , 1) . Then H0 is a graph of order 2r. Using the

labeling for the vertices described in 1. and 2., the adjacency matrix

of H0 is the following block matrix:

A (H0) =

(︄
A (Pr) Ir

Ir O

)︄
. (22)

After labeling the vertices of the caterpillar we note that,

G ∼= T (q1, . . . , qr) = H0

[︁
K1, . . . ,K1,Kq1 , . . . ,Kqr

]︁
.
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Here K1 appears r times, the vertices 1 and r of the path Pr have

1+ q1, 1+ qr neighbors, respectively. Meanwhile, the vertices from 2

to r−1 of Pr have q2+2, q3+2, . . . , qr−1+2 neighbors, respectively.

4. Moreover, n1 = n2 = · · · = nr = 1, n1+r = q1, n2+r = q2, n3+r =

q3, . . . , n2r = qr, and pj = 0 for all 1 ≤ j ≤ 2r.

5. For the graph H0

[︁
K1, . . . ,K1,Kq1 , . . . ,Kqr

]︁
the invariants given by

Definition 1 are

(a) N1 = q1 + 1, and Nr = 1 + qr,

(b) Nj = 2 + qj (2 ≤ j ≤ r − 1) and,

(c) Nr+1 = 1 = N2+r = · · · = N2r.

The entries defined in (21) of the corresponding quotient matrix are: ρij =

0 if j /∈ {i+ 1, r + i}, and ∀1 ≤ i ≤ r − 1. Additionally,

ρi(i+r) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

qi√
qi + 1

if i = 1 or i = r

√︃
qi
qi + 1

qi + 2
if 2 ≤ i ≤ r − 2,

and

ρi(i+1) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

√︃
qi + qi+1 + 1

(qi + 1)(qi+1 + 2)
if i = 1

√︃
qi + qi+1 + 1

(qi + 2)(qi+1 + 1)
if i = r − 1

√︃
qi + qi+1 + 2

(qi + 2)(qi+1 + 2)
if 2 ≤ i ≤ r − 2.

In order to present the ABC quotient matrix of the H0-join, ˆ︁Ω0(G),

we note that its entries are zero where the entries of A (H0), in (22), are

zero.

Thus, ˆ︁Ω0(G) =

(︄
Λ (Pr) (G) Υr(G)

Υr(G) Or

)︄
,
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where the submatrices Υr = Υr(G) are diagonal matrices such that

Υr = diag
(︂
ρ1(1+r) ρ2(2+r) . . . ρ(r−1)(2r−1) ρr(2r)

)︂
= diag

(︂
q1√
q1+1

√︂
q2

q2+1

q2+2 . . .
√︂
qr−1

qr−1+1
qr−1+2

qr√
qr+1

)︂
(23)

and Λ = Λ (Pr) (G) is:

Λ =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
√︂

q1+q2+1
(1+q1)(2+q2)

0 · · · 0

√︂
q1+q2+1

(1+q1)(2+q2)
0
√︂

q2+q3+2
(q2+2)(q3+2)

0
...

0
√︂

q2+q3+2
(q2+2)(q3+2)

0
√︂

q3+q4+2
(q3+2)(q4+2)

. . .
. . .

. . .
. . .

...
. . .

. . .√︃
qr−2+qr−1+2

(qr−2+2)(qr−1+2)
0√︃

qr−2+qr−1+2

(qr−2+2)(qr−1+2)
0

√︃
qr−1+qr+1

(qr−1+2)(qr+1)

0 · · ·
√︃

qr−1+qr+1

(qr−1+2)(qr+1)
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (24)

Sometimes, to simplify notation we just use Λ (Pr) (G) = Λ (Pr) .

Proposition 12. Let r ≥ 3. Consider the caterpillar G ∼= T (q1, . . . , qr).

Let

m = min
{︂√

q1,
√
qr,

√︁
qj + 1 : 2 ≤ j ≤ r − 1

}︂
, and

M = max
{︂√︁

1 + q1 + q2,
√︁

1 + qr−1 + qr,
√︁

qj + qj+1 + 2 : 2 ≤ j ≤ r − 2
}︂
.

Then,

m ≤ ρ (Ω(G)) ≤ M.

Proof. In [2], the quotient matrix Θ2r of the Randić matrix of the cater-

pillar T (q1, . . . , qr), viewed as an H-join, is the matrix of order 2r × 2r

given by:
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Θ2r =

(︄
A B

C D

)︄
,

where A = (aij) is the symmetric matrix where the entries above the

principal diagonal are:

a12 =
1√︁

(1 + q1) (2 + q2)
,

ai,i+1 =
1√︁

(2 + qi) (2 + qi+1)
, i ∈ {2, . . . , r − 2}

ar−1,r =
1√︁

(1 + qr) (2 + qr−1)
,

and all the other entries are equal to zero. Moreover,

B = C = diag
(︂√︂

q1
q1+1 ,

√︂
q2

q2+2 , . . . ,
√︂

qr−1

qr−1+2 ,
√︂

qr
qr+1

)︂
and D is the

null matrix of appropriate order.

The ABC quotient matrix of the caterpillar G ∼= T (q1, . . . , qr), is a matrix

in the form: ˆ︁Ω0 (G) =

(︄
A⋆ B

⋆

C⋆ D⋆

)︄
Where A⋆ = (a⋆ij) is the symmetric matrix where the entries above the

principal diagonal are:

a⋆12 =

√︄
q1 + q2 + 1

(1 + q1) (2 + q2)
,

a⋆i,i+1 =

√︄
qi + qi + 2

(2 + qi+1) (q3 + 2)
, i ∈ {2, . . . , r − 2}

a⋆r−1,r =

√︄
qr−1 + qr + 1

(1 + qr) (2 + qr−1)

and all the other entries are equal to zero. Moreover B⋆ = C⋆ are equal
to

diag

(︃
√
q1

√︃
q1

q1 + 1
,
√︁

1 + q2

√︃
q2

q2 + 2
, . . . ,

√︁
1 + qr−1

√︃
qr−1

qr−1 + 2
,
√
qr

√︃
qr

qr + 1

)︃
,

and D⋆ is the null matrix of appropriate order.
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It is clear that

mΘ2r ≤ ˆ︁Ω0 (T (q1, . . . , qr)) ≤ MΘ2r.

Thus, we have

m ≤ ρ
(︂ˆ︁Ω0 (T (q1, . . . , qr))

)︂
≤ M,

as the largest eigenvalue of Θ2r is equal to 1.

The following result show that the upper bound obtained in Proposition

12 is not worse than the upper bound of Corollary 1.

Proposition 13. The upper bound obtained in Proposition 12 is not worse

than the upper bound given in Corollary 1.

Proof. If ∆ ∈ {q1 + 1, qr + 1}, without loss of generality we suppose that

q1 ≥ qr and ∆ = 1 + q1. Thus, 2∆− 2 = 2q1. Moreover

q1 ≥ qj + 1, j = 2, . . . , r − 1.

Therefore,

2q1 ≥ qj + qj+1 + 2, j = 1, . . . r − 1.

In particular,

2q1 ≥ q1 + q2 + 1

and

2q1 ≥ qr + qr−1 + 1.

Then,

M = max
{︂√︁

1 + q1 + q2,
√︁

1 + qr−1 + qr,
√︁

qj + qj+1 + 2, 2 ≤ j ≤ r − 2
}︂

≤
√
2∆− 2.

If ∆ = qj0 +2 then qj0 ≥ qj , ∀2 ≤ j ≤ r− 1 and qj0 ≥ qj+1, ∀1 ≤ j ≤
r − 2. Then,

2∆− 2 = 2qj0 + 2 ≥ qj + qj+1 + 2 ∀2 ≤ j ≤ r − 2.
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Moreover, qj0 ≥ q1 − 1 and qj0 ≥ qr − 1. Thus, 2qj0 + 2 ≥ q1 + q2 + 1

and 2qj0 + 2 ≥ qr + qr−1 + 1, which proves the statement.

Remark. The upper bound in Proposition 12 is the upper bound in The-

orem 1 except that the former does not take into account the pendant

vertices.

In what follows we search for an upper bound for the ABC spectral radius

of the particular caterpillar T (q, q, . . . , q) that improves the upper bound

in Corollary 1. Let

λ1(Λ(Pr)) ≥ λ2(Λ(Pr)) ≥ · · · ≥ λr(Λ(Pr)),

the eigenvalues Λ(Pr).

When q1 = q2 = · · · = qr = q, the matrix Λ(Pr) is:

Λ (Pr) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

√︃
2q+1

(1+q)(2+q)
0 · · · 0

√︃
2q+1

(1+q)(2+q)
0

√
2+2q
2+q

0

.

.

.

0

√
2+2q
2+q

.
.
.

.
.
.
√

2+2q
2+q

.
.
.

.
.
.

.

.

.

.
.
.

.
.
.

.
.
.

√
2+2q
2+q

0

√
2+2q
2+q

0

√︃
2q+1

(1+q)(2+q)

0 · · ·
√︃

2q+1
(1+q)(2+q)

0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(25)

and

Υr = diag
(︂

q√
q+1

√︂
q q+1
q+2 . . .

√︂
q q+1
q+2

q√
q+1

)︂
. (26)

Thus,

ˆ︁Ω0 =

(︄
Λ (Pr) Υr

Υr Or

)︄
, (27)

is the ABC quotient matrix in this case.
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The following lower bound for ν̃1(q) is rapidly obtained.

Lemma 2. Let ν̃1(q) be the ABC spectral radius of the caterpillar G ∼=
T (q, . . . , q) where q is repeated r times. If Φ is equal to

4

(︄
q

q + 1

√︄
2q + 1

(q + 2)
+

ϑ

(q + 2)
3
2

)︄
, (28)

with

ϑ =
√︁
4q + 2 +

√︁
2q +

√
2q

3
2 +

√︁
2q3 + 5q2 + 2q +

√︁
2q (r − 4) (q + 1) ,

and

ξ(q) =

√︄
2rq3 + 6rq2 + 12rq + 8r − 24q − 20

2r (q + 2)
2 +

Φ

2r
, (29)

then

ξ(q) ≤ ν̃1(q).

Proof. The proof follows from a well known inequality eTM2e
2r ≤ ν̃21(q),

where e is the 2r-dimensional all ones vector and M = ˆ︁Ω0(G). From the

equality eTM2e = ∥Me∥2 and considering that√︃
eTM2e

2r
= ξ(q), (30)



1199

we first compute Me. Thus,

Me =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

√︂
2q+1

(q+1)(q+2) +
q√
q+1√︂

2q+1
(q+1)(q+2) +

√︂
q q+1
q+2 +

√
2
√
q+1
q+2√︂

q q+1
q+2 + 2

√
2
√
q+1
q+2

...√︂
q q+1
q+2 + 2

√
2
√
q+1
q+2√︂

2q+1
(q+1)(q+2) +

√︂
q q+1
q+2 +

√
2
√
q+1
q+2√︂

2q+1
(q+1)(q+2) +

q√
q+1

q√
q+1√︂
q q+1
q+2

...√︂
q q+1
q+2
q√
q+1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Therefore, if Φ is as in (28),

∥Me∥2 =
2rq3 + 6rq2 + 12rq + 8r − 24q − 20

(q + 2)
2 +Φ.

Thus

∥Me∥√
2r

= ξ(q) =

√︄
2rq3 + 6rq2 + 12rq + 8r − 24q − 20

2r (q + 2)
2 +

Φ

2r
,

and the statement follows.

4.1 Upper bound for the ABC energy of certain cater-

pillars

In this section, we provide an upper bound for the ABC energy of the

caterpillar graph T (q, . . . , q), along with a comparative table that contrasts

this bound with the one presented in Theorem 6.

The following result uses Corollary 2 and Lemma 2 to establish an

upper bound for the energy of the caterpillar graph G ∼= T (q, q, . . . , q).
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To achieve this, we must verify the condition in (7) for T = ξ(q) and

M = ˆ︁Ω0(G).

Proposition 14. Consider the graph G ∼= T (q, q, . . . , q), with q repeated

r ≥ 3 times. Let Φ and ξ(q) defined in (28) and (29), respectively. Then,

EABC(G) ≤ 2ξ(q) + 2
√︁

(r − 1)Γ,

where Γ =

(︃
r(q3+3q2+4q+2)−q3−3q2−10q2−6

(q+2)2
+ 24q+20

2r(q+2)2
− Φ

2r

)︃
.

Proof. Consider G as in the statement and ξ(q) as defined in Lemma 2.

Claim: For all q,

ξ(q) ≥ ∥Ω̂0(G)∥F√
2r

.

Proof of Claim: Let M = ˆ︁Ω0(G) then is clear that the following in-

equality proceeds

trace(M∗M) ≤ eTM∗Me.

As ∥M∥2F = trace(M∗M) and M∗ = M then the Claim follows. Taking

into account the previous inequality, dividing by 2r and taking the square

root, one obtain:

∥M∥F√
2r

≤
√︃

eTM2e

2r
= ξ(q). (31)

By Lemma 2, we see that ξ(q) satisfies the conditions of ψ in the

inequality in (7). Finally, by Corollary 2, the inequality is obtained.

Now we compute the Frobenius norm of the matrix:

M = ˆ︁Ω0(G) =

(︄
Λ (Pr) Υr

Υr Or

)︄
. (32)

It is clear that, ⃦⃦⃦ ˆ︁Ω0(G)
⃦⃦⃦2
F
= ∥Λ (Pr)∥2F + 2 ∥Υr∥2F , (33)
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where Λ (Pr) and Υr are defined in (25) and in (23), respectively. By the
symmetry of Λ (Pr) and Υr we see that

∥Λ (Pr)∥2F = 2

(︄
1 + q1 + q2

(1 + q1) (2 + q2)
+

1 + qr−1 + qr

(1 + qr) (2 + qr−1)
+

r−2∑︂
ℓ=2

2 + qℓ + qℓ+1

(2 + qℓ) (2 + qℓ+1)

)︄

and

∥Υr∥2F =
q21

1 + q1
+

q2r
1 + qr

+

r−1∑︂
ℓ=2

qℓ (1 + qℓ)

2 + qℓ
.

If q1 = q2 = · · · = qr = q, then

∥Λ (Pr)∥2F = 2

(︄
2 + 4q

(1 + q) (2 + q)
+

r−2∑︂
ℓ=2

2 + 2q

(2 + q)
2

)︄

= 4

(︄
1 + 2q

(1 + q) (2 + q)
+

(1 + q) (r − 3)

(2 + q)
2

)︄
, (34)

and

∥Υr∥2F =
2q2

1 + q
+
q (1 + q)

2 + q
(r − 2) . (35)

We now compute the difference⃦⃦⃦ˆ︁Ω0 (G)
⃦⃦⃦2
F

2
− ξ(q)2 =

⃦⃦⃦ˆ︁Ω0 (G)
⃦⃦⃦2
F

2
− ∥Me∥2

2r
,

where ⃦⃦⃦ˆ︁Ω0 (G)
⃦⃦⃦2
F

2
= 2

(︄
1 + 2q

(1 + q) (2 + q)
+

(1 + q) (r − 3)

(q + 2)
2

)︄

+
2q2

q + 1
+
q (q + 1)

q + 2
(r − 2)

and
∥Me∥2

2r
=

2rq3 + 6rq2 + 12rq + 8r − 24q − 20

2r (q + 2)
2 +

Φ

2r
.
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Thus,⃦⃦⃦ˆ︁Ω0 (G)
⃦⃦⃦2
F

2
− ∥Me∥2

2r
=

r
(︁
q3 + 3q2 + 4q + 2

)︁
− q3 − 3q2 − 10q2 − 6

(q + 2)
2

+
24q + 20

2r (q + 2)
2 − Φ

2r
.

Using Corollary 2 the result follows.

Remark. For the caterpillar graph T (q, q, . . . , q), the upper bound in Pro-

position 14 improves the upper bound in Theorem 6 which is equal to

r(1 + q)
√︂

2(q+1)
q+2 . The explanation of this fact follows from [1, Lemma

3], which provides a tighter bound for the energy ABC by applying the

Cauchy-Schwarz inequality to a portion of the summand involving the

absolute values of the eigenvalues. In contrast, the bound in Theorem 6 is

derived by applying the Cauchy-Schwarz inequality directly to the entire

sum that defines the ABC energy, along with the left inequality in (2).

Example 1. The following comparative table, generated using MATLAB,

presents the ABC energy (EABC(G)) and the upper bounds from Theorem

6 and Proposition 14 for a graph G ∼= T (q, q, . . . , q), across different values

of r and q.

r q EABC(G) Th 6 Prop 14

3 3 8.5629 15.1789 8.8882

3 4 9.9209 19.3649 10.2596

5 6 18.4484 46.3006 19.4371

7 8 27.6012 84.5234 29.3509

9 12 39.7378 159.4441 42.5442

3 12 17.0235 53.1480 17.7063

12 3 31.9057 60.7157 35.2771
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[20] M. Randić, On characterization of molecular branching, J. Am. Chem.
Soc. 97 (1975) 6609–6615.
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