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Abstract

Graph descriptors such as normalized Laplacian energy, Som-
bor index, Mostar index and Zagreb index are often employed in
various scientific contexts. The Sombor index is essential in chemi-
cal graph theory because it provides insights into molecule stability
and reactivity by analyzing the distribution of atom degrees and
distances. By measuring molecular graph topology, the Zagreb in-
dices are vital tools in mathematical chemistry that help predict
molecules’ physical and chemical characteristics. This manuscript
aims to broaden the characterization of extremal graphs, achieving
upper sharp bounds for the Mostar and first Zagreb index with given
parameters such as cut edges and girth.

Let x* be the set of all n-vertex graphs with exact chromatic
number k. Das and Shang characterized graphs achieving the max-
imum Sombor index of graphs in x* in terms of chromatic number.
This paper extends the characterized graphs, achieving the mini-
mum Sombor of graphs in x¥ in terms of chromatic number. Fur-
thermore, by employing Rayleigh’s quotient principle, we present a
first-ever comparison between the normalized Laplacian energy and
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the Sombor and first Zagreb indices in terms of eigenvalues. To ex-
tend our results, we suggest some open problems to contribute in
the direction of extremal graph theory.

1 Introduction

Spectral graph theory offers a robust structure for a comprehensive un-
derstanding of the structural properties of graphs from the correlation of
their eigenvalues and eigenvectors. Chemical graph theory, which deals
with the representation of molecular structure by employing graphs, has
attained significant consideration among the graph theories.

Quantitative structure-activity relationship and quantitative structure-
property relationship research depend primarily on molecular descriptors,
giving them an essential part of mathematical chemistry. Among those
characteristics, so-called topological indices are of significant relevance.
Considering that they summarize some of the characteristics of an atom
in an individual term, they can quickly comprehend the fundamental ther-
modynamic aspects of synthetic structures. In the past decades, multiple
topological indices have been developed and applied to use in the field of
chemistry (for example, see references [8,21,22,34]. Topological descrip-
tors date back to the innovative research of Wiener [40] who employed the
collection of all shortest paths of a (molecular) graph to characterize the
physical characteristics of alkanes.

The dependency of complete m-electron energy upon the chemical gr-
aphs was discussed by Gutman and Trinajsti¢ in 1972. The further de-
tailed study can be read in [24]. Two well-known indices were established
through this study named the first Zagreb invariant and the second Zagreb

invariant, which is mathematically expressed as

These well-known Zagreb indices extended the subdivision of the chemical
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carbon-atom structure. [4].
Motivated by this work, the Sombor index, a novel degree-based topo-
logical indicator, was introduced by Gutman [25]. For any graph G, the

mathematical terminology of the Sombor descriptor is as follows,

SO(G) = ) V/degg(w)? + degg (v)?,
u~v

The Sombor index has acquired a large number of inquiries from mathe-
maticians and theoretical chemists in a relatively short amount of time.
For a statistical relationship of vaporization enthalpy and entropy in alka-
nes, Redzepovié [37] examined the possible predictive power of the Sombor
index. The Sombor index, well-known for its powerful prognostic capabili-
ties, has also been applied to stimulate the physicochemical characteristics
of synthetic structures. The reader interested in a rigorous mathematical
explanation of the Sombor index of graphs is directed to [9,10,26,31,38].

One of the interesting properties in chemistry, which is used in complex
networks, is called peripherality. The study of peripherality in a graph can
be read here in detail. [5,28-30]. In 2018, Dosli¢ et al. [16] introduced an
index named the Mostar index based on the concept of peripherality. An
edge is considered to be peripheral if there are many more vertices closer to
one of its end vertices than to the other one. More precisely, the absolute
difference between the number of vertices closer to u than to v and the
number of vertices closer to v than to w indicates a peripheral position of
an edge in a graph. The mathematical representation of the Mostar index

for any graph G is written as

My(G)= Y Ina(u) = na(v)],

weEE(G)

Since its introduction in 2018, the Mostar index has been exclusively
studied by many researchers, particularly some of the interesting results
concerning sparse graphs and trees can be read herein [2,13], chemical
graphs [14,19], and hypercube-related graphs [17]. For detailed informa-
tion regarding the Mostar index, we refer to the recent survey [1].

In 1978, Gutman [20] proposed energy of graph G based on the matrix
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named adjacency matrix, which is denoted by A(G) such that A1, Ag, ..., Ay

its eigenvalues. The mathematical definition is illustrated as

n

E(G) = IMl, (1)
k=1

The Hiickel chemical structure complete m-electron energy was one of the
main reasons for establishing the energy index [35]. Graph energies or in-
dices have an extensive range of uses. Unexpected uses for graph energies
were discovered in engineering and research, including face recognition,
protein sequence comparison, air travel, satellite communication, crystal-
lography, and the processing of high-resolution satellite photos. Moreover,
several experiments have been completed for medical applications. An-
other well-known index named Laplacian energy was proposed by Gut-
man and Zhou in 2006, which is defined by Laplacian matrix [23]. The

Laplacian energy is expressed as

The normalized Laplacian matrix for any graph G, which is represented

by L, is mathematically written as

1 ifu=wvandd; #0
=1  ifu~
£ degewidega®) Y
0 otherwise

L=1- D*%AD%, is the relationship between adjacency and diagonal
matrix for normalized Laplacian index, where D represents a diagonal
matrix and A denotes the adjacency matrix for any graph.

Nikiforov [36] defined the concept of M-energy for any graph G with
a real symmetric matrix; say, M is defined as

(M) = ——1, (2)
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where T'(M) represents the trace of M and Ay represents the eigenvalues
such that A\ (M) < Ag(M) < ... < A (M). To introduce L-energy for any
graph G on normalized Laplacian matrix £, replace normalized Laplacian
matrix £ with symmetric matrix M in Equation (2), which is explained

as

Ec(G) =" |\(L) =1/, (3)
k=1

which is equivalent to

n

Ec(G) =Y MU =L), (4)

k=1
2 Preliminaries and literature review

Consider that G is a connected graph with an edge set (resp. vertex set)
symbolized as E(G) (resp. V(G)). The collection of nodes (resp. edges)
in a graph is equal to its order (resp. size), say n (resp. m). The collection
of edges that are incident with a vertex j is called the degree of graph G,
which is represented by dege(j) or d;. Assume that G — e signifies the
subgraph of G that is generated by deleting the edge e from E(G). Adding
the edge vu to E(G) generates a graph denoted by G 4 vu, where v, u are
nodes in V(G) that are not adjacent to each other.

Coloring of graph G means giving each vertex a color such that no
adjacent vertices possess the same color. The chromatic number of G is
equal to the smallest possible number of colors in a coloring of G and is
symbolized as x(G).

Aouchiche and Hansen [3] characterized the bounds for the geometric-
arithmetic index with the chromatic number of connected graphs. Ghor-
bani and Songhori [18] Computing multiplicative Zagreb indices with given
chromatic and clique Numbers. Das and Shang [11] characterized graphs
achieving the maximum chromatic number in terms of the Sombor index
of graphs in xX.

Tepeh [39] characterized bicyclic graphs concerning the Mostar index.
Xiao et al. [41,42] characterized graphs achieving the first three maximal

and minimum hexagonal chains for the Mostar index. Deng and Li [15]
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defined extremal graphs for trees with a given degree sequence with respect
to the Mostar index. Li and Deng [33] characterized extremal graphs for
unicyclic graphs with a given diameter. Hosamani and Basavanagoud [27]
defined upper bounds for the first Zagreb index. Borovi¢anin and Furtula
[6] characterized extremal graphs for the first Zagreb index. Motivated
by existing literature related to the Mostar index and first Zagreb index
[15, 33, 39,41, 42], and [6,27], we extend the existing literature to novel
results for all n— vertex graphs with given cut edges and girth and compare
the characterization with the first Zagreb index with given girth.

Motivated by existing literature concerning the Sombor index [9,10,26,
31,38], we extend [11] to the sharp lower bounds for the Sombor index in
terms of chromatic number. Moreover, we establish a first-ever relationship
between the Sombor index and the first Zagreb index with the normalized
Laplacian energy index in terms of eigenvalues by integrating Rayleigh’s
quotient principle.

The structure of the paper is follows as: In Sections 1 and 2, we briefly
explain the introduction and some related definitions. In Section 3, we
present lower bounds for the Sombor index with a given chromatic number.
In Sections 4,5 and 6, we characterize extremal graphs, achieving upper
bounds for the Mostar index and Zagreb index with fixed parameters such
as cut edges and girth. In Sections 7 and 8, we extend the previous results
towards a novel direction to establish a relationship between Sombor and
Zagreb indices with normalized Laplacian energy by employing Rayleigh’s
quotient principle and characterizing the extremal graphs, attaining the

sharp bounds.

3 Sharp lower bounds of Sombor index with

given chromatic number

Here, we determine the minimum Sombor invariant in x* by implementing
auxiliary results from section 3.1. Graphs attaining the lower bound have
also been classified. For n,k > 1, suppose K}, is a complete graph of order

k with vertex v € K. The family K* is acquired by adjoining a path
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P,_.1 with the vertex v € K. Denote by IC](cn_k) the graph generated
by the adjoining vertex of K with an isolated vertex of path P, _j41.

3.1 Auxiliary results

We begin with fundamental lemmas regarding the Sombor invariant for
any graph.

Lemma 1. [32] Consider any graph with vertices n, say G. SO(G—uv) <
SO(G) if uwv € E(G).

Theorem 1. [32] Consider any connected graph with vertices n, say G.
We obtain
SO(F,) < SO(G) < SO(Kny)

where left and right equalities are satisfied if and only if G = P, and
G=2K,.
Lemma 2. [25] If G is a regular graph then LE(G) = E(G).

Theorem 2. [12] Consider that any tree T such that T is not isomorphic
to P, with n > 4. We have SO(T) > (n —1)V/8.

Lemma 3. Let G be the smallest graph in x®. Let G C G with
V(G =V(G) and G" —E(Ky) = {T1, Ty, ..., T}, such that |V (T})| = n;,
(1<i<k)andn +n2+ ...+ =n, where, 1 > na... > Ng.

Case 1.

Z \/deg G (up)? 4 degyr (ug)? > (1 — 1)V8, (5)

upuq €E(T;)

with equality if n; = 1 for some 4 <1 < k.

Case 2.
Z \/degG// (Up)2 + degG// (U,q)Q Z
upuq€E(TY)
6
\/k2+1, 771:27 ()

VR 4t - 3)VBHVE m >4
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where equality satisfied if and only if 7 is isomorphic to P, and degy, (u1)
=1.

Proof of Case 1. Consider that

7Z; = Z \/degG// (up)? + deggr (ug)?,

upuqg€EE(t;)

Z; = (n; — 1)V/8 =0, if g; = 1, for some 2 < i < k. Similarly, if ; = 2,
then Z; = (n; — 1)V/8, for 2 <i < k.

Subcase 1.1 Next, the Equation (5) is satisfied for £ > 4. Otherwise
1; > 4, consider that T; = P,,. Then there are two possibilities either
degy, (u;) = 1, or degy, (u;) = 2. If degy, (u;) = 1, then

Zi =k + 44 (n; = 3)V8+ V5> (; — 1)V8,

for k > 4, then v/20 + /5 > 2v/8. If degr. (u;) = 2, then

Zi=VE2+ 4+ VE2+ 1+ (g — V8 +VE > (1 — VS,
Zi =2Vk2 + 4+ (0 — 5)VB+2v5 > (n; — 1)V/B,
for k > 4, then V20 + /5 > 2v/8.

Subcase 1.2 Next, consider that T; 2 P,,. Then there is one possibility
degg (u;) > degr, (u;) and employing Theorem 2, we have

Zi> Y \Jdengr(u)? + degg (ug)® > (i — VS,

upug€E(T;)
By combining Subcases 1.1 and 1.2, proof is complete. |

Proof of Case 2. Consider

Zi= ) \/degcff(uﬁ+degg~(uq)2, (7)

upugEE(T)

As we know k < n —2 and ny > n;(2 < i < k), we obtain 1; > 2. The
Equation (6) is satisfied for k = 2, so we obtain Z; = v k? + 1. Otherwise,
k > 4. Consider that 773 = F,,. Then there are two possibilities either
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deg; (u1) = 1, or degy, (u1) = 2. Assume that degy, (u1) = 1.
Zy = Vk2+ 4+ (m —3)V8+ V5,

the equality satisfied for Equation (6). Otherwise, degy, (u1) = 2, there
exist two possibilities.
Subcase 2.1 If n; = 3, then for k > 4

Zy =2/(k+1)2+1>Vk2+4+ (n — 3)V8+ 5,

Subcase 2.2 If 71 > 4, then for k > 4

Zy=\(k+12+44/(k+1> + 1+ VE2 +4+ (m — V8 + V5,
> VE? + 44 (m —3)V8+ V5.

Next, Consider that 177 2 F,,. If ;1 = 4, then T7 = K; 3 and Z; >
\/er(m 73)\/§+ V5. Otherwise, for 777 > 5, we have two possibilities.
Subcase 2.3 If degy, (u1) = 1. Let ug be an adjacent vertex of u; € T7.
Then degp (us) > 2 as g1 > 5. Assume that 77 —u; = P, _;. Then
degz, (u,) = 3

71 = Z \/degGu (up)? + deggrr (uq)? + \/(deng (u1)+k—1)2+9

upuqgEE(T1 —up)

S \fdegr (up)? + degy, (u)? + V2 +9

upuqgEE(T1 —up)

> VE2+4+ (m —3)V8+ V5

Now, if T1 —uy 2 Py, 1, then degrp, (us) > 2. By employing Theorem 2

on tree T7 — u1, we derive

Zi= Y \Jdeggr(uy)? + deggr (ug)?

upugEE(T1—u1)

+ /(deg, (ur) + k = 1)2 + degg, (u,)?
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S y/dear, (up)? + degr, (ug)? + VA2 +4

Upuqg €EE(T1—u1)

S\ fdesy, ()2 + desr, (ug)? + V2 + 4

upug€EE(Ty—uy)

= Y yfdegr () degg, , (ug)? + VRZ 44
upuqg€EE(Th—u1)

>VE2 444 (m —2)V8 > VE2+4+ (1 — 3)V8+ V5

Subcase 2.4 Assume that degyp (u1) > 2. If degp (u1) = m — 1, then
Zi > VE2+44+ (g —3)V8 + V6. If degp, (u1) < m — 2 for gy > 5.
Consider that Ty — u; = pq + T7 with |V(TV)| = 5] for 1 < j < p where
p,q > 1. Consequently, deg (u1) = degp, (u1) +k—1=k+p+q—1
Next, consider that ujus € E(T1) where ug is a vertex of le for 1 <

Jj<p.

2 \/degT (ui)? + degr, (up)? = (1] —2)V8+ V5

uiupeE(T])

There are two possibilities, either le % Pnj or TV = Pnj. Consider that
T P,; then there exists a tree T/ such that SO(Ty) > () —1)V8 by
employing Theorem 2. Consequently,

>0 \fdegr, (u)? +degy, (w)? 2 YD fdegyy (w)? + doggy (up)?

uiupeE(le) uiuPEE(le)
> (] —1)V8
> (] —2)vV8+ V5

Similarly, if le = Pn{ then we deduce,

Z \/deng (ui)? + degr, (up)? = ( n —2)V8++5

wiup€E(TY)

where u, is a vertex of 77 for 1 < j < p and dengj (us) = 1, then
degr, (us) = degry (us) +1 = 2 but for vertices u, € V(T — uy), we
have degr, (up) = degry (up). Otherwise, degyy (us) = 2 and the equation
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(7) satisfied for 2 < 7/ < 3. Therefore, we consider 77 > 4.

Z \/deng (ui)? + degy, (up)? = 2V13 + (77{ - 2)\/§ +2v5

uiupeE(le)
=V13+ V10 + (] —2)vV8+2V5
> (n] —2)vV8+2V5

After simplify and combining equation (7) and Subcases 2.1-2.4, we get

Zy > pyfdeggr (ur)? + 1+ qy/deggr (ur)? +4+ Y (n] = 2)vB+2V5

j=11
—pV/k+p+qg—12+1+q/(k+p+qg—1)2+1
+(m—1—p—29)V8+qV5
>VE2+4+ (- (k+p+g—12+1+q/(k+p+qg—1)2+4
+(m—1—p—29)V8+qVh
> VE2 44+ V54 (i —1-2¢)VB8+ (¢— 1)(VB+V13) for p>1
> VE2+ 445+ (m —3)V8

Otherwise, p = 0 and ¢ > 2, we have

Zi>q/(k+q—12+4+(m —1-29)V8+qV5
> VE24+4+V5+ (m —3)V8

The proof is complete. u

Theorem 3. Assume that G is a graph in x* such that k > 4. Then

SOG) > (k—1)V2k2 =2k + 1+ k2 +4+ (n—k —2)V8
+\/§(k;1)(k—1)+\/5

where equality is satisfied if and only if G = KE.

Proof of Theorem 3. Let G’ be the graph chosen from x* such that SO(G)
> SO(G") for any G € x¥\ G'. Next, we shall verify that G' = K*. When
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k = 2, there exists only a P, graph, which achieves the least Sombor
descriptor in x* by employing the result 1.

Now, assume that 4 < k < n. Let G be the smallest graph in x*. As we
know, k is the chromatic number of G Therefore, we suppose chromatic
number W(G') = {u1,ug, ...,ux}. Let G* be a connected subgraph with
V(G") = V(G) and G" — E(K}) is isomorphic to trees say, ti,to, ..., b
such that |V (tx)| = m, (1 < i < k), where 1 +n2 + ... + n = n, and
N 2 N2 2 N

Furthermore, W(G') = W(G"). We have SO(G') > SO(G"), by em-
ploying Lemma 1 and deleting edges from G", where equality is satisfied if
G’ isomorphic to G. As per the mathematical expression of the Sombor

index,

S0(G) = Z \/degG/ (u;)? + degr (uj)?

uiu]'GE(G/)

> Y\ fdemg (w)? + deggr ()
wiu; EE(G'")

_ Z \/degGH (ui)? + deggr (uy)?
uiujeE(G”),u«;EV(Gl*V(Kk))

, OR
u; EV(G =V (Ky)),u €V (Ky)

Y deggr (u)? + deggr (u))?

Uuj EE(K}c)

k
=Y Y e (w)? + denger(uy)?

=1 uju; €E(ty)

Y Jdeggr (w)? + deggr ()2 ®)

uiu; EE(Ky)

By employing Lemma 3, we conclude

k
S dergr (ui)? +deggr (u)2 > VE A+ (n—k—2)VB+ V5

=1 u;uj; €E(ty)

where equality satisfied if and only if m3 = 2 = ... = m = 1, and
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ty = P, with deg, (u1) = 1 that is G = KE. As we know, n > k + 2,
degg (u1) > k, and deggr (u;) > k — 1 for (4 <1i < k), we have

k
SO(G') > 3™\ degpr (un)? + deggr (u:)?

1=4
Y Jdengr (w)? + dege (uy)?

usuj; €E(Ky)
4<i,j<k

k
> D \/ deg g (u)? + deggr (u;)?

I=1 u;u; EE(ty)

> (k—1)V2k2 =2k +14+VE2 +4+ (n—k —2)V8
+\/§<k;1>(k—1)+\/5

= SO(Ky)

The proof is complete. u

Conjecture 1. Assume that G is a graph in x* such that k > 4. Then
G= /C,(Cn_k) graphs achieve for smallest Laplacian energy index with chro-

matic number.

4 Sharp upper bounds of Mostar index with

given cut-edges

In this section, we determine the maximum Mostar invariant in G, , (resp.
gn.k) by implementing auxiliary results from subsection 4.1. Let G,
(resp. gn,k) be a set of all n—vertex graphs with exactly cut edges (resp.
girth) k. Graphs attaining the upper bound have also been classified. For
n >4 and k > 0, suppose S, is a star graph of order n with fixed pendent
vertex v € S,,. The family S* is acquired by adjoining n — k — 2 edges
between v € S, and the remaining n — k — 2 pendent vertices in 5,.

Consider that k # n—1. As we know S,, graph achieves maximum Mostar

k=n—1
n

index over G by employing Lemma 4. For n > 4 and k = 3, suppose

S, is a star graph of order n with fixed pendent vertex v € S,.
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4.1 Auxiliary results

Lemma 4. Let T be a tree graph with n vertices. Then
Mo(P,) < Mo(T) < Mo(Sy)

where left and right equalities are satisfied, if T isomorphic to P, and S,,

respectively.

Lemma 5. Let G be a simple graph such that uv is a cut edge. Then
Mo(G) < n — 2, where equality satisfies if and only if uv is a pendent
edge.

Lemma 6. Consider that G is a connected graph with cut edge wv. Then
Mo(G) < M,(G — wv), if uv is not a pendent edge.

Lemma 7. Let G be a connected graph such that G1 comprises the cycle
of order 4, say {uo,uiugusu,}. Consider that common vertices of N, (o)
and Ng, (u2) are {ui,us}. Let Ng, (uo) \{u1,us} = {uo1, Uo2, o3, .., Uon, }
and Ng, (u2) \ {u1, us} = {ua1, uso, uss, ..., usy, }, forno = da, (o) —2 > 0,
and ny = dg, (uz) —2 > 0.

Next, we deduce Ga = G1 — {UoUot, ..., Uolon, } + {U2U21, ..., UsUoy, }. Then
My(G1) < M,(G3).

Proof. Let Cy = u,ujususu, be a cycle with 4 vertices in a graph, say
G1. Consider that Ng, (uo) \ {u1,us} = {to1, U2, Uo3; ..o, Uoy, } + 2 =
na, (Uo), and Ng, (u2) \ {u1,us} = {uo1, use, uss, ..., usy, } + 2 = ng, (u2).
Similarly, Ng, (uo) \ {u1,us} = 2 = ng,(u,), and Ng, (ug) \ {u1,uz} =
{ug1, 22, ugg, ..., Uy, } + {Uo1, Uo2, Uos, -, Uoy, } + 2 = N, (u2). Next, we
derive G2 = G1 — {UoUot, ..., Uolon, } + {uaUa1, ..., usUay, }. This shifting of
edges require the following relationship between M,(G1) and M,(G2),

Mo

Mo(Gh) = Mo(G2) = Y Incy (wo) = ney (war) |+ Y Ing, (u) = ne, (v)]

=1 uveE(Cy)

+ Y e, (u2) = ne, (uzg)| = D Ines(u) —ne, (v)]

j=1 uwveE(Cy)
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2

=3 I (u2) — ngy (usi)| = 3 1ny (u2) — ngy ()],
=1

Jj=1

As we know ng, (v) = ng, (v), for all uv € Cy, and ng, (u) > ng, (v), for
all uv € Cy. Similarly, ng, (us) > ng, (ue;) and ng, (u2) > nag, (ug;), and
na,(u2) > ng, (uz;). In other words, ng, (u,) = na,(u2), and ng, (ue) =

na, (u2;), and ng, (uei) = na, (u2;). By combining these we obtain,
MD(Gl) — MD(GQ) <0= Mo(Gl) < MO(GQ) |

Lemma 8. Consider that Gy is a connected graph with the cycle of order
3, say {uourugu,}. Consider that the common vertex of Ng,(u,) and
Ng, (u1) is {ua}. Consider that Ng, (uo) \ {u1,u2} = {to1, to2, o3, .-
Uom, } and N, (u1) \{uo, us} = {u11, iz, uis, ..., uin, }, for no, = da, (u,) —
2>0, and m =dg,(u1) —2> 0.

Next, we deduce Go = G1 — {UoUo1, -, UoUon, } +{UrU11, ... urU1y, . Then
M,(G1) < M,(G3).

Proof. Let C3 = u,ujusu, be a cycle with 3 vertices in a graph, say Gi.
Consider that Ng, (uo) \ {u1,u2} = {uo1, Uo2, Uo3, -y Uon, } = Ny (o),
and Ng, (u1) \ {uo,u2} = {wi1, w12, w13, ..., w1y, } = ng, (u1). Similarly,
Ng, (uo)\{u1,u2} =0 =ng,(u,), and Neg, (u1)\{uo, u2} = {u11, w12, u1s,
v Uiy b {01, o2, Uo3, vy Uom, } = Ny (U1).

Next, we derive Go = G1 — {UoUot, .., UoUon, } + {Uru11, ..., w1y, }. This
shifting of edges require the following relationship between M,(G1) and
M,(Ga),

Mo(Gl)*Mo(G2):Zolncl(uo)*nal(uoi)lJr Y Inei(w) = ne, (v)|

uv€EE(C3)

1

+ Y ey (w) —ng, (uig) = Y Ing, (u) = ng, (v)]
j=1 wwEE(Cs)
No 1

= e, (wn) = na, (uis)| = Y Ina, (u1) = na, (ui;)-

i=1 j=1
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By employing the definition of Mostar index, we have ng, (u) = ng, (v)
and ng,(u) > ng,(v), for all uv € Cs. Similarly, ng, (uo) > ne, (Uos)

and ng,(u1) > ng,(u1:), and ng,(u1) > ng,(ui;). In other words,

nG, (Uo) = ng,(ur), and ng, (uei) = na,(u1i), and ng, (uoi) = na,(ury).

After considering these, we obtain
MO(Gl) — MO(GQ) <0= MO(Gl) < MO(GQ) |

Theorem 4. Let G be a graph in G, withn >4 and 0 < k < n —3.
Then

M,(G)<(n—k—-2)(n—k—-3)+(n—k—-2)(n—3)+k(n—2),

where equality satisfies if and only if G = S¥.

Proof of Theorem 4. Consider that G € Gy, ; is a connected graph achiev-
ing maximum Mostar index, and every cut edge is a pendent in G by

employing Lemma 5. Next, we show the following claims.

Claim 1. The length of every cycle is 3 or 4 in G.

Proof of Claim 1. Suppose on the contrary that G comprises the cycle
with length r > 4 say, C = {ujus,...,uru1}. Consider that ng(uy) =
max{ng(u;)| 1 < i < r}. Next, we deduce G; from G such that G; =
G — {usug} + {uguz, ujuq}.

My(Gr) = Mo(G) = Y [na(u) —na(v)],
wweE(G)

4
=" Ing, (u1) = ng, (u;)| — [na(us) — ne(us)| > 0.
=3

As we know, ng(ug) = ng(ua), ng, (u1) > 0, and ng, (uj) > 0. Conse-
quently, M,(G1) — M,(G) > 0 leads to a contradiction to our choice of G.
Hence, G comprises a cycle of length 3 or 4. ]

Claim 2. Every C4 € G comprises at most 2 vertices of degree greater
than 2.
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Proof of Claim 2. Let Cy be a cycle of length 4, say, ujusususu; com-
prises at least 2 vertices with a degree greater than 2. As G achiev-
es the maximum Mostar index and by employing Lemma 3, every two
vertices of degree greater than 2 is adjacent in the cycle. Consequently,
the other 2 vertices in the cycle have degree 2. Consider that ng(u;) =
m + 2, ng(uz) = 92 + 2 and similarly, ng(us) = ng(ug) = 2. Assume
that Ng(uq) \ {ug, ua} = {ui1, w12, w3, ..., w1, } and Ng(u2) \ {w1,us} =
{ua1, usz, uas, ..., Uan, -

Next, we construct G from G such that Go = G—{usua1, usus, ..., Ustay, }
+ {u1u21, uru22, ..., U1 U2y, }. This shifting of edges requires the following
relationship between M,(G) and M,(Gz).

Ma(G)—Mo(Ga):Z\nG(U1)—nG(U1i)I+ Y. Inc(w) = na(v)|

uwveE(Cy)

+ Y Ine(u2) = neluzg)l = Y Incs(u) —ne, (V)|

j=1 uvEE(Cy)
n1 72

=D Ines (u1) = ne, (ui)] = Y Inas (u1) — nas (uz;))-
i=1 j=1

As we know ng(u) = ng(v), for all uv € Cy, and ng,(u) > ng,(v), for
all wv € Cy. Similarly, ng,(u1) = ng(usz), and ng, (u1;) = ne(ug;), and

na,(u1;) = ng(ug;). By combining these, we obtain,
My(G) — My(G2) < 0= M,(G) < M,(G2)

which is again a contradiction to our choice of G. |

Similarly, by employing Lemma 8, every cycle of length 3 has at most
2 vertices of degree greater than 2. The graph G is generated by adjoining
n — k — 2 edges at fixed pendent vertex v € S, which represent different
copies of C3 and Cy by employing the Claims 4 and 5. The proof is
complete. |
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5 Sharp upper bounds of Mostar index with

given girth

Moreover, the family H” is acquired by adjoining n — k + 1 edges between
v € S, and the remaining n — k 4+ 1 pendent vertices in S,,. Similarly, For
n >4 and k > 4, the family C}* is acquired by adjoining n — k pendent

vertices at vertex v € C}, where C} is a cycle of order k.

Theorem 5. Let G be a graph in g, withn >4 and k = 3. Then
My(G) <2(n—2)(n—k),

where equality satisfies if and only if G = HF.
By Lemma 7 and 8, the proof is obvious.

Theorem 6. Let G be a graph in gy withn >4 and k> 4. Then
My(G) <k(k—1)+n(n—1),

where equality satisfies if and only if G = C%.

Proof of Theorem 6. We prove the result by mathematical induction on
n. The result is satisfied for n = k, and we have to prove for n > k + 2.
Consider that G has a maximum Mostar index for graphs in g, 4.

Let rs € E(G) be an isolated edge and s be an isolated vertex. Then
ng(r) =t > 2. Since G € g, i, consequently, t < n — k. Assume that
N(r)={s,r1,7r2, ..., rt—1} with ng(r;) =t;, where 1 <i < q—1.

Claim 3. We claim there exists at least one vertex of degree 2 in {ry,rs, ...

,7“%277“:571}-

Proof of claim 3. Let X = {r1,r2,...,7:—1} be a set of neighbors of vertex
r. Suppose, on the contrary, there is exactly one of degree at least 2
in X. By employing Lemma 6, there is a graph G; € g, such that
M,(G1) > M,(G), which is a contradiction to our choice of G. |
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Next, we consider that there exist at least two vertices of degree at
least 2 in X. Consider that G5 = G — s, then G € gy, 1.

Mo (G) = Mo(G = 5) + Mo(s) + Z [Inc(r) —na(ri)| = ng,(r)

()| = MaGa) + e -1 iy =6l = 1)~

=1

<M0(G2)+(t—2)+2[|t—2|—|(t—1)—2] +(t—3)
~[|t1||t2|} =kln—kl+(n—-Kk)n-2|+|n—k—1]+

+2{|n—k|—n—k|} +(t—3)[n—1—|n—1|}

< k(k—1)+n(n—1),

with inequality if and only if G = C**, and ng(r) =t = n — k, exactly
2 vertices of degree 2 in X and (¢ — 3) vertices of degree 1 in X, that is
G = C*F. The proof is complete. |

Conjecture 2. Assume that G is a graph in G, . There are some open
problems for readers to derive the result minimum Mostar index with cut

edges and mazximum Mostar index with girth k = 4.

6 Sharp bounds on the first Zagreb index
with given girth

Let g, 1 be a set of all graphs of order n with exactly girth k. Let C}, be a
cycle graph of order k with a central vertex p € C. Obtaining the family
Ck by attaching a path P,_j to the vertex p € C,, for Vn,k > 1. Denote
by C, 1 the graph generated by adjoining one pendant edge to a vertex
of C,,_1 and Uy be a unicyclic graph with precisely one pendant path of

minimum length 2.

Lemma 9. Suppose that two pendant paths in a connected graph G say,
U and V identify at vertices u and v, respectively. Suppose that p (resp.



1166

q) is neighbour vertex of u (resp. v), which exists on pendant paths U and
V, respectively. Given that G* = G — up 4+ pq. Consequently, M,(G*) <
M (G).

Proof. Consider that u # v, and r is a neighbor vertex of q. By employing
the mathematical concept of the first Zagreb index, we have

MG - M@Y= Y [(degc<u>+degc<w>>+<degc<u>+dega(p»

wENG (u)\p

+ (1 dego(r) = (dege) =)+ 3 |dega(w)

weNg (u)\p

— (2 + dega(p)) — (2 + dega(r)) > (dega(u) + dega(p))

(14 dega(r) — 2+ dega(p)) — (2 + degcm)}

9)
Now, consider that u = v, and |V| = 1. Consequently, v = r. According

to the mathematical concept of the first Zagreb index, we have

Mi(G) — Mi(G7) = > [(degc(U) + dega (w)) + (dega (u)

weNg(w)\{p,y}

+ dega(p)) + (1 + degc(r))] - {((degc(u) -1)

weNg (w)\{p,y}
+ dega(w)) — (2 + dega(p)) — (2 + (dega (u) — 1))}
> (dega(u) + dega(p)) — (2 + dega(p)) = 0

Since, degg(u) > 2. If |[V| > 1. Suppose that a neighbour vertex of u on
the pendant path V', say pl. Consequently, by employing the mathematical

concept of the first Zagreb index, we have

M@ - M@= Y [(degG(U)+d69G(w))+(d€gc(u)

wENg (w)\{p,p'}
+dega(p)) + (degg(u) + dega(p)) + (1 + dega(r))
— ((dega(u) — 1) + degg(w)) — (2 + dege(p))

— (24 (dega () — ((dega(u) — 1) + dega(p)
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> (degg (u) + dega(p)) + (1 + dega(r) = 0 (10)

Consequently, by (9) and (6) inequalities, we get
Mi(G) — Mi(G™) > (3 + dega(p)) — (2 + dega (p)) — B(2) (11)

As we know, degg(u) > 3, degg(r) > 2, and B(t) is not increasing. Hence,
degg(p) < 2. If degg(p) = 1. Consequently, we get M1(G) > M;(G*)
by employing inequality (11). Otherwise, if degg(p) = 2. So, we have
Mi(G) — M1(G*) > 5—4— (2) > 0 by employing inequality (11). |

Theorem 7. Suppose that G € gy, 1, is a connected graph such that n > 4
and k > 1, then we have

My (G) <Ak —2) +4(n — k —2) + 18,

where equality unless G = CF.

Proof. Let C,, be a cycle graph with n vertices such that uv is not a cut
edge in G because uv ¢ C,. Therefore, M;(G) > M;(G — uv) and it
conforms to G is a unicyclic graph. Consequently, if G is k = n — 1 then
G = C,,1, which is the required result. Otherwise, if £ < n — 2, then
G 2 Us. By employing repeatedly Lemma 9, the proof is complete. |

7 Correlation between Sombor index and

normalized Laplacian index

Theorem 8. Let G be a connected graph with n vertices and m edges. Let

A1, A2, ..., Ap be a eigenvalues of G such that
2
A <1+ —M< A,
m

where left and right equalities hold if G is a union of regular complete

graphs.

Proof of theorem 8. Let G be a connected graph with n vertices and m
edges. Let A1, Ao, ..., A\, be an eigenvalue of G such that 0 = A\; < Ay <
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... < A, and T be an eigenvector such that £(Z) = 0. Consider that any

vector,
Vdi k=i
ul =q4—Vd, k= (12)
0 ki,
such that y,ij 1 Z. Since G is a connected graph. Therefore, Ay > 0.
Using the min-max theorem, we have Ay = milll Re(z) < min Rz (47) and
T i~

Ap = max R (z) > max R (7). Consequently,
T inj

Ao < Re(§77) < A, for any {i,j} € E. (13)

As we know, A\ = min Rg(y,ij) and )\, = max Rg(yzj). Consequently,
vy LT v LT

X2 < Re(yd) < A
1 iy
Ay < — +J
2> m Z Rﬁ(yk ) < /\na (14)
{(i,J}€E(G)

To prove the required result, we have to prove the following claim.

. 1
: ijy _
Claim 4. Z Re(y])=m+2 Z .
{i.i}eE(G) {i.i}eE(G)

Proof of Claim 4: Let G be a complete graph with size m. Let y,ij be a
vector given in Equation (12). By employing the definition of Rayleigh’s

quotient and Laplacian normalized matrix, we have

g Loy yid
> R = 3 S

{iJ}EB(G) {i,J}EB(G)
S (di + d) + 2(— 74 ) (—did))
{i,J}EB(G) di + d;

2
= Y a+—)

d; +d;
{i,i}€E(G) ta
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1
=m+2
d; +d;’
tiyer@ Y
1
Ay < — 2 <
2_m(m+ Z z+dj)_
,jEE(G)
P PRI e
2= m- . i4+d;t "
JEE(G)
1
By combining the Equation (14) and Claim 4, where | Z it =
) {i,}eBE(G)
U M, if G is a union of regular complete graphs. Moreover, Ay =
1

1+ %M if and only if A, =1+ %M if and only if G is a complete graph.
To prove this, we have the following Claims.

Claim 5. G be a d-regular graph.

Proof of Claim 5: Let G be a union of connected graphs with order n.
Since, d; = dj;, V{ij} € E(G), then G is a d-regular graph. [7] By em-

ploying the result, ¥ must be an eigenvector of normalized Laplacian

corresponding to eigenvalue A = ffr
Claim 6. If G is connected, then G is complete.

Proof of Claim 6: Let G be a connected graph with order n. Let y,ij (resp.
A) be an eigenvector (resp. eigenvalues) of G. Assume that L(yzj ) =

Awi)-
Case 3. Consider that k ~ 4, j.

Vd
Let k ~i. Ly7); =y = v ( =Vd+-—=Md= )=
o o f f d
L_a+ IV
1+d 4 =LyY);=k~7j.

Case 4. Consider that k ~ 4, j.

Let ki L) =03 (") =X-0= > (7)) =0=k~j.
k' ~k k' ~k

Case 5. If k ~ i, then k ~ j. If k » i, then k ~ j. Similarly, if £ ~ j, then

k ~ 1, and if k = j then k ~ 1.

Consider that k = 7, j. By employing 3 and 4 cases, we get Z(yij)v =0,

k~v

which is the required result. Denote N(i,j) = {k € V(G)|k ~ i,5}.
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Since ko ~ i. By employing case 5 on y**', we have ky ~ ki, for all
k1,ke € N(4,7).

Case 6. K1 ~ ko, for all ki, ks € N(1,7).

Since k € [N(4,7)|, k ~ 1, J.

Ni(i,5) ={u e V(G)|lu~s} s&N(i,j)
No(i,5) ={u e V(G)lu~ s} s& Ni(i,5)
N3(i,7) ={u e V(G)|lu~ s} s Nai,j)

As we know Yu € Nj(4,j), u ~ s and s ~ i,j. By employing case 5 on
us, we get u ~ %, j. By mathematical induction, Yu € Ni(4,5) = u ~ i, j.
Consequently, G is completed by combining all of the above cases. If G is
not connected graph then G = G; UG U ... U G), each G; is connected
graph. By employing case 6 on each G;, we have |G1| = |Gz| = ... = |G|

and now by case 5, we have d + 1 vectors. The proof is complete. |

Corollary. Let G be a connected graph with vertices n and A1, Ao, ..., A

be its eigenvalues. Then

V2m

> -
21+ g,

with equality satisfied if G is the union of complete graphs with the same

degrees.

Proof. Let G be a connected graph with n vertices. By employing the

Theorem 8, we have A\, > 1+ % Z
i,jEE(G)

s N

i,jEE(GQ) d; 1,jEE(G)

Gt d Since,
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Consequently,

W1 - >
T 1J€B(G) &

Sy V2 where, di =d; =d e N*
oy 1/cz? + 2

i,jEE(G)

_ig Y2m

S0(G)

where equality is satisfied if G is the union of the complete graph with the
same degrees. |

8 Correlation between first Zagreb index

and normalized Laplacian index

Note that

24 2/did; _ \/4id;

ditd; ~ dit+d; — A

for any {i,j} € E, where A represents the maximum degree of the graph.

Theorem 9. Let G be a connected graph with n vertices and A1, Ao, ..., A
be its eigenvalues such that we have

2N MU(G) < Am(A, — 1)
N — 1

with left and right equalities satisfies if and only if G is complete graphs

or union of complete graphs or G is d- reqular graphs.

Proof. 1t is easy to see

oA _ 2./dd, 2d
> >
di+d; = di+d; ~ di+d;

with the left equality holds if and only if d; = d; = A, and the right
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equality holds if and only if d; = d; = d.

2 2 2m m2
M(G)>m?2> = > > _
1 Y T3a ?(/\2 -1 (A-1)7 F(a-1)
did; 2A m
< =2A <2A.—(Ap—1)=Am(\, — 1
d; —‘rd — d; —|—d Zd +d ) (/\’L ) m(/\n )

with left and right equalities satisfies if and only if G are complete graphs
or GG is d- regular graphs. |

9 Conclusion

In this article, we achieved the least Sombor index with a given chromatic
number in x* by extending the innovative results of Das and Shang for the
Sombor index to characterize the extremal graphs. We extend the charac-
terization of extremals graphs to get upper limits for the Mostar and first
Zagreb index with fixed cut edges and girth, allowing characterizations for
other indices to be compared. The two families H* and C;* are charac-
terized, where CF is characterized by the Zagreb index with given girth
and the Mostar index with fixed girth yielding extremal graphs. Addition-
ally, we present a new approach that uses Rayleigh’s quotient principle to
compare the Sombor index and the first Zagreb index with the normalized

Laplacian index.

Acknowledgment: The author thanks the anonymous reviewers for their
valuable comments, which helped to improve the manuscript.
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