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Abstract
The first and second Zagreb indices are among the most studied
vertex—degree—based graph invariants and play an important role in
both chemical graph theory and extremal graph analysis. In this
paper we establish new inequalities that directly relate these two
indices under general structural assumptions.

1 Introduction

Vertex—degree—based topological indices constitute one of the central themes
of chemical graph theory and extremal graph invariants. Among the old-
est and most intensively investigated of these descriptors are the first and
second Zagreb indices, introduced in the early 1970s by Gutman and Tri-
najstié in connection with studies of molecular p—electron energy [5]. For
a simple graph G = (V, E) with vertex degrees {d(v)},cv, these indices
are defined by

M(G) =) d(v)®,  My(G)= ) d(u)d(v).
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A major direction of research concerns extremal properties and bounds
for the Zagreb indices in terms of structural parameters such as the number
of vertices and edges, extremal degrees, clique number, or spectral quanti-
ties. Numerous inequalities and characterizations of extremal graphs have
been established; see for example the survey of Boroviéanin et al. [3] and
references therein. Typical results provide lower and upper bounds on M;
or My in terms of n, m, A, §, or describe graphs attaining extremal values.
For instance, bounds depending on degree parameters and edge counts
were derived in [10], while structural constraints such as forbidden cliques
or prescribed clique number were investigated in [12,13]. The study of
extremal behavior has thus become a standard tool for understanding how
graph structure influences these indices.

Another line of research examines relationships between the two Zagreb
indices. Comparisons between normalized quantities M /n and Ms/m, in-
cluding conjectured Zagreb indices inequality M7 /n < Msy/m, and coun-
terexamples, were investigated in [4,6,7]. Such results highlight the subtle
interplay between the purely degree—sequence nature of M; and the adja-
cency—dependent structure encoded by M.

Motivated by this body of work, the aim of the present paper is to
establish new inequalities directly relating the first and second Zagreb
indices.

Throughout this paper, G = (V, E) denotes a finite simple graph with
n = |V| vertices and m = |E| edges. The degree of a vertex v is denoted

by d(v), and we write

A= = mi .
rglea‘acol(v)7 4] {)I(IC_IXI/ld(U)

We recall the following expression of the fist Zagreb index,

My(G)= > (d(u)+d(v)). (1)

uwweE(G)
Which comes from the fact that each vertex v contributes d(v) to the
sum d(u) + d(v) for each of the d(v) edges incident to v, yielding a total

contribution of d(v)2.
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2 Spectral-radius based inequality
Denote by A = A(G) the adjacency matrix of G. Let the degree vector
d=(dy,...,d,)",

and spectral radius p(G) = max {|A\1],..., |A\,|}, where \; is i-th eigenvalue
of A. Recall that
My (G) = ||d]f3, (2)

and that M, satisfies the following quadratic form identity.

Lemma 1. For every graph G,
d"Ad = 2My(G). (3)

Proof. We have

d'Ad = ZZdAmd— Yo oddi+ Y did

i=1j=1 iJEE(G) JIEE(G)
=2 Y did;=2My(G). [
ijJEE(G)

Theorem 1. For every graph G,

1m(0) < X9 (), ()

If G is connected, then equality holds if and only if d is a Perron
eigenvector, i.e. Ad = p(G)d. In particular, every connected regular
graph satisfies equality, but there are also connected irregular graphs with

equality.

Proof. By Lemma 1 and the Rayleigh quotient inequality [11, Chapter 4],
2M(G) = dTAd < p(G)dTd = p(G) [ld]3 = p(G) My (G),

which proves the stated bound.
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Assume now that G is connected. If equality holds, then d attains
the maximum Rayleigh quotient, hence d is an eigenvector of A for p(G).
Since A is irreducible and nonnegative, the Perron—Frobenius eigenvector
for p(@) is unique up to scaling and has all positive entries; thus d must

be proportional to this Perron vector. In particular, for every vertex i,

(Ad); =) " d; = p(G) d;.

i

If all degrees are equal, the graph is regular and the above holds. Con-
versely, if the above holds with d being the degree vector, then summing
over all vertices and using connectivity forces degree uniformity (equiva-

lently, d must be proportional to 1, the Perron vector of a regular con-

nected graph), hence G is regular. |

Corollary. For every graph G with mazimum degree A,

M(G) < S an@). (5)

If G is connected, equality holds if and only if G is A-reqular.

Proof. Tt is standard that p(G) < A for any simple graph. Combine with
Theorem 1. [}

The result of Corollary 2 is already known and was stated as a propo-

sition by Ili¢ and Stevanovié in [8, Proposition 2.4].

3 Universal inequality

Theorem 2. For every simple graph G,

My(e) < MUGY (6)

Equality holds if and only if d(u) = d(v) for every edge uv € E(G) and
the quantities \/d(u)d(v) are constant over all edges (in particular, this

includes regular graphs or disjoint unions of regular components of the

same degree).
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Proof. Set ay, = v/d(u)d(v) for each edge uv € E(G). Then

My(G)= > al,

wveE(G)

Since for any nonnegative numbers a; we have
) 2
St (Sa)

i i

it follows that
@< | Y Vi)

uwweE(G)

By the arithmetic—geometric mean inequality,

d(u) + d(v).

d(w)d(o) <

Summing over all edges and applying (1),
My (G)

Yo Vdwdw) <5 Y (dw) +dw) = =

uweE(Q) weEE(Q)

N

Combining the inequalities yields

M (G)?
M(G) < 1(G) .
4
Equality holds precisely when equality is achieved in both steps: (i) all
@y, are proportional (so their squares sum maximally), and (ii) d(u) = d(v)
for every edge uv. This forces constant degree products across edges, giving

the stated characterization. [ |

4 Extremal-degrees based inequalities

In this section we derive two inequalities that relate the second Zagreb
index M3(G) to the first Zagreb index M;(G) and to extremal degree

parameters.
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Theorem 3. Let G be a graph with minimum degree 5. Then
My(G) > § M1 (G) — md>. (7)

Equality holds if and only if each edge of G has at least one endpoint of
degree §.

Proof. For any edge uv € E(G) we have
(d(u) = 8)(d(v) - 6) =0,
since d(u),d(v) > 6. Expanding,
d(u)d(v) > 6(d(u) + d(v)) — 6°.
Summing over all edges gives

My(G) =6 > (d(u)+d(v)) — mé>.
weE(G)

Using (1),
MQ(G) Z (5M1(G) — m(52.

Equality holds if and only if (d(u)—0d)(d(v)—0) = 0 for every edge, meaning
that each edge has an endpoint of degree 9. |

Theorem 4. Let G be a graph with mazimum degree A. Then
My(G) < AM(G) —mA®. (8)

Equality holds if and only if each edge of G has at least one endpoint of
degree A.

Proof. For any edge uv € E(G),

(A = d(w))(A = d(v)) = 0,
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since d(u),d(v) < A. Expanding,
d(u)d(v) < A(d(u) + d(v)) — A%
Summing over all edges,

My(G) <A Y (d(u)+d(v)) — mAZ.

weE(G)

Applying (1) yields
My(G) < AM;(G) — mAZ.

Equality holds when (A — d(u))(A — d(v)) = 0 for each edge, i.e., every

edge has an endpoint of maximum degree. ]
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