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Abstract

In this paper, we propose a regularized integral approach for the
two-dimensional Brusselator reaction—diffusion system posed on the
unit disk. The nonlinear source terms are first extended and regular-
ized by convolution with a compactly supported mollifier, which nat-
urally leads to an enlarged computational domain B. = B(0,1+¢).
Using Duhamel’s principle and the heat kernel, the original reaction—
diffusion problem is transformed into a nonlinear Volterra—Fredholm
integral system. We establish local Lipschitz estimates for the asso-
ciated nonlinear integral operators in a suitable Banach space and
prove the local existence and uniqueness of the regularized solu-
tion by a fixed-point argument. For the numerical approximation, a
Nystrom-type scheme is developed by applying quadrature rules si-
multaneously to the Volterra time integral and to the Fredholm spa-
tial integral. Since the spatial domain is circular, the discretization
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is performed in polar coordinates. Numerical experiments are car-
ried out with spatially heterogeneous input and output source terms,
combining radial feed gradients and small stochastic perturbations.
The simulations show the emergence of clear Turing-type patterns,
characterized by localized activator peaks and complementary in-
hibitor distributions. Compared with standard finite-difference sim-
ulations of Brusselator-type models, the present integral formulation
produces sharper and more clearly separated spatial structures.

1 Introduction

Reaction—diffusion systems constitute a fundamental class of mathematical
models for describing the interaction between local nonlinear reactions and
spatial diffusion. Such systems arise naturally in chemistry, biology, ecol-
ogy, and physics, where they are used to model oscillations, wave propaga-
tion, and the emergence of spatially organized structures [4,5,7,10-12,14].
Since the pioneering work of Turing on morphogenesis [14], reaction—
diffusion equations have played a central role in the mathematical expla-
nation of pattern formation. Among the classical models in this field, the
Brusselator system occupies a particularly important position.

The Brusselator model was introduced by Prigogine and Lefever [11] as
a theoretical model for autocatalytic chemical reactions exhibiting oscilla-
tory behavior and symmetry-breaking phenomena. It describes the evolu-
tion of two interacting chemical species, usually interpreted as an activator
and an inhibitor. Despite its simple algebraic structure, the Brusselator
system is able to reproduce a rich variety of dynamical regimes, includ-
ing stable equilibria, temporal oscillations, traveling waves, and diffusion-
driven Turing patterns. For this reason, it has become a paradigmatic
model in the study of nonlinear chemical dynamics and pattern formation.

In its classical form, the Brusselator system is governed by reaction
terms of cubic type coupled with diffusion. The nonlinear term X?Y is
responsible for the autocatalytic amplification of the activator, while the
inhibitor component regulates the spatial growth through diffusion. When
the inhibitor diffuses faster than the activator, the homogeneous state
may lose stability under the effect of diffusion, leading to the formation

of nonhomogeneous spatial structures. This mechanism is the basis of the
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well-known Turing instability.

Several analytical and numerical approaches have been developed to in-
vestigate the Brusselator system. Classical studies focus on stability anal-
ysis, bifurcation theory, and numerical approximation of the correspond-
ing reaction—diffusion equations. More recently, fractional and nonlocal
generalizations of the Brusselator model have attracted increasing atten-
tion, since they allow the incorporation of memory effects and anomalous
diffusion. In this direction, Merikhi et al. [9] proposed a conformable frac-
tional approach to the Brusselator system and transformed the model into
a nonlinear Volterra-type integral equation. Their work established ex-
istence and uniqueness results and developed a numerical approximation
based on the Nystrém method [9]. This shows the relevance of integral
formulations in the analysis and simulation of Brusselator-type dynamics.

Integral equations provide a powerful framework for treating evolu-
tion problems, especially when memory, cumulative effects, or nonlinear
source terms are involved. As emphasized in the classical monograph of
Linz [2,3,8,13], Volterra integral equations are naturally adapted to initial
value problems because their causal structure reflects the dependence of
the present state on the past history of the system. Moreover, numeri-
cal methods for Volterra equations, such as quadrature and Nystrom-type
schemes, provide stable and flexible tools for approximating nonlinear evo-
lution problems. This makes the integral approach particularly suitable for
reaction—diffusion systems, where nonlinear reactions and diffusion effects
interact over both time and space.

The present work follows this integral point of view, but differs from
previous fractional or one-dimensional approaches in several essential as-
pects. We study the classical two-dimensional Brusselator reaction—diffu-

sion system in the unit disk
By ={zeR*:|x|< 1},

under homogeneous Dirichlet boundary conditions. The main objective
is to construct a rigorous Volterra-Fredholm integral formulation of the

system and to use this formulation as the basis for both analytical and
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numerical investigations.

Our approach begins with the heat equation associated with the dif-
fusion operator. The nonlinear right-hand side is first extended by zero
outside the unit disk and then regularized by convolution with a com-
pactly supported mollifier J.. This regularization makes the source term
sufficiently smooth in the space variable. Since the support of the mol-
lified function is enlarged by the convolution, the natural computational

and analytical domain becomes
B. =B(0,1+¢).

Using Duhamel’s principle and the fundamental solution of the heat equa-
tion [6], the regularized Brusselator system is then reformulated as a non-
linear Volterra—Fredholm integral system over B..

The analytical part of this work is based on the study of the nonlinear
integral operators generated by the Brusselator reaction terms. We first
introduce a suitable Banach space of continuous-in-time functions with
values in L*°(B.). Then we prove local Lipschitz estimates for the nonlin-
ear operators on bounded subsets of this space. These estimates allow us
to apply a fixed-point argument and to establish the local existence and
uniqueness of the integral solution. The construction can be extended step
by step in time as long as the solution remains bounded.

For the numerical approximation, we develop a Nystrom-type method
applied simultaneously to the Volterra time integral and to the Fredholm
spatial integral. Since the domain is a disk, the spatial discretization is
performed in polar coordinates. The trapezoidal rule is used for both time
and space integrations, and the convolution with the mollifier is approx-
imated by the same quadrature structure. This leads to a fully discrete
numerical scheme adapted to the integral formulation.

Finally, numerical experiments are carried out in order to illustrate the
emergence of Turing-type spatial patterns. To reproduce a more realistic
open-reactor setting, the source terms Ji, and J,,4 are chosen as spa-
tially heterogeneous functions, combining radial feed gradients and small

stochastic fluctuations. This choice is motivated by experimental configu-
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rations such as continuous-fed unstirred reactors, where chemical species
are supplied through the boundary and microscopic imperfections nat-
urally perturb the medium. The simulations show the transition from
an initially almost homogeneous state to a stable nonhomogeneous con-
figuration characterized by localized activator peaks and complementary
inhibitor distributions.

The main contributions of this paper can be summarized as follows:

e We derive a Volterra-Fredholm integral formulation for the two-
dimensional Brusselator system in a disk using mollification and

Duhamel’s principle.

e We justify the passage from the unit disk By to the enlarged disk
B. = B(0,1 + ¢) through the support property of the convolution

kernel.

e We prove local Lipschitz continuity of the nonlinear integral opera-
tors and establish existence and uniqueness of the regularized integral

solution.

e We construct a Nystrom-type numerical scheme in polar coordinates
for the approximation of both the Volterra and Fredholm integrals.

e We provide numerical simulations showing the formation of Turing-
type patterns under spatially heterogeneous input and output source

terms.

It is also worth comparing the present numerical patterns with those
obtained in recent fractional Brusselator simulations based on finite dif-
ference schemes [1]. In such studies, the numerical results often display
spatial variations, surface deformations, or contour structures generated
by the fractional orders, but the resulting patterns may remain relatively
diffuse or globally distributed over the computational domain. In contrast,
the present Volterra—Fredholm integral approach, combined with a polar
Nystrom discretization and heterogeneous source terms, produces clearly
separated and well-localized spatial structures.

More precisely, the patterns displayed in our approach are sharper and

more visually distinct. The activator concentration X develops isolated
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high-intensity spots arranged in a coherent circular configuration, while the
inhibitor concentration Y exhibits complementary low-intensity regions at
the same locations. This clear spatial separation between activator peaks
and inhibitor valleys provides a more direct visualization of the Turing
mechanism. The use of identical color scales for X and Y at each time level
further reinforces this comparison and avoids artificial visual amplification
of one component over the other.

This improvement in pattern clarity can be attributed to two main
modeling choices. First, the radial geometry of the disk is well adapted
to the emergence of annular and spot-like structures. Second, the spa-
tially heterogeneous source terms Ji, and Juu¢, constructed from radial
gradients and small stochastic fluctuations, provide a physically motivated
symmetry-breaking mechanism. As a consequence, the numerical solution
evolves from an almost homogeneous state toward a stable configuration of
localized spots, making the pattern formation process more explicit than
in simulations where the source terms are spatially uniform or where the
computational setting does not favor such localization.

From a chemical point of view, the spatial heterogeneity of the input
and output source terms can be interpreted as a simplified description of
nonuniform feeding and removal mechanisms in an open reactor. This
makes the proposed model relevant not only as a mathematical regular-
ization of the Brusselator system, but also as a numerical framework for
reproducing experimentally meaningful chemical patterns.

The remainder of this paper is organized as follows. Section 2 presents
the integral modeling of the two-dimensional Brusselator system, includ-
ing the regularization procedure and the use of Duhamel’s principle. Sec-
tion 3 is devoted to the analytical study, where Lipschitz estimates and
existence—uniqueness results are established. Section 4 describes the nu-
merical discretization of the integral system using the Nystréom method.
Section 5 presents the numerical experiments and the parameter setting.
Section 6 discusses the obtained Turing patterns and their interpretation.

Finally, the paper ends with concluding remarks and possible perspectives.
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2 Integral modeling of the two-dimensional

Brusselator system

Let
By={zeR*:|z|<1}

be the unit disk. We consider the two-dimensional Brusselator reaction—

diffusion system

X — DxAX = Jin + MX2Y — o + Jou)X, = € Bo, t >0,

8,Y — Dy AY = —\ X2Y + A, X, 2 € By, t>0,

X(z,0) =0, Y (z,0) =0, x € By,

X(z,t) =Y (z,t) =0, x € 0By, t> 0.
(2.1)

Here X = X(z,t) and Y = Y (z,t) denote the concentrations of the two
chemical species, Dx, Dy > 0 are diffusion coefficients, A1, Ay > 0 are
reaction parameters, while Ji, and Ju,t represent, respectively, the input
and output terms of the chemical process. The nonlinear reaction terms

are given by
fAX,Y) = T + M X2Y — Do+ Jow) X, (2.2)

and
L(X,Y) = =M X2Y + X, (2.3)

Thus, system (2.1) may be written in the compact form
WX — DxAX = f1(X,Y), 0Y — Dy AY = f5(X,Y). (2.4)

The purpose of the present section is to derive an integral formulation of
(2.1). The main idea is to regularize the right-hand sides by convolution in
the space variable and then apply Duhamel’s principle to the corresponding
heat equations. This procedure allows us to obtain a Volterra—Fredholm
integral representation of the Brusselator system.

Let f be a function defined on By x [0, T]. We denote by f its extension
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by zero to the whole space R?, namely

~ f(z,t), € By, 0<t<T,
fla,t) = (2.5)
0, r€R?2\ By, 0<t<T,

Let J € C%(R?) be a nonnegative mollifier satisfying
supp J C B(0,1), J(x) >0, / J(x)dx = 1. (2.6)
R2
For example, one may take
1
Cexp (21> , lz|<1,
J(z) = R (2.7)
0, |z |>1
where C' > 0 is chosen such that
/ J(z)dx = 1. (2.8)
R2
This function belongs to C2°(R?), is nonnegative, and is supported in

B(0,1).
For € > 0, we define

1 T
J(@) =7 (%), (2.9)
so that
supp J. C B(0,¢), / Jo(x)de = 1. (2.10)
RZ

The regularized version of f is then defined by
flet) = (o Pty = [ L@-afends @
RZ

Since J. € C%(R?), the function f. is C* with respect to the space variable.

Moreover, since fis supported in By and J. is supported in B(0,¢), one
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has
supp fe(-,t) C B(0,1+¢), 0<t<T. (2.12)

This is the reason why the regularized integral formulation is naturally

written on the enlarged disk
B:. :=B(0,1+¢). (2.13)

The original physical problem is posed in By, but the convolution proce-
dure enlarges the spatial support of the regularized source terms. Con-
sequently, the integration domain becomes B., and the solution in the
original disk is recovered by restriction to By.

We now recall the fundamental solution of the heat equation. For
D >0, let

2
2] ) t>0,

EWE

0, t<O0.
The function ®p is the fundamental solution associated with the operator
0y — DA.
According to Duhamel’s principle for the nonhomogeneous heat equation,

if
0w — DAu = f(x,t), u(z,0) =0, (2.16)

then the solution is represented by

u(z,t) :/0 /n Sp(z—y,t—s)f(y,s)dyds. (2.17)
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This is precisely the representation formula given in Evans [?, Chapter 2,
Section 3, formula (13)] for the nonhomogeneous heat equation, written
here with the diffusion coefficient D.

In the present work, the source terms are first extended by zero and
then regularized by convolution. Since their supports are contained in B,,

formula (2.17) gives

(z,1) //E% z—yt— 8)f-(y,s)dyds. (2.18)

Therefore, in our regularized model, the heat kernel is obtained directly
from the fundamental solution ®p, and the effective spatial integration
domain is B.

Applying (2.18) to the first equation of the Brusselator system, with
D = Dy, gives

X (z,t) //@DX y,t — ) [Je * (Jin + MXPY

—(A2 + Jout) X)] (y, 8) dy ds. (2.19)

Similarly, applying (2.18) to the second equation, with D = Dy, gives

t
Y(x,t) = / / Dpy (z =yt — ) [Je * (—MX2Y + X X)] (. 5) dy ds.
P (2.20)
Equations (2.19)—(2.20) constitute the regularized integral formulation of
the two-dimensional Brusselator system. The time integral is of Volterra
type, whereas the spatial integral is of Fredholm type. Hence, the Brus-
selator system is transformed into a nonlinear Volterra—Fredholm integral
system.
It is useful for the subsequent analysis to separate the external input

term J;, from the nonlinear reaction terms. We define

F(x,t) = /0 /B Op(x—y,t —s)(Je* Jin) (v, 8) dy ds. (2.21)
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Then, for (X,Y’), we introduce the nonlinear integral operators

N (X,Y)(x,t,s) :/ Op, (x—y,t —3) [JE * (A1X2Y
B.

_()‘2 + Jout)X)] (ya 8) dy7 (222)

and

No(X,Y)(z,t,8) = / p, (z—y,t—s) [Je * (~MX?Y + X X)] (y, 5) dy.
’ (2.23)
With these definitions, the regularized Brusselator system takes the inte-

gral form

X(z,t) = F(z,t) + /Ot N (X,Y)(x,t,s)ds, (2.24)

and
Y(x,t):/ No(X,Y)(z,t,s)ds. (2.25)
0

This formulation is the starting point of the analytical study. The convolu-
tion with J, provides the regularity required to apply Duhamel’s principle,
while the passage from By to B. = B(0,1 + ¢) follows from the support
property of the mollifier. Thus, the nonlinear Brusselator system is em-
bedded into an integral framework based on the fundamental solution of

the heat equation.

3 Analytical study

We now establish the analytical framework associated with the integral
formulation obtained in the previous section. Throughout this section, we
set

B.:=B(0,1+¢)

and
QT = B, X [O,T]
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We assume that
Jin, Jous € L=(Qr), Dx,Dy >0, A1, Ao > 0.

Let
F :=L*(B.)

be equipped with the norm
[|u||F:= eisesup | u(z) | .
For T > 0, we introduce the Banach space
&r = C([0,T]; F) x C([0,T}; F),

endowed with the norm

(X Y) Mler:= sup || X() [l7 + sup || Y(-0) [|F .
te[0,T] te[0,T]

For R > 0, we define the closed ball
Br:={(X,Y) € &r:|[ (X,Y) [lex < R}
In particular, if (X,Y) € Bg, then
IX(0IF< R, |Y(05<R ~ 0<I<T.

We shall use two elementary properties. First, since J. is nonnegative

and has unit mass, convolution by J; is nonexpansive in L, namely
| Je xR ||7<]| B |7 -

Second, for the heat kernel

1 |z |2
@D(:C,t):mexp 74Dt y t>0,




1119

one has, for every x € B, and t > s,

/@D(x—y,t—s)dyg/ Op(z—y,t—s)dy = 1.
R2

€

These two estimates are the main tools in the Lipschitz analysis of the

nonlinear integral operators.

Theorem 1. Let R > 0. The nonlinear integral operators N1 and Na,
defined by

Ni(X,Y)(x,t,9) z/ Pp,(z—y,t—s) [Jox (MX?Y

€

—(A2 + Jout) X)] (y, 5) dy,

and

No(X,Y)(z,t,5) = / ®p, (z—y,t—s) [Jo * (0 XY + X X)] (v, 5) dy,

€

are locally Lipschitz continuous on Br. More precisely, for every
(X1,Y1),(X2,Y2) € Br
and for every 0 < s <t <T, one has

|| Nl(X17Y1)('7tvs) - Nl(X27Y2>('7t’S) H]:
< Li(R) (Il X1(, ) = Xa(,8) |7 + [ Ya(e 8) = Ya(o,8) [|7)

where
Li(R) = 3\ R* + Ao+ || Jout || 1=(Qr) -
Similarly,
| Na (X1, Y1)(, £, 5) — No(Xo, Y2) (8, 8) [ 7
< La(R) (|| X1(,8) = Xa(9) [ + || Ya( 8) = Ya(o ) || 7)),
where

Ly(R) = 3\ R + \s.
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Proof. Let

(Xla }/1)7 (X27Y2) S BR.

We set
AX = Xl—XQ, AY = Yl—YQ.

The only nonlinear term to estimate is the cubic reaction term. We write
XY — X3Ys = (X7 = XH)Y1 + X3 (Y1 — Ya).

Since
X7 - X5 = (X1 — X2)(X1 + Xa),

we obtain
X2Y, — X2V, = AX (X1 + Xo)Y1 + X2AY.

Because (X;,Y;) € Bgr, i = 1,2, we have
| Xi(z,t) [< R, [Yi(z,t) |[< R
for almost every x € B, and every t € [0,T]. Hence
| X1+ X2 |<2R,  |[V1[SR, | X3 |’< R

Therefore,
| X2Y; — X2Y5 |< 2R* | AX | +R?* | AY |.

It follows that
| X7Y1 = X3V [|#< 2R? [| AX(,8) |7 +R? [| AY (-, 5) || -
We now estimate N;. For 0 < s <t < T, one has
Ny (X1, Y1) (2, ¢, 8) — N1(X2, Y2) (2, ¢, 8)
= /B Pp,(z—y,t—s) [Jex (M(XTY1 — X3Y2)

—(A2 + Jouwt) (X1 — X2))] (v, 5) dy.
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Using the positivity of the heat kernel, the fact that its integral over B; is
bounded by 1, and the L*°-stability of the convolution, we get

| N1(X1, Y1) (-, t,8) — N1(Xo, Y2) (-, 1, 8) || 7
<M XY = X3V |7 4 (Aot [ Jout [le@m) [| AX(8) [|7 -

Consequently,

|| Ni(X1,Y7)(,t,s) = Ni(X2,Y2) (-, t,8) || 7
< (2MR% + Aot || Jout llz=(@r) | AX(8) [|l7 +M B || AY (-, 5) || 7 -

Thus,

|| Ni(X1,Y7)(,t,s) = N1(X2,Y2)(, t,8) || 7
< (BMR? + dot || Jout L= (@r) (| AX(8) [|l7 + || AY (-, 5) [|7) .

This proves the Lipschitz estimate for NVy.

For Ny, we similarly write
No(X1, Y1) (2, t,8) — No(Xa, Y2)(, ¢, 8)
- /B Bpy (2 — ot — 8) [Jo * (~M(X2¥ — X2Y3)
(X1 — X2))] (y, 5) dy.
Using the same estimates, we obtain

|| N2<X17Yl)('7t>5) - NQ(XQ’Y2>("t’S) H]:
< XY = X3V (|7 A2 || AX(8) || 7
< MR+ M) || AX(,8) |7 +M R || AY (4,8) |7 -

Hence
| Na(X1, Y1) (8, 8) — Na (X2, Y2) (- 8, 8) [ |7
< BMER2+ ) ([| AX(,8) |l7 + [ AY(,8) || 7) -
The proof is complete. u

We now use the preceding Lipschitz estimates to prove existence and
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uniqueness of a solution to the regularized integral system. Let

t
Folwt) = [ [ @pla =it =s) (Jox Jo) (55) dy s
0 Be

The integral formulation can be written as

X(2,t) = Fola, ) + /0 Ny(X,Y) (2,1, 5) ds,

Y(2,t) = /Ot No(X,Y) (a1, 5) ds.

We define the operator
T:E — &,

by
T(Xa Y) = (71(X7Y)a75(X?Y))7

where, for 0 < ¢ < 7,
t
To(X.Y) (2, t) = Fola, 1) + / Ny(X,Y)(x,t, 5) ds,
0

and
To(X,Y) (1) = / No(X,Y) (.1, 5) ds.

Theorem 2. Assume that
Jina Jout S LOO(QT)

Then there exists 7 € (0,T] such that the regularized Volterra—Fredholm

system
¢
X(z,t) = Fo(z,t) +/ N (X,Y)(z,t,s)ds,
0
t
Y(x,t):/ No(X,Y)(x,t,s)ds
0

admits a unique solution
(X,Y)eé,.
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Moreover, this solution is obtained as the limit in €. of the Picard iteration

t
X (1) = Fola ) + / Ny (X, Yo) (2,1, ) ds,
0

t
Yn_H(m,t):/ No(Xo, Yo) (2,1, 5) ds,
0

starting for instance from
Xo(z,t) = Fo(z,t), Yo(z,t) = 0.
Proof. Let R > 0 be fixed and consider the closed ball
By :={(X,Y) € & [ (X,Y) |le, < R}
Since Fy(+,0) = 0 and Fy € C([0,T]; F), we have

A; = sup || Fo(-,t) [|lr/— 0O as T — 0T
tel0,7]

Let (X,Y) € BE. Using the positivity of the heat kernel, the bound
/ Pp(r—y,t—s)dy <1,
B,
and the L*-stability of the mollifier, we obtain
H Nl(X, Y)(',t, S) ||]:§ )\1R3 + ()\24‘ H Jout HLoo(QT)) R,

and
|| No(X,Y) (- t,8) [|7< MR + AR,

Therefore,

| T(X,Y) |le, < Ar + 7 [ME>+ (Aot || Jous ||z(0r)) B]
+7 [MR* + A2R] .
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Thus

| T(X,Y) |le, < Ar +7 2N R? + (2X2+ || Jout ||z=(0r)) B] -
Since A, — 0 as 7 — 07, we may choose 7 > 0 sufficiently small such that
Az + 720 R + (20+ || Jout ||z=(@r)) B] < R

Hence
T(Bg) C Bg.

We now prove that 7 is a contraction on B}. Let
(X17 3/1); (X27 YQ) S B‘II—%
By Theorem 1, forall 0 < s <t <7,

|| Nl(XhYl)("t’S) - Nl(X2aY2>('atvs) ||]"
< Li(R) (Il X1(, ) = Xa(,8) [[7 + [| Ya(e,8) = Ya(e,8) [|7)

and
|| NQ(XlaYi)('?t7S) - NQ(X25Y2)('at7S) ||]:
< La(R) (Il X1(,8) = Xa(,8) |7 + [ Ya(-8) = Ya(o,8) [|7) -
Consequently,

[| T(X1,Y1) — T(X2,Y2) ||e.
<7 (Li(R) + L2(R)) || (X1 — X2, Y1 = Y2) [[g, -

Choosing 7 > 0 even smaller if necessary, we can impose
7(L1(R) + La(R)) < 1.

Therefore 7 is a contraction on the complete metric space B. By the

Banach fixed-point theorem, 7 admits a unique fixed point in BE. This
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fixed point satisfies
t
X(x¢)::}%cut)+:/'hh(X,Y)@gus)d&
0
and .
w%ﬂ:/ww&mu¢@m
0

Thus (X,Y) is a solution of the regularized integral Brusselator system on
[0, 7].

The convergence of the Picard sequence follows directly from the con-
traction property. Indeed, if

(Xn+1>Yn+1) = T(Xn7Yn>7
then
H (Xn+1 - Xn7Yn+1 - Yn) ||ST§ q || (Xn - anlaYn - Ynfl) H&-v

where

q:=7(L1(R)+ La(R)) < 1.

Hence (X,,Y,) is a Cauchy sequence in &, and its limit is the unique

fixed point of 7. The proof is complete. |

The previous theorem gives local existence and uniqueness. By repeat-
ing the same argument on successive time intervals, the solution may be
continued as long as its &p-norm remains bounded. More precisely, if the

solution satisfies an a priori bound

sup (|| X(-,t) |7 + [ Y (-, 1) [|7) < 400,
te[0,T)

then the local construction can be iterated finitely many times, and the

solution is uniquely extended to the whole interval [0, 7.
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4 Numerical discretization of the integral

system

We now describe the numerical approximation of the regularized Volterra—
Fredholm integral formulation of the two-dimensional Brusselator system.
The method used is a Nystrom-type discretization applied both to the
Volterra time integral and to the Fredholm space integral. Since the spatial

domain is the enlarged disk
B. = B(0,1+¢),
it is natural to use polar coordinates. We set
R, =1+c¢.

For D > 0, the heat kernel used in the integral formulation is

L e < |2 2) t>0
Xp | — ) )
0, t=0.

In the numerical scheme, the value at ¢t = 0 is taken as
®p(x,0) =0, (4.2)

which corresponds to the continuous extension of the kernel for x # 0 and
avoids the singularity at the diagonal time level in the quadrature formula.

We recall that the regularized Brusselator system is written as

t
X(l’,t)://(bpx(ffy,t*S) [JE*(Jin+)\1X2Y
0 €

—(A2 + Jour) X)] (y, 5) dy ds, (4.3)
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and

Y(x,t) = /0 /B Dp, (x—y,t—s) [Je x (—M XY + X X)] (y,5) dy ds.
’ (4.4)

The convolution kernel is chosen explicitly. We take

B - (@3 +23)?%)?, ol +a3<1,
J(.’El,l'g) = (45)
0, 3423 > 1

The constant k is determined from the normalization condition

/Rz J(z)de = 1.

2

Using polar coordinates, 22 + 22 = r2, we have

27 1
1= k;/ / (1- 7“4)2 rdrdf. (4.6)
o Jo

Therefore,

/1(17‘4)27‘dT/1(12T4+7’8)Td7‘11+14 (4.7
0 “Jo 2 3 10 150 7

It follows that

/277 /1 (1= rdrdg = 2m = = 57 (4.8)
— =2r— = —. .
Hence 5
k=—. 4.9
8T (4.9)
Consequently,

21— (a2 +a2)?)?, a?+ad<1,
J(z1, m3) = (4.10)

0, 2+ 23> 1.
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For € > 0, the scaled mollifier is

1 x
J(@) = = (g) . (4.11)
Equivalently,
2
15 2423\’
— 1_(331—&;332) , w3 <e?
Jg(a?l,.%'z) = 8me € (4.12)

0, 3+ 2% >

Let Ni, N, N9 be positive integers. We discretize the time interval
[0,T] by

T
th=m—-1)At, At=—"  1<n<N,. (4.13)
N, —1

The extended disk B. is discretized in polar coordinates by

. R, .
i = -1 hrv hy = ) 1< < Nra 4.14
= (i-1) o i (4.14)
and
. 2 )
0; = (j — 1)he, hg = ——, 1 <5< Ny. (4.15)
Ny —1
The corresponding Cartesian grid points are
2z = (rjcosfj,r;sinf;). (4.16)
The area element in polar coordinates is
dy = rdrdb. (4.17)

Therefore, for a sufficiently regular function g, the Fredholm integral over

B, is approximated by the trapezoidal rule

N, Ng

27 R,
| swds= [ [ gtrordrds = hehed S wiwlgten, (418)
Be 0 0

=1 j5=1
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where

w] =wy, = %, wi=1 2<i<N,—1, (4.19)
and

wf:w?vezé, wl!=1 2<j<Np—1 (4.20)

Similarly, the Volterra integral over [0, t,] is approximated by

tn
/ s)ds ~ AtZwk a(tr), (4.21)
0

with

1
wh™ = Wbt = o wp =1, 2<k<n-1 (4.22)

We denote the numerical approximations by

]

At each time level t;, we compute the nonlinear reaction terms directly

over the entire computational domain B, to prevent boundary artifacts:

HY o = Jin(2pg te) + A(XE )Yk — (A2 + Jous(2pg, tr)) X)) (4.24)

pq’

and
HE = =M (X})2YE + XXk, (4.25)

The discrete convolution by J. over the domain is then approximated by

the same Nystrom quadrature:

N, Ny
M [HJE = ZZ c(2pq — 2zab)Hf gprar £ =1,2. (4.26)
a=1b=1
Thus,
M[H )k, = (Je % Hy) (2pg, th)- (4.27)

Applying the Nystrom method to both the Volterra time integral and
the Fredholm space integral in (4.3), we obtain, for 1 <i < N,, 1 < j <
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Ny, and 1 <n < Ny,

n N, Ny
XZ = At h,hg Zw Z Zw (I)DX Zij — Zpqytn — tk)ME[Hl]I;qTP
k=1 p=1qg=1
(4.28)
Similarly, from (4.4), we obtain
n N, Ny
= Ath,hg ZZw @DY Zij — Zpgstn — tk)Ms[Hg}’;qrp
k=1 p=1qg=1
(4.29)
Because of the convention
®p(z,0) =0, (4.30)

the terms corresponding to k& = n vanish in (4.28)-(4.29). Therefore,
the approximation at time ¢, depends only on the previous time lev-
els t1,...,t,—1. This yields a time-marching scheme consistent with the
Volterra structure of the integral formulation.

The initial conditions are
X} =0, Vi =0, 1<i<N,, 1<j<N,. (4.31)

For n > 2, the values X/: and Y}} are computed successively from (4.28)-

(4.29). The complete numerlcal scheme is therefore based on three ingre-
dients: the polar discretization of the enlarged disk B., the trapezoidal
Nystrom approximation of both the Volterra and Fredholm integrals, and
the discrete convolution with the compactly supported mollifier J.. This
provides a fully discrete approximation of the regularized two-dimensional

Brusselator system.
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5 Numerical experiments and parameter

setting

In this section, we present the numerical experiments performed using the
fully discrete Nystrom scheme introduced in the previous section. The aim
is to investigate the emergence of spatial patterns in the two-dimensional

regularized Brusselator system posed on the enlarged disk
B. =B(0,1+¢).
The computations are carried out in polar coordinates on the domain
B. = B(0, R.), R.=1+c¢.

The numerical values used in the simulation are chosen as follows:

Dx =001, Dy =0.10, (5.1)
A =10, Ay =40, (5.2)

and
J9 =20 J9 =10 (5.3)

The diffusion coefficient of the inhibitor Y is therefore ten times larger
than that of the activator X. This choice is consistent with the classical
activator—inhibitor mechanism responsible for Turing pattern formation.

The regularization parameter is taken as
e = 0.20, R. =1.20. (5.4)

The final time and the time discretization are given by

T 20
== ~0.04008.  (5.5)

T = 20.0 N, = 500 At — _
’ K ’ N, —1 499
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The spatial grid is defined by

N, = 20, Ny = 40, (5.6)
so that the total number of spatial grid points is
Ns = N, Ny = 800. (5.7)

In order to reproduce a more realistic experimental setting, the input
and output source terms are not taken as spatially homogeneous constants.
Instead, they are chosen as spatially heterogeneous functions inspired by
open gel reactors, where the chemical species are continuously fed through
the boundary. This produces macroscopic concentration gradients, while

microscopic imperfections are modeled by stochastic fluctuations.

Let
r=/z3+ 23

We define the input term by

Jin(r1,22) = Ji(,?)

2
1+ iy (r) + Jinﬂ($1,$2)] , (5.8)
R,
and the output term by

Jous (21, x2) = J)

out

2
1+ aout (é) + Uoutf(xla x2)] . (59)

Here n and £ are two independent random fields uniformly distributed
in the interval [—1, 1]. In the numerical implementation, they are generated

independently at the spatial grid points by
Nij = 2731(71') -1 §ij = 272,(?) -1, (5.10)

where
R

ij

@)
R ~U(0,1)
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are independent uniformly distributed random variables. Thus,

Nij: &g ~U(=1,1).

The two random fields are generated once at the beginning of the simula-
tion and remain fixed during the time evolution. Consequently, the source
terms Ji, and Jo,t are heterogeneous in space but constant in time. The
fixed realization of n and € is not interpreted as a time-dependent stochastic
forcing, but rather as a frozen spatial disorder representing small imper-
fections in the reactor or in the medium.

The parameters used in the simulation are
ain = 0.20, Qout = 0.15, (5.10)

and
o = 0.05, Oout = 0.05. (5.11)

Thus, the input source has a 20% radial increase toward the boundary,
while the output source has a 15% radial increase. The random fluctua-
tions have amplitude 5% for both source terms.

The random fields are introduced in order to break the perfect radial
symmetry of the disk and to initiate the instability. In the numerical
implementation, a fixed random seed is used in order to make the simu-
lation reproducible. These perturbations remain small compared with the
deterministic radial gradients and therefore do not dominate the reaction—
diffusion dynamics.

With these choices, the numerical experiment is designed to capture
the transition from an initially almost homogeneous state to a nonhomoge-
neous spatial configuration generated by the interaction between nonlinear

reaction kinetics and unequal diffusion rates.

6 Results and discussion

Figure 1 shows the evolution of the concentrations X and Y at six different
time levels. The snapshots start at ¢ = At ~ 0.04, rather than at ¢t =0, in



1134

order to avoid displaying the trivial initial condition. For each time level,
the concentration X is displayed on the left and the concentration Y on
the right, using the same color scale in order to allow a direct comparison

between the two chemical species.

Experimental Turing Patterns: Radial Gradient & Noise
Xatt=0.04 Yatt=004 Xalt=405 Yalt=405

1 3 1 6 1 B
05 05 05
4 4 11
0 0 0
05 2 a5 2 a5 D
- - -
-1 0 1 -1 i 1

-1 o 1

Katt=002 Xatt=1202
1r 1 & & Wr 1 &
05 s o
4 4 4
0 o
05 2 2 Rk °o 2
4 J 4 J
4 0 1 Bl 0 1
Xatt=1599 ¥att=2000

N

gog j an j
N &Y

Figure 1. Numerical evolution of the two-dimensional Brusselator sys-
tem in the enlarged disk B. = B(0,1.20). The left panel of
each pair represents the activator concentration X, while
the right panel represents the inhibitor concentration Y.
The simulation is performed with Dx = 0.01, Dy = 0.10,

A= 10, A = 40, JO =20, 79 = 1.0, ¢ = 0.20,

out

T = 20.0, N; = 500, N, = 20, and Ny = 40.

At the initial stage ¢ ~ 0.04, both concentrations remain almost homo-

geneous. This is consistent with the imposed initial conditions
X(z,0) =0, Y (z,0) =0,

and with the fact that the nonlinear interaction has not yet generated
significant spatial organization.

At t ~ 4.05, the effect of the radial feed terms becomes visible. The
activator X starts to increase inside the disk, while the inhibitor Y develops
a smoother and more diffuse spatial profile. This difference is due to the

larger diffusion coefficient of Y, namely

Dy =0.10 > Dx = 0.01.
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The inhibitor therefore spreads more rapidly than the activator.

At t ~ 8.02, the spatial instability becomes clearly visible. The acti-
vator concentration X begins to form localized high-concentration regions
arranged along an annular structure. This annular emergence is explained
by the radial form of the source terms Ji, and Ju,t, whose values increase
toward the boundary. The random perturbations then break the radial
symmetry and select localized spots.

For later times, especially at ¢t ~ 12.02, t ~ 15.99, and t = 20.00, the
system reaches a structured spatial regime. The activator X forms several
intense localized spots, while the inhibitor Y presents lower concentration
regions around the same locations. This opposite spatial behavior reflects
the classical activator—inhibitor mechanism: regions where X is amplified
are surrounded and regulated by the faster diffusion of Y.

The final pattern at ¢ = 20.00 is stable and clearly nonhomogeneous.
It consists of a circular arrangement of localized activator peaks, together
with a complementary inhibitor distribution. This confirms that the reg-
ularized Volterra—Fredholm integral formulation, combined with the Ny-
strom discretization, is able to reproduce the formation of Turing-type
spatial patterns in the two-dimensional Brusselator system.

The numerical experiment also shows that the use of heterogeneous
source terms is important. If Ji, and J,, are taken as purely constant
functions, the system may remain too symmetric and the formation of
visible spatial patterns can be delayed or suppressed. In contrast, the ra-
dial gradients and small stochastic fluctuations used in (5.8)—(5.9) provide
a realistic mechanism for triggering symmetry breaking, while preserving
the underlying reaction—diffusion structure of the model.

Compared with the fractional Brusselator simulations reported in [1],
where the patterns are mainly observed through smooth contour varia-
tions or surface deformations, the present simulations exhibit more clearly
identifiable Turing structures. In particular, the activator X forms dis-
tinct localized spots, whereas the inhibitor Y develops a complementary
distribution. This makes the spatial organization more readable and high-
lights more clearly the activator—inhibitor separation underlying the Tur-

ing mechanism.
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