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priori equilibrium bound, and a conditional uniqueness criterion are
established analytically. Generic saddle-node and Hopf conditions
are stated with their nondegeneracy hypotheses. Numerical con-
tinuation identifies two transversal Hopf points with negative first
Lyapunov coefficients under a specified eigenvector normalization.
For the reaction–diffusion extension, global positivity and bound-
edness are established, and an exact finite-domain instability test
is obtained by coupling the kinetic Jacobian to the Neumann spec-
trum. Fully specified grayscale simulations produce noise-selected
spots and mode-selected stripe and square-symmetric structures. A
positive semi-implicit discretization is then examined as a numeri-
cal dynamical system. The scheme preserves non-negative concen-
trations and equilibria, but the reference fixed point loses Schur
stability at hc ≈ 0.617496, whereas the exact sampled flow remains
stable. Step refinement further shows that h < hc is not an accuracy
condition. Coarse-step periodic and positive-exponent responses are
therefore attributed to the numerical map rather than to the pla-
nar chemical flow. The analysis separates chemical admissibility,
homogeneous stability, spatial-mode stability, numerical fixed-point
stability, and trajectory accuracy.

1 Introduction

Autocatalytic and thermokinetic reaction systems are standard models

for nonlinear chemical dynamics. Compact kinetic mechanisms can pro-

duce induction, overshoot, damped oscillations, sustained oscillations, and

multiple stationary states because production feedback competes with re-

moval and heat loss. A useful reduced model must therefore preserve non-

negative concentrations, control high-concentration growth, and identify

the parameter combinations at which stationary states lose stability.

The Belousov–Zhabotinsky reaction and the Oregonator are classi-

cal examples of reduced oscillatory chemistry [15, 37]. The Brusselator,

Sel’kov, and Gray–Scott families likewise show how low-dimensional so-

urce–feedback–loss structures generate stationary and periodic responses

[17,18,28,34]. General accounts of chemical oscillation and thermokinetic

feedback are available in [14, 28, 33], while recent reduced models con-

tinue to examine oscillatory response, thermokinetic tipping, and higher-

codimension bifurcation structure [10,13,16,24,32].

The kinetic construction is motivated by the cubic autocatalytic mecha-
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nism studied by Merkin, Needham and Scott [25], but the constant precur-

sor-pool approximation used here represents sustained or slowly varying

supply rather than a closed vessel. The route A + 2B → 3B provides

positive feedback: one molecule of A is consumed and one net molecule

of the autocatalyst B is produced. A background route A → B seeds the

loop. The present model adds saturation, cross-quenching A+B → E, bi-

molecular termination 2B → D, and a bounded concentration-dependent

activation factor. The latter is stated explicitly as a phenomenological

thermal closure rather than as an exact elimination of an energy equation.

Positive finite-difference schemes are attractive for chemical kinetics be-

cause negative concentrations are inadmissible, but positivity alone does

not preserve fixed-point type, stability, invariant sets, or trajectory accu-

racy. Topological and elementary dynamic consistency provide stronger

criteria [2, 8]. Stability changes under positive discretization have been

analysed for two-dimensional systems, including the Sel’kov and Lengyel–

Epstein models [29]. Related studies combine Hopf analysis with consist-

ency-preserving discretizations of autocatalytic systems, while recent work

examines strong resonances and two-parameter bifurcations in a discrete

glycolysis model [11, 12, 22]. Other dynamically consistent constructions

suppress step-dependent spurious bifurcations [3, 9, 26, 27]. In contrast to

studies that regard the discrete system as the primary model, the map

considered here is assessed solely as an approximation of the continuous

flow.

This distinction is essential because the continuous model is planar

and autonomous. In a compact invariant region it may possess equilibria

and limit cycles, but not deterministic chaos, by the Poincaré–Bendixson

theorem [19, 35]. Positive-exponent or high-period behaviour generated

by a coarse numerical step must therefore be compared with exact-flow

multipliers and step-refinement results before any chemical interpretation

is considered.

Spatial transport poses a distinct stability problem. Diffusion can

destabilize an asymptotically stable homogeneous state and select an in-

trinsic spatial scale through the mechanism introduced by Turing [36].

Stationary structures have been observed in open chemical media [4, 30].
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Recent reaction–diffusion studies address equilibrium patterns, spatiotem-

poral oscillations, instability of periodic solutions, and topology-dependent

pattern selection in enzyme-catalysed and related chemical systems [5–7,

38, 39]. Numerical methods that preserve positivity have also been devel-

oped for autocatalytic glycolysis reaction–diffusion equations [21]. These

contributions establish the broader methodology. The present analysis in-

stead focuses on a bounded saturated rate law, the actual finite-domain

Neumann spectrum, qualified numerical convergence of stationary pat-

terns, and the distinction between spatial instability and discretization-

induced dynamics. Experimental Turing patterns motivate the analysis

but do not validate the phenomenological kinetics.

The results are specific to the proposed rate law. Its bounded form per-

mits direct proofs of positivity, dissipativity, equilibrium existence, and a

finite equilibrium bound. The scalar equilibrium reduction links saddle-

node degeneracy to the determinant of the full kinetic Jacobian, while

normal-form calculations determine the criticality of two Hopf points. The

reaction–diffusion extension yields an exact finite-domain Neumann-mode

test and conditional nonlinear pattern simulations. Finally, a positive

semi-implicit update provides a controlled example in which chemical ad-

missibility is preserved but fixed-point stability and trajectory accuracy

are lost as the step increases. Standard Turing and discrete-bifurcation

criteria are used as established tools and are not presented as general

methodological innovations.

2 Basic precursor-fed cubic autocatalytic

model

The basic reaction skeleton consists of a precursor, two dynamic interme-

diates, and an inert product:

P
k0−→ A, A+ 2B

kc−→ 3B, B
kb−→ C. (1)

The chemical species A is produced from the precursor P . It is not itself

the autocatalyst. The autocatalytic species is B, because two molecules of
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B participate in the conversion of one molecule of A into three molecules

of B. The net effect of the second step is the consumption of one molecule

of A and the production of one additional molecule of B. The final step

removes B from the active reaction pool.

Let

a(t) = [A], b(t) = [B] (2)

be concentrations. In a pool approximation, the precursor concentration

is represented by an effective constant p0 over the main response interval.

Under mass-action kinetics the three rates are

r0 = k0p0, rc = kcab
2, rb = kbb. (3)

The resulting two-variable model is

da

dt
= k0p0 − kcab

2,
db

dt
= kcab

2 − kbb. (4)

Thus the reaction skeleton (1) leads to the base mass-action system (4).

This model is useful for identifying the source-feedback-loss balance, but

it is chemically restrictive. It assumes unbounded cubic efficiency at high

B, no non-catalytic conversion from A to B, no cross-removal of interme-

diates, no radical termination, and no thermal feedback. Each of these

simplifications can affect the qualitative response.

A first chemical correction is the background route

A
ku−→ B. (5)

The route (5) supplies B even when the cubic term is weak because b is

small. It can represent slow thermal conversion, spontaneous decompo-

sition, photochemical activation, or a weak redox route. It is especially

important in precursor-pool dynamics, where the onset of autocatalysis

may be delayed unless some seed concentration of the autocatalyst is pro-

duced.
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3 Saturated autocatalytic mechanism with

thermal activation

The proposed reaction network is

P
k0−→ A, A

ku−→ B, A+ 2B −→ 3B, (6)

B
kb−→ C, A+B

ks−→ E, 2B
kq−→ D. (7)

Equations (6)–(7) display the source, background conversion, autocatal-

ysis, decay, cross-quenching, and termination routes used in the reduced

mechanism. The effective rate of the autocatalytic step is not written as

a constant multiple of ab2. Instead, it is taken as

rc =
kcab

2

1 + σb2
Φ(b), Φ(b) = exp

(︃
ηb

KT + b

)︃
. (8)

Figure 1 summarizes the reaction architecture.

Precursor
P

Intermediate
A

Autocatalyst
B

Product
C

r0 = k0p0
A → B

ru = kua
B → C
rb = kbb

A + 2B −→ 3B

rc = kcab2

1 + σb2 Φ(b)

Bounded thermal
activation Φ(b)

mod
ula

tes
r c

Quenched product
E

Terminated product
D

A + B → E rs = ksab
2B → D
rq = kqb2

Figure 1. Reduced reaction architecture. The active variables are the
intermediate concentrations a(t) = [A] and b(t) = [B]. Solid
arrows denote material-conversion routes, and the dashed
arrow denotes phenomenological thermal modulation of the
autocatalytic rate. The two arrows entering E indicate the
joint consumption of A and B by cross-quenching.

The denominator 1 + σb2 represents saturation of the cubic autocat-
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alytic route. It can be interpreted as finite encounter efficiency, crowding

of a reactive intermediate, limited active sites, solvent-cage inhibition, or

diffusion limitation. The parameter σ is not a new reaction by itself; it is

an effective coefficient that reduces the productivity of the autocatalytic

channel when B becomes large.

The multiplier Φ(b) is a reduced thermokinetic factor. It increases

with b under the assumption that formation of the active intermediate is

associated with heat-assisted conversion, and it remains bounded to rep-

resent finite thermal activation. Temperature is not an independent state

variable; consequently, Φ is a phenomenological concentration-dependent

closure rather than a thermodynamically complete energy model.

3.1 Reduced thermal activation assumption

A full thermokinetic mechanism would augment the concentration equa-

tions by an energy balance, for example

Ch
dT

dt
= qhrc −H(T − T0), (9)

where T0 is the bath temperature, Ch is an effective heat capacity, qh is

the heat released per unit conversion, and H is a heat-transfer coefficient.

A quasi-steady reduction of (9) would relate T −T0 to the heat-generating

reaction rate. Here, b is instead used as a bounded proxy for thermal

activation:

T − T0 ≈ Θmax
b

KT + b
. (10)

Equation (10) is a phenomenological closure, not an exact consequence

of (9). It states only that larger amounts of the active intermediate are

associated with stronger heat-assisted conversion and that finite heat re-

moval limits the effective temperature rise. The assumption should be

tested against an explicit temperature equation when a specific reaction

and calorimetric data are available.

For an Arrhenius factor exp[−E/(RT )], expansion about T0 gives

exp

[︃
− E

RT

]︃
= exp

[︃
− E

RT0

]︃
exp

(︃
E

RT 2
0

(T − T0) +O((T − T0)
2)

)︃
. (11)
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After absorbing the constant prefactor into kc and substituting (10), the

reduced multiplier becomes

Φ(b) = exp

(︃
ηb

KT + b

)︃
, η =

EΘmax

RT 2
0

. (12)

When η = 0, the model is isothermal. The parameter KT specifies the con-

centration scale over which the effective thermal contribution approaches

saturation.

3.2 Dimensional kinetic equations

The full dimensional rates are

r0 = k0p0, ru = kua, rc =
kcab

2

1 + σb2
exp

(︃
ηb

KT + b

)︃
, rb = kbb, (13)

rs = ksab, rq = kqb
2. (14)

Hence the dimensional model is

da

dt
= k0p0 − kua− kcab

2

1 + σb2
exp

(︃
ηb

KT + b

)︃
− ksab, (15)

db

dt
= kua+

kcab
2

1 + σb2
exp

(︃
ηb

KT + b

)︃
− kbb− ksab− 2kqb

2. (16)

The factor 2 in front of kqb
2 in (16) follows from the stoichiometry 2B →

D: two molecules of B are lost per termination event. The dimensional

parameters and their chemical interpretations are summarized in Table 1.

4 Non-dimensionalization

Let C∗ > 0 be a reference concentration and let

x =
a

C∗
, y =

b

C∗
, τ = kbt. (17)
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Table 1. Dimensional parameters and chemical interpretations.

Symbol Meaning Chemical role

p0 effective precursor level reservoir or slowly
varying supply of A

k0 precursor activation
constant

rate of P → A
production

ku background conversion
constant

non-catalysed
A → B route

kc autocatalytic constant strength of
A+ 2B → 3B

σ saturation coefficient finite efficiency of
cubic conversion

η thermal activation strength intensity of reduced
heat feedback

KT thermal saturation level concentration scale
for heat activation

kb first-order decay constant removal of B to C
ks cross-quenching constant removal by

A+B → E
kq termination constant nonlinear loss by

2B → D

Define positive dimensionless parameters by

α =
k0p0
kbC∗

, β =
ku
kb

, γ =
kcC

2
∗

kb
, s = σC2

∗ , (18)

ρ =
ksC∗

kb
, δ =

2kqC∗

kb
, λ = η, κ =

KT

C∗
. (19)

Then (15)–(16) reduce to

dx

dτ
= f(x, y) = α− βx−R(y)x− ρxy, (20)

dy

dτ
= g(x, y) = βx+R(y)x− y − ρxy − δy2, (21)

where

R(y) =
γy2

1 + sy2
exp

(︃
λy

κ+ y

)︃
, y ≥ 0. (22)
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The effective rate function (22) is the dimensionless saturated autocat-

alytic rate with phenomenological thermal activation. For later Hopf cal-

culations, it is useful to record the higher derivatives of R. For y > 0,

write R′(y) = R(y)L1(y), where

L1(y) =
2

y
− 2sy

1 + sy2
+

λκ

(κ+ y)2
. (23)

Then

R′′(y) = R(y){L1(y)
2 + L2(y)},

R′′′(y) = R(y){L1(y)
3 + 3L1(y)L2(y) + L3(y)}.

(24)

with

L2(y) = − 2

y2
− 2s(1− sy2)

(1 + sy2)2
− 2λκ

(κ+ y)3
, (25)

L3(y) =
4

y3
+

4s2y(3− sy2)

(1 + sy2)3
+

6λκ

(κ+ y)4
. (26)

These expressions make the normal-form calculation in the Hopf section

reproducible from the displayed rate law. All parameters in (18)–(19) are

assumed to be strictly positive unless stated otherwise.

The dimensionless groups have the following roles. The parameter α is

the precursor-feed strength. The parameter β measures direct A → B con-

version relative to B decay. The parameter γ measures cubic autocatalytic

strength. The parameter s controls saturation. The pair (λ, κ) controls

effective thermal activation. The parameter ρ measures cross-quenching,

and δ measures bimolecular termination of the autocatalyst.

4.1 Parameter selection and dimensional scale

The numerical parameter sets used below were selected by continuation

and parameter screening to expose stable, Hopf, and coarse-step numerical

regimes. They were not fitted to observations and are not estimates for a

named reagent system. Taking C∗ = 10−3 mol L−1 and kb = 0.1 s−1, the



1067

reference values in (42) give

ku = 2.857× 10−2 s−1, kc = 2.56739× 106 L2 mol−2 s−1,

σ = 1.5179× 106 L2 mol−2, ks = 50.88Lmol−1 s−1,

kq = 171.93Lmol−1 s−1, KT = 0.3591mmol L−1,

(27)

and k0p0 = 0.51523mmol L−1 s−1. This dimensional reconstruction is il-

lustrative and is not a parameter estimate for a specific reagent system.

Quantitative prediction would require a specified mechanism, calorimetric

measurements, and parameter estimation.

Figure 2 shows how the effective autocatalytic rate changes with λ and

s. Increasing λ raises the rate curve because the thermal factor accelerates

autocatalytic conversion. Increasing s suppresses the high-y part of the

curve because saturation becomes stronger.

0 1 2 3
y

0

100

200

300


(y
)

(a) Thermal multiplier

λ=0
λ=1.5
λ=2.5
λ=3.4018

0 1 2 3
y

0

200

400

600


(y
)

(b) Saturation

s=0.6
s=1
s=1.5179
s=3

Figure 2. Effective autocatalytic rate R(y). Left: effect of the
thermokinetic strength λ. Right: effect of the saturation
coefficient s.

5 Positivity, dissipativity, and absorbing

bounds

The first requirement for a chemical concentration model is invariance of

the non-negative quadrant. The next result verifies this property.

Proposition 1 (Positive invariance). For positive parameters and initial
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data (x(0), y(0)) ∈ R2
+, the solution of (20)–(21) remains in R2

+ for all

times for which it exists.

Proof. On the boundary x = 0, one has f(0, y) = α > 0. Thus the vector

field points into the non-negative quadrant. On the boundary y = 0, one

has g(x, 0) = βx ≥ 0. Hence the solution cannot cross into y < 0. The

vector field is locally Lipschitz on R2
+. The standard boundary criterion

for positive systems gives positive invariance.

Proposition 2 (Ultimate boundedness). Assume s > 0 and δ > 0. Every

non-negative solution of (20)–(21) is ultimately bounded.

Proof. From (20),
dx

dτ
≤ α− βx. (28)

It follows that for every ε > 0 there is T1 > 0 such that

x(τ) ≤ Xε :=
α

β
+ ε, τ ≥ T1. (29)

Since s > 0,

0 ≤ R(y) ≤ γ

s
eλ =: Rmax. (30)

For τ ≥ T1,
dy

dτ
≤ Xε(β +Rmax)− δy2. (31)

Thus y(τ) is ultimately bounded above by any number larger than

Yε =

(︃
Xε(β +Rmax)

δ

)︃1/2

. (32)

The two estimates give an absorbing rectangle in R2
+. Since the vector field

is locally Lipschitz on R2
+, the absorbing estimate also excludes finite-time

blow-up and extends every non-negative solution globally in time.

Remark. The condition s > 0 prevents indefinite growth of the effective

cubic rate, while δ > 0 gives a high-concentration termination mechanism

for B. Both assumptions have direct chemical interpretations. If one of

them is absent, boundedness may still hold for certain parameter ranges,

but it is no longer guaranteed by the simple comparison argument above.
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6 Equilibrium points

Set

Q(y) = β +R(y), M(y) = Q(y) + ρy. (33)

At a positive equilibrium E∗ = (x∗, y∗), the equation f(x∗, y∗) = 0 gives

x∗ =
α

M(y∗)
. (34)

Substitution into g(x∗, y∗) = 0 yields

Ψ(y) = αQ(y)− yM(y)− ραy − δy2M(y) = 0, (35)

or equivalently

Ψ(y) = α{Q(y)− ρy} −M(y)y(1 + δy). (36)

Thus the stationary problem reduces to a scalar root followed by (34).

Figure 3 shows the reference function and a magnified view of its positive

zero.

0.0 0.5 1.0 1.5 2.0 2.5 3.0
y

−10000

−8000

−6000

−4000

−2000

0

Ψ(
y)

Scalar equilibrium equation

0.9 1.0 1.1 1.2

−200

−100

0

100

y * =1.08249

Figure 3. Scalar equilibrium function Ψ(y) for the reference parameter
set. The inset resolves the positive zero y∗ ≈ 1.08249.
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Proposition 3 (Existence and an a priori equilibrium bound). For pos-

itive parameters with s > 0 and δ > 0, system (20)–(21) has at least one

positive equilibrium. Every positive equilibrium satisfies

0 < y∗ ≤ ymax :=
−1 +

√
1 + 4δα

2δ
. (37)

Proof. At y = 0, (35) gives Ψ(0) = αβ > 0. Because R is bounded

for s > 0, the negative term −δy2M(y) forces Ψ(y) → −∞ as y → ∞.

Continuity therefore gives a positive zero, and (34) gives x∗ > 0. Adding

the two equilibrium equations yields

0 = α− y∗ − 2ρx∗y∗ − δ(y∗)2, (38)

so δ(y∗)2 + y∗ ≤ α, which is equivalent to (37).

Proposition 4 (Conditional uniqueness). If

Ψ′(y) < 0 for all 0 < y ≤ ymax, (39)

then the positive equilibrium is unique.

Proof. Existence is already established and every positive zero lies in the

compact interval (37). Condition (39) makes Ψ strictly decreasing on that

interval, so it can vanish at most once.

Since

R′(y) = γ exp

(︃
λy

κ+ y

)︃[︃
2y

(1 + sy2)2
+

y2

1 + sy2
λκ

(κ+ y)2

]︃
, (40)

one has

Ψ′(y) = α{R′(y)− ρ} − {M(y) + yM ′(y)}(1 + δy)− δyM(y), (41)

whereM ′(y) = R′(y)+ρ. This is a sufficient parameter-screening criterion,

not a general uniqueness theorem.
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For the reference values

α = 5.1523, β = 0.2857, γ = 25.6739, s = 1.5179,

λ = 3.4018, κ = 0.3591, ρ = 0.5088, δ = 3.4386,
(42)

condition (39) does not hold globally. Numerical root isolation on [0, ymax],

with ymax = 1.08727804, gives one zero,

E∗ = (0.03677290, 1.08249054). (43)

The two numerically located stationary points of Ψ occur near

y = 0.0097516 and y = 0.7426721, where Ψ remains positive; the sin-

gle zero occurs after the second stationary point. Accordingly, uniqueness

for this reference set is numerical evidence, whereas only existence and the

conditional criterion are analytical results. Figure 4 gives the correspond-

ing nullclines.

0.0 0.2 0.4 0.6 0.8 1.0 1.2
x

0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

y

Continuous nullclines

0.03 0.04 0.05

1.04

1.06

1.08

1.10

1.12

f(x, y) =0
g(x, y) =0
E *

Figure 4. Nullclines of the continuous model for (42). The inset mag-
nifies the numerically isolated positive equilibrium.

The scalar equation also connects directly to the full Jacobian. Along
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the f = 0 nullcline, x(y) = α/M(y) and g(x(y), y) = Ψ(y)/M(y). At a

positive equilibrium,

d

dy
g(x(y), y) =

Ψ′(y∗)

M(y∗)
=

det Jc(E
∗)

fx(E∗)
= −det Jc(E

∗)

M(y∗)
. (44)

Hence

det Jc(E
∗) = −Ψ′(y∗) . (45)

Therefore the scalar saddle-node condition Ψ′(y∗) = 0 is exactly the zero-

eigenvalue condition of the two-dimensional linearization.

7 Local stability of the continuous model

The Jacobian matrix of (20)–(21) is

Jc(x, y) =

(︄
−M(y) −x{R′(y) + ρ}

Q(y)− ρy xR′(y)− 1− ρx− 2δy

)︄
. (46)

The continuous Jacobian (46) is the basis for the trace-determinant sta-

bility criteria below. At an equilibrium E∗ define

Tc = trJc(E
∗), Dc = detJc(E

∗). (47)

The characteristic polynomial is

ξ2 − Tcξ +Dc = 0. (48)

Hence the standard trace-determinant classification gives the following cri-

terion.

Proposition 5 (Local stability). A positive equilibrium E∗ of (20)–(21)

is locally asymptotically stable if

Tc < 0, Dc > 0. (49)

It is a saddle if Dc < 0. If Dc > 0 and Tc > 0, it is unstable. Non-

hyperbolicity occurs when Dc = 0, or when Tc = 0 and Dc > 0. The
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equality T 2
c − 4Dc = 0 only indicates repeated eigenvalues and does not, by

itself, imply loss of hyperbolicity.

Proof. The linearization of the system at E∗ is U ′ = Jc(E
∗)U , where

U = (x− x∗, y − y∗)T . The characteristic polynomial of Jc(E
∗) is

χ(ξ) = ξ2 − Tcξ +Dc. (50)

For a second-order real polynomial ξ2 + a1ξ + a0, the Routh–Hurwitz

criterion gives negative real parts of both roots if and only if a1 > 0 and

a0 > 0. Here a1 = −Tc and a0 = Dc. Therefore both eigenvalues have

negative real parts exactly when Tc < 0 and Dc > 0, and the equilibrium

is locally asymptotically stable by the linearization theorem. If Dc < 0,

the product of the two eigenvalues is negative, so the eigenvalues are real

with opposite signs and the equilibrium is a saddle. If Dc > 0 and Tc > 0,

the sum of the eigenvalues has positive real part; either both real parts

are positive or the complex conjugate pair has positive real part, so the

equilibrium is unstable. Finally, Dc = 0 gives a zero eigenvalue. If Tc = 0

and Dc > 0, the eigenvalues are ξ1,2 = ±i
√
Dc and have zero real part,

which is the Hopf-type non-hyperbolic case for the planar flow. A repeated

eigenvalue occurs when T 2
c −4Dc = 0; such a repeated eigenvalue may still

be hyperbolic if its real part is non-zero, and therefore this discriminant

condition is not a general non-hyperbolicity condition.

The stability condition has a direct chemical reading. The diagonal en-

try −M(y∗) is always negative and represents consumption of A through

background conversion, autocatalysis, and quenching. The second diago-

nal entry,

x∗R′(y∗)− 1− ρx∗ − 2δy∗, (51)

compares local autocatalytic feedback with first-order decay, cross-que-

nching, and nonlinear termination. Stability loss requires the feedback

derivative x∗R′(y∗) to become large enough relative to the loss terms.
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8 Continuous-time bifurcation analysis

Proposition 6 (Simple-zero saddle-node criterion). Let ν be a scalar pa-

rameter. Suppose that a positive equilibrium (x∗, y∗) at ν = ν0 satisfies

Ψ(y∗; ν0) = 0, Ψy(y
∗; ν0) = 0, (52)

and

Ψyy(y
∗; ν0) ̸= 0, Ψν(y

∗; ν0) ̸= 0, Tc(E
∗; ν0) ̸= 0. (53)

Then the equilibrium undergoes a generic saddle-node bifurcation as ν

passes through ν0.

Proof. Because fx(E
∗) = −M(y∗) < 0, the equation f = 0 defines the

smooth nullcline x = x(y, ν) = α/M(y, ν) locally. Along this nullcline,

h(y, ν) := g(x(y, ν), y, ν) =
Ψ(y, ν)

M(y, ν)
.

At a point satisfying (52),

hy = 0, hyy =
Ψyy

M
̸= 0, hν =

Ψν

M
̸= 0.

Furthermore, (45) gives Dc = 0, while Tc ̸= 0 ensures that the zero eigen-

value is simple. The one-dimensional center-manifold reduction therefore

has the nondegenerate saddle-node normal form.

The trace condition in (53) excludes a double-zero degeneracy. The

parameter ν may be α, γ, λ, ρ, δ, or another scalar control parameter.

Proposition 7 (Nondegenerate Hopf criterion). Suppose that a smooth

equilibrium branch E∗(ν) satisfies

Tc(E
∗; ν0) = 0, Dc(E

∗; ν0) > 0, (54)

and
d

dν
Tc(E

∗(ν); ν)

⃓⃓⃓⃓
ν=ν0

̸= 0. (55)
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If the first Lyapunov coefficient in (58) is nonzero, then a nondegenerate

Hopf bifurcation occurs at ν0. Under the convention used below, l1 < 0

gives locally attracting periodic orbits on the side where the equilibrium is

unstable.

Proof. Since Dc > 0, the equilibrium continues smoothly with ν. At Tc =

0, the eigenvalues are the simple pair ±iω0, where ω0 =
√
Dc. Their real

part is Tc/2, so (55) is the eigenvalue-crossing condition. The conclusion

follows from the Hopf bifurcation theorem when l1 ̸= 0 [19,23].

Let A = Jc(E
∗), let q be a right eigenvector of A corresponding to

iω0, and let p be a right eigenvector of AT corresponding to −iω0. The

Hermitian product ⟨p, q⟩ = p̄T q is used. To remove the scaling ambiguity,

the computations impose ∥q∥2 = 1 and then scale p so that ⟨p, q⟩ = 1. For

perturbation vectors u, v, w ∈ C2, the non-zero multilinear terms are

B1(u, v) = −{R′(y∗) + ρ}(u1v2 + u2v1)− x∗R′′(y∗)u2v2,

B2(u, v) = {R′(y∗)− ρ}(u1v2 + u2v1) + {x∗R′′(y∗)− 2δ}u2v2,
(56)

and

C1(u, v, w) = −R′′(y∗)(u1v2w2 + u2v1w2 + u2v2w1)

− x∗R′′′(y∗)u2v2w2,

C2(u, v, w) = R′′(y∗)(u1v2w2 + u2v1w2 + u2v2w1)

+ x∗R′′′(y∗)u2v2w2.

(57)

These definitions use the Taylor convention F (U) = AU + 1
2B(U,U) +

1
6C(U,U, U) +O(∥U∥4). The first Lyapunov coefficient is

l1 =
1

2ω0
Re

⟨︃
p,C(q, q, q̄)− 2B(q, A−1B(q, q̄))

+B{q̄, (2iω0I −A)−1B(q, q)}
⟩︃
.

(58)

The derivatives entering B and C were evaluated analytically from (23)–

(24). Complex linear systems and inner products in (58) were evaluated

in IEEE double precision under the normalization ∥q∥2 = 1 and ⟨p, q⟩ =
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1. The magnitude of l1 depends on the normalization, whereas its sign

determines the local criticality.

Consider the parameter family

β = 0.2, γ = 15, s = 1, λ = 2.5, κ = 0.4, ρ = 0.3, δ = 0.5,

(59)

with α as the bifurcation parameter. A logarithmic scan over 10−7 ≤ α ≤
104, supplemented by a dense linear scan on 0.05 ≤ α ≤ 0.30, isolates

the two trace crossings in Table 2. Bracketed scalar root refinement used

absolute tolerance 10−12.

Table 2. Continuous-time Hopf points for the parameter family (59).

Point α (x∗, y∗) ω0 dTc/dα l1

H1 0.148614 (0.229890, 0.123859) 0.820902 3.56235 −18.3333
H2 0.187434 (0.191731, 0.157038) 1.015675 −3.40993 −15.6854

The nonzero trace derivatives verify transversality. The negative first

Lyapunov coefficients establish supercritical Hopf bifurcations under the

normalization in (58). The equilibrium is unstable for H1 < α < H2. In a

neighbourhood of each Hopf point, the bifurcating periodic orbit lies on the

unstable-equilibrium side and is locally attracting. The local calculation

does not, by itself, prove that a single periodic branch connects H1 and

H2. Figure 5 shows the trace and the equilibrium y-coordinate on the

displayed part of the branch.

9 Continuous simulations

The continuous trajectories were computed with the adaptive Dormand–

Prince DOP853 method, relative tolerance 10−11, absolute tolerance 10−13,

maximum step 10−3, IEEE double precision, and initial state (x(0), y(0)) =

(0.4, 0.05). Figure 6 compares a stable focus and a Hopf-generated oscil-

latory response. The stable case approaches the positive equilibrium after

a damped transient, whereas the second trajectory approaches a small

attracting cycle.

Figure 7 displays the local vector field and the attracting periodic or-
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Figure 5. Continuous-time Hopf diagnostic for (59). The zero cross-
ings of Tc mark the Hopf points listed in Table 2.
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Figure 6. Continuous-time concentration responses. Left: stable focus
for α = 0.10; right: Hopf-generated oscillation for α = 0.16,
with the solver settings and initial state stated in the text.
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bit for α = 0.16. The trajectory remains in the positive quadrant, and

the oscillation is generated by the balance between thermal autocatalytic

acceleration and damping by cross-quenching and termination.

0.14 0.16 0.18 0.20 0.22 0.24 0.26 0.28
x

0.10

0.11

0.12

0.13

0.14

0.15

0.16

0.17

y

Attracting continuous-time cycle

periodic orbit
equilibrium

Figure 7. Phase-plane view of the attracting continuous-time cycle for
α = 0.16 in (59). Arrows show the normalized vector field.

These simulations display stable and oscillatory regimes of the two-

intermediate flow. They do not imply deterministic chaos, which is ex-

cluded for bounded trajectories of the autonomous planar system. The

discretization analysis below examines how a positive numerical update

departs from this continuous dynamics as the step increases.

10 Reaction–diffusion extension and pattern

formation

Let Ω ⊂ R2 be a bounded, connected domain with C2 boundary. The

reaction–diffusion extension is

∂X

∂τ
= Dx∆X + f(X,Y ),

∂Y

∂τ
= Dy∆Y + g(X,Y ), (60)
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with homogeneous no-flux conditions

∂X

∂n
=

∂Y

∂n
= 0 on ∂Ω, (61)

where Dx, Dy > 0 are dimensionless diffusivities and n is the outward

unit normal. The capital letters distinguish concentration fields from the

well-mixed variables. Every kinetic equilibrium E∗ = (x∗, y∗) induces the

homogeneous solution (X,Y ) ≡ E∗.

Proposition 8 (Global well-posedness and positivity). Let (X0, Y0) ∈
C(Ω;R2

+). System (60)–(61) has a unique global non-negative mild solution

in C([0,∞);C(Ω)2). The solution is classical for τ > 0 and is ultimately

bounded in L∞(Ω)2. If the initial data have the usual parabolic regularity

and satisfy the Neumann compatibility conditions, the solution is classical

up to τ = 0.

Proof. The reaction vector is locally Lipschitz in a neighbourhood of the

non-negative quadrant, so standard semilinear parabolic theory gives a

unique local mild solution and the usual continuation alternative [20]. On

the coordinate axes, f(0, Y ) = α > 0 and g(X, 0) = βX ≥ 0. Quasipositiv-

ity and the parabolic maximum principle therefore preserve non-negativity.

Moreover,

Xτ −Dx∆X ≤ α− βX. (62)

For every ε > 0, scalar comparison gives a time T1 such that ∥X(·, τ)∥∞ ≤
Xε := α/β + ε for τ ≥ T1. Because 0 ≤ R(Y ) ≤ Rmax,

Yτ −Dy∆Y ≤ Xε(β +Rmax)− δY 2, τ ≥ T1. (63)

Comparison with the corresponding scalar Riccati equation yields an ulti-

mate L∞ bound for Y . The two bounds exclude finite-time blow-up in the

continuation alternative and hence extend the solution globally. Parabolic

regularization gives classical smoothness for positive time.

This result establishes chemical admissibility of the spatial model; it

does not imply diffusion-driven instability.
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10.1 Finite-domain Turing criterion

Let

Jc(E
∗) =

(︄
a11 a12

a21 a22

)︄
, D = diag(Dx, Dy), (64)

where, from (46),

a11 = −M(y∗) < 0, a22 = x∗R′(y∗)− 1− ρx∗ − 2δy∗. (65)

Let 0 = µ0 < µ1 ≤ µ2 ≤ · · · be the eigenvalues of −∆ under (61). The

linearization in the mode associated with µk is

Jk = Jc(E
∗)− µkD. (66)

Proposition 9 (Finite-domain diffusion-driven instability). Assume that

E∗ is asymptotically stable for the well-mixed kinetics, so that Tc < 0 and

Dc > 0. Define

AD = Dya11 +Dxa22. (67)

Then E∗ is linearly unstable to a non-constant Neumann mode if and only

if there is an index k ≥ 1 such that

P (µk) := Dc −ADµk +DxDyµ
2
k < 0. (68)

A non-empty interval of unstable Laplacian spectral values exists precisely

when

AD > 0, A2
D > 4DxDyDc. (69)

Under (69), condition (68) is equivalent to the requirement that at least

one non-zero Neumann eigenvalue lie in

µ− < µk < µ+, µ± =
AD ±

√︁
A2

D − 4DxDyDc

2DxDy
. (70)

Proof. For mode k,

tr Jk = Tc − (Dx +Dy)µk < 0 (71)
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and direct expansion gives det Jk = P (µk). Since the trace is nega-

tive, the mode has an eigenvalue with positive real part exactly when

its determinant is negative. The quadratic P is strictly convex, satisfies

P (0) = Dc > 0, and has positive leading coefficient. It is negative on a

positive interval if and only if its vertex lies at a positive value of µ and

its minimum is negative. These two requirements are exactly (69); solving

P (µ) = 0 then gives (70). On a bounded domain, instability additionally

requires an admissible eigenvalue in this open interval.

Because a11 < 0, the first inequality in (69) forces a22 > 0 and

Dx

Dy
>

−a11
a22

. (72)

Thus Y must act locally as the self-enhancing component, while the precu-

rsor-like field X must diffuse sufficiently faster. This is the activator–

substrate interpretation of the present mechanism. The condition is not

satisfied by the stiff reference set (42), for which both a11 and a22 are

negative. Pattern calculations based on that set would therefore contradict

the linear theory.

For the square Ω = (0, 20)2, the Neumann eigenvalues are

µmn =
π2(m2 + n2)

400
, m, n = 0, 1, 2, . . . . (73)

Figure 8 gives the dispersion relation for the parameter family (59) at α =

0.14, Dx = 1, and Dy = 0.05. Here (Tc, Dc) = (−0.0376513, 0.614461) and

the well-mixed equilibrium is stable, but (70) gives 1.3544 < µ < 9.0734.

At fixed Dx = 1, the continuous-spectrum threshold occurs at Dx/Dy ≈
10.13; the displayed choice has ratio 20. The threshold is conditional on

the phenomenological kinetics and must not be interpreted as a measured

chemical diffusivity ratio.

10.2 Numerical pattern protocol

Three ODE-stable cases are used to illustrate distinct spatial organiza-

tions. The common kinetic parameters are those in (59); only α and Dy
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(b) Diffusion-driven instability threshold

Figure 8. Linear diffusion-driven instability diagnostic for the family
(59) at α = 0.14. (a) Largest modal growth rate as a function
of the Laplacian eigenvalue. The hatched interval is the
analytical band (70), and the dotted line marks its vertex
µ∗ = AD/(2DxDy). (b) Maximum growth rate over the
continuous Laplacian spectrum as Dx/Dy varies with Dx =
1. Hatching denotes the unstable side of the threshold. Only
black, white, and grayscale elements are used.

vary, while Dx = 1. Their trace–determinant values are

P1 P2 P3

Tc −0.177315 −0.0376513 −0.194006

Dc 0.500478 0.614461 1.457943

. (74)

Hence the homogeneous mode is stable in every case. The corresponding

diffusion bands and initial perturbations are listed in Table 3.

Table 3. Parameter cases used for the reaction–diffusion simulations.
Here Dx = 1, Ω = (0, 20)2, and the remaining kinetic param-
eters are fixed by (59).

Case α (x∗, y∗) Dy (µ−, µ+) Initial perturbation

P1 0.12 (0.253208, 0.099846) 0.025 (2.1716, 9.2186) broadband random
P2 0.14 (0.237907, 0.116567) 0.050 (1.3544, 9.0734) stripe mode (15, 0)
P3 0.22 (0.163315, 0.184813) 0.100 (1.7232, 8.4606) square modes (10, 0), (0, 10)

The square was discretized on a cell-centred 128×128 grid with spacing

∆ζ = 20/128. Time integration used Strang splitting with step ∆τ = 0.02

up to τ = 600. Each half diffusion step was evaluated exactly for the

finite-difference Neumann Laplacian by an orthonormal discrete cosine

transform; the pointwise reaction step used classical fourth-order Runge–
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Kutta. The discrete non-negative Laplacian eigenvalues used by the diffu-

sion solver were

ˆ︁µmn =
4

(∆ζ)2

{︂
sin2

(︂mπ

2N

)︂
+ sin2

(︂ nπ
2N

)︂}︂
, N = 128. (75)

No clipping or positivity projection was applied. The smallest concentra-

tions recorded over the saved times were X = 0.02939, Y = 0.02673 for

P1; X = 0.07475, Y = 0.04560 for P2; and X = 0.08157, Y = 0.08063 for

P3.

P1 starts from independent mean-zero Gaussian perturbations of rela-

tive standard deviation 10−2, using seed 1729. P2 uses opposite relative

perturbations of X and Y proportional to 10−2 cos(15πζ1/20). P3 uses

opposite relative perturbations proportional to

10−2

2

{︃
cos

(︃
10πζ1
20

)︃
+ cos

(︃
10πζ2
20

)︃}︃
. (76)

Thus P2 and P3 test the nonlinear evolution of specified unstable modes;

only P1 tests selection from broadband noise.

Figure 9 records the growth and nonlinear saturation of spatial vari-

ance. P2 undergoes a long oscillatory reorganization before settling toward

a coarser stripe state, whereas P1 and P3 reach their final amplitudes more

directly. Over the last ten time units, the relative changes in the spatial

standard deviation of Y are 2.11× 10−5, 1.04× 10−3, and 4.57× 10−10 for

P1–P3, respectively. P2 is therefore described as near-stationary at the

reported final time, not as a numerically proved asymptotic steady state.

Refinement calculations used the baseline (N,∆τ) = (128, 0.02), the

half-step case (128, 0.01) and the finer-grid case (192, 0.02). Table 4 sum-

marizes the final autocatalyst fields.

Table 4. Reaction–diffusion refinement at τ = 600. Each entry lists
the final standard deviation of Y and its dominant discrete
mode.

Case (128, 0.02) (128, 0.01) (192, 0.02)

P1 0.14204, (0, 18) 0.14303, (0, 16) 0.14131, (0, 16)
P2 0.09252, (10, 0) 0.09067, (8, 0) 0.09188, (9, 0)
P3 0.08420, (10, 10) 0.08436, (10, 10) 0.08401, (10, 10)



1084

0 200 400 600
time τ

10−3

10−2

10−1

sp
at

ia
l s

ta
nd

ar
d 

de
vi

at
io

n 
of

 y (a) Growth and saturation of heterogeneity

P1: α=0.12, Dy=0.025
P2: α=0.14, Dy=0.05
P3: α=0.22, Dy=0.1

0 200 400 600
time τ

0.10

0.12

0.14

0.16

0.18

sp
at

ia
l m

ea
n 

of
 y

(b) Domain-averaged autocatalyst

P1
P2
P3

Figure 9. Finite-time formation diagnostics for P1–P3. (a) Growth
and saturation of the spatial standard deviation of the au-
tocatalyst field. (b) Evolution of its domain average. Line
styles, rather than color, distinguish the cases.

P3 is stable under both refinements: after interpolation to a common

grid, the relative field differences are 8.9 × 10−4 and 1.5 × 10−2 for the

half-step and fine-grid calculations. P1 and P2 preserve their morphology

and amplitude but not their final dominant wavelength. For P2, the cor-

responding one-dimensional profile differences are 0.905 and 0.084 relative

to the baseline. For P1, the fine-grid calculation uses a different grid-level

realization of the prescribed random noise, so a pointwise field difference

is not meaningful; the amplitude and spot morphology remain compara-

ble. These results establish numerical convergence for P3 only. P1 and P2

are finite-time examples of pattern formation, not converged wavelength

predictions.

The final fields in Figure 10 show three organizations: a noise-selected

irregular spot lattice (P1), a mode-selected stripe state after wavelength

coarsening (P2), and a square-symmetric spot–depletion lattice (P3). In

each pair, precursor and autocatalyst deviations are predominantly out of

phase, consistent with local precursor depletion around autocatalyst-rich

regions. The plots show deviations from the corresponding equilibrium,

not absolute concentrations; separate symmetric grayscale ranges are used

because the three cases have different amplitudes.
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Figure 10. Black-and-white spatial fields at τ = 600. Panels (a)–(c)
show X − x∗, and panels (d)–(f) show Y − y∗, for cases
P1–P3 in Table 3. P1 is initialized by broadband noise,
whereas P2 and P3 use the stated mode-selected perturba-
tions. Grayscale shading is supplemented by black contours
to preserve structure in print.

10.3 Interpretation, importance, and limitations

The spatial analysis adds a mechanism that is absent from the well-mixed

model: differential transport can select an intrinsic length scale even tho-

ugh the zero-wave-number equilibrium is stable. This matters chemically

because localized autocatalyst-rich regions can coexist with precursor-

depleted regions without invoking a temporally unstable homogeneous

reactor. The analytical band (70) also separates a proved linear state-

ment from the nonlinear numerical evidence: it predicts which infinitesi-

mal modes grow, whereas the ultimate spot or stripe morphology depends

on nonlinear mode competition, the domain, and the initial perturbation.

The calculations are conditional demonstrations, not quantitative pre-

dictions for a named reaction. The diffusivities have not been measured,

the no-flux square is an idealized geometry, and no weakly nonlinear am-
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plitude equation or global nonlinear stability theorem is claimed. In par-

ticular, the three panels do not constitute an exhaustive morphology dia-

gram. Experimental use would require independently estimated diffusion

coefficients, reactor geometry and boundary exchange, calibration of the

thermal closure, and comparison of the observed wavelength with (70).

11 A positive semi-implicit discretization

To approximate (20)–(21) over a numerical step h > 0, consider the semi-

implicit update

xn+1 = F1(xn, yn) =
xn + hα

1 + h{β +R(yn) + ρyn}
, (77)

yn+1 = F2(xn, yn) =
yn + h{β +R(yn)}xn

1 + h{1 + ρxn + δyn}
. (78)

Production terms are evaluated explicitly and the principal loss terms

are placed in the denominators. This construction preserves non-negative

concentrations for every h > 0, in the spirit of nonstandard and positivity-

preserving finite-difference methods [1,2,8,9,26,27,29,31]. Equations (77)–

(78) are treated only as a numerical discretization. They are not derived

from pulsing, dilution, residence-time resetting, or an exact stroboscopic

chemical protocol.

Proposition 10 (Positivity, fixed points, and consistency). Map (77)–

(78) maps R2
+ into R2

+, has exactly the same positive fixed points as the

continuous model, and is first-order consistent:

F (x, y;h) =

(︄
x

y

)︄
+ h

(︄
f(x, y)

g(x, y)

)︄
+O(h2) (h → 0) (79)

uniformly on compact subsets of R2
+.

Proof. For x, y ≥ 0, the numerators and denominators in (77)–(78) are

positive. A fixed point satisfies

α = x∗{β+R(y∗)+ρy∗}, {β+R(y∗)}x∗ = y∗+ρx∗y∗+δ(y∗)2, (80)
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which is equivalent to f(x∗, y∗) = g(x∗, y∗) = 0. Conversely, every equi-

librium of the flow satisfies the fixed-point equations. Finally, expanding

(1+ha)−1 = 1−ha+O(h2) in each component gives the stated first-order

consistency.

Proposition 11 (Discrete absorbing estimate). Assume s > 0 and δ > 0.

For every fixed h > 0, map (77)–(78) admits an absorbing rectangle in R2
+.

Proof. Since R(y) ≥ 0 and ρy ≥ 0,

0 ≤ xn+1 ≤ xn + hα

1 + hβ
. (81)

The comparison recurrence has the attracting fixed value α/β. Thus, for

every ε > 0, there is N1 such that xn ≤ Xε := α/β + ε for n ≥ N1. Since

R(y) ≤ Rmax := (γ/s)eλ, define Aε = Xε(β +Rmax). For n ≥ N1,

yn+1 ≤ H(yn) :=
yn + hAε

1 + h+ hδyn
. (82)

The scalar function H is bounded on [0,∞). For 0 ≤ y ≤ (hδ)−1,

H(y) ≤ (hδ)−1 + hAε

1 + h
, (83)

whereas for y > (hδ)−1,

H(y) ≤ 1

hδ
+ hAε. (84)

These estimates provide a finite upper bound for all iterates after N1 + 1

and hence an absorbing rectangle.

12 Local Schur stability of the discretization

At a positive fixed point E∗ = (x∗, y∗), define

D1 = 1 + hM(y∗), D2 = 1 + h{1 + ρx∗ + δy∗}. (85)
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The fixed-point Jacobian is

Jd(E
∗) =

⎛⎜⎜⎝
1

D1
−hx∗{R′(y∗) + ρ}

D1

h{Q(y∗)− ρy∗}
D2

1 + hx∗R′(y∗)− hδy∗

D2

⎞⎟⎟⎠ . (86)

Let Td = trJd(E
∗) and ∆d = detJd(E

∗).

Proposition 12 (Schur stability criterion). The fixed point E∗ is locally

asymptotically stable if and only if

1− Td +∆d > 0, 1 + Td +∆d > 0, 1−∆d > 0. (87)

The respective equality boundaries correspond to a multiplier +1, a multi-

plier −1, and a complex unit-circle pair when |Td| < 2. A full fold, period-

doubling, or Neimark–Sacker theorem additionally requires transversality

and the relevant non-degeneracy coefficient.

Proof. The characteristic polynomial is µ2−Tdµ+∆d. Applying the Jury

criterion for a monic quadratic gives (87). Substitution of µ = 1 and

µ = −1 yields the first two boundaries. A non-real conjugate pair on the

unit circle has product one, which gives ∆d = 1, while |Td| < 2 excludes

the real endpoints.

The continuous and discrete local dynamics must be distinguished.

If λ1 and λ2 are eigenvalues of Jc(E
∗), then the exact time-h flow map

has multipliers exp(hλ1) and exp(hλ2). Consequently, a hyperbolic stable

equilibrium of the differential equation remains stable under exact sam-

pling for every h > 0. For the base set (42),

λ1 ≈ −133.2962, λ2 ≈ −8.8624. (88)

The exact-flow multipliers therefore remain in (0, 1) for every positive h.

In contrast, the numerical map first satisfies ∆d = 1 at

hc ≈ 0.617496, µ1,2 ≈ 0.344775± 0.938685i, |µ1,2| = 1. (89)
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The crossing is transversal, with

d

dh
max

i
|µi(h)|

⃓⃓⃓⃓
h=hc

≈ 0.2068 > 0. (90)

It is therefore the first local Schur-stability loss of the discrete fixed point.

At h = 4, the multiplier modulus is approximately 1.13044 even though the

continuous equilibrium remains strongly stable. Figure 11 compares the

numerical multiplier with the exact sampled linearized flow. The boundary

hc concerns only the linearized fixed point; it is not an accuracy threshold

for transient trajectories.
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Figure 11. Local stability comparison for the base parameter set.
The positivity-preserving scheme loses Schur stability at
hc ≈ 0.617496 (vertical line), whereas the largest exact-flow
multiplier maxi |ehλi | remains below one for every h > 0.
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13 Trajectory accuracy and step refinement

Local Schur stability and trajectory accuracy are different requirements.

Let Zh(tn) denote the numerical state after n = tn/h applications of (77)–

(78), and let Zref(t) be a DOP853 reference solution computed with relative

tolerance 10−11, absolute tolerance 10−13, and maximum step 10−3. For

T = 1, define

e(h, T ) = ∥Zh(T )−Zref(T )∥2, E(h, T ) = max
0≤n≤T/h

∥Zh(tn)−Zref(tn)∥2.

(91)

The initial condition is (0.4, 0.3). The reference states are

Zref(0.5) = (0.03699805, 1.07793348),

Zref(1) = (0.03677556, 1.08243625). (92)

Although h = 0.5 < hc, two map steps give

Z0.5(1) = (0.04381198, 10.15268718), e(0.5, 1) = 9.07025. (93)

Thus h < hc does not ensure an accurate transient approximation. Table 5

and Figure 12 show the refinement results. The maximum mesh error

becomes asymptotically first order only for small steps; the observed orders

over the five smallest successive refinements range from approximately 1.02

to 1.15.

Table 5. Selected step-refinement errors at T = 1.

h e(h, 1) E(h, 1)

0.500000 9.0703 9.0703
0.125000 6.0627× 10−2 2.5193
0.031250 6.2269× 10−5 8.0603× 10−1

0.0078125 6.2250× 10−5 1.6993× 10−1

0.0019531 1.8697× 10−5 3.7712× 10−2

0.0004883 4.8608× 10−6 9.1065× 10−3

The local fixed-point boundary hc and the refinement errors answer

different questions. The former identifies the first change in the type of

the numerical fixed point, whereas (91) measures approximation of the
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Figure 12. Endpoint and maximum mesh errors for T = 1. Coarse-
step errors are non-monotone; the small-step branch ap-
proaches the expected first-order slope.

continuous trajectory over a specified time interval.

14 Numerical protocol

For orbitwise Lyapunov calculations the full Jacobian, not only (86), is

required. Let

D1(x, y) = 1 + hM(y),

D2(x, y) = 1 + h(1 + ρx+ δy),

N2(x, y) = y + hQ(y)x.

(94)
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Then

DF (x, y) =

⎛⎜⎜⎝
1

D1
−h(x+ hα){R′(y) + ρ}

D2
1

hQ(y)D2 − hρN2

D2
2

{1 + hxR′(y)}D2 − hδN2

D2
2

⎞⎟⎟⎠ . (95)

The largest finite-time exponent per map iterate is computed as

L
(N)
1 =

1

N

N−1∑︂
n=0

log
∥DF (xn, yn)vn∥2

∥vn∥2
, (96)

with Euclidean norm, initial tangent vector v0 = (1, 0)T , and renormal-

ization after every multiplication. The exponent is measured per iterate;

division by h gives the value per unit dimensionless time. Computations

use IEEE double precision. Positive finite-time values are reported as ev-

idence of sensitive dynamics in the numerical map, not as proof of chaos

in the differential equation.

Table 6. Numerical settings for the discrete calculations.

Calculation Setting

Initial state (x0, y0) = (0.4, 0.3) unless stated
otherwise

Selected orbits 10 000 transients and 400 retained iterates
One-parameter
scans

340 parameter values; 2500 transients, 120
plotted iterates and 2000 tangent updates

Two-parameter
scans

140× 140 grid, 1000 transients, and 1000
tangent updates

Tangent dynamics v0 = (1, 0)T ; full Jacobian (95);
renormalization at every iterate

Period detection 180× 180 initial-state grid; 5000
transients; 256 retained iterates; periods
1–64 tested over the last 96 pairs with
tolerance 10−5

Convergence check N = 2000, 5000, 10 000, and 100 000 after
10 000 transients

Units L
(N)
1 per iterate; L

(N)
1 /h per unit

dimensionless time
Interpretation Positive converged value is evidence for

the numerical map only

For the three representative step sizes, using 10 000 transient iterations
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gives

h L
(2000)
1 L

(5000)
1 L

(10000)
1

4 −0.00713 −0.00567 −0.00519

12 0.11550 0.12046 0.12433

12.9519 0.12010 0.11823 0.11968

(97)

The signs are stable under these accumulation lengths. Over 100 000

tangent updates, the estimates are 0.12777 for h = 12 and 0.11907 for

h = 12.9519. Dividing the records into ten blocks of 10 000 updates gives

standard errors 8.2×10−4 and 7.5×10−4, respectively. The period-10 case

has a small negative exponent, whereas the two coarse aperiodic cases re-

tain positive exponents.

15 Coarse-step numerical responses

Figure 13 compares three numerical step sizes. At h = 0.5 < hc, the fixed

point is stable. At h = 4, the orbit converges to an attracting period-10

cycle and the largest finite-time Lyapunov exponent is slightly negative.

At h = 12.9519, the retained orbit is aperiodic over the tested period

range and has a positive finite-time exponent. These attractors belong to

the discrete scheme; they are not trajectories of the autonomous planar

flow.

Figure 15 shows the step-size bifurcation diagram together with L
(N)
1 .

The analytically computed threshold hc is marked. Negative values iden-

tify attracting fixed or periodic responses, whereas positive windows iden-

tify sensitive discrete dynamics. The figure is a local fixed-point stability

and finite-time response diagram. Crossing hc proves loss of the equilib-

rium’s Schur stability, but neither side of that boundary alone establishes

trajectory accuracy.

At fixed h = 12, Figure 16 varies the autocatalytic strength γ. The

resulting windows quantify how the numerical error interacts with the

nonlinear kinetic scale. They do not imply that the continuous flow is

chaotic for the same parameter values.
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Figure 13. Representative numerical-map orbits for (42): fixed-point
convergence at h = 0.5, an attracting period-10 cycle at
h = 4, and an aperiodic positive-exponent response at h =
12.9519.

16 Two-parameter numerical diagrams

Figure 17 shows finite-time Lyapunov exponents on three 140×140 param-

eter grids. The zero contours are numerical classification boundaries, not
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Figure 14. Autocatalyst iterates corresponding to Figure 13. The dis-
tinct vertical scales are retained to avoid compressing the
fixed-point and period-10 regimes.

analytical bifurcation curves or chemical operating limits. The first two

panels confirm that positive-exponent regions occur only when the numer-

ical step is coarse. The third panel shows how quenching and termination

alter the discretization-induced response at the fixed coarse step h = 12.



1096

0

20

40

60

80

100
y n

Numerical-map bifurcation diagram

0 2 4 6 8 10 12 14
h

−0.6

−0.5

−0.4

−0.3

−0.2

−0.1

0.0

0.1

L(
N
)

1

Figure 15. Step-size bifurcation diagram and largest finite-time Lya-
punov exponent. The vertical line marks hc ≈ 0.617496,
the first loss of equilibrium stability by the numerical dis-
cretization.

17 Initial-condition classification

Figure 18 classifies a 180× 180 grid of initial conditions. After 5000 tran-

sients, 256 iterates are retained. Periods 1–64 are tested by requiring the

maximum Euclidean mismatch over the last 96 paired states to be below

10−5. At h = 8.55, subsets are classified as period 14, period 28 or another

detected period. An unresolved point may represent a long transient or

an aperiodic response and is not interpreted as a separate attractor.
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Figure 16. Discrete bifurcation diagram and largest finite-time Lya-
punov exponent as γ varies at the coarse numerical step
h = 12.
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Figure 17. Finite-time Lyapunov diagrams. (a) (h, γ) plane. (b) (h, λ)
plane. (c) (ρ, δ) plane at h = 12. Each panel uses a
140× 140 grid, 1000 transient iterations and 1000 tangent

updates. Black curves approximate L
(N)
1 = 0.
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Figure 18. Finite-time period/convergence map over initial concentra-
tions at h = 8.55. Categories identify period-14, period-28,
other detected periods up to 64, and responses unresolved
after the stated transient.

18 Chemical interpretation and scope

The continuous model is deliberately reduced, but its kinetic terms corre-

spond to recognizable chemical roles. The source α represents slow acti-

vation of a precursor pool, and βx represents background formation of the

autocatalyst. The saturated rate R(y)x approximates finite productivity

of the A + 2B → 3B route when ideal cubic mass action is weakened by

crowding, complexation, diffusion limitation, or competing inactive chan-

nels. Cross-quenching ρxy removes both active intermediates, while δy2

represents bimolecular termination or dimerization.

The thermal multiplier is an empirical concentration-only closure. It

is suitable for a qualitative two-variable study but does not establish ther-

modynamic consistency for a specified reagent system. A calibrated model

should retain an energy equation, estimate activation and heat-transfer pa-

rameters, and compare simulated temperature and concentration histories
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with experiment.

The reaction–diffusion extension is likewise conditional. The coeffi-

cients Dx and Dy are effective transport parameters, and the Turing cal-

culation requires the precursor-like field to diffuse sufficiently faster than

the autocatalyst-like field. This separation may be plausible if B is immo-

bilized, reversibly bound, or transported through a more restrictive phase,

but no such mechanism is identified or calibrated here. The computed

patterns are therefore mechanistic possibilities under the stated diffusion

assumptions.

The numerical step h is not a chemical rate constant. It characterizes

the computational method used to approximate the kinetic equations. If

a sampled, pulsed, or periodically diluted reactor is to be studied, its stro-

boscopic map should be derived explicitly as a composition of continuous

flow and a physical reset or input operator. Such a map would generally

differ from (77)–(78).

Table 7. Interpretation of the model and numerical quantities.

Quantity Interpretation

α effective precursor activation or feed
strength

βx non-catalysed production of B from
A

R(y)x saturated, thermally enhanced
autocatalytic conversion

ρxy cross-quenching or inactive-adduct
formation

δy2 bimolecular termination or
dimerization of B

Dx, Dy effective diffusivities in the spatial
extension

h numerical time-step parameter of
the semi-implicit discretization
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19 Discussion

The continuous kinetics, reaction–diffusion system, and numerical map an-

swer distinct stability questions. The well-mixed flow is positive and dis-

sipative and supports Hopf-generated oscillations. Spatial coupling may

destabilize a well-mixed stable equilibrium when the Neumann spectrum

intersects the analytically determined band. The semi-implicit update pre-

serves non-negative states and equilibria, but its local and global dynamics

need not reproduce those of the flow.

For the reference set (42), both kinetic diagonal entries are negative,

which excludes the two-component diffusion-driven mechanism considered

here. Selected members of the Hopf parameter family instead have stable

homogeneous kinetics and positive autocatalyst self-feedback. With suffi-

ciently rapid precursor diffusion, they possess unstable nonconstant modes.

The simulated spots, stripes, and square-symmetric structures are consis-

tent with the predicted bands. The refinement evidence supports conver-

gence of the P3 field, whereas P1 and P2 remain finite-time morphology

demonstrations whose dominant wavelengths vary under refinement.

The fixed-point threshold hc is not an accuracy threshold. The numer-

ical map can incur large transient errors for h < hc, and its first-order

convergence becomes evident only when the step is small relative to the

fastest local timescale 1/133.296 ≈ 0.0075. The period-10 orbit at h = 4

and the positive-exponent responses at larger steps are therefore examples

of coarse-step dynamic inconsistency, not approximations of chaotic chem-

ical dynamics. This interpretation agrees with elementary and topological

dynamic-consistency theory [2, 3, 8, 29].

The contribution lies in the joint analysis of a bounded saturated rate

law across three mathematical settings. For the continuous kinetics, pos-

itivity, dissipativity, equilibrium structure, and Hopf criticality are estab-

lished or computed under stated hypotheses. For the spatial extension, the

admissible Neumann modes are tested directly and the nonlinear patterns

are reported with explicit convergence qualifications. For the numerical

map, Schur stability, the full orbitwise Jacobian, Lyapunov diagnostics,

and trajectory refinement are compared with the continuous flow. This
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comparison distinguishes the study from analyses of Turing instability of

periodic solutions, network-coupled patterns, and discrete-time chemical

models considered independently of an underlying flow [6, 22, 38, 39]. The

chemical interpretation nevertheless remains conditional because the ther-

mal factor and diffusivities are phenomenological. Quantitative prediction

requires an explicit energy balance, measured kinetic and transport pa-

rameters, and validation for a specified reaction.

20 Conclusion

A saturated two-intermediate autocatalytic model with phenomenologi-

cal thermal activation has been analysed. The continuous flow preserves

non-negative concentrations, possesses an absorbing region, and admits

at least one positive equilibrium. The scalar equilibrium equation pro-

vides an a priori bound, a conditional uniqueness test, and the identity

det Jc(E
∗) = −Ψ′(y∗). The saddle-node and Hopf criteria include the hy-

potheses required by the corresponding local bifurcation theorems. For

the illustrative parameter family, two transversal Hopf points have nega-

tive normalized first Lyapunov coefficients and generate locally attracting

periodic orbits on the unstable-equilibrium side.

The reaction–diffusion extension is globally positive and bounded and

provides an exact finite-domain instability test through the Neumann spec-

trum. Three well-mixed stable cases exhibit conditional diffusion-driven

pattern formation; the numerical evidence is separated into a converged

case and finite-time morphology examples. The semi-implicit discretiza-

tion preserves positivity and equilibria but loses fixed-point stability at

hc ≈ 0.617496 and can produce large transient errors even below this value.

Its coarse-step periodic and positive-exponent responses are numerical-

map dynamics.

Chemical positivity, homogeneous stability, spatial-mode stability, nu-

merical fixed-point stability, and trajectory accuracy are therefore logically

independent. Future work should replace the concentration-only thermal

closure by a calibrated energy equation, determine transport parameters

experimentally, and construct a dynamically consistent integrator for the

stiff kinetics.
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