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Abstract

In this paper, we investigate topological indices, specifically the
sum lordeg index and the variable sum edge index SEI,(G) for
a > 0, a # 1. We present several sharp bounds and characterizations
of these and related topological indices on specialized graph classes,
including regular graphs, thorny graphs, and chemical trees. Using
the strict convexity of the function f, inequalities for degree-based
graph invariants Hy(T) are derived under structural constraints on
trees, such as branching vertices and maximum degree. Examples on
caterpillar trees illustrate the computation of indices like ™ M2(G),
F(G), M2(G), and others, revealing the interplay between degree
sequences and index values. Additionally, upper and lower bounds
on the Sombor index SO(G™) of thorny graphs G* are established
as

1
E + degg(u) + degg(v),
2
weE(G) degq(u)? + degg(v)

including criteria for equality, with implications for regular and
thorn-regular graphs. The treatment includes detailed formulas,
constructive examples, and inequalities critical for understanding
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the relationship between graph topology and vertex-degree-based
descriptors.

1 Introduction

Throughout this paper. Let G be a simple graph, with vertex set V(G) =
{v1,v2,...,v,} and edge set E(G) = {e1,ea,...,em}. The quantities n
and m are called the order and size of G, respectively. The degree of vertex
w in G, degqs(w), is the number of vertices adjacent to w. When from the
context it is clear, which graph is considered, the index of G in degq (w) will
be omitted. N(G,v) denotes the set of vertices adjacent to v and N[G,v] =
N(G,v) U {v}. The maximum degree of G, denoted by A(G), and the
minimum degree of G, denoted by §(G), are the maximum and minimum
of its vertices’ degrees. 2(G) = (degq(v1),dega(va), ..., dega (v, ), with
deg(v1) = dege(va) = -+ > deg(vy) is called the degree sequence of G
we denote that by 2 = (di,...,d,). The graph G is said to be regular of
degree k, when 2(G) = (k, k, ..., k). Otherwise, the graph is irregular [1,
4]. Tt is obvious that an n-vertex tree [23] has the degree sequence 2
which is arranged in a non-increasing order if and only if """ | degs(v;) =
2(n —1). An improper Kragujevac tree [1] is a tree obtained by inserting
a new vertex (of degree 2) on a pendent edge of a proper Kragujevac tree.
The set of all improper Kragujevac trees of order n will be denoted by
Kg.. We use a restricted relation (1) in defining a quasi-regular bipartite
graph for the characteristic polynomial. More precisely, G is a bipartite
graph if and only if:

n

ca(G) = a(x) = 2" + [2

} 2" — eop(G) (1)

where cok(G) is a degree in a characteristic index for every k € N.

The earliest and most influential measures of graph irregularity is the
Albertson indezx, introduced in [16], and defined for a simple graph G =
(V,E) as:

irr(G) = Z | degq(u) — degq(v)|- (2)

weEE(Q)
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One of the topological indices which was associated with irregularity in the
graph theory called Sigma indez, denoted by o(G) and introduced by [7],

which is defined as

o(@)= Y (degg(u) — degg(v))*.

weEE(G)

Let M,,(C) be the set of all square matrices of order n with entries
from complex field C. For M € M, (C), the square roots of the eigenvalues
of MM* or M*M are known as the singular values [21], where M* is
the complex conjugate of M. As MM™* is positive semi-definite, so the
singular values of M are non-negative real numbers, denoted by o;(M)
and are indexed from largest to smallest as: o1(M) > oo(M) > -+ >
on(M). The Schatten p-norm [21] of M € M, (C), denoted by ||M]||,, is
the p-th root of the sum of the p-th powers of o;(M)’s, that is || M|, =
(0P (M) + oB(M) + - + o2 (M))? , where 1 < p < n.

The study analyses graphs using their spectra (eigenvalues of matrices
associated with the graph) [21]. The focus is on the Szeged matriz Szp (G)
and its eigenvalues p1, o, . . ., 4. The largest eigenvalue p; plays a central
role in establishing upper bounds on spectral graph invariants. The unique
path [27] connecting two vertices u, v in T will be denoted by Pr(u,v).

The number of edges on P(u,v) is called distance dr(u,v), or for short
d(u,v) between them. We call a tree (T, r) rooted at the vertex r (or just
by T if it is clear what the root is) by specifying a vertex r € V(T'). The
height of a vertex v of a rooted tree T with root r is hp(v) = dr(r,v). For
any two different vertices u,v in a rooted tree (7', r), we say that v is a
successor of u and wu is an ancestor of v if Pr(r,u) C Pr(r,v).

The segment [23] of a tree T is a path-subtree S whose terminal vertices
are branching vertices or pendent vertices of T, that is, each internal vertex
w of S has degp(u) = 2. The squeeze Sq(T') of a tree T, the edge rotating
capacity of vertex x € V(T) with 2 < degp(x) < A — 1 is defined as
degr(x) — 1. The sum of the edge rotating capacities of all vertices with
2 < degp(x) < A —11in T is called the total edge rotating capacity of
T. Let us denote by PT, ,, 5T, s, BT, 3, DT}, 1 and MT5,, the set of the

n-vertex trees with p.
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Let a, and b, be two positive sequences. Denote a, = ©(b,) if
c1bn < an < coby, for some positive constants ¢q,ce. Denote a,, = w(by,)
if limy,— oo ‘;—: = oo. Let N(0,1) be the standard normal distribution
and X, be a sequence of random variables [26]. Then X, = N(0,1)
means X, converges in distribution to the standard normal distribution

as n goes to infinity. Denote X,, = Op(a,) if f—: is bounded in prob-

ability. Denote X,, = op(a,) if fﬂ converges to zero in probability
as n goes to infinity. Let E[X,] and Var(X,) denote the expectation
and variance of a random variable X, respectively. P[E] denote the
probability of an event E. Let f = f(z,y) be a function. For non-
negative integers s,t, f(&t = f(s’t)(x,y) denote the partial derivative
%a(z;y)' For convenience, sometimes we write f, = f10, f, = fO1
fow = @O £ = fO2 and f,, = fOV. exp(z) denote the exponential
function e®. For positive integer n, denote [n] = {1,2,...,n}. Given a
finite set E, |E| represents the number of elements in E.

Our goal of this paper, clarifying the importance of studying topological
indices in graph theory due to their impact on graphs, trees, and networks,
as well as their influence on other mathematical, physical, and chemical
sciences, especially caterpillar trees. Providing further results through
trees according to a degree sequence. Also, presenting and explaining
many other topological indices.

This paper is organized as follows. In Section 1 we provide the con-
text, motivation, and basic background and establish the importance of
the topic. Based on typical structures and examples from the literature.
In Section 2, we presented sets the foundational concepts, definitions, and
notation that the reader needs to understand the rest of the paper. This
section introduces the basic terminology and mathematical objects that
will be used throughout, ensuring clarity and consistency, through subsec-
tion 2.1, we focus on energy of vertices of subdivision graphs. In Section 3
focuses on the study, comparison, and bounds of these and related topolog-
ical indices, providing a comprehensive theoretical framework motivated
by their applications in chemical graph theory and molecular informatics.
Through this section we include study of Wiener index 3.1 and Gutman

index 3.2. Section 4 had provide random graphs with a given degree se-
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quence Z(G) = (degq(v1),dega(va), ..., dega(vy). Section 5 focus on

discussed extremal degree-function index.

2 Preliminaries

A pendant vertex [4] is a vertex of degree one. For a connected graph G of
order n and size m, the cyclomatic number of G is defined as ¢ = m—n-+1.
For a simple graph G of order n and size m with eigenvalues \; > Ay >

- = Ay, they proved that Ay > 2m/n with equality if and only if G is
regular [4]. For p = 2, The Schatten 2-norm [21] is the Frobenius norm,
denoted by || M]||r, defined by

IM|[F = o} (M) + 03 (M) + - + op (M)

Therefore, an irregularity measure CS(G) = Ay — 2m/n. The vertex

degree variance of the graph G, Var(G), as

var@) =L 3 <degG(v)—2;n>2

n
veV(G)

To determined the most irregular graphs [4] with respect to irregularity
measures CS and Var for various classes of graphs. For a nonincreasing
sequence of positive integers ¥ = (dg, -+ ,dp—1) with n > 3, let T denote
the set of all trees with 2 as its degree sequence. We can construct a special
tree 1%, € Ty by using breadth-first search method as follows. Firstly, label
the vertex with the largest degree dg as vg1 (the root). Secondly, label the
neighbors of vy as v11, V12, . . ., V14, from left to right and let d(vy;) = d; for
i=1,---,dg. Then repeat the second step for all newly labeled vertices

until all degrees are assigned (furthermore, see Figure 1).

Definition 1 ( [27]). Let T = (V, E) be a tree with root vy. A well-ordering
=< of the vertices is called a BFS-ordering if < satisfies the following prop-

erties:

o Ifu,veV, and u < v, then h(u) < h(v) and d(u) > degq(v);
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o If there are two edges uuy € E(T) and vvy € E(T) such that u < v,
h(u) = h(uy) — 1 and h(v) = h(v1) — 1, then ug < vy.

Let 2 = (do, "+ ,dn—1) and @' = (dp, -+ ,d},_;) be two nonincreasing
sequences. If Y2 d; < ¥ df for k = 0,---,n—2and Y0 d; =
Z?:_()l d., then the sequence 2’ is said to magjor the sequence 2 and de-
noted by 2 < 2’. Assume T be an optimal tree in Ty and P2y, Ym) =
TmTm—1 .- T221(2)Y1Y2 - .- Ym—1Ym be a path of T If fx, (x;) > fy,(yi)
for i = 1,--- .k with at least one strict inequality and 1 < k < m — 1.
Then, fx., ., (Tht1) > frops (Yt1)-

Proposition 2.1 ( [27]). Let = (do, - dp-1) and 2" = (dy,--- ,d,_4)
be two nonincreasing graphic degree sequences. If 9<1D’, then there exists a
series of graphic degree sequences Dy, -+ , Dy such that D14 - <D< D’

where 9; and P;11 differ at evactly two entries, say d; (d) and dy (d},)

of Di (Dis1), with d; =dj+1,d,=dy—1and j<k.
Theorem 2.1 ( [25]). The total irreqularity of G is:
. 1
irre (G) = 5 Y ldeg, (@) - deg, ()],
{uv}CV(G)

for simple and undirected graph G we have

2n3 —3n2 —2n+3) n is odd,
irr(G) = ( )

1
12
+(2n® —3n? — 2n) n is even.

Lemma 2.2 ( [9]). Let T be a tree, and let 9 = (d1,d2,ds, ds) be a degree
sequence such that dy > ds > do > dy. Then the Albertson index of the

tree T is given by:
4 3
ir(T) = di +d2 + Y |di —dipa| + Y _(di +2)(d; — 1) — 2.
i=1 =2

Theorem 2.3 ( [8]). Let T be a tree of order n, and let 9 = (dy,...,d,)
be a degree sequence such that d, > --- > di. Then, the Sigma index of
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the tree T is given by:

n—1 n—1
o(T)= Y (di+1)(di—1)*+) (di+2)(di=1)>+ ) (di—di1)*+2n—2.
ie{l,n} i=2 i=2

Definition 2 ( [17]). An asymptotic degree sequence D is feasible if G,, #
0 for alln > 1.

Definition 3 ( [17]). An asymptotic degree sequence D is smooth if there

exist constants \; such that lim,_, d;(n) = \;.

Definition 4 (Thorn-regular graph [6]). Let p1,pa, ..., pn be non-negative
integers. Then the thorny graph of the graph G, denoted by G*, is obtained
by attaching p; pendent vertices to the vertex v;, for all i = 1,2,... n.

Thus, the number of vertices and edges of G* is
n n
n*zn—kZpi and m*zm—!—Zpi
i=1 i=1

respectively. If p1 = pa = -+ = py, then G* is said to be a thorn-reqular
graph.

Theorem 2.4 ( [26]). Let Z,, be the topological index of the random graph
Gn(B,W) and o2. Then

Z, — E[Z,]

O”fL

= N(0,1),

as n goes to infinity. In addition, the expectation E[Z,] has the following

asymptotic expression

n,
Pn 1<i<j<n
where the error rate % cannot be improved.
n

The exponential arithmetic-geometric index [2] (EAG) is a graph in-
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variant defined for a graph G as:

degg (u) + degq(v)
EAG(G) = Z 62\/degc(u) degg(v) (3)

weE(G)

This index (3) extends the arithmetic-geometric (AG) index by incorpo-
rating an exponential function, emphasizing the ratio of vertex degrees
in edge contributions. This index combines the arithmetic and geometric
aspects of degrees of adjacent vertices in an exponential form, serving as a
topological descriptor in graph theory and mathematical chemistry. These
facilitate comparisons of FAG values under degree constraints and trans-
formations. The FAG index reflects structural properties through degree

correlations, with extremal bounds tied to regular or near-regular graphs.

2.1 Energy of vertices of subdivision graphs

The adjacency matrix [20] of a graph G is the square matrix A = A(G) =
[a;;] of order n, in which a;; = 1 if the vertices v; and v; are adjacent and
a;; = 0 otherwise. The characteristic polynomial of a graph G is defined
as ¢(G;A) = det(A — A(Q)), where I is the identity matrix of order n.

The eigenvalues of G and are labeled as A1, Ag, ..., Ay

Definition 5 ( [20]). The energy of a graph G is defined as the sum of the
absolute values of the eigenvalues of G and is denoted by E(G)[N]. That is

E£(G) =D [Nl (4)
i=1
Furthermore, according to Definition 5, the energy of a vertex v;, de-

noted by Eg(v;), is defined as Eg(v;) = |Ayl, for ¢ = 1,2,...,n, where
|A;il = V/Ai. from (4) by adding the energies of the vertices of G. That is

E(G) =) Ea(v). (5)
i=1

Consider a graph G with n vertices and adjacency matrix A with eigen-
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values A1,...,\,. The vertex energy at vertex v; is given by the weighted

sum

Ea(vi) = Zpij|)‘j|7
j=1

where the weights p;; = ufj are squares of components of an orthogonal

eigenvector matrix U, and satisfy

n n
Zpij = sz‘j =1
i=1 j=1

Moreover, the k-th moment ¢;(A¥) with respect to v; equals the weighted

sum

¢i(A*) = ZPUA?’
=1

which corresponds to the number of closed walks of length k starting at
v;. For bipartite graphs, the total vertex energy across the partite sets is
equal, and for r-regular graphs, the characteristic polynomial provide (6)

of their subdivision graph relates to the original graph by
G(C(G) 1 X) = A" 7"(G = N2 —7), (6)

where m and n are the numbers of edges and vertices, respectively. Spe-
cializing to the complete graph K, with n > 2, the subdivision graph
C(Kp,) has vertex set {v1,va,...,0p,81,82,...,8nmn_1 }, Where v; are orig-
inal vertices and s; are subdivided vertices. The2 vertex energy at each

original vertex is

Eetsen(v5) = (n—1)vn— iJr V2(n — 1)7

while at each subdivided vertex it is

2((n — 1)vn —2++/2(n— 1))
n(n—1)

gC(Kn)(Sj) =
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The trace norm (Sombor energy [21]) of C(G) is:

£C(6) = 3 Il

as the sum of the absolute values of p; for i = 1 to n.

Theorem 2.5 ( [21]). Let M be a real symmetric matriz of order n and

Q be its quotient matrix of order m, (n > m). Then the following hold.

(i) If the partition 2 of I of matriz M is not equitable, then the eigen-
values of Q) interlace the eigenvalues of M, that is \i(M) > X\ (Q) >
Aitn—m (M), fori=1,2,...,m.

(i) If the partition 2 of I of matrix M is equitable, then the spectrum
of Q is contained in the spectrum of M.

3 Some novel degree-based topological
indices

The study of topological indices plays an important role in graph the-
ory due to their impact on graphs, trees, and networks, as well as their
influence on other mathematical, physical, and chemical sciences, espe-
cially caterpillar trees. In paper [11], we presented the Albertson index
as part of our participation in the 66! conference held at the Moscow
Institute of Physics and Technology. This paper served as a fundamental
basis on which we relied to provide further results until paper [8,9] was
prepared, which detailed the Albertson index across trees according to a
degree sequence 2. Through this paper, we review the literature, present
some discussed results, and introduce and explain several other topological
indices.

In the field of chemical molecular graphs, the atoms are represented
by vertices and the bonds by edges that capture the structural essence of
compounds. The numerical representation of the molecule graph can be
mathematically deduced as a single number, usually called graph invariant

or topological index [14]. The first Zagreb index M;(G) is the sum of the
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square of degrees of all the atoms and the second Zagreb index M>(G) had
given in [6] as the sum over all bonds of the product of the vertex degrees
of the two adjacent atoms, that is, for any graph G = (V, E) with vertex
set V(@) and edge set E(G),

Z degq(u)?, Z degg (u) degg (v).

ueV(QG) weE(G)

The function associated with the ™My index is reversed to the second
Zagreb index [5,13,14,26]. It is defined by considering the forgotten index
F(G) and proposed it as

1
degg (u) degg(v)

"M (G)
weE(G)

F(G)

Z degg(v)” = Z (degg (u)? + degg(v)?) .

veV(G) wveE(G)

The second Multiplicative Zagreb indices of k-tree. The first (generalized)

and second Multiplicative Zagreb indices are defined as follows: For ¢ > 0,

I, .(G) = H dega(u), H degq(u) dega(v)
ueV(G) weE(G)

The second Multiplicative Zagreb index can be rewritten as IlIo(G) =
[ieve degg(u)d°8c). Narumi and Katayama considered the prod-

uct [5] of vertex degrees

= [T dega(v)

Then,

71(G) = [ [ dege (v)?, = [ degg(u) degg (v),

v u~v

and

27 (G) = [ ldegg(u) + degg(v)].

u~v
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Lemma 3.1 ( [14]). Let G be a connected graph with an edge e and G’ be
obtained from G by deleting the edge e. If G' is connected, then

M1 (Gl) < Ml(G)7 M2 (G/) < MQ(G)
Hl,c (G/) < 1_[170(6;')7 115 (G/) < HQ(G)

Let G € G, withnis odd, if M1(G) < n(n—1)? and I1; .(G) < (n—1)°".

Then .
n(n —1)3

2 )
where the equalities hold if and only if G & K,,. Assume G € G,, with n
is even. If M1(G) < n(n —2)% and II; .(G) < (n —2)°". Then

M(G) < I,(G) < (n — 1)n(n71)

n(n —2)3

M2(G) S 92 )

I, (G) < (n —2)"(=2)

where the equalities hold if and only if G = CP,.

Lemma 3.2 ( [14]). Let G be a connected graph, possessing (as subgraph)
a cycle Z of size t. Let e1,ea,...,e; be the edges of G belonging to Z.
Let G' be obtained from G by deleting the edges ey, ea,...,e;. If G' is
connected, then My (G') < Mi(G), M2 (G') < Ma(G), I .(G") <
I (G), II(G') < Iy(G).

Let G € G, of order n. Then, M;(G) > 4n, My(G) > 4n,11; .(G) >
2¢" TI5(G) > 4™, where the equalities hold if and only if G = C,,. The sum
connectivity indexr SCI of a graph G is defined as the sum over all edges

of the reciprocal square root of the sum of degrees of the endpoints:

1
wEE(G) \/degG (u) + degg(v) .

SCI(G) =

This index has been studied in chemical graph theory as an indicator of
molecular branching and related structural properties. The symmetric

division degree index SDD of a simple connected graph G is defined as

SDD(Q) = Z (degg(u) 4 degG(v)>'

weB (@) degg(v)  degg(u)
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This index captures the symmetry of the division between degrees of ad-
jacent vertices and is used in chemical graph theory and related graph
studies to analyze structural properties of molecules and networks. The

inverse sum indeg index (ISI) of a simple connected graph G is defined as

1SI(G Z degg (u) - degg(v)
degq (u) + degq(v)’

weE(G)

This index has applications in chemical graph theory, especially as a pre-
dictor for molecular properties such as total surface area. The harmonic
index of a graph G, denoted by H(G), is defined as

2

H(G) = dogg (u) + dogg (1)’

wveE(G)

This index has applications in chemistry and graph theory, measuring
connectivity in molecular structures and networks. The relationship be-
tween the harmonic index and the Wiener index is more subtle since the
harmonic index depends on vertex degrees of edges, and the Wiener in-
dex depends on distances between all vertex pairs. However, some studies
explore bounds and inequalities relating these two indices under certain
graph conditions. Typically, graphs with larger average distances (higher
Wiener index) tend to have vertices with smaller degrees, which can in-
fluence the harmonic index. For example, trees with given orders have
known extremal values for both indices, and patterns show connections
via graph structure parameters (like degree sequences, diameter, and con-
nectivity). Both are graph invariants used in chemical graph theory and
network analysis, with some known bounds connecting them via graph pa-
rameters. The atom-bond connectivity ABC index of a graph G is defined

as

ABC(G Z degq(u) + degg(v) — 2.

W | degglu) degalv)

While the Wiener index incorporates global distance information of the
graph, the ABC index involves only local degree information of adjacent

vertices. Researchers have studied relationships and bounds involving



476

these indices for certain classes of graphs, and variants of the ABC in-
dex have been developed that incorporate distance-based concepts, such
as the Graovac-Ghorbani index. The augmented Zagreb index AZI of a
graph G is a topological index designed to capture molecular branching
and structural information more sensitively than some earlier indices. It
is especially important in the study of trees (connected acyclic graphs)
because these often model chemical compounds such as alkanes, where

the branching structure significantly influences chemical properties, it is
defined as

B degq(u) deg(v) ’
AZI(G) = quZE(G) (degG(uC); + degcﬁ”) - 2)

This index is used in chemical graph theory to analyze molecular structure
properties and has been found to correlate well with certain physicochemi-
cal characteristics. It reacts strongly to changes in vertex degrees, thus
effectively distinguishing between different branching patterns in trees,
which is critical in chemical graph theory to correlate with molecular prop-
erties like stability and reactivity. Studies have shown AZI correlates well
with physicochemical properties in molecular trees such as boiling points,
enthalpies, and structural strain, sometimes outperforming other indices.
It possesses interesting extremal combinatorial properties, useful for theo-
retical investigations in graph theory and chemical informatics. The first
hyper-Zagreb index of a graph G, denoted by HM;(G), is a degree-based
topological index widely used in chemical graph theory. It is defined as
the sum over all edges of the square of the sum of the degrees of the end-
points of each edge. More formally, if E(G) denotes the edge set of G
and degs(u) and deg (v) are the degrees of the adjacent vertices u and v.
Then,
HM{(@) = Y (degg(u) + dege(v))
wEE(G)

This index generalizes the first Zagreb index by considering the square
of the sum of the vertex degrees instead of just their sum. The first hyper-
Zagreb index has been found useful in characterizing molecular graphs and

correlating structural properties with chemical and physical attributes of
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the compounds they represent. The second hyper-Zagreb index of a graph
G, denoted by HM5(G), is a degree-based graph invariant defined as the
sum over all edges of the squares of the products of degrees of the edge

endpoints. More precisely, for an edge uv € E(G) it is given by

HM3(G) = D (degg(u) - degg(v))®,
weE(G)

This index is a variant of the classical Zagreb indices and is useful in math-
ematical chemistry for characterizing molecular structures. The geometric-
arithmetic index GA, the arithmetic-geometric index AG where it de-
fined [13] as

B 2+/deg (u) deg (v)
CAO) = 2. Sdoaglu) + deee(0)
)

b

weE(G)

degg (u) + degg (v
AG(G) =
) MGZE(G) 2\/degq(u) degg (v)

By the arithmetic-geometric mean [4] inequality,

(di+r)+(da+r)+-+(dp+7) > 1/

(di+7r)(de+r) - (d+7),

with inequality if and only if dy = ds = --- = d,,. Thus,

n"(di+r)(de+7r) - (dn+71)
2m +rn)"

<1

with equality if and only if G is regular. Recall I4¢ irregularity index

where this index known as

n"(dy +7)(da+ 1) (dy + r).

Iy (G)=1—
46(G) (2m 4+ rn)"

Corollary 3.3 ( [4]). If T is an n — vertex tree. Then,

L—n"(r+2)" 21 4+7r)2(rn+2n —2)"" < I4¢(7T)
<L=—n"A47r) " n-1+r)(rn+2n—-2)""
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Corollary 3.4 ( [4]). Let U be a unicyclic graph of order n > 4. Then,

0<Tag(U) <1 =n"(14+7)"3(r+2%*(n—1+7r)((r+2)n)""

The equality on Corollary 3.4 at the left is satisfied if and only if U =
Cy, and the equality on the right is attained if and only if U = S¢. Denote
by S2¢ the graph constructed from S, by adding two edges, so that its

n—4
degree sequence is 2 (S?f) =(n-1,3,2,2,1,...,1). We also, assume that
P (2,3) is the family of all connected bicyclic graphs with degree sequence
n—2
(3,3,2,...,2).

Corollary 3.5 ([4]). Let B be a bicyclic n- vertex graph. Then, Iac(B) <
L—n"(1+7)""4(r+2)2@B+r)(n—1+7r)(rn+2n+2)"", with equality if
and only if B = S2¢. Moreover, Iac(B) = 1 —n"(r +2)""2(3 4+ 7)%(rn +
2n + 2)7", with equality if and only if B € %$,(2,3).
According to Corollary 3.5, assume %, (A — 1, A) be the family of all
na

connected  c-cyclic graphs with degree sequence (A,...,A
n—ma

b

A—1,...,A —1). Among all c-cyclic graphs, ¢ > 1, of order n the uniquely
determined graph with minimal I4g-irregularity is a graph from %, (A —
1,A).

The general Randi¢ index Z,, is defined [26] as

{i,j}€€&

When 7 = —%, T, is the Randi¢ index.

Corollary 3.6 ( [26]). Let Z,, be the general Randié index of the random
graph G, (o, k) and o2. If T > 0, then

T, — E[Z,]

On

= N(0,1),

as n goes to infinity. In addition, the expectation E[Z,] has the following
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asymptotic expression

E[Z,] = (1 L0 (1)> > pawii(wigywja)T

n
Pn 1<i<j<n

where the error rate ﬁ cannot be improved.
n

Several corollaries describe bounds of the AG-irregularity index I 4¢ for
trees, unicyclic, and bicyclic graphs [4], identifying extremal graphs with
minimal irregularity values based on their degree sequences and cyclic
structures. This collection of indices enriches the toolkit for analyzing
molecular graphs with both local and global structural perspectives, pro-
viding valuable correlations to chemical and physical properties in graph-

theoretic and chemical modeling contexts.

3.1 Wiener index

The study of topological indices forms a cornerstone in mathematical
chemistry, particularly in understanding the structural properties of gra-
phs. Among these indices, the Wiener index [22] is a prominent metric,
the Wiener index [24], proposed by Wiener in 1947, is one of the most
studied topological indices in chemical graph theory. Defined for a graph
G as the sum of distances between all unordered pairs of vertices. When

applied to trees, the Wiener index can be elegantly formulated as:

W(G) = Z d(u,v), W(G)= Z N Mp

u<v e=abeE(G)

where n, and n; represent the number of vertices on either side of edge
ab. Recall that the Szeged index is usually denoted by Sz(G). For graphs
containing cycles, an important relation holds W (G) < Sz(G). The Szeged
index introduced by Gutman [22] as:

Sz(G) = Z NN

with the sum taken over all edges e = ab in G. Nikiforov [19] introduced

the degree deviation of graphs DS(G). This irregularity measure [4] had
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defined as

2m

degg(v) — - |

DS(G)= >

veV(G)

Nikiforov proved that
Var(G)/(2v2m) < CS(G) < v/DS(G)

and

DS(G)?/ (2%/%) < CS(Q) < /2 Var(G)

by considering
DS(G)?/n* < Var(G) < DS(G)

Ml(G) + A (G9) < —1 — DS(G)2 /20

and
Me(G) + A—k12 (G°) < =1 —24/2DS(G),

where 2 < k < n and G° denotes the complement of G. Let G be a
simple graph of order n, size m and with a degree sequence 2(G) =
(d1,ds,...,dy). By the classical result of Euler, Y " | d; = 2m. Suppose
that r is a non-negative real number [4].

Dosli¢ et al. introduced the Mostar index M, (G), according to (2) as

a novel bond-additive invariant, described as:
Mo(@) = 3 [na —

A Halin graph [24] of G is a plane graph consisting of a plane embedding of
a tree T of order at least 4 containing no vertex of degree 2, and a cycle C
connecting all leaves of T. The tree T and the cycle C' (or sometimes C(G))
are called the characteristic tree and the adjoint cycle of G, respectively.
Denote by H,, 4 the set of Halin graphs of order n with characteristic trees
of diameter 4. In this paper, we determine the minimum Wiener index
of graphs in H, 4 and find the corresponding extremal graphs. For any
v € V(G), let Ng(v) be the set of neighbors of v and deg.(v) = |Ng(v)]
be the degree of v. The distance dg(u,v) of two vertices u,v € V(G) is
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the length of a shortest u — v path in G. The greatest distance between
any two vertices in G is the diameter of G, which is denoted by diam(G).
The eccentricity [24] of v € V(G) is denoted by e(v) and is defined as
£(v) = max,ev(g) da (v, u).

Let G € H,, 4, we use T(G) and C(G) to denote the characteristic
tree and the adjoint cycle of G. Note that G has only one vertex o of
eccentricity 2 [24]. For a vertex v € Ng(0), if v € C(G) then v is called a
hanging vertex, otherwise v is called a support vertex [24]. We use [n] to
denote {1,2,...,n}. Suppose that G has m support vertices vy, va, ..., Un
and Ng (v;) N C(G) = {v},v?7...,vfi}, where i € [m] and k; > 2. Let
]HI;L 4 be the set of all those graphs of H,, 4 that contain no hanging vertex.
Denote by Hy, ; the set of all those graphs of H,, 4 that contain at least
one hanging vertex. Some important results and remarks regarding these

indices include:

Lemma 3.7 ( [22]). Let G be a graph with a,b € V and f € E. Then
dy = dy+dy— 2.

Lemma 3.8 ( [24]). Let 2y, > ®p—1 > -+ > @2 > 1 > 2 be n positive
integers with Y . x; = M. Define

fx1,@e,...,2n) = Z ;%

1<i<j<n

where i,j € [n]. Then f(x1,22,...,xy,) attains the minimum value if and
only if there exists | € [n] such that x; = M —2(n — 1) and z; = 2 for
i€ n\{l}.

Remark 1 ( [22]). Let T'(by,ba,...,bm) (or simply T, ) be a star-like tree
on n = Im + 1 vertices with by = by = -+ = b,, = 1. Then My(T,) =
Mo(Lz,) +mi(m —1).

Theorem 3.9 ( [24]). For any graph G € H}',, we have W (G) > Fa(n)
and
106, ifn =11,

Fy(n) = {133, ifn =12
n? +3n —46, ifn>13
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where the equality W (G) = Fa(n) holds if and only if G = G3 3.

Theorem 3.10 ( [22]). Let T), be a double star tree on 2n+ 2 vertices and
2n + 1 edges. Then Mo(Lt,) < Mo(T,).

3.2 Gutman index

The Gutman index [3] is a topological index used in graph theory, par-
ticularly in chemical graph theory. For a connected graph G, the Gutman
index is defined as the sum over all distinct pairs of vertices u and v of the

product of their vertex degrees and the distance between them:

Gut(G) =) _ degg(u) - degg(v) - d(u,v)
utv
where d(u,v) is the shortest distance (in terms of edges) between u
and v in the graph [12,15]. This index combines both the connectivity
(through vertex degrees) and the proximity (through distances) informa-
tion of the graph, making it useful in mathematical chemistry for char-
acterizing molecular structures. We generalize the Gutman index [3] by

introducing the general Gutman index of a connected graph G as

Gutop(G) = Y [degg(u) - degg(v)]” [da(u,v)]’,
{u,v}CV(G)

for a,b € R. If a =1 and b = 1, we get the classical Gutman index. For
a =0 and b = 1, we obtain the Wiener index.

Moreover, there are generalizations such as the general Gutman in-
dex defined with parameters altering the powers of degrees and distances,
and extensions like the Steiner Gutman index which generalizes the dis-
tance notion [3]. Actually, through Lemma 3.11 we observe the term
Gutop (G+uiug) < Gutyp(G). For any integers a and b is not zero,
through Proposition 3.1 we observed that. The Sombor index SO(G), the
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modified Sombor index ™SO(G) are defined as [6,13]:

SO(G) > Vdegg(u)? + degg (v)?,

weE(G)

1
mSO(G) = :
WGZE:(G) Vdegg(u)? + degg(v)?

The Sombor matriz SM(G) of a graph G is a square matrix of order n,
defined by

\/degg(u)2 +degs(v)?;  Hfu~w,

0; if u .

SM(G) =

Lemma 3.11 ( [3]). Leta <0 and b > 0, where at least one of a and b is
not zero. Consider a connected graph G, and let uy, us be any non-adjacent
vertices in G. Then we have the inequality Gut, p (G + uruz) < Guiep(G).

Proposition 3.1 ( [3]). Let G be a connected graph with n vertices. For
a <0 and b > 0, where at least one of a and b is not zero, the following
holds:

n(n — 2a+1
T ™

The equality holds if and only if G is the complete graph K,. Fur-

GUta,b(G) >

thermore, let 1 < x < y and ¢ > 0. For a > 1 or a < 0, the inequality
(x+c¢)*—2% < (y+¢)*—y* holds. If 0 < a < 1, then the inequality is re-
versed (z+¢)?—x® > (y+c¢)*—y®. The equality (8) holds in Proposition 3.2
if and only if G is the complete k-partite graph K, n,.... n,, Where the sizes
satisfy |n; —nj| < 1lforalll <i<j<kandn +ng+---+n; =n.
For the case a > 0 and b < 0, where at least one of a and b is not zero,
according to (7) we have

—1 2a+1
Gutas(G) < %

Proposition 3.2 ( [3]). Leta <0 and b > 0, where at least one of a and

b is not zero. For any k-partite graph G with n vertices, where 2 < k < n,
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we have
Guta,b(G) > Guta,b (Kn17n2;~-7nk) . (8)

The equality (9) holds in Theorem 3.12 if and only if G is the complete
k-partite graph K, n,.... n., by considering Theorem 3.13 where the part
sizes satisfy [n;, —n;| <1lforalll <i<j<kandni+ne+---+n,=n.

Theorem 3.12 ( [3]). Let 0 < a < % and b < 0, where at least one
of a and b is not zero. For any k-partite graph G with n vertices, where

2 < k < n, the reverse inequality holds
Guta’b(G) S Gutmb (Kn17n2 ,,,,, nk) . (9)

Theorem 3.13 ( [3]). Let a <0 and b > 0, where at least one of a and
b is not zero. For any connected graph G with n vertices and chromatic

number x, where 2 < x < n, we have

The equality holds if and only if G is the complete x-partite graph
K, n.,....n, » where the part sizes satisfy [n; —n;| <1 forall1 <i<j<x

and ny +ng + -+ +n, =n.

4 Random graphs with a given degree

sequence

In this section, an asymptotic degree sequence [17) D = d;(n),d;(n),. ..
such that d;(n) = 0 for i > n and ;" ;d;(n) = n. Given an asymptotic
degree sequence D, we set D,, to be the degree sequence {cg,c1,...,¢n},
where ¢; = ¢; € Nand |{i : ¢; = i}| = d;(n) for each ¢ > 0. Define G(n, D,,)
to be the set of all graphs with vertex set [n] with degree sequence D,,.
A random graph [17] on n vertices with degree sequence D is a uniformly
random member of G(n,D,,). A graph is said to be random if 4;;(1 <i <
j < n) are random [26].

Definition 6 ( [26]). The degree-based topological index of a graph G =
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(V,€) is defined as
In = Z f(diadj>7
{i,7}€€&

where f(x,y) is a real function satisfying f(x,y) = f(y,x).

Definition 7 ( [26]). Let 8 be a constant between zero and one, n be an

positive integer, and
W = {w;; € [5,1]]1 <i<j<n,wj =w;j,w; =0}
Define a heterogeneous random graph G, (8, W) as
P(Ai; = 1) = prwyj,

where A;; (1 <i<j<n) are independent, A;; = Aj; and p,, € (0,1).

Another motivation for studying random graphs on a fixed degree se-
quence comes from the analysis of the chromatic number of sparse random
graphs. This is because a minimally (r + 1)-chromatic graph must have
minimum degree at least r. Chvéatal’s work [17] indicates that for a random
graph G, ar with a linear number of edges (cn), the expected number of
subgraphs with minimum degree 3 is exponentially small if ¢ < ¢* ~ 1.442,
and exponentially large if ¢ > ¢*. Further studies suggest that graphs
with at least 1.79n edges are minimally 4-chromatic with high probability,
hinting that the threshold for 4-chromaticity may depend on more than
just subgraphs of minimum degree 3. Luczak’s findings [17] show that a
random graph with no vertices of degree less than 2 and at least O(n)
vertices of degree greater than 2 almost surely (a.s.) has a unique giant
component. This is generalized by the main theorem, which uses a pa-
rameter Q(2) = > oo, di — 2X. If Q(Z) > 0, a giant component exists; if
Q(2) < 0, all components are small. These results apply to random graph
models [17] like G, pr and G, where the degree sequence can be deter-
mined accurately and graphs with the same degree sequence are equally
likely, allowing verification of known thresholds. The parameter Q(2) re-
flects the expected change in the number of unknown neighbors during

a branching process exploration of a component. A negative Q(2) leads
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to quick exposure of small components, while a positive Q(Z) suggests

potential for large components.

Definition 8 ( [17]). An asymptotic degree sequence D is well-behaved if:

1. D is feasible and smooth. In this case, i(i—2)d;(n)/n tends uniformly
toi(i—2)A, i.e., for all e > 0 there exists N such that for alln > N
and for all i >0,

i(i — 2)d; (n)

n

—i(i—2)\| <e, L(D)= T}ergoz:i(i —2)d;(n)/n.

i>1
exists, and the sum approaches the limit uniformly; i.e.,

(a) If L(D) is finite then for all € > 0 there exists N, such that for
alln > N:

> i(i = 2)di(n)/n — L(D)| < e.

i>1

(b) If L(D) is finite, then, for all T > 0, there exists i*, N such
that for allm > N

Z i(i — 2)di(n)/n > T.

We note that it is an easy exercise to show that if D is well-behaved.

Then L(D) = Q(D). An asymptotic degree sequence [17] D is sparse if
> idi(n)/n =K +o(1)
i>0
for some constant K.
Lemma 4.1 ([17]). If a random configuration with a given degree sequence
D meeting the conditions with Q(D) possibly unbounded has a property P

with probability at least 1 — z* for some constant z < 1, then a random

graph with the same degree sequence a.s. has P.
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Lemma 4.2 ([17]). If a random configuration with a given degree sequence
D meeting the conditions a.s. has a property P, and if Q(D) < oo, then a

random graph with the same degree sequence a.s. has P.

Given Q(D) < oo, set v = Q(D)/K and set R = 150/v2. Let F be a
random configuration [17] with n vertices and degree sequence D, meeting
the conditions. If Q(D) < oo and, for some function 0 < w(n) < n'/8-¢,
F has no vertices of degree greater than o(n), then F' has no components

with more than a = | Rw(n)logn| vertices.

Theorem 4.3 ( [17]). If H is a minimally k-chromatic graph with min-
imum degree k — 1, then L(H) has no even cycles whose vertices do not

iduce a clique.

Corollary 4.4 ( [17]). There exists 6 > 0 such that if G is a random graph
on n vertices and |dn] edges, then the expected number of minimally 4-
chromatic subgraphs of G is exponentially small, while the expected number
of subgraphs of G with minimum degree at least 3 is exponentially large in

n.

Corollary 4.5 ( [21]). Let G be a connected graph of order n > 2,t =2
and let F be its forgotten topological index. Then

SM(SO(G)) <p1 +4/ISOG)IF — 13

=1 +\/2F — 2 < 2VF

_ 2IS0(G)lIr
\/5 )
with equalities holding on both sides if and only if G is the complete bipar-
tite graph.

Actually, according to Corollary 4.5 for a connected graph G of order
n > 2, t > 2 be an even integer and k > 2 be the multiplicity of u,. Then

[SO(G)I — 14

SM(SO(G)) < + -

with equality if and only if G is the regular complete (k + 1)-multipartite
graph. The study utilizes the Frobenius norm ||SO(G)||r, which is defined
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as:

ISO(G)||F =

This norm [21] is used to establish upper bounds on spectral quantities.
The concept of graph energy, a measure of the sum of absolute eigenvalues,

is also referenced indirectly.

5 On extremal degree-function index

The sum lordeg index SL(G) and the variable sum exdeg index SEI,(G)

are two of the Adriatic indices defined as

Z degq(u)y/Indegg(u) = Z degq(u)v/Indegg(u)

ueV(G) ueV(G)
degg(u)=>2
and
SEI,( Z degq( adeec™ 4 >0, a #1,
ueV(G)

respectively [23]. Notice that IT; (G) and I3(G) attain their maximum (or

minimum) values if and only if

InIl; (G) =2 Z Indegs(u), Inlly(G Z degq(u) Indegq (u).
ueV(G) ueV(G)

are maximum (or minimum), respectively.

Corollary 5.1 ( [6]). Let G be a regular graph on n vertices, of the degree
r. Then the Sombor index of a thorn-regular graph of G is

SO (G*) = \fnr (r+p) + np\/(r + p)?

Corollary 5.2 ( [6]). If p; +d(v;) = D holds for alli=1,2,...,n, then

SO (G*) = V2Dm + /D2 + 1 (n* —n)
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where n and m are the numbers of the vertices and edges of G, whereas n*

is the number of the vertices of G*.

Theorem 5.3 ( [23]). Let T € PT,, and the function f(x) be strictly

convex, where 2 <p <n—1. Then
Hy(T) =z [n—(r=1)(n—p)=2]f(r+1)+[(r—1)(n—p) —p+2]f(r) +pf(1).

Equality occurs only if the degree sequence of T is

(T+1,"'7T+1, Tyoo T 717"'71)7
—— —— ——— ——
n—(r=1)(n—p)—2 (r—1)(n—p)—p+2 p

n—p

where r = L@J + 1.

Theorem 5.4 ( [23]). Let T € PT, , and f(x) be strictly convex, where
2<p<n-—1. Then

Hy(T) <pf()+(n—p—-1)f(2) + f(p)

Equality occurs only if the degree sequence of T'is (p,2,---,2,1,---,1).
—_—— ——

Theorem 5.5 ( [23]). Let T € ST, s and f(x) be strictly convez, where
3<s<n-—2. Then

SSAFB)+ (n—s—1)f(2) + 252 (1) if s is odd,
fA) + 2572 fB)+(n—s—1)f(2) + =22 f(1) ifs is even.

Hy(T) >

The equality occurs if and only if the degree sequence of T is

(33"'7312a"'7231»"'11)
—_——— —— ——
for odd s and
(4a37"'73a25"'a717"')1)
—— ——

for even s.
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Let T € BT, . Then b < § —1 [23]. Since the path is the only tree

with no branching vertex, thus, in the following we always assume that
1<b< g -1

Theorem 5.6 ( [23]). Let T € BT, and f(x) be strictly convex, where
1§b§g—1, Then

Hy(T) 2 bf(3) + (n—2b—2)f(2) + (b+2)f(1)
with the equality holding if and only if the degree sequence of T is

(35 a3727"' a2717"' )1)
——
b n—2b—2 b+2

Lemma 5.7 ( [23]). Let T € DT, with the mazimum degree A. Then
A< [a) 41

Theorem 5.8 ( [23]). Let T € DT, i and f(z) be strictly convez, where
1<k<%—1. Then, Hf(T) > kf(3) + (n — 2k — 2) f(2) + (K +2) f(1),
with the equality holding only if the degree sequence of T is

(3, ’3,2,... 72)17... ,1>
——

k n—2k—2 k+2

If %5, be a collection of 2m-vertex trees obtained from S,, 11 by adding

a pendent edge to its m — 1 pendent vertices.

Theorem 5.9 ( [23]). Let T € MTs,, and f(x) be strictly convex, where
m > 2. Then Hy(T) > 2(m—1) f(2)+2f(1), with equality only if T = Pa,y,.

Theorem 5.10 ( [23]). Let T € MT5,, and f(x) be strictly convex, where
m > 2. Then Hy(T) < f(m)+ (m —1)f(2) + mf(1), with equality only if
T .

Corollary 5.11 ( [23]). Let T € BT, be a chemical tree, where n > 14
and 1 <b< 5 —1. Then Lz(T) > 9b(n —4) +4(n —2b—2)(n—3) + (b +
2)(n — 2), with the equality holding if and only if the degree sequence of T
is (3a 7372a"' 72a15"' 71)
———— ——— ———
b n—2b—2  b+2
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Corollary 5.12 ( [23]). Let T € DT, j be a chemical tree, where n > 14
andlgkzgg—l. Then

Lz(T) > 9%(n—4)+4n—-2k—-2)(n—3)+ (k+2)(n —2)

with the equality holding only if the degree sequence of T is

(37 33a2,32717 71)
—— —— ———
k n—2k—2 k+2

Corollary 5.13 ( [23]). Let T € MTs,, be a chemical tree, where m > 7.
Then Lz(T) > 8(m—1)(2m—3)+4(m—1), with equality only if T = Pa,,.

For example, if 2 = (4,4,3,3,3,3,3,2,1,1,1,1,1,1,1,1,1,1,1), Ty, is
shown in Figure 1. There is a vertex vg; (the root) in layer 0 with the
largest degree 4; its four neighbors are labeled as vy, v12,v13, v14 in layer
1, with degrees 4, 3, 3, 3 from left to right; nine vertices va1,va2, -+ , vag
in layer 2; five vertices vs1,v32, V33, V34, v35 in layer 3. The number of
vertices in each layer ¢, denoted by s; can be easily calculated as sqg = 1,
s1=dy=4,89=dy+dy+d3g+dys—s1=4+34+3+3—-4=29, and
s3=ds+---+diz— S2 =05.

O J
V27 V28
O o0 O O
V31 V32 V33 V34 Uss
Figure 1. Tree with 3 levels.

Assume 9 = (4,4,3,3,3,3,3,2,1,1,1,1,1,1,1,1,1,1,1) be a degree
sequence in caterpillar tree, through Table 1 we observe the topological

indices according to degree sequence.
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Index Value
"Ms(G) | 3.424
F(G) 282
Ms(@G) 103

NK(G) | 7,776

2:.(G) | 60,466,176
7(G) | 14,660,155,008
77 (G) | 928,972,800,000
SCI(G) | 8515

SDD(G) | 51.917

Table 1. The value of topological indices with a degree sequence.

Theorem 5.14. Consider the degree sequence 9 = (dy,ds,. .., d,) where
the edges are {di,ds},{ds,ds},...,{dn-1,dn}. Then, according to Table 2

we show the value of topological indices.

Proof. Consider a graph G = (V, E) with vertex set V = {1,2,...,n}
and degree sequence 9 = (dy,ds, . ..,dy). The edges are specified as pairs:
E(G)={{1,2},{3,4},...,{n—1,n}}, assuming n is even for this pairing.

We denote the degrees of the vertices in each edge as

ar = dog—1, brp=dog, k= 1’2""’%
Thus, the edges are between vertices with degrees ay and by. Substituting
degq(u) = ag, degs(v) = by, for edge (2k — 1,2k), we have for each index

by considering

n/2
m 1
M (G) = Z T (10)
= a by,

from (10) we noticed that F(G) = Zfl (ai + b7) which equals

n n/2
F(G) =) degg(v:)®, Ma(G) = axbs. (11)
1=1 k=1



493

Therefore, from (10) and (11) we established that for

n n/2
NE(G) =[] dr = J] (ax bs). (12)
k=1 k=1
Thus,
n n 2 n/2 2
7(G) = []d4= (H dk) = (NEK(@)?* = | [] axbx
k=1 k=1 k=1
n/2
QQ(G) = H akbk.
k=1
Thus, from (10)—(12) we find that
n/2
7;(G) = [ (ar + br) (13)
k=1
Finally, from (13) we have
n/2 1 n/2 b
ag k
SCI(G) = —— SDD(G) = +>.
©) ,; ax + by ©) ,;(bk a
Then,
Index Expression Index Expression Index Expression
n/2 n/2 n/2
™Mo (G) F(G) > (ai + bi) My (G) S ap by
k=1 9% bk k=1 k=1
n/2 n n/2 2 n/2
NK(G) 1T ar ok 21(G) II 42 = (H akbk) D5(G) 11 ok bk
k=1 k=1 k=1 k=1
. n/2 n/2 i RENP
27 (G) k];[l(ak +bg) SCI(G) = T SDD(G) k§1 (E + ;>
Table 2. Topological indices for graph G with edge pairs {(2k — 1, 2k)}
and degrees ap = dog_1,br, = dog.
As desire. |

Actually, the first geometric index [10] of caterpillar tree with degree
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sequence 92 = (dy,...,d,) as:
4dq1+/d; 2kdiy/d1 + 1 44/dq (dl + 1)
GA(%) = 2avdr | 2kdiy + v .
dy+1 dy + 2 2d; + 1

where the inequality if and only if do = dy + 1. Also, for the sequence d =
(d1,da,1,1,...,dy) of €(dy,ds) of order n > 3, then the sum-connectivity
——

n
index of caterpillar tree is:

2dy +1)  kdy 2

X(%) = .
( ) \/d1+4+\/d1+3+\/2d1+3

where the inequality if and only if dy = d; +1,d3 = d2 + 1. In Table 3 we
show the value of topological indices by considering the order of vertices

is 100, so that in this case k = 98.

’ dy \ irr(€) \ o(€) \ X (%) \ GA(¥) \ o —irr \ GA —-X ‘
3 20 55 50.289 70.942 35 20.653
4 34 130 99.218 140.424 96 41.206
5 52 253 171.493 238.326 201 66.833
6
7
8

74 430 269.944 | 363.615 356 93.671
100 663 394.062 | 515.606 563 121.544
130 958 543.351 | 693.832 828 150.481
9 164 1315 | 717.214 | 897.845 1151 | 180.631
10 202 1738 | 915.095 | 1127.202 | 1536 | 212.107
11 244 2221 | 1136.434 | 1381.518 | 1977 | 245.084
12 290 2762 | 1380.700 | 1660.322 | 2472 | 279.622
13 340 3367 | 1647.472 | 1963.252 | 3027 | 315.780
14 | 394 4034 | 1936.233 | 2290.044 | 3640 | 353.811
15 | 452 4765 | 2246.477 | 2630.435 | 4313 | 383.958
16 514 55568 | 2577.702 | 2994.161 | 5044 | 416.459
17 | 580 6419 | 2929.415 | 3380.852 | 5839 | 451.437
18 650 7348 | 3301.120 | 3790.149 | 6698 | 489.029
19 724 8341 | 3692.325 | 4221.784 | 7617 | 529.459
20 802 9402 | 4102.540 | 4675.481 | 8600 | 572.941

Table 3. Compared Vertices on Caterpillar tree of order (n,m).

Theorem 5.15 ( [6]). Let G be a simple graph on n > 1 vertices, and
P1,P2,---,Pn be non-negative integers. Let G* be the thorny graph of G.
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Then the Sombor index of G* satisfies the relation

G*) = Z \/[d (i) + pi)> + [d (v:) + ps]° + Zpi [d(v;) +pi)° + 1.

€ij =1

According to Theorem 5.15, we provide the upper bound of Sombor

index by next theorem.

Theorem 5.16. Let G be a simple graph of order n. Then, the upper

bound of Sombor index satisfy

1

< > + deg (u) + degg(v).  (14)
2

quE(G) degG 2+ degG (U)

Proof. Assume G be a simple graph of order n, then we noticed that
degq(u) + degi(v) = A < A(G). Thus, for A > 3, we have SO < A2(\ —
1) +2A3 — 1. Then, the upper bound of Sombor index given as

G) < VA2A =13 +nx+m(\—1) + A (15)

Using the inequalities %(a +b) < Va?+b? < a+b, the following well-

known estimates for the Sombor index are straightforwardly obtained:

%Ml((}’) < SO(G) < Mi(G). 2)

We noticed that from (15) holds the relationship SO(G) <
An+/2(n—1—9). equality holds if and only if G is regular. Then,

1
SO(G) < \/)\20‘ 1)3 +nA+2m+ A. (16)

Therefore, from (15) and (16) and according to Theorem 5.15 we noticed
that

0(G") > S \ld(w) +pi? +[d () + ;]

€ij
satisfied according to (2) an upper bound is sharp for regular graphs, in

case 0 = A = r, and it simplifies to SO(G) = nry/2(n — 1 — r). Then, the
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relationship (14) holds. As desire. |

Theorem 5.17 ( [6]). Let G be a simple graph on n > 1 vertices, and
P1,D2, - .-, Pn be non-negative integers. Let G* be the thorny graph of G.
Then the Sombor index of G* is bounded as

1 n n
7 My(G) +2)  pidegg(vi) + Y pi(pi+1)| < SO(GY),
=1 =1

and
SO(G*) < My(G)+2) _ pidegg(vi) + > _pi (pi +1).
i=1 i=1

Thus, it is clear that SO(G*) < M1 (QG).

Theorem 5.18 ( [18]). If m > n(n —1) /4. Then, we have m~+/8m + 1 —
3m < f(n,m) < my/8m+ 1 —m. Moreover, for m < (n—1)(n—2)/2,
then my/8m + 1 —m < D (n,m), where

fnom) =max{ 3 degg(w)? | o(G) =n, e(G) =m
ueV(G)

6 Conclusion

Through this paper, the framework of asymptotic degree sequences D and
random graphs with fixed degree sequences D,,. Parameters such as the
threshold function Q(D) govern the emergence of giant components in such
random graphs, linking combinatorial properties to probabilistic behavior.
The definitions and lemmas presented formalize conditions under which
random graphs almost surely exhibit structural properties, including chro-
matic thresholds and component sizes. Additionally, the spectral bounds
derived from topological indices and Frobenius norms provide insights into
graph energy and eigenvalue constraints. This comprehensive foundation
enables further analysis of sparse and well-behaved degree sequences in
random graph models.

The explored Adriatic indices, including the sum lordeg index SL(G)

and the variable sum exdeg index SEI,(G), capture essential vertex de-
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gree properties of graphs, and their extremal values relate closely to degree
sequences and graph classes such as thorn-regular and chemical trees. The
derived theorems and corollaries establish sharp bounds and character-
ize equality cases for several topological indices on various tree families,
demonstrating how strict convexity of functions f governs these inequali-
ties. The detailed examples and computations for caterpillar trees provide
concrete insights into the structure-index interplay, while bounds on the
Sombor index of thorny graphs further illustrate the nuanced dependence
of these indices on vertex degrees. Overall, these results deepen the un-
derstanding of the interaction between graph structure and vertex-degree-

based topological indices.
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