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Abstract

In this paper we mathematically investigate the kinetics underly-
ing the hydrogenolysis of xylitol over a metal based catalyst by using
ordinary differential equations. The primary motivation for mathe-
matically investigating this reaction lies on the fact that some of the
value added products from this reaction are sourced from fossil fuels,
which are not environmentally friendly. They have been reported by
different researchers that they are the primary drive of global warm-
ing which leads to climate change, which causes severe disturbances
in the Earth´s natural systems and economies. Xylitol, on the other
hand, which is readily available from biomass have been reported as
an alternative raw material for some of the value added products.
A reaction mechanism proposed from experimental data is used to
formulate a system of ordinary differential equations which is then
analyzed using some qualitative analysis tools from mathematics.
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Numerical simulations are performed to try and ascertain the long
time behavior of the system’s solutions. Results showed that the
solutions to the system approaches a lower dimensional invariant
set with Xk = 0 for k = 1, 2, ...8 and Xk > 0 for k = 9, 10, 11.
These numerical results were found to be in agreement with the ex-
perimental results from the chemistry point of view. Therefore, it
is believed that this model can be extended for use in other sugar
alcohols higher than xylitol, like sorbitol as means to maximize the
yields of the desired products.

1 Introduction

The chemical industry has been using fossil fuels as the main resource since

the end of the 18th century´s Industrial revolution [5]. This has resulted

in an increase in the consumption of oil by the chemical industry, with

an approximation of over 1 billion barrels per year [1]. Consequently, this

increase in oil consumption means an exponential growth in the amounts

of carbon dioxide emissions, having reached 37.55 billion tons in 2023

[13]. This is a cause for concern, since high emissions of carbon dioxide

contribute massively to climate change, which in turn causes many risks

to human life and any other forms of life on Earth [6].

To counter these environmental impacts brought by the use of fossil fu-

els, alternative resources that are sustainable and environmentally friendly

have become a priority in the chemical industry and are being studied ex-

tensively [6]. As a result, renewable resources such as lignocellulose, sugars

and sugar alcohols have been increasingly of interest to researchers [18].

Research has shown that glycols, mainly ethylene glycol (EG) and propy-

lene glycol (PG), are highly valued chemicals and very important inter-

mediates in the chemical industry with different uses [2]. They are used

in polymer chemistry, pharmaceutical industry, cosmetics, hydraulic brake

fluids and as heat transfer liquids [9]. PG is a very excellent carrier for

dyes, anti oxidants and enzymes while EG is mostly used as an anti-freezing

agent in the aviation industry [19].

These wide industrial applications of EG and PG have resulted into an

increase in their demand as a result they are being produced in higher
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quantities (EG approximately 57 million tonnes in 2022 [12] and PG ap-

proximately 2 million tonnes in 2023 [14]). This means that environmen-

tally friendly sources other than fossil fuels are to be considered. Therefore,

the production of EG and PG from renewable biomass could play a vital

role in this growing demand [10]. As a result, studies on the conversion of

xylitol, a renewable source to valuable products such as EG and PG have

become of great interest [15].

In this study we look at a reaction mechanism proposed by [15] on the hy-

drogenolysis of xylitol over nickel (Ni) catalysts supported on aluminium

oxide (Al2O3) and magnesium oxide (MgO). From the mechanism, a ki-

netic model is developed and then validated with experimental data. It is

then investigated and analyzed using qualitative techniques from ordinary

differential equations. The result may be helpful in understanding the dy-

namics of the reaction so that optimization strategies may be proposed as

means to develop and improve the reaction.

Although the study prioritizes heterogeneous catalytic pathways, it ac-

knowledges the exclusion of other routes, like the enzymatic and non-

catalytic routes. Therefore, the formulated model does not explicitly in-

corporate catalysts, temperature and mass transfer kinetics despite their

known role in hydrogenolysis reactions.

2 Fundamentals

2.1 The mathematical approach

Most studies on xylitol hydrogenolysis have highlighted some gaps in their

findings due to many factors. One of them is that the xylitol hydrogenolysis

reaction is a very complex process because it is characterized by many

reaction steps and a plethora of side products [10] which is a concern.

As a result, there is a need for a more predictive model which will help

scale down experimental trials and in the process help maximize the yields

of desired products and subsequently improve the reaction. Therefore

ordinary differential equations alongside qualitative analysis tools are used
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to formulate and analyze the model.

2.2 Proposed reaction pathway

The reaction involves the use of a metal catalyst where xylitol and hydro-

gen gets adsorbed on the catalyst´s reaction sites. Once adsorbed, they

react, generating a plethora of products while reforming the catalyst [15].

It has been proposed that the hydrogenolysis of polyols involves two key

steps; i.e dehydrogenation of polyols to their corresponding carbonyl in-

termediates, followed by their C-C cleavage in the presence of bases [17].

Figure 1 illustrates the proposed mechanistic pathways for the reaction.

Figure 1. The proposed reaction pathways on hydrogenolysis of xylitol
[15]

In the reaction scheme proposed by [15], the reaction begins by the de-

hydrogenation of xylitol to the corresponding xylose intermediate on the

metal catalyst and at the same time, xylose is hydrogenated back to xyl-

itol. Then, xylose undergoes retro-aldol condensation to form glycolalde-

hyde and glyceraldehyde, which can reform xylose in the presence of a base
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(OH−) as illustrated in Figure 1.

The formed glycolaldehyde is hydrogenated to ethylene glycol, which also

undergo dehydrogenation back to glycolaldehyde while glyceraldehyde is

hydrogenated to glycerol, which is dehydrogenated back to glyceralde-

hyde. The glyceraldehyde also undergo dehydration to form pyruvalde-

hyde, which is then hydrogenated to propylene glycol [15]. The formed

glycerol is also hydrogenated into propylene glycol and ethylene glycol,

which can be further hydrogenated into alcohols (methanol, ethanol, and

propanol).

3 Theoretical framework and mathematical

formulation

3.1 Individual steps for the reaction and their rate

equations

To develop the mathematical model using ordinary differential equations,

we first need to establish stoichiometrically balanced reaction steps for the

reaction network proposed in 1. The balanced reactions are given in Table

1.

For simplicity, the chemicals involved in each reaction step are renamed as

X1, X2, X3.... as shown in Table 2.

Taking PH as the pressure of hydrogen gas, ki‘s to be the rate constants,

the stoichiometrically balanced reactions along with their reaction rates

are as shown in Table 3.

Having derived balanced individual steps for the reaction and renamed

the species, in the next subsection we then mathematically formulate the

model.
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Table 1. Balanced individual reaction steps in xylitol hydrogenolysis

Reaction Type Chemical Equation

Xylitol dehydrogenation C5H12O5 → C5H10O5 +H2

Hydrogenation of xylose C5H10O5 +H2 → C5H12O5

Retro-aldol condensation C5H10O5 → C2H4O2 +C3H6O3

Reformation of xylose C2H4O2 +C3H6O3 → C5H10O5

Glycolaldehyde hydrogenation C2H4O2 +H2 → C2H6O2

Ethylene glycol dehydrogenation C2H6O2 → C2H4O2 +H2

Hydrogenation of glyceraldehyde C3H6O3 +H2 → C3H8O3

Dehydrogenation of glycerol C3H8O3 → C3H6O3 +H2

Glyceraldehyde dehydration C3H6O3 → C3H4O2 +H2O
Pyruvaldehyde hydrogenation C3H4O2 + 2H2 → C3H8O2

Glycerol to propylene glycol C3H8O3 +H2 → C3H8O2 +H2O
Glycerol to ethylene glycol C3H8O3+H2 → C2H6O2+CH3OH
Ethylene glycol to ethanol C2H6O2 +H2 → C2H5OH+H2O
Ethylene glycol to methanol C2H6O2 +H2 → 2CH3OH
Propylene glycol to propanol C3H8O2 +H2 → C3H7OH+H2O

Table 2. Mathematical notations of the reacting species

Chemical name Chemical formula Mathematical notation

Xylitol C5H12O5 X1

Xylose C5H10O5 X2

Glycolaldehyde C2H4O2 X3

Glyceraldehyde C3H6O3 X4

Ethylene glycol C2H6O2 X5

Glycerol C3H8O3 X6

Pyruvaldehyde C3H4O2 X7

Propylene glycol C3H8O2 X8

Methanol CH3OH X9

Ethanol C2H5OH X10

Propanol C3H7OH X11
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Table 3. Reaction Scheme and Rate Expressions

Reaction Rate Expression

X1
k1−→ X2 +H2 Rate = k1X1

X2 +H2
k−1−−→ X1 Rate = k−1X2PH

X2
k2−→ X3 +X4 Rate = k2X2

X3 +X4
k−2−−→ X2 Rate = k−2X3X4

X3 +H2
k3−→ X5 Rate = k3X3PH

X5
k−3−−→ X3 +H2 Rate = k−3X5

X4 +H2
k4−→ X6 Rate = k4X4PH

X6
k−4−−→ X4 +H2 Rate = k−4X6

X4
k5−→ X7 +H2O Rate = k5X4

X7 + 2H2
k6−→ X8 Rate = k6X7P

2
H

X6 +H2
k7−→ X8 +H2O Rate = k7X6PH

X6 +H2
k8−→ X5 +X9 Rate = k8X6PH

X5 +H2
k9−→ X10 +H2O Rate = k9X5PH

X8 +H2
k10−−→ X11 +H2O Rate = k10X8PH

X5 +H2
k11−−→ 2X9 Rate = k11X5PH
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4 The mathematical model and its basic

properties

This section presents the formulation of the mathematical model. It begins

with a discussion of the assumptions adopted and their justification, fol-

lowed by the resulting system of ordinary differential equations, the initial

conditions and the parameter estimation methods used.

4.1 Model assumptions, their justification and impli-

cations

It is assumed that the catalyst´s concentration and the hydrogen pres-

sure are nonzero constants. These assumptions are necessary to make

since they simplify the kinetic model by reducing the number of variables.

They also help to focus on the core mechanism of the reaction by isolating

the intrinsic kinetics of the reaction and help to simplify calculations and

analysis.

However, while these assumptions simplify the kinetic analysis of the

model, they also limit the applicability of the model. In industrial systems,

hydrogen supply can fluctuate and catalyst concentration may change due

to factors like fouling and poisoning [20]. In a study done by [3], it was

revealed that mass transport effects strongly impact the activity and se-

lectivity of catalysts in hydrogenation reactions. While the present work

utilizes these assumptions to establish the kinetic framework for xylitol

hydrogenolysis, future studies will build upon this foundation by adding

some of these kinetics.

The formulated system includes all the reactions that have been proposed

in Figure 1, a key component that has been excluded in previous litera-

ture, where these reactions were excluded by having a generalized reaction

scheme for the entire mechanism.
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4.2 Derivation of ODEs from the reaction mechanism

Once we have the stoichiometrically balanced equations, and assuming

that the law of mass action holds for this reaction network, a system of

differential equations can then be derived and they take the form:

dX1

dt = −k1X1 + k−1X2PH

dX2

dt = k1X1 − k−1X2PH − k2X2 + k−2X3X4

dX3

dt = k2X2 − k−2X3X4 − k3X3PH + k−3X5

dX4

dt = k2X2 − k−2X3X4 − k4X4PH + k−4X6 − k5X4

dX5

dt = k3X3PH − k−3X5 + k8X6PH − k9X5PH − k11X5PH

dX6

dt = k4X4PH − k−4X6 − k7X6PH − k8X6PH

dX7

dt = k5X4 − k6X7P
2
H

dX8

dt = k6X7P
2
H + k7X6PH − k10X8PH

dX9

dt = 2k11X5PH + k8X6PH

dX10

dt = k9X5PH

dX11

dt = k10X8PH

(1)

4.3 Initial conditions

At the initial time t = 0, the concentration for the reacting species is zero

except for that of xylitol and the hydrogen pressure. In essence, we have;

(X1, X2, X3, X4, X5, X6, X7, X8, X9, X10, X11)(0) = (X1(0), 0, 0, . . . , 0, 0),

PH > 0 (2)

4.4 Parameter estimation and data fitting

The reaction rate constants were estimated using the numerical optimiza-

tion approach and the experimental data from a laboratory report by [8].

This method combines kinetic modeling and nonlinear least-squares fit-

ting to match experimental data.The estimated rate constants are shown

in Table 4.
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Table 4. Estimated rate constants presented with their orders of mag-
nitude obtained using experimental data

Parameter Estimated value

k1 ≤ 10−2

k−1 ≤ 10−2

k2 ≤ 101

k−2 ≤ 10−1

k3 ≤ 10−1

k−3 ≤ 10−2

k4 ≤ 101

k−4 ≤ 10−5

k5 ≤ 10−4

k6 ≤ 102

k7 ≤ 10−2

k8 ≤ 10−6

k9 ≤ 10−5

k10 ≤ 10−7

k11 ≤ 10−2

The fitted model was validated by comparing its predictions to experi-

mental data (for Ni/Al2O3 and Ni/MgO catalysts) using weighted least

squares optimization with differential evolution. For each subplot, Root

Mean Squared Error (RMSE) values are shown. In both scenarios, the

fitting showed good agreement with major products (propylene glycol and

ethylene glycol) with RMSE < 0.1 as shown in Figures 2 and 3.
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Figure 2. Comparison of model predictions and experimental data for
xylitol hydrogenolysis over Ni/Al2O3 catalyst at 2400C and
40 bar H2 pressure.

Figure 3. Comparison of model predictions and experimental data for
xylitol hydrogenolysis over Ni/MgO catalyst at 2400C and
40 bar H2 pressure.

5 Mathematical analysis

In this section we explore the applications of qualitative analysis techniques

to the model (1), with the aim of characterizing its dynamical properties

and uncovering fundamental insights about the chemistry from the mathe-
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matical behavior of the model. The analysis begins with an examination of

the general properties and equilibria of the model, followed by a stability

analysis using qualitative theory methods.

5.1 General properties of solutions

Model (1) is a system of eleven ordinary differential equations for the time

evolution of the concentrations of the chemical species represented by the

functions Xi = Xi(t), defined in Table 3.1. Considering the case where

the Hydrogen pressure PH is kept constant, three of the 11 equations are

non-linear due to the presence of the term X3X4 in the vector field on

the right-hand side of (1). This feature prevents explicit resolution of the

system (1) and thus the behavior of its solutions must be studied with an

appeal to qualitative theory and numerical methods.

The right-hand side of (1) is a polynomial vector field, therefore it is C∞,

and thus locally Lipschitz. As a result, by the Picard-Lindelöf theorem

one can immediately conclude that all initial value problems for (1) have

a unique local (in time) solution.

From a chemical point of view, it is natural to expect that, given any non-

negative initial condition X(0) = (Xk(0)), the solutions are nonnegative

and bounded. This will be established in the next two results.

Proposition 1. Solutions to the system in (1) with nonnegative initial

data (Xk(0)) are nonnegative.

Proof. We need to prove that the positive cone of R11, defined by

R11+ = {(X1, . . . , X11) : Xk ≥ 0,∀k},

is positively invariant for the flow generated by (1). In order to prove this,

it is sufficient to prove that if an initial condition is on ∂R11, then the

corresponding solution (Xk(t)) stays in R
11+ for all later times t.

Take an initial condition in ∂R11, say,

X1 = 0
∧
Xk > 0,∀k = 2, . . . , 11
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At t = 0, X1(0) = 0, Xk(0) > 0, ∀k = 2, . . . , 11. From (1), we have that at

t = 0,

dX1

dt = −k1X1(0) + k−1X2(0)PH = 0 + k−1X2(0)PH > 0

Since X1(0) = 0 we can conclude from this and standard results about

the relation between monotonicity and the sign of the derivative of a con-

tinuously differentiable function that X1(t) > 0 for all t > 0 sufficiently

small.

The same type of argument can be applied to initial conditions in the other

planes of ∂R11, working, for each case, with an appropriate equation of

the system (1) to conclude that the component that is initially equal to

zero becomes strictly positive immediately afterwards:

Taking another initial condition in R11+ as shown above, say

X2 = 0
∧
Xk > 0 as shown above,

Then, at t = 0;

dX2

dt = k1X1(0) + k−2X3(0)X4(0) > 0.

Therefore, X2(t) > 0, t > 0.

Taking X3 = 0 in R11+ , then at t = 0, we have;

dX3

dt = k2X2(0) + k−3X5(0) > 0, therefore X3(t) > 0 at t > 0.

Continuing in this way, we take X4 = 0 at t = 0, we have;

dX4

dt = k2X2(0) + k−4X6(0) > 0, therefore X4(t) > 0 for t > 0.

With X5 = 0, in R11+ at t = 0 it follows that;

dX5

dt = k3X3(0)PH + k8X6(0)PH > 0, therefore X5(t) > 0 at t > 0.

Since X5(t) > 0, from (1) it follows that
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dX9

dt > 0 and dX10

dt > 0.

As a result, X9(t) > 0 and X10(t) > 0 for t > 0.

Taking X6 = 0 in R11+ , then at t = 0, we have;

dX6

dt = k4X4(0) > 0, therefore X6(t) > 0 for t > 0.

For X7 = 0, at t = 0, it follows that

dX7

dt = k5X4(0) > 0, therefore X7(t) > 0 for t > 0.

Lastly, taking X8 = 0 in R11+ , then at t = 0, we have;

dX8

dt = k6X7(0)P
2
H + k7X6(0)PH > 0, therefore X8(t) > 0 for t > 0.

Therefore, we can conclude that the vector field of the system (1) in ∂R11+

points inward to R11+. Then, solutions to initial value problems with

nonnegative initial data cannot leave the positive cone R11+ for t > 0,

proving the result.

Proposition 2. Nonnegative solutions to (1) are globally defined and

bounded.

Proof. The proof is based on the conservation of mass applied to the Car-

bon element in all the chemical species in the system. If the molecule j

has concentration Xj and contains ȷ̂ Carbon atoms, then the total amount

of Carbon in the system carried by these molecules is ȷ̂Xj . Thus, the total

amount of Carbon in the system is proportional to

W (X) :=

11∑
j=1

ȷ̂Xj , (3)

where the values of ȷ̂ can be easily obtained from Table 2 as 1̂ = 5, 2̂ =

5, 3̂ = 2, 4̂ = 2, and so on. We expect that, being X(t) a solution of the

differential equation system (1), the quantity of Carbon in the system is
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constant with time, which means that dW
dt (X(t)) = 0. This is indeed easy

to check, as we show next (to simplify notation we use (·)′ := d
dt ):

dW

dt
=

d

dt

11∑
j=1

ȷ̂Xj =

11∑
j=1

ȷ̂X ′
j

= 5X ′
1 + 5X ′

2 + 2X ′
3 + 3X ′

4 + 2X ′
5 + 3X ′

6 + 3X ′
7 + 3X ′

8 +X ′
9

+ 2X ′
10 + 3X ′

11

= 5(−k1X1 + k−1X2PH)

+ 5(k1X1 − k−1X2PH − k2X2 + k−2X3X4)

+ 2(k2X2 − k−2X3X4 − k3X3PH + k−3X5)

+ 3(k2X2 − k−2X3X4 − k4X4PH + k−4X6 − k5X4

+ 2(k3X3PH − k−3X5 + k8X6PH − k9X5PH − k11X5PH)

+ 3(k4X4PH − k−4X6 − k7X6PH − k8X6PH)

+ 3(k5X4 − k6X7P
2
H)

+ 3(k6X7P
2
H + k7X6PH − k10X8PH)

+ (2k11X5PH + k8X6PH)

+ 2k9X5PH

+ 3k10X8PH

= 0

Hence, for all t we have W (X(t)) = W (X(0)), and by, the definition (3) of

W , we conclude immediately that all functions X(t) solving this equation

in R11+ must be bounded: if one of the components Xℓ(t) is not bounded

then, since all ȷ̂ > 0, we would have W (X(t)) ≥ ℓ̂Xℓ(t) also unbounded,

and so could not be always equal to the (bounded!) constant W (X(0)).

From the boundedness argument above we conclude that solutions of sys-

tem (1) cannot blow to infinity in finite time and since the right-hand side

of system (1) is a polynomial function, this implies that all its solutions

are defined for all values of time t ∈ R, [16, Corollary 3.5]. This proves the

proposition.
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5.2 Long-time behavior of solutions

In this section we study the behavior of solutions to (1) when t → +∞.

For this we use the technique of Lyapunov functions.

A Lyapunov function V : Rd → R for a differential equation in a set

Ω ⊂ Rd is a function bounded below in Ω such that, when computed on

solutions X(t) of the differential equation, is non-increasing with t, which

means that dV
dt (X(t)) ≤ 0.

Proposition 3. Let X(t) be any non-negative solution of system (1).

Then, when t → +∞, the limit of X(t) exists and is a point in Ẽ∞ :=

{X ∈ R11+ |Xj = 0, j = 1, . . . , 8}.

Proof. The reaction pathways presented in Figure 1 suggests that in the

long-time limit all chemical species will be transformed into Methanol,

Ethanol, and Propanol (X9, X10 and X11, respectively), and the concen-

trations of the remaining ones will converge to zero. This chemical insight

suggests that a function similar to (3) but without terms with X9, X10 and

X11 could be appropriate.

Let V = V (X) : R11+ → R be the function defined by

V (X) :=

11∑
k=1

αkXk,

with α1 = α2 = 2, α9 = α10 = α11 = 0, and all other αk = 1. For E > 0

consider the region defined by

EE :=
{
X ∈ R11+ : V (X) ≤ E

}
.

As all αk in the definition of V are non-negative, the set EE is bounded in

R11+.

Let X(0) = X0 ∈ R11+ be a non-negative initial condition and let E0 be

the positive number such that V (X0) = E0. Let E0 be the set EE corre-

sponding to E = E0. If X(t) is the solution of (1) with initial condition
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X0, then, computing dV
dt (X(t)) using (1), we get

dV

dt
=

d

dt

11∑
k=1

αkXk

= 2(−k1X1 + k−1X2PH)

+ 2(k1X1 − k−1X2PH − k2X2 + k−2X3X4)

+ (k2X2 − k−2X3X4 − k3X3PH + k−3X5)

+ (k2X2 − k−2X3X4 − k4X4PH + k−4X6 − k5X4

+ (k3X3PH − k−3X5 + k8X6PH − k9X5PH − k11X5PH)

+ (k4X4PH − k−4X6 − k7X6PH − k8X6PH)

+ (k5X4 − k6X7P
2
H)

+ (k6X7P
2
H + k7X6PH − k10X8PH)

= −(k9 + k11)X5PH − k10X6PH ≤ 0.

This means that, if (X(t)) is a solution of the differential equation system,

then

V (X(t)) ≤ V (X0) = E0,

which implies that X(t) ∈ E0 for all t > 0.

LaSalle’s invariance principle [16, Section 8.2.2] tells us that non-negative

solutions to (1) converge to the set

E∞ := {X ∈ R11+ :
dV

dt
= 0} as t → +∞.

From the computation above we know that

dV

dt
= 0 ⇔ (k9 + k11)X5PH + k10X6PH = 0

and thus LaSalle’s principle tells us that all nonnegative solutions of (1)

converge to solutions with X5(t) = 0 and X6(t) = 0 for all t, or, in an

equivalent way, the ω-limit sets of nonnegative orbits of (1) lie in the
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9-dimensional plane X5 = 0 ∧X6 = 0, that is

E∞ = {X ∈ R11+ : X5 = X6 = 0}.

Consider now a solution of (1) in this plane. Then, since X6(t) ≡ 0,

we get dX6

dt = 0 for all t, and so equation (1)6 implies that X4(t) ≡ 0,

which of course means that also dX4

dt ≡ 0, and hence (1)4 implies that

X2(t) ≡ 0. Thus dX2

dt = 0 and remembering that X4 ≡ 0, equation (1)2

gives X1(t) ≡ 0. Using X4 ≡ 0 in equation (1)7 we get dX7

dt = −k6P
2
HX7

from which we conclude that, with PH kept constant,

X7(t) = X7(t0)e
−k6P

2
H(t−t0) → 0 as t → +∞

Using this expression and the fact that X6 ≡ 0, equation (1)8 becomes

dX8

dt
= k6P

2
HX7(t)− k10PHX8

and solving this differential equation (e.g., by applying the variation of

constants formula) gives

X8(t) = X8(t0)e
−k10PH(t−t0)+

+X7(t0)
k6PH

k10 − k6PH

(
e−k6P

2
H(t−t0) − e−k10PH(t−t0)

)
,

from which it immediately follows that X8(t) → 0 as t → +∞. Finally,

using X5 ≡ 0 and X6 ≡ 0 in (1)5 we conclude that X3 ≡ 0.

Thus, we conclude that all solutions of (1) in the set

E∞ = {X ∈ R11+ : X5 = X6 = 0}

must converge to

Ẽ∞ := {X ∈ R11+ : Xk = 0, for k = 1, . . . , 8}
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Furthermore, from the last three equations in (1) and the non-negativity

of solutions we know that X9(t), X10(t) and X11(t) are monotonically non-

decreasing. From Proposition 2 we know that they are bounded. Hence,

each of the functions Xj(t), j = 9, 10, 11, is convergent to some X∗
j > 0

when t → +∞.

Thus, we proved that for every non-negative solution X(t) of (1), there

exists a point X∗ ∈ Ẽ∞, dependent of the initial condition and the coeffi-

cients of the system, such that, when t → +∞, X(t) → X∗. This proves

the result.

Recalling that the ω-limit set of an equilibrium solution is the solution

itself, the following corollary is obvious.

Corollary 1. All nonnegative equilibria of (1) are points of Ẽ∞.

It is immediate to conclude directly by inspection of (1) that if X is a

point on Ẽ∞ then it is an equilibrium point of the system, which is the

reciprocal of Corollary 1. Thus, we proved the following result.

Proposition 4. A point X∗ ∈ R11+ is an equilibrium of (1) if and only

if X∗ ∈ Ẽ∞.

Actually, using the function W in the proof of Proposition 2, which we

proved that it is a conserved quantity of system (1), i.e., W (X(t)) =

W (X(0)), and taking limits as t → +∞ in this equality we conclude

that the limit point of the solution X(t) with initial value X(0) satis-

fies W (X∗) = W (X(0)). From the above computations this means that,

for an initial condition X(0) = (X1(0), 0, . . . , 0), we must have

X∗
9 + 2X∗

10 + 3X∗
11 = 5X1(0).

Diagrammatically, we can show in Figure 4 the limit point of 1 which is

indeed in Ẽ∞. This proves the following result.

Proposition 5. Let X(t) be the solution of system (1) with an initial

condition X(0) = (X1(0), 0, . . . , 0) and let X∗ = lim
t→+∞

X(t). Then

X∗
9 + 2X∗

10 + 3X∗
11 = 5X1(0). (4)
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X10

X9

X11

X9 + 2X10 + 3X11 = 5X1(0) > 0

5X1(0)
2

5X1(0)
1

5X1(0)
3

Figure 4. Pictorial illustration of the limit plane ofX9+2X10+3X11 =
5X1(0) > 0

Additional information on the precise location of the limit point X∗ of a

solution X(t) when t → +∞ can be extremely difficult to obtain analyt-

ically [4], and in this case, with a reaction network with the complexity

shown in Figure 1, it is most likely beyond what can be obtained. So, to

this end, some numerical experiments are useful and will be presented in

the next section.

6 Results

In this section, experimental results as well as model simulation results are

presented. For the model simulation results, we first show simulations of

up to 72 hrs at different ratios of xylitol to hydrogen to ascertain at which

ratio do we get maximum yields of the main products. Then, we present

simulations at that ratio for longer time durations.

6.1 Experimental results

The results of laboratory experiments on hydrogenolysis of xylitol using

Ni/Al2O3 and Ni/MgO catalysts are presented in Figure 5. The results

were obtained through laboratory analysis, where product concentrations
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were measured at various time intervals using gas chromatography. The

recorded data highlight the main products, while the minor products are

classified into ”others” and ”alcohols”.

0 6 12 18 24
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Time (hours)

C
on

ce
n
tr
at
io
n
(M

)

(a) Ni/MgO catalyst

0 6 12 18 24
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Time (hours)

C
on

ce
n
tr
at
io
n
(M

)

(b) Ni/Al2O3 catalyst

Ethylene Glycol Propylene Glycol Glycerol
Alcohols Other products Xylitol

Figure 5. Experimental results for Xylitol hydrogenolysis over differ-
ent Ni-based catalysts. Reaction conditions; 15% aqeous
xylitol solution, 30g; catalyst mass, 0.5g; H2 pressure , 40
bar; temperature, 240 0C. ”Alcohols”= methanol, ethanol
and propanol. ”Others” = xylose, glycolaldehyde, glycer-
aldehyde and pyruvaldehyde

The experimental results show the dominance of propylene glycol over

ethylene glycol in both catalysts. The Ni/Al2O3 catalyst shows an in-

creased production of glycerol compared to Ni/MgO catalysts, and the

”Others” and ”Alcohols” exhibit fluctuations throughout the reaction.

6.2 Kinetic model simulation results

In this section we present the simulation results of the kinetic model per-

formed at different hydrogen : xylitol ratios and the reaction profiles were

generated and plotted computationally using Python.
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The concentration values in our model were derived from experimental

parameters of 15 % wt xylitol, 40 bar hydrogen pressure and at 2400C .

Table 5 shows the values of the rate constants used for the model simula-

tions at the different hydrogen : xylitol ratios.

Table 5. Parameter values

Parameter Value
k1 10−1

k−1 10−2

k2 100

k−2 10−1

k3 10−1

k−3 10−2

k4 0.5
k−4 10−2

k5 10−3

k6 101

k7 10−1

k8 10−4

k9 10−3

k10 10−3

k11 10−3

6.2.1 Model simulations at fixed xylitol concentrations

We first present the model results at fixed xylitol for a duration of 72

hours, as shown in Figure 6.

In Figure 7, we show the concentration profiles generated by the kinetic

model by varying the amount of hydrogen while keeping xylitol fixed at

longer time frames.

The results show that increasing the pressure of hydrogen while keeping the

concentration of xylitol fixed shows an increase in the xylitol conversion

rate and the amount of glycols that are being produced. In the H2 :

xylitol ratio of 0.5 : 1 the conversion of xylitol is slow and there is gradual

formation of the intermediates as compared to the ratio of 1 : 1. A similar

trend is observed when comparing glycol yields between the ratios 2 : 1 and
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Figure 6. Simulated concentration profiles of xylitol hydrogenolysis at
fixed xylitol and varying H2 concentrations for 72 hrs. Initial
conditions: 0.99M Xylitol, 40 bar H2, Temperature= 2400C

3 : 1. It can also be seen from the model results that at higher hydrogen

pressures, the xylitol conversion rate is increased, and as a result, the

time taken to give the products is less when compared to lower hydrogen

pressures.

The results further show that, at higher hydrogen pressure, the production

of alcohols increases. Methanol is produced in higher amounts alongside

propanol compared to ethanol. When the reaction is conducted for much

longer time lengths, the results show that the production of the glycols

stops and only the alcohols get produced. However, the model results

reveal that, even though the production of glycerol increases at higher

hydrogen pressures, the total amount that is produced is relatively low as

compared to the amounts of propylene glycol and ethylene glycol.
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Figure 7. Simulated concentration profiles of xylitol hydrogenolysis
at fixed xylitol and varying H2 concentrations for longer t
frames. Initial conditions:0.99M Xylitol, 40 bar H2, Tem-
perature= 2400C

In the next subsection, we present the simulation results of the model when

hydrogen is kept constant while xylitol is varied.

6.2.2 Model simulations at fixed hydrogen concentrations

The simulation results of the model in Figure 8 show that increasing the

concentration of xylitol while fixing hydrogen increases the amount of

propylene and ethylene glycol produced, as well as the amount of alco-

hols produced. The results also show that, at higher concentrations of

xylitol, the production of alcohols and glycols is relatively high. Allowing

the reaction to proceed for a much longer time, the results show that at

higher xylitol concentrations, the production of ethylene and propylene
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glycol stops and only the alcohols get produced shown in Figure 8.

Figure 8. Simulated concentration profiles of xylitol hydrogenolysis at
fixed hydrogen and varying xylitol concentrations for longer
t frames. Initial conditions:0.99M Xylitol, 40 bar H2, Tem-
perature= 2400C

In general, the results show that increasing the amount of xylitol while

keeping the hydrogen fixed increases the amount of glycols and alcohols

that are produced. However, the time taken to yield the maximum

amounts of the glycols is the same at all the different ratios as shown in

the next section on trend analysis.

6.2.3 Trend analysis results at fixed xylitol concentrations.

In Table 6, we present the analysis of the trend of the key products in

various fixed ratios of xylitol. For each species, we report both the maxi-

mum concentration achieved and the time required to reach this maximum

concentration.
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Table 6. Trend analysis of the key products across fixed xylitol ratios

H2 : Xyl
Time (h) to

Maximum [EG]
[EG] (M)

Time (h) to
Maximum [PG]

[PG] (M)

0.5 : 1 92.2 0.762 124.2 0.937
1 : 1 60.1 0.817 72.1 0.931
2 : 1 44.1 0.820 52.1 0.908
3 : 1 36.1 0.799 44.1 0.884

We then present a trend analysis of the key products across different fixed

hydrogen concentrations.

Table 7. Trend analysis of the key products across fixed hydrogen ra-
tios

H2 : Xyl
Time (h) to

Maximum [EG]
[EG] (M)

Time (h) to
Maximum [PG]

[PG] (M)

2 : 0.5 44.1 0.410 52.1 0.454
2 : 1 44.1 1.641 52.1 1.816
2 : 3 44.1 2.461 52.1 2.723
2 : 4 44.1 3.282 52.1 3.631

6.3 Quantitative results of kinetic model against ex-

perimental results

In this section we present results on how well the model replicates ex-

perimental trends specifically for xylitol depletion, propylene and ethylene

glycol formations for each catalyst. When fitting the model to the exper-

imental data for only the production of propylene and ethylene glycol as

shown in Figures 9 and 10, the following optimized rate parameters were

obtained.
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Table 8. Optimized Parameter values

Parameter Value
k1 0.058
k−1 0.000063
k2 10
k−2 0.0001
k3 0.066
k−3 0.001
k4 1.0
k−4 0.00001
k5 0.001
k6 100
k7 0.027
k8 0.001
k9 0.001
k10 0.001
k11 0.001

For the Ni/Al2O3 based catalyst, the following results were obtained along

with the RMSE for each subplot.

Figure 9. Experimental vs. modeled concentration profiles for xylitol
hydrogenolysis over Ni/Al2O3 (0–25 hours)

When the model predictions were compared with the experimental results

obtained using Ni/MgO based catalyst, the following results were obtained.



456

Figure 10. Experimental vs. modeled concentration profiles for xylitol
hydrogenolysis over Ni/MgO (0–25 hours)

7 Discussion of results

In this section we present the discussions of the results together with the

key findings as well as mechanistic insights of the model. We further

highlight on the model´s limitations and areas that needs to be explored

for future work.

7.1 Experimental results analysis

The experimental results as shown in Table 5 shows the dominance of

propylene glycol over ethylene glycol in both catalysts. These suggests the

preference of the C-C cleavage at certain specific positions in xylitol. The

experimental results also shows that the production of glycerol remains

relatively low in the reaction suggesting that it either gets converted into

other products very fast probably due to its unstable behavior it exhibits

in the Ni- based catalysts.

7.2 Mathematical results analysis

The mathematical findings of the xylitol hydrogenolysis model provides

some insightful dynamics on the qualitative behaviour of the model in (1).
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One of the mathematical result from the model is that its solutions exist

and are unique for each value of the initial concentrations (Proposition 1).

This is due to the smoothness and local Lipschitz continuity of the right

handside of (1). Although uniqueness is certainly not a surprising result

from the chemical point of view, it is important that mathematical models

exhibit such a feature if they are going to be of any use in describing and

predicting the behaviour of real systems.

The mathematical results also revealed that the positive cone R11+ is

positively invariant. This means that, for any given non-negative initial

conditions, the system in (1) will remain in the domain of non-negative

concentrations of the chemical species. As in the result of existence and

uniqueness, the mathematical model will not produce negative concentra-

tions for these reactions.

It was also shown, mathematically that the model exhibit boundedness

and mass conservation properties. This was established by showing that,

based on the number carbon atoms per species, the model has a conserved

function W (X) and this implies that the solutions are bounded and glob-

ally defined (Proposition 2). This result guarantees that the solutions to

the model do not blow up and result into non-realistic properties like in-

finite concentrations at longer time frames, confirming and aligning with

the law of conservation of mass.

When analyzing the long-time behavior of the solutions to the model,

using LaSalle’s invariance principle, the results showed that solutions to

the system approach a lower-dimensional invariant set;

Ẽ∞ := {X ∈ R11+ : Xk = 0, for k = 1, . . . , 8}

From the chemistry perspective, this means that all the intermediate

chemicals are converted into the alcohols; namely methanol, ethanol and

propanol, as the reaction progresses, a result that is in line with the

proposed reaction pathway.

Qualitatively analyzing the type of equilibria for the system showed that

all the equilibria for (1) lie in the subset where only methanol, ethanol and
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propanol have non-zero concentrations as shown in Proposition 4.

Having looked at the mathematical findings of our model, we then look at

the simulations from the proposed kinetic model.

7.3 Model simulation analysis

The model results show that at higher H2 concentrations, the xylitol con-

version rate increases, subsequently resulting into an increase in the yields

of the glycols as shown in Figure 7. The formation of methanol and

propanol increases at higher H2 concentrations, suggesting that the hy-

drogenation of glycols into alcohols is favored. Throughout the different

ratios, the model results show that the production of glycerol remains rel-

atively low as compared to ethylene and propylene glycol. This is in-line

with the observations from the experimental results, and it suggests the

transient role played by glycerol in this reaction. Therefore, when varying

the amount of H2 while fixing xylitol, the model results shows that the

process favors the production of glycols due to excess hydrogenolysis , but

at longer reaction times, the production of alcohols is favored, suggesting

the further hydrogenolysis of the glycols into the alcohols.

Results from Figure 8 shows that an increase in xylitol concentration yields

to an increase in the production of glycols as well as alcohols. The pro-

duction of alcohols is dominant at longer reaction times, suggesting the

conversion of the glycols into alcohols. Glycerol production still remain

relatively low even at higher xylitol concentrations suggesting its minor

kinetic effects in this reaction. This trend suggests that even though in-

creasing the concentration of xylitol improves the reaction´s selectivity

towards glycols, this also increase the production of alcohols, especially at

longer reaction times. These then raise the need to optimize reaction with

xylitol concentration to have better selectivity towards glycols.
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8 Conclusions

8.1 Insights from the model

The model predicts that propylene glycol is kinetically favored over ethy-

lene glycol and this is in consistency with the experimental results. The

model further predicts that at higher H2 concentrations, there is excess

hydrogenolysis that favors the production of glycols, however, at higher

values of t, alcohols production becomes dominant. This is in accordance

with the use of H2 in the industry to optimize and standardize selectivity

towards glycols. The relatively low amounts of glycerol produced in the

different ratios suggest that it is rapidly consumed into other products

because of its instability in the catalysts, thus playing a minimal role in

the kinetics of this reaction.

8.2 Limitations of current model

The kinetic model formulated for xylitol hydrogenolysis assumes constant

catalyst´s concentration. In practice, catalyst deactivation strongly af-

fects the dynamics of the reactions over time and subsequently alters the

performance [20]. A more detailed microkinetic model may address these

effects. The model also assumes isothermal conditions, which is not the

case with real-world systems. Here, exothermic or endothermic reactions

can lead to localized heating and, as a result, alter the rate of the reaction

as well as the stability of the catalyst.Hence, future work might need to

include energy balance terms to account for these thermal effects.

Another limitation is the simplified experimental data. The experimental

data used to develop this model grouped all the intermediates as ”others”

and the alcohols as ”alcohols”. With these groupings, it means that all the

intermediates and the alcohols in these reaction exhibit similar dynamics

in the reaction, which is not the case, from the chemistry point of view.

These then made the fitting of the model to the experimental data difficult,

since the model quantifies the intermediates as well as the alcohols while

the available experimental data generalized and grouped the products.

Therefore, there is a need for some more detailed experimental data so to
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improve the kinetic model.

Overall, the model have established a framework for kinetic modeling of

complex reaction networks which can be used as a tool to optimize and

maximize the yields of desired products, which is a very crucial aspect in

chemical synthesis.

8.3 Recommendations

To further develop and advance the model, it is recommended that ex-

perimental data that captures the distribution of the intermediates can

be used instead of the more generalized one when it comes to intermedi-

ates and alcohols. This would then allow the model to better fit into the

experimental data, increasing its predictability power.

It can also be recommended that other features like mass transfer, solvent

effects, catalyst decay and adsorption kinetics be included in the kinetic

model to increase its prediction power. This can be achieved by using

this model alongside other models which cater for these features like the

Langmuir-Hinshelwood which accounts for the adsorption kinetics on the

catalyst´s site [11].

Additionally, deep learning techniques such as neural networks can be

incorporated into our model to improve its predictability power. This

approach could be of good benefit given the limited experimental data for

this reaction.
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