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Abstract

Measuring similarity between complex objects is a fundamen-
tal task in many scientific fields. When objects are represented as
graphs, graph similarity/distance measures offer a powerful frame-
work for quantifying structural resemblance. Those comparative
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measures play a key role in domains such as network science, chemo-
informatics, and social network analysis. While methods like graph
edit distance and graph kernels are widely used, they can be com-
putationally intensive or fail to capture fine structural variations,
since they require graphs without any structural uncertainty. An-
other class of methods is based on using topological indices to encode
structural information of the graphs, followed by the application of
distance or similarity measures for real numbers to obtain corre-
sponding graph-level metrics. In this paper, we introduce a novel
class of distance/similarity measures which are based on multiple
topological indices. In many cases, they can be computed in poly-
nomial time, which makes our method computationally efficient in
practice. We demonstrate its effectiveness through comparisons and
show that it captures subtle structural information meaningfully.
Additionally, we explore its applicability in two domains: analyzing
random graph models in network theory and assessing molecular
similarity among isomers in chemoinformatics. These preliminary
results suggest that our approach holds promise for graph compari-
son across disciplines.

1 Introduction

A natural outcome of observing two objects is the recognition of the de-
gree of similarity/distance between them. However, accurately defining or
quantifying similarity /distance is challenging due to its multidimensional
nature; it’s a well-known fact that the terms similarity/distance cannot
uniquely be formalized, see [40].

Given that objects from diverse domains are frequently modeled as
graphs, studying graph similarity /distance measures or methods emerges
as a meaningful and relevant task. Those comparative measures have been
crucial across various fields such as network analysis [15], chemoinformatics
[4, 44], social sciences [1] offering a quantitative way to assess structural
resemblance between graphs [15,45].

In the following, we briefly survey the most important measures in the
scientific literature. The very first contribution when tackling the problem
of measuring similarity /distance on chemical graphs has been due to Sus-
senguth [41]. Strictly speaking, Sussenguth dealt with exact graph match-
ing methods, i.e., measures which are based on isomorphic relations be-

tween graphs. Then Zelinka [46] developed the so-called Zelinka-distance;
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this is a isomorphism-based distance measure for graphs with the same
number of vertices which takes the size of the largest common induced
subgraph of the two given graphs into account. Sobik [39] and Kaden [25]
generalized this measure for graphs which have different number of ver-
tices. All the mentioned approaches so far belong to the paradigm of exact
graph matching.

A well known graph distance metric in the field of inexact graph match-
ing relates to the graph edit distance (GED) due to Bunke [6]. Applications
thereof can be found in [18,36]. Beyond graph edit distance, a variety of
approaches have been developed to compare graphs more efficiently or to
better capture structural nuances. For instance, graph kernel methods [27]
which encode structural properties via kernel functions.

Another prominent category includes measures based on topological
indices or feature vectors [7—10], which encode structural information of
the graphs by using numerical descriptors; the next step is to use exist-
ing similarity /distance measures for real numbers to derive comparative
graph measures, see [15]. Previous methods in this field have mostly re-
lied on a single topological index to compute the distance or similarity
between graphs. However, a recent approach [38] incorporates 20 different
topological indices to calculate graph similarity, but in this method, some
information is lost when converting the vector of indices into binary repre-
sentation, which decreases its sensitivity. Therefore, in the present paper
we aim to develop more sensitive approach that would find applications in
various fields.

The structure of the paper is as follows. In the next section, we present
our methodology. More precisely, distance and similarity measures based
on topological indices are defined. Then, in Section 3 we demonstrate
that our measure, on the one hand, predicts graph similarity in a manner
comparable to an established metric, while on the other hand, it captures
subtle differences between distinct graphs more effectively. At the same
time, it is significantly less computationally demanding, making it well-
suited for use with larger graphs or large-scale datasets.

In the last two sections, we present preliminary results that demon-

strate the potential applicability of our measure in network theory and
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chemistry. In Section 4, we analyze the behavior of our measure on several
well-known random graph models, which are commonly used to simulate
specific structural properties of real-world networks, such as the high clus-
tering coefficient in the Watts—Strogatz model [42] or the presence of high-
degree nodes in the Barabdsi-Albert preferential attachment model [2].
Molecular similarity plays a crucial role in chemoinformatics, which
has led to the development of various methods for encoding molecular
structure [28]. In Section 5, we apply our approach to assess the similarity

within a set of decane isomers.

2 Distance and similarity measures based on

topological indices

2.1 Distance and similarity measures

We start by stating some definitions regarding distance and similarity mea-
sures as they are understood in this work (see also [9]). We do not require
these measures to satisfy additional axioms (such as those of a metric).

Also, we show how these measures can be converted into each other.

Definition 1. A function s : X x X — R is a similarity measure on the
set X if

(1) 0<s(z,y) <1lforalzyeX,
(2) s(z,y) = s(y,x) for all z,y € X, and
(3) s(z,z)=1forall x € X.

Definition 2. A function d : X x X — R is a distance measure (or

dissimilarity measure) on the set X if
(1) d(z,y) >0 for all z,y € X,
(2) d(z,y) =d(y,x) for all x,y € X, and

(3) d(z,z) =0 for all z € X.



9

Additionally, if a distance measure d fulfills also the following two prop-

erties:
4) d(z,y) =0 = z =y forall z,y € X, and
(5) d(z,z) < d(z,y) +d(y, z) for all x,y,z € X,

then we call d a distance metric.

Now, let us show that we can easily get a distance measure from a
similarity measure and vice versa. Firstly, we start with an arbitrary
similarity measure s : X x X — R due to Definition 1. We show that a
function d : X x X — R, defined by

VJU,y € X? d(ZE,y) =1- 5(1‘7y),

is a distance measure. Obviously, for any z,y € X it holds s(z,y) < 1 and

therefore d(x,y) = 1 — s(x,y) > 0. Also, we infer

d(z,y) =1-s(z,y) =1-s(y,z) =d(y,z),

hence, the symmetry property is fulfilled. Finally, d(z,z) =1 — s(z,z) =
1—1=0 for any z € X.

This conversion can be very helpful when we start with a given sim-
ilarity measure s but we need to argue with distance. Note that from
d(z,y) =1 — s(z,y), we also get 0 < d(z,y) < 1.

For the other direction, suppose that d is a distance measure on the
set X. Firstly, suppose that there exists some constant M > 0 such that
d(z,y) < M for any z,y € X. Then, define the function s : X x X — R
as follows:

Ve, y € X, s(x,y):w. (1)
M
Choose arbitrary z,y € X. Since d(z,y) < M, weget 0 < M —d(x,y) < M

and therefore

1.
Vi <

0<s(z,y) =

On the other hand,

s(z,y) = = = 5(y,z).
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Finally, we have

M — M
s(x,m)zwzﬂzl.

Therefore, we have shown that s is a similarity measure.
However, if a distance measure d is not bounded, then the similarity

measure s according to Definition 2 can be defined, for example, by

1

va‘,y S X, S(x,y) = m

One can easily check that this is a similarity measure.

2.2 Graph-based distance and similarity measures

All graphs considered in this paper are connected. For a graph G, we
denote by V(G) the set of vertices of G and by E(G) the set of edges of
G. Moreover, d(u,v) is the usual shortest path distance between vertices
u,v € V(G) and deg(u) denotes the degree of a vertex v € V(G). Addi-
tionally, the eigenvalues of a graph G are the eigenvalues of the adjacency
matrix of G.

Now, we present a new method for computing the similarity between
two graphs based on topological indices. Let I1,..., I; be topological in-
dices, where k > 3. For a graph G, let M(G) = max{l1(G),...,I;(G)}
and m(G) = min{l;(G),...,I;(G)}. Since topological indices can have
very different values, we begin by scaling them to enable meaningful com-

parison. For any ¢ € {1,...,k}, define

Ji(G) = M —m

Note that J;(G) € [0,1] for any i € {1,...,k}. Then, for a given p > 1

one can calculate the distance between two graphs, G; and Gs, as

dy(G1,Ga) = dp((Jl(G1)7...,Jk(G1)), (Jl(Gg),...,Jk(Gg))>7



11

where d,, is a p-distance on R”, defined as

k 5
dy((1, -5 x), (Y1, uk)) = (Z |lz; — yi|p>

for any two (21,...,2%), (y1,...,yr) € RE.
Note that 0 < d,(G1,G2) < kv since Ji(Gy) € [0,1] for i € {1,...,k}
and ¢ € {1,2}. If p = 1, one obtains the Manhattan distance:
k
d(G1,G2) = Y |Ji(G1) = Ji(Ga)|-

i=1

Moreover, if p = 2, we get the Fuclidean distance:

k
dQ(Gl,GQ) = Z(J1(G1) - Ji(GQ))2'

=1

We chose the d, distance because it is a standard, well-understood
measure for comparing vectors, offering both computational efficiency and
flexibility through the choice of p. Note that according to Definition 2, d,
is obviously a distance measure for any chosen set of graphs.

Finally, we define the similarity between two graphs G; and G5 by

employing formula (1) as follows:

kv — dy(Gy, Ga)

1
p

sp(G1,Ge) = .
Based on the discussion in Section 2.1, it is obvious that s, is a similarity
measure.

We observe that for a fixed k, the time complexity of the proposed
similarity measure is asymptotically equal to the time complexity of the
most computationally expensive topological index used in its computation.

Of course, the obtained similarity measure depends on the chosen topo-
logical indices Iy, ..., Ix. Therefore, in the selection of topological indices
we decided to include one distance-based index, one degree-based index,

two distance-degree-based indices, and two eigenvalue-based indices. Let
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G be a connected graph on n vertices with eigenvalues Aq, ...

following indices were used:
1. the Harary index [24,31], defined as

HE) = Y g

d(u,v
{u,v}CV(G)
uFv

2. the Sombor index [19], defined as

SO@) = Y /(deg(w))? + (deg(v))?,

weEE(G)

s A

The

3. the degree distance [13] (also known as the Schultz index [37]), de-

fined as

DD@) = Y (deg(u) + deg(v))d(u, v),

{uv}CV(G)

4. the Gutman index [20], defined as

Gut(G) = Z deg(u) deg(v)d(u,v),

{u,v}CV(G)

5. the graph energy [21], defined as

n

E@G) =Y Inl,

i=1

6. the Estrada index [16], defined as

Indices were chosen based on their prevalence in the literature, with

degeneracy [26] taken into consideration. Note that degeneracy of a topo-

logical index measures its power to distinguish between graphs. For some



13

results on this topic see [5,11,33,34].

One of the main characteristics of any computational technique is time
complexity, so we analyze this property of our method. Let G; and G4
be connected graphs with n; and ny vertices, respectively. Denote n =
max{ni,ne}. The distances between all pairs of vertices in a connected
graph on n vertices can be computed in O (n3) time, for example by using
the Floyd—Warshall algorithm. Additionally, the degrees of all vertices
can be computed in O (n2) time when the graph is represented by the
adjacency matrix. Consequently, the Harary index, the degree-distance,
and the Gutman index can be calculated in O (n?’) time, while the Sombor
index takes O (n2) time.

On the other hand, approximations of the eigenvalues of a graph can
be computed, for example, by using the QR algorithm [17], where each
iteration requires O (n3) time (however, since the adjacency matrix is
symmetric, the time complexity of an individual step could be reduced
after transforming the matrix into another form [12,30]). Therefore, ap-
proximating the eigenvalues using the standard QR algorithm takes at
most O (sn?’) time, where s denotes the number of iterations needed to
achieve the desired numerical precision. Consequently, the same upper
bound on time complexity applies to the computation of the graph energy,
the Estrada index, and the similarity measure s,(G1,G2), where p > 1
and Iy,..., I are the topological indices mentioned above.

In order to test the dependence of our approach on the number of in-
dices used, we expanded the selection of the above mentioned indices with
the first Zagreb index [23], the Randi¢ index [32], the resolvent energy [22],
and the Wiener index [43]. Therefore, the number of components of vectors
in this approach equals £ = 10. Figure 1 shows the correlation between the
similarity so calculated by using 6 indices and the similarity sy calculated
by using 10 indices for the family of all trees with 7 vertices. We can see
that the correlation is very strong (R = 0.9992), so the larger number of
indices does not significantly affects the similarity results. Therefore, we

continue the investigation with only 6 indices.
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Figure 1. Correlation between similarity so results obtained by k = 6
and k = 10 for the family of all trees with 7 vertices.

3 Numerical results

In this section, we present several computational results related to graph
similarity measures s; and s, defined in the previous section. We consider
the family 77 of all trees on 7 vertices and the family N7 of all connected
graphs on 7 vertices. Note that 77 contains 11 trees and N; contains 853
graphs. Moreover, if a graph family contains m graphs, then there are (g’)
pairs to consider. For the family 77 that means 55 pairs and for the family
N7 that means 363378 pairs of graphs.

We compare similarity measures s; and se to a similarity measure
obtained by the graph edit distance (GED). For graphs G; and Ga,
GED(G1,Gs2) is defined as the minimum number of elementary graph
operations that are needed to transform graph G into graph Gs [36].
This is a widely used measure for quantifying the similarity between two
graphs, but computing it is generally NP-hard, making it computationally
expensive for large graphs. In [18], a review on the graph edit distance
can be found. Note the similarity sggp between graphs G; and G5 can

then be defined, for example, as

1
GED(G,Gy) + 1

SGED =
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Firstly, we present two figures on which one can see the similarity re-
sults for all pairs of graphs, which are ordered according to their similarity,
see Figure 2. As already mentioned, the computation of graph edit dis-

tance is highly costly, therefore we managed to compute it only for T~.

SGED

0.30

0.15

0.10
0 10 20 30 10 50 0 10 20 30 10 50

Pairs of graphs to be compared Pairs of graphs to be compared

50000 100000 150000 200000 230000 300000 350000
Pairs of graphs to be compared

Figure 2. Similarity for all pairs of graphs in families T7 (first row)
and N7 (second row).

One can observe different behavior of our measures compared to the
similarity based on graph edit distance. In particular, s; and ss distin-
guish more effectively between pairs of graphs, as shown by the smoothly
increasing trends in Figure 2.

Moreover, we examine correlations between similarity measures sq, so,
and sggp, see Figure 3. We notice that the results obtained by similarities
s1 and sp are comparable. Both of them better discriminate between pairs
of graphs in comparison to sggp. However, they show the same trend since
with increasing sggp also s; and ss increase. Based on these findings, we

see that it is enough to proceed with s,.
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Figure 3. Correlations between s1, s2 and sggp in case of T%.

Finally, to evaluate the similarity results, we examine the pairs of
graphs with minimum and maximum similarity for both families of graphs.
Graphs with the minimum and maximum similarity ss in family 77 are de-
picted in Figure 4 and Figure 5, respectively. Note that there is only one
pair of trees that achieve minimum, while on the other hand there sev-
eral pairs with the maximum similarity. Such behavior occurs also in the
family N;. Graphs with the minimum and maximum similarity ss in this

family are depicted in Figure 6 and Figure 7, respectively.

4 Application in network theory

In this section, we test our methodology on three different random network
models in order to see weather it can discriminate among them. In particu-
lar, we use the Erdés-Rényi model, the Barabdsi-Albert model (generating

scale-free networks), and the Watts-Strogatz model (with “small-world”
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T

Figure 4. Uniquely determined pair of graphs with the minimum sim-
ilarity so in family T%.

IR

Figure 5. One pair of graphs with the maximum similarity s2 in family
Tr.

Figure 6. Uniquely determined pair of graphs with the minimum sim-
ilarity s in family N7.

& O

Figure 7. One pair of graphs with the maximum similarity s2 in family
N7.

properties). We selected these three models since they are among the
most commonly used models for generating random networks [29].
We generate three graphs, ER;, ERs, and EFR3, in the Erdos-Rényi
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model using the parameters n = 100 (the number of nodes in the graph)
and p = 0.1 (the probability that an edge exists between any pair of nodes).
Next, graphs BA,, BAy, and BAj3 are generated by the Barabdsi-Albert
model using the parameters n = 100 (the number of nodes in the graph)
and m = 3 (the number of edges each new node creates when it is added).
Finally, graphs W.S1, W S5, and W S5 are generated by the Watts-Strogatz
model using the parameters n = 100 (the number of nodes in the graph),
k = 6 (each node is adjacent to 6 nearest neighbors in a ring topology),
and p = 0.7 (the rewiring probability). One example graph for each model
is depicted in Figure 8.

Figure 8. Example networks generated by Erdds-Rényi model (up-
per left), Barabdsi-Albert model (upper right), and Watts-
Strogatz model (bottom).

Then, we calculated the similarity ss for each pair of the considered
random networks. Let RN be the set of all 9 considered networks. More-

over, if

min{SQ(Gl,Gz) | Gl,GQ S RN, Gy 7é GQ} and
M = maX{82(G1,G2) | Gl,GQ S RN, Gy 7é GQ},

3
|
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then for any pair of networks G1,Gy from RN we calculate the scaled
similarity
82(G1, G2) —m

M—-m
to highlight the differences in the similarities. The results are gathered in
Table 1.

55(G1,G2) =

ER, FER, FERs BA, BA, BAz; WS WS,
ERy, 0.80
ERs; 095 0.75
BA; 0.11 0.00 0.13
BA, 0.11 0.00 0.14 0.96
BA; 011 0.00 0.13 097 1.00
ws; 027 013 030 0.76 079 0.78
WS, 026 012 029 0.77 080 0.79 0.99
WSs 026 012 029 076 080 0.79 1.00 1.00

Table 1. Scaled similarity s, between random networks obtained by
three different models.

As one may see, our approach is able to distinguish among networks
obtained by different models, namely the highest similarities are achieved
for networks within the same model. On the other hand, significantly lower
similarities are obtained for pairs of networks belonging to different mod-
els. For example, scaled similarities between Erdos-Rényi networks and
Barabasi-Albert networks are at most 0.14. Slightly higher scaled simi-
larities are obtained between Erdos-Rényi networks and Watts-Strogatz
networks. On the other hand, scaled similarities between Barabési-Albert
networks and Watts-Strogatz networks lie between 0.76 and 0.80. These
findings show that our methodology may be applicable in network science
for classification and comparison of networks. Namely, with further tuning
and refinement, the approach can be adapted to capture the structural nu-
ances of more complex networks, making it applicable to a broader range

of real-world networks.
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5 Application in chemistry

In this section, we present results demonstrating the potential application
of our method in chemistry, specifically in the assessment of molecular
similarity. To evaluate its performance, we carried out a comparative
analysis on a set of 75 decane isomers, comparing our approach with two
established descriptors commonly used for molecular similarity evaluation.
Specifically, the molecular structures of decane isomers were encoded using
two types of molecular descriptors: Morgan circular fingerprints (with a
radius of 2 and 2048 bits) [35] and MACCS keys [14]. Then, the similar-
ity between two molecules was calculated using the Tanimoto index [3],
a widely accepted standard in molecular similarity computations. The
correlations between the obtained similarities and the s similarity for all
pairs of decane isomers are depicted in Figure 9.

As observed from the results, the Tanimoto similarity based on Morgan
fingerprints generally yields lower similarity scores for decane isomers com-
pared to both MACCS key-based Tanimoto similarity and the sy struc-
tural similarity measure. This discrepancy likely arises from the nature
of Morgan fingerprints, which emphasize local atomic environments and
specific topological features. In contrast, MACCS keys capture broader,
predefined substructural patterns that are more consistent across isomeric
forms. Consequently, MACCS-based and so similarities tend to align more
closely. It is also noticeable that both Tanimoto similarity measures, based
on Morgan fingerprints and MACCS keys, tend to produce a relatively high
number of molecule pairs with identical similarity scores. In contrast, such
behavior is less apparent with the so similarity values. This suggests that
our method may offer increased sensitivity to subtle structural differences
among isomers. These findings indicate that our methodology may be
well-suited for molecular similarity assessment. Furthermore, with the
application of an appropriate weighting scheme to molecular graphs, the
approach could potentially be extended to datasets containing more struc-

turally diverse molecules.
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Figure 9. Correlation between Tanimoto similarity based on Morgan
fingerprints and s2 (upper left), Tanimoto similarity based
on MACCS keys and sz (upper right), and Tanimoto simi-
larity based on MACCS keys and Morgan fingerprints (bot-
tom), all for decane isomers.

Summary and conclusion

In this paper, we introduced new graph similarity and distance measures.

While traditional methods such as graph edit distance and single-index

topological measures provide valuable insights, they often face limitations

in sensitivity or computational efficiency. The approach presented in this

paper addresses these challenges by leveraging multiple topological indices

to capture subtle structural differences while maintaining low computa-

tional cost.

Our results indicate that this method not only aligns well with es-

tablished metrics but also demonstrates strong potential for large-scale

applications and domain-specific analyses, including network modeling

and molecular similarity studies. Specifically, the developed approach ef-



22

fectively distinguishes between real-world network models and measures
molecular similarity with performance that exceeds that of established
molecular similarity metric. Furthermore, applying suitable weighting
schemes to both molecular graphs and network structures could be a
promising way to extend the approach to datasets with more structurally

diverse molecules and complex real-world networks.
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