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Abstract

The Brusselator is a canonical model for chemical oscillations and
pattern formation under dilute conditions, yet many biochemical and
microfluidic settings are crowded and exhibit volume-exclusion ef-
fects that reshape effective kinetics. We propose a minimal crowding-
limited Brusselator by modifying only the autocatalytic step through
a rational free-volume factor that depends on the total local occu-
pancy, while preserving the standard linear feed and decay structure.
For the resulting kinetic system, we establish well-posedness together
with positivity, boundedness, and permanence, and we derive the
unique positive equilibrium. A complete local stability analysis is
obtained, including an explicit Hopf threshold and a closed-form
evaluation of the first Lyapunov coefficient that determines whether
the emerging oscillations are supercritical or subcritical. We then
extend the kinetics to a two-dimensional reaction—diffusion system
with no-flux boundary conditions and perform a mode-by-mode lin-
earization using the Neumann spectrum. This yields explicit criteria
for diffusion-driven (Turing) instability and for a codimension-two
Turing—Hopf interaction. A weakly nonlinear reduction provides am-
plitude equations for the Turing bifurcation and coupled amplitude
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equations near the interaction point. Numerical simulations based
on a cosine discretization consistent with no-flux boundaries support
the analysis and illustrate stationary patterns, temporal oscillations,
and mixed breathing spatiotemporal states. Overall, the model offers
a tractable bridge between crowding effects and classical oscillatory
and pattern-forming dynamics.

1 Introduction

Minimal kinetic models have long served as canonical paradigms for non-
linear chemical oscillations, bifurcations, and self-organization in open
(chemostatted) reactors. Among these, the Brusselator occupies a central
role as a tractable two—species autocatalytic oscillator, and it is routinely
used alongside other archetypal schemes to illustrate how nonlinear feed-
back can generate sustained oscillations and complex transient behavior in
well-mixed settings [9,11,20,25,27,30,33]. Because of its low dimensional-
ity and explicit algebraic structure, the Brusselator also provides a clean
testing ground for Hopf bifurcation theory, center—-manifold reductions,
and normal-form computations that quantify the onset and criticality of
oscillations [14,19,30].

When spatial transport is incorporated, these same kinetics become a
standard laboratory for diffusion—driven instabilities and pattern formation.
In particular, reaction—diffusion Brusselator—type systems are classical
examples exhibiting stationary Turing patterns and related modal selection
mechanisms, with the foundational theory originating in [32] and refined by
rigorous instability results and broad pattern—formation frameworks [4,6,10,
15,22]. Experimental demonstrations and empirical pattern phenomenology
further motivate their use as benchmark models in nonequilibrium chemistry
and morphogenesis [5, 17, 18,23, 24]. Beyond stationary patterns, the
Brusselator family has also been used to probe coupling, synchronization,
and collective oscillations in interacting reactors and extended media [1],
thereby linking local oscillatory kinetics to macroscopic spatiotemporal
organization.

In intracellular and microfluidic environments, however, the dilute

mass—action assumption underlying classical kinetic derivations may be-
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come questionable. Macromolecular crowding, confinement, and reduced
free volume can substantially alter both diffusion and effective reaction
propensities by changing encounter rates, screening accessible configuration
space, and introducing nontrivial transport corrections [7,21,28,34]. Con-
sequently, rate laws are often replaced by effective kinetics that account for
excluded—volume suppression and crowding—induced reductions of reactive
flux, especially in regimes where the total local occupancy is no longer
small.

Motivated by these observations, we introduce a minimal “crowding—
limited” deformation of the Brusselator in which only the autocatalytic step
is suppressed by a rational free—volume factor depending on the total local
occupancy. This choice yields a parsimonious one—parameter extension of
the classical kinetics: it preserves the linear feed and decay structure of the
Brusselator, while encoding crowding through a single scalar parameter that
monotonically reduces effective autocatalysis as concentration increases.
The resulting model is deliberately designed to remain analytically tractable,
so that the principal dynamical consequences of crowding can be derived
explicitly rather than inferred only numerically.

The main analytical and computational contributions of this work are
as follows. First, we establish a mathematically explicit well-mixed (ODE)
model that preserves positivity and admits global a priori bounds, and we
prove permanence under a parameter—dependent dissipativity hypothesis.
Second, we derive the unique positive equilibrium in closed form, provide
explicit feasibility conditions, and obtain an exact Hopf threshold curve with
a fully explicit first Lyapunov coefficient, thereby characterizing the Hopf
criticality within a complete normal-form framework [14,19,30]. Third,
we extend the kinetics to a two—dimensional Neumann reaction—diffusion
system and carry out a modal linearization consistent with the Neumann
cosine spectrum, which is the natural setting for no—flux boundaries. This
creates a direct bridge between intracellular crowding concepts [21,34] and

classical diffusion—driven pattern formation theory [6,8,15,22,32].

Novelty and significance. The novelty lies in the combination of min-

imality and closed—form bifurcation structure. By modifying only the
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autocatalytic feedback through a single free—volume parameter, we re-
tain the canonical Brusselator architecture while obtaining an analytically
transparent framework in which (i) equilibrium feasibility and linear classifi-
cation, (ii) the Hopf threshold and Hopf criticality, and (iii) diffusion—driven
(Turing) and codimension-two Turing—Hopf interactions can be derived ex-
plicitly and linked directly to crowding strength. This provides a tractable
mechanism to assess how excluded—volume suppression can reorganize the
classical oscillation/pattern landscape, while keeping the model sufficiently
simple to support reproducible analysis and computation.

The remainder of the paper is organized as follows. Section 2 introduces
the crowding—limited Brusselator kinetics, proves well-posedness (positivity,
global existence, boundedness), establishes persistence properties, and
derives the unique positive equilibrium together with its trace-determinant
classification. Section 3 develops the Hopf bifurcation theory of the well-
mixed system, including the exact Hopf threshold and an explicit first
Lyapunov coeflicient that determines supercritical versus subcritical onset.
Section 4 formulates the two—dimensional Neumann reaction—diffusion
extension, derives the Neumann spectral dispersion relation, and obtains
closed—form conditions for Turing instability as well as the codimension—
two Turing—Hopf interaction; weakly nonlinear reductions and amplitude
equations are also presented. Section 5 provides numerical simulations that
verify the analytical predictions for Hopf scaling, diffusion—driven pattern
formation, and the emergence of spatiotemporal “breathing” structures
near the Turing—Hopf regime. Finally, Section 6 concludes with a summary

and brief directions for future work.
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2 Model, boundedness, persistence, and local

stability

The classical Brusselator (introduced as a prototypical autocatalytic oscil-

lator) is based on the reaction network [22,25]

R1) A — X,

R2) B+ X — Y + D,

R3) 2X +Y — 3X,
)

(
(
(
(R4) X — E,

where A and B are maintained (chemostatted) source species, while D and

E represent inert products/outflow.

Crowding/volume-exclusion. To model crowding (reduced free volume
and diminished effective reaction propensity in dense media), we suppress
only the autocatalytic step (R3) by a free—volume factor
b=dlrty) = a0
= ¢(x = , a >0,
Y 1+ alz +vy)
so that increasing total concentration decreases the effective autocatalytic
rate. Such free-volume / crowding corrections are standard in biochemical
kinetics in dense environments [7,21,26,34] and have also been considered

in confined/crowded Brusselator settings and related modifications [2,31].
Figure 1 summarizes (1) and highlights that only (R3) is crowding-modified.

Crowding-modified ODE model. Following the standard nondimen-

sionalization of the Brusselator [22], the crowding-limited kinetics read

1’2y

g=A-(B+lrt—Y
1

el 0 B0 az0, (@)
a2y

j=Be— — Y
Y 1+ a(r +y)
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Figure 1. Brusselator reaction scheme with crowding acting only on
the autocatalytic step (R3) through the free—volume factor
¢.

and the total concentration satisfies the affine balance relation
t+y=A—x. (3)

Positivity, global existence, and basic a priori bounds
Proposition 1 (Well-posedness and positivity). For any (2(0),y(0)) €
R2207 system (2) has a unique local solution and

(z(t),y(t)) € RSy  for all times where the solution exists.

Moreover, if (z(0),y(0)) € RZ,, then (x(t),y(t)) € R, for all t > 0.

Proof. The vector field in (2) is C' on R% since 1 + a(z +y) > 1. On
the boundary x = 0 one has £ = A > 0, and on the boundary y = 0
one has §y = Bz > 0. Thus trajectories cannot cross from nonnegative to
negative values, proving forward invariance of R220~ If 2(0),y(0) > 0, then

x'|x:0 =A>0 and g'/|y:0 = Bz > 0 prevent hitting the axes for t > 0. H

Proposition 2 (Global existence and a linear growth bound). For any
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(2(0),9(0)) € R, the solution of (2) exists for all t > 0 and satisfies

0 <z(t) < z(t) + y(t) < z(0) + y(0) + At, t>0. (4)

Proof. Summing the equations gives (3), hence %(z+y) = A—z < A and
(4) follows by integration. Since the solution remains finite on every finite
interval, the standard continuation theorem for locally Lipschitz ODEs

yields global existence. u

Lemma 1 (Uniform lower bound for the prey component). For allt > 0,
z(t) > x(0)e”(BHDE 4 i(1 — e (B (5)
= B + 1 )
and in particular iminf; . x(t) > B’il > 0.

Proof. Since m > 0, from (2) we have & > A—(B+1)x. Comparison

with the scalar linear ODE yields (5). |

Equilibria and a parameter-dependent feasibility condi-
tion

Proposition 3 (Equilibria and feasibility). System (2) has no boundary
equilibria in ]RQZO. Moreover, it has a unique positive equilibrium E, =

(74, y«) € RZ given by

(6)

E, = (zs,ys) := (A, M)

provided that
o

Proof. If x = 0 then £ = A > 0, so no equilibrium can lie on x = 0;
if y=0 and = > 0 then y = Bz > 0, so no equilibrium lies on y = 0.
At any equilibrium (3) gives x, = A. Substituting into y = 0 yields
BA = m, e. (A— aB)y. = B(1+ aA), hence (6). The positivity
condition y. > 0 is equivalent to (7). ]
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Ultimate boundedness (dissipativity on bounded sets)

Define the y—nullcline for x > aB:

B(1 + ax)
x—aB '’

y = h(z):= x> aB. (8)
A direct calculation shows that h is strictly decreasing on (aB,o0) and

lim, o h(z) = aB.

Theorem 4 (Ultimate boundedness; an explicit parameter condition).

Assume

A
- B ; A B(B+1).
B >« equivalently >aB(B+1) 9)

Fiz any € € (0,1) such that z. := (1 — &) 5 51 > aB and set

1 1 _ B(1+ ax.)
T = ——1 — =h = — . 1
N B+1 n(g)’ Ye (we) r. —aB (10)

Then every solution of (2) with (x(0),y(0)) € R satisfies

y(t) < max{y(T.). 7.} forallt > To, (11)

and consequently

z(t) +y(t) < max {z(T.) + y(T.), A+max{y(T:),y.}} forallt > T..
(12)
In particular, the semiflow generated by (2) is point-dissipative on bounded
sets: for every R > 0 there exists M(R) > 0 such that all solutions with
2(0) + y(0) < R satisfy x(t) + y(t) < M(R) for all sufficiently large t.

Proof. From Lemma 1 we have z(t) > (1 — e~ (B+1D? >B+1’ hence z(t) > z.
for all t > T.. For z > aB, the condition § = 0 is equivalent to y = h(z)
in (8); moreover, y > 0 for 0 < y < h(z) and y < 0 for y > h(x) (e.g. by
inspecting the sign of g for large y and using uniqueness of the nullcline).
Since h is decreasing and z(t) > . for t > T, we have h(x(t)) < h(z:) = 7.,
hence y(¢) < 0 whenever ¢t > T and y(t) > .. This yields (11).

Let z = x +y. For t > T, we have y(t) < Y. := max{y(7:),y.} and
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therefore x(t) = 2(t) — y(t) > 2(t) — Y, so
t=A—2<A-(2-Y,)=(A+Y) — =

A comparison argument with the linear ODE w = (A + Y.) — w gives (12).
The final statement follows because z(T;) < R + AT for all initial data
with z(0) < R by Proposition 2. |

Uniform persistence (permanence)

Theorem 5 (Permanence under (9)). Assume (9). Then every solution
with (2(0),y(0)) € R%, is permanent on bounded sets in the sense of
persistence theory [3, 16, 29]: for each R > 0 there exist constants 0 <
m(R) < M(R) such that if 2(0)+y(0) < R, then the corresponding solution
satisfies, for all sufficiently large t,

m(R) < z(t) < M(R),  m(R)<y(t) < M(R).
In particular, both components remain bounded away from 0 and from oo

uniformly for all interior solutions issued from the bounded set {x +y <
R}NRZ,.

Proof. Fix R > 0. By Lemma 1, choosing € = % yields a time Ty = 22

= Bl
such that x(t) > ﬁ =: Tmin for all t > Ty. By Theorem 4 there is

M(R) > 0 and Ty > T such that 0 < z(t),y(t) < M(R) for all t > T.
Using 1 4+ a(z 4+ y) > 1, from (2) we obtain

.’E2y

By Y
y v l1+alz+y) —

> Bz — %y > By — M(R)2 Y, t>1T;.

Comparison with the scalar linear ODE © = By, — M (R)?v gives

V

B min
lim inf y (%) i

t—00 ~ M(R)? =t Ymin(RR) > 0.

Finally, permanence for x follows from the explicit lower bound in Lemma 1
(so liminfx(t) > A/(B + 1)), together with the uniform upper bounds
already obtained. Setting m(R) := min{A/(2(B + 1)), Ymin(R)} completes
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the proof. [}

Remark. Condition (7) guarantees existence of the unique positive equilib-
rium E,. The stronger condition (9) is a convenient sufficient hypothesis
ensuring that for large times the prey component stays uniformly above
aB, which makes the decreasing y—nullcline (8) available for an explicit

trapping argument.

Local stability analysis

Assume that A > aB, then the Jacobian J(F,) at positive equilibrium F,

is given by:
B—aA+ao?B%*—1 (A*OCB)Z)
aA+1 aA+1
J(Ey) = ( B(a’B+1) (A—aB)? ) ' (13)
- aA+1 T aA+1

Let 7 and § denote trace and determinant of J(E.), respectively, then we

have B—A(a+A—2aB)—1 (A—aB)?

—Ala+ A —2ab) — -«
= = > 0. 14
T aA+1 ) 0 aA+1 >0 (14)

Consequently, the characteristic polynomial of J(FE,) is given by

(15)

F(\) = A2 — (BA(a+A2aB)1>/\+(AaB)2'

aA+1 aA+1
Let A be the discriminant of (15), then one can easily obtain:

(A(la+ A —-2aB) — B+1)? —4(aA +1)(A — aB)?

2 a5
A:=T1 46 @A+ 1)

Theorem 6 (Topological classification of E,). Assume A > aB so that
E, exists. Then § > 0 and E, cannot be a saddle. Moreover, the local
behavior of E, is completely determined by T and A in (trace—determinant
classification [19, 30]):

(i) If T < 0 and A > 0, then E, is a stable node.

(i) If T <0 and A <0, then E, is a stable focus (spiral sink).
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(iii) If T > 0 and A > 0, then E, is an unstable node.
() If >0 and A <0, then E, is an unstable focus (spiral source).
(v) If A=0 and 7 # 0, then E, is a degenerate (improper) node.

(vi) If T =0 (equivalently)

(A2=B-1+aA(2B-1), (16)

then the linearization has purely imaginary eigenvalues provided 6 > 0
(automatic under A > aB), which is the standard Hopf threshold
in the trace—determinant plane; generically this corresponds to a

Hopf bifurcation once the usual nondegeneracy conditions are verified

[14,19].

Remark. Since 1+ aA > 0, the sign of 7 is determined by its numerator
B — A(a+ A —2aB) — 1. Thus E, is linearly stable (sink) if and only if

A?> B —1+aA(2B - 1),

and unstable (source) if the inequality is reversed. The node/focus distinc-
tion is then decided by the sign of A.

Moreover, at A = 2.2, the topological classification related to Theorem

6 is depicted in Fig. 2.

3 Hopf bifurcation

We analyze the Hopf bifurcation of the unique positive equilibrium FE, =
(24, y«) of the crowding-modified Brusselator (2) by taking B as the bi-
furcation parameter, with A > 0 and o > 0 fixed. Recall that =z, = A

and

y.(B) = 31511_;(;.;4)7 so B,(B) €R%, <= A > aB.
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Topological classification in the Ba-plane (A =2.2)

3.0

Stable node

Stable focus

Unstable node
Unstable focus
Nonexistence (A < aB)
Hopf (t=0)

- A=0

- Existence (a =A/B)

2 N
B SO
Z 5

Figure 2. Topological classification in the B—« plane for the crowding-
modified Brusselator (2) with A = 2.2. Shaded (hatched)
regions indicate stable/unstable node/focus types of the co-
existence equilibrium Ex whenever it exists (A > aB). The
Hopf curve (7 = 0) is shown as a solid line, the discriminant
curve (A = 0) as a dashed line, and the existence boundary
a = A/B as a dash—dot line.

Taking 7, that is, the trace of J(E,) as follows:

| —A2420AB-aA+B -1

r(B) = tr(J(E.(B) S (1)
Hence the Hopf threshold 7(B) = 0 occurs at
A2+ aAd+1
B =Bg(A =—— 1
1(4,a) 1+ 2aA (18)

At B = By the feasibility condition becomes A > aBy <= A > « (since
A — aBy = @A=2Utad)y Thyg throughout this section we assume

1+2aA
e

so that the equilibrium FE, exists at B = Bpy.
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Introduce the unfolding parameter

&

so that p = 0 corresponds to the Hopf point. Since (17) is affine in B,

dr  1+42aA

d—B—71+aA>O. (21)

7(B) =1 p, 78 :=

In particular, the equilibrium is a sink for ¢ < 0 and a source for pu > 0
(stability changes from stable to unstable as B increases through Bpy).

At E,(B) one has §(B) := det(J(E,(B))) = A= 5 0. At the Hopf

1+aA
point 4 =0 (i.e. B = By), the linearization has eigenvalues Ay 2 = iwgy,
where
(A—a)y1l+ad

=+/0(By) = . 22
wH (Bi) T4 2ad " (22)

Moreover, the Hopf equilibrium is

A2+ aA+1
Eg = (zg,yn) = (Ayn), yu = y«(Bu) = T A—a (23)
Let (u,v) be translated coordinates about Ep:

x=A+u, Y=y +v. (24)

At = 0 the Jacobian takes the closed form

2 2
Wi Wi

Jy = J(Ey) = ( ) , tr(Jy) =0, det(Jy) = wh. (25)

—(1+w}) —wh

Define the real similarity matrix built from $(q) and S(gq), where ¢ is an

eigenvector of Jy for iwgy:

q:( L ),P::[%@)%@)}:(l O),dethle;éO.

—1+i/wy
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Then a direct computation yields the canonical (rotation) form

PlyypP = ( 0 WH) . (26)

wy 0

Thus, introducing (X,Y") by

0)-)

the linear part at u = 0 becomes the standard planar oscillator.

Write the shifted system (at ;4 = 0) in the standard polynomial form

- } 2 2
U = a1 + ag1v + 5 (agou + 2a11uv 4+ agav )

1
+ 6(@30U3 + 3as1u?v + 3ajuv? + a03v3) + O(||(u, v)||*),
(28)

1
v = biou + bg1v + 5 (b20U2 + 2bjuv + bogvz)

1 ]
+ 6 (b30U3 + 3b21u2v + 3b12U’U2 + bogvs) + O(H(U, U) ||4),

where a;; and b;; are the corresponding partial derivatives of the vector
field evaluated at (x,y) = (A,yy) and B = By.

At the Hopf point (1 = 0), these coeflicients simplify to the following
closed forms (depending only on A and «):

(A2+aA+1)(aA+a®+1)

_ _ .2 _ 2 _
aio = a1 = Wy, bo1 = —wg, bio = — (1 + 204) (29)
The quadratic coefficients are
" 2(A?2 + aA + 1) (A +a? +1)2
20 — )
A(1 + 20.4)° bao = —aso,
(A— a)?(44%a2 + 240> + 5Aa + 202 + 2)
ap; = ,bin = —an,  (30)
A(1 4+ 2aA)3
20(A — a)3(1 + ad) boz = —aoz.
ap2 = —

A1+ 204)3
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The cubic coefficients are
6 (A — a)(A? + aA + 1) (A +a? +1)?
asp = —
30 A2(1 4 2aA) ’
2(A — a)*(aA + a® +1)(34%02 + 3Aa® + 2Aa + 30” + 1)

ag1 = A2(1 + 2aA)4 ’ (31)
200(A — @)*(3A%02 + 340 + 4Aa + 30% + 2)
2= A2(1 1 2a4)* ’
o3 = 60%(A — a)(1 + ad)
A2(1 4+ 204)t 7
and

b3o = —aso,b21 = —ag1,b12 = —ai2,boz = —aops3.

Let A(u) denote the eigenvalue of the linearization at E,(B) with SA(p) > 0.

Since RA() = 37(B) for a planar system, (21) yields

d 1 1+ 2aA
ARG B R ey

0, 32
o T2 # (32)

so the Hopf crossing is transversal.
In the canonical coordinates (27), set z = X+iY. Standard Hopf normal-
form theory (e.g. the Kuznetsov/Hassard multilinear-form formula) [14,19]

gives, after a near-identity transformation,

2= (kp+iwg)z + 02|z + Oz + |ull2]? + ?lz]), | (33)

where the unfolding slope is

1 14+ 2aA
K= <-Tp =

2™ = 3t ad) (34)

and the first Lyapunov coefficient ¢1 is obtained explicitly as

1
El = ﬂ%(Cl),

with ¢; given by the standard bilinear/trilinear expression in terms of the
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second and third derivatives of the vector field at the Hopf point (see [14,19],
and Appendix A).

For (2), evaluating at (z,y, B) = (A,yy, By) and simplifying yields

the closed form (see Appendix A):

64202 + 6Aa + A2 +2

(A a) = _4A2(1 + aA)3/2(A - a)

(35)

Equivalently, one may write

_ A? 424 64Aa(1 + Aa)
4A2(1 + aAP2(A—a)

61 (A, Oz) =

Remark. (i) In the classical Brusselator limit ow = 0, (35) reduces to

A% 4+ 2

El(A,O) = *Wv

which is the standard Hopf coefficient at B = A%+-1. (ii) For the biologically
feasible Hopf point (in particular A > « and « > 0), the denominator in

(35) is positive and the numerator is strictly positive; hence
/1 (A, Oé) < 0.

Therefore, the Hopf bifurcation at E, is supercritical (a stable small-
amplitude limit cycle is born as the Hopf parameter crosses the threshold,

under the usual nondegeneracy /transversality assumptions).

The nondegeneracy condition for a generic Hopf bifurcation is
41(A, ) # 0. (36)

In addition, transversality requires x # 0 in the normal form (33). Since
k > 0 (as shown above), the equilibrium branch E,(B) changes from stable
to unstable as B increases through By, i.e., as y :== B — By crosses 0 from

negative to positive. The sign of ¢; determines the Hopf criticality.

Theorem 7 (Hopf bifurcation at B = By). Assume A > « > 0 and let By

and wy be given by (18)—(22). Then system (2) undergoes a transversal
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Hopf bifurcation of the equilibrium branch E.(B) at B = By. Moreover,
the first Lyapunov coefficient is given by (35) and satisfies €1(A,a) < 0;

hence the Hopf bifurcation is supercritical. In particular, for p > 0 (i.e.
B > By ) there exists a stable small-amplitude periodic orbit emanating
from E.(B), while E.(B) becomes unstable for u > 0.

Computational verification (supercritical case). Fix, for instance,
A =1.5and a = 0.3. Then (18) gives

A2+ aA+1
By ="~ —1.947368421
a 1+ 2aA ’
(A—a)vV1+aA
= = 0.760521763.
wH 1+ 204

and the closed-form formula (35) yields
£1(1.5,0.3) = —0.43299256 < 0,

so the theory predicts a supercritical Hopf bifurcation: as y := B— By > 0,
a small attracting limit cycle is born from FE,(B).

To confirm this numerically, we integrate (2) for a sequence of small
u>0 (e.g e {1073,2-1073, 5-1073}) using an adaptive time integrator
(such as RK45) with initial data x(0) = A+ 1072 and y(0) = y.(Bg + i) +
1073, and discard a sufficiently long transient. Using the linear canonical
coordinates at Hopf (cf. (26)),

/LL:(E—A, V=Y—-YH, X:uv Y:"JH(’U’—'_U)? p(t) = VX(t)2+Y(t)27

we define the post-transient mean-square amplitude by

where (-) denotes time averaging over the post-transient window. Numeri-
cally, the resulting amplitude satisfies the expected Hopf scaling: a log—log
fit yields p(u) o< p/? (equivalently r(p) o< p), and stable periodic orbits are
observed only for B > By, consistent with ¢1(1.5,0.3) < 0 and Theorem 7.
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Figure 3 provides a numerical verification of the Hopf bifurcation at
the homogeneous coexistence equilibrium. For B < By the equilibrium
is stable, while for B > By a family of stable periodic orbits is observed,
as evidenced by the separation of post-transient extrema in panels (a)—(b)
and the phase portraits in panel (c¢). Moreover, the log-log scaling in panel
(d) shows A, (u)?, Ay(1)? o< p with o = B — By > 0, which is the standard
supercritical Hopf scaling predicted by the Stuart—Landau normal form;
of. [13,19).

Bifurcation diagram: extrema of x(t) after transient Bifurcation diagram: extrema of y(t) after transient
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(a) Bifurcation diagram (ODE): extrema of  (b) Bifurcation diagram (ODE): extrema of
z(t) after transient. y(t) after transient.

Final limit cycles for B =By + u (A=1.5, a=0.3)

Hopf scaling check: A(u)?, Ay(u)? =

- —-- reference «y

s

c

5

o

°

2

a

E

s

-

o

G 1072

3

@

102 T2
1.40 1.45 1.50 1.55 1.60 1.65 u=B-By

X

cali . 2 2
(c) Phase portraits: stable limit cycles for (d) HOpfiC%hngBChec%(. AIL(H) and Ay (1)
B = By + p (several > 0). vs u = B — By (log-log).

Figure 3. Numerical verification of the Hopf bifurcation at the homoge-
neous coexistence equilibrium. Panels (a)—(b) show the emer-
gence of oscillations through extrema of each component after
discarding transients; panel (c) shows representative limit
cycles; panel (d) confirms the normal-form scaling A(u)2 oc ,
consistent with a supercritical Hopf bifurcation.
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4 A Neumann 2D reaction—diffusion exten-

sion

To incorporate spatial effects, we consider the crowding—limited Brusselator

kinetics in two space dimensions on the rectangle Q = (0, L) x (0, Ly):

ug = DyAu+ f(u,v),

(z,y) €Q, t>0, (37)
Uy = DDA’U + g(u7v),

with Neumann boundary conditions
Opu = Opv =0 on 01,

where D,,, D, > 0 and

U2U U2’l}

f(u’v) = A—(B—f—l)u—i—m,g(wv) = Bu—m

; (38)
with A, B, > 0. We use (u, v) for the spatially distributed concentrations;
the homogeneous equilibria coincide with those of the well-mixed ODE

system studied earlier.

4.1 Well-posedness and positivity under Neumann BC

Let (ug,vo) € C(Q)? satisfy ug > 0, vg > 0. The reaction field (38) is C*°
on R%, and is quasi-positive: f(0,v) = A >0 and g(u,0) = Bu > 0 for
u,v > 0. Standard semilinear parabolic theory then yields the following
invariance property (see, e.g., classical reaction—diffusion references cited
in [12,22]).

Lemma 2 (Positivity and forward invariance). For any nonnegative initial
data (ug,vo) € C(Q)?, the system (37)—(38) admits a unique local classical
solution (u,v) € C?1(Q x (0, Tmax))?, and

u(z,y,t) >0, v(z,y,t) >0 for all (z,y) € Q, t € (0, Timax)-
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Remark (On global existence/bounds). For the pattern—formation analysis
below, it suffices that solutions exist long enough to observe the linear
instability and the ensuing weakly nonlinear saturation. Global existence
and boundedness for Brusselator-type systems with Neumann BC are

classical; see [12,22] and references therein.

4.2 Neumann spectrum and modal linearization

Under Neumann BC, the Laplacian eigenfunctions are cosine modes

Gmn (T, y) = cos(nzzx> cos(nL—ﬂ;Jy)7 k2, = (%)2 + (2)2, m,n € Np.

Let E, = (u*,v*) be the positive homogeneous equilibrium (the same
E, = (z*,y*) from the ODE analysis). In particular, under the feasibility
condition from the ODE part,

u* = A, v = Y

(s
=
Gu 9o
denote the Jacobian of (f,g) at E., whose closed form entries f;, fx g, g

were already derived in J(FE,) (cf. (13)). We also recall from the ODE part

the scalar invariants, using the same notation as in Section 3:

, requiring A > aB. (39)

Let

7= tr(J,), 0 := det(J,), A =72 — 46. (40)

(Thus, throughout the RD analysis, § denotes the determinant and A
denotes the discriminant.)
Linearizing (37) at the spatially homogeneous state E, and projecting

onto a Neumann mode ¢,,, leads to the 2 x 2 eigenvalue problem

Ow = (J* - kE,mD)W, D= diag(Duva)’
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and thus to the dispersion relation
N —7(k)A+6(k) =0, (41)
where, writing k? = k2,,, for brevity,
7(k) = 7 — (Dy + D)k, 3(k) = § — (Dug + Dy f2)k* + DD,k . (42)

Hence a mode k& > 0 is unstable iff (41) has a root with A > 0.

4.3 Hopf instability of the homogeneous mode (k = 0)

The homogeneous mode corresponds to k = 0, for which (41) reduces
to the ODE characteristic polynomial. Therefore, the Hopf curve is
unchanged by diffusion: the Hopf bifurcation of the spatially homoge-
neous equilibrium occurs at the same parameter locus as in the well-mixed
system (see (18)), and its criticality is governed by the same first Lyapunov

coefficient ¢1(A, o) computed earlier (see Theorem 7).

Remark (No oscillatory finite—k instability near the ODE Hopf point). If
the ODE is at Hopf, 7 = 0 and § > 0. Then for every k& > 0, 7(k) =
—(Dy + Dy)k? <0, so no Neumann mode with k& > 0 can satisfy 7(k) = 0
in a neighborhood of the ODE Hopf point. Thus diffusion does not create
a nearby oscillatory instability at & > 0; the competing diffusion—driven

instability is of stationary (Turing) type.
4.4 Diffusion—driven (Turing) instability
Assume the ODE equilibrium is linearly asymptotically stable:
T <0, 0> 0. (43)

Then 7(k) < 0 for all £ > 0 by (42). Hence a diffusion—driven instability
can only occur if (k) < 0 for some admissible Neumann mode k > 0.

Define the cross—diffusive trace combination

Q= Dug; + vau* (44)
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Since 6(k) is a quadratic polynomial in k2 with leading coefficient D,, D,, > 0,
its minimum over k? > 0 occurs at k* = Q/(2D,D,) provided @ > 0.

Theorem 8 (Turing instability conditions). Assume (43). Then there
exists a Neumann mode k > 0 such that E, is unstable for the reaction—
diffusion system (37) iff

Q >0, Q* > 4D,D, . (45)

In that case, the unstable band in k? is

+/Q? - 4D,D,$
k2 <K < K2, ki:Q @ ,

2D, D,

and the fastest growing wavenumber (in the continuous—k idealization) is

s Q
ko= 2D,D,’

(46)

On the bounded domain, one observes patterns when an admissible Neumann

eigenvalue k2, lies in (k%, k:_%_), typically the one closest to k2.

The Turing threshold (marginal diffusion—driven instability) occurs
when

Q >0, Q? =4D,D, 9, (47)
in which case the critical wavenumber is

Q
k2 = )
¢~ 2D,D,

(48)

For our crowding—limited kinetics, @ and ¢ admit closed forms in parame-

ters, see Appendix B.

Remark (Classical interpretation). Conditions (45) are the standard
diffusion—driven pattern criteria (stable ODE, unstable PDE) in the sense
of [4,6,22].
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4.5 Turing—Hopf (Hopf-Turing) codimension-two in-

teraction

In addition to pure Turing instability (stable kinetics, unstable spatial
modes), the Neumann reaction—diffusion system (37) can exhibit a Turing-
Hopf (also called Hopf~Turing) codimension—two interaction in which the
homogeneous mode k = 0 is at a Hopf threshold while a finite Neumann
mode k = k., > 0 is simultaneously at the onset of diffusion—driven insta-
bility. Such mode interactions are a standard organizing mechanism in

pattern formation theory (see, e.g., [6,15,22]).
Definition (Turing—Hopf point). Fix A > 0, « > 0 and D, > 0. We

treat (B, D,) as unfolding parameters. Let (u*,v*) be the homogeneous
equilibrium from Section 2 and denote the kinetic Jacobian at (u*,v*) by

J with invariants
T = tr(J), 0 = det(J),

as in (14). For a Neumann wavenumber k > 0, the linearized dispersion

relation is
N —7(B)A+6(k) =0,7(k) =7 — (Dy+ D,)k? 5(k) = § — Qk* + D, D, k*,

where @ := Dyg, + Dyfu (cf. Section 4). A Turing—Hopf point is a
parameter pair (B, D,,) for which

Q

_ 2 _ 2
7=0,0>0,Q>0, Q' =4DDyb, K = 555

>0, (49)

so that A\ = +iv6 at k = 0 and A = 0 at k = k. (continuous-spectrum
threshold).

Proposition 9 (Closed-form Turing-Hopf point in (B, D,)). Assume
A > a so that the Hopf curve B = Bp(A,a) from (18) lies inside the
ezistence region A > aB. Let B = By and denote

(A—a)?(1 +aA)

On =0,y = Troaae >0 (50)

Then the diffusion contrast values D, for which the Hopf threshold at k =0
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coincides with the Turing threshold at a finite mode are given by

Om+2+2/0ut1 _ (Vor +1£1)°

DTH,i —D
v (SH 6H

(51)

The physically relevant diffusion-contrast branch is typically DI+ > D,,.

The associated critical wavenumber at the codimension—two point is

g2 = S (D77 — Du), (52)
¢ 2D, DTH+

Proof. At B = By we have 7 = 0 and § = 0 > 0 (Section 3). A key
simplification at Hopf is f, = dy and g, = —dg (proved in Appendix C),
hence Q = Dygy+ Dy fu = 6 (D, — D). The continuous Turing-threshold
condition Q2 = 4D, D, 65 becomes §g (D, — D,)? = 4D, D,,, which yields
the quadratic formula (51). Finally k2 = Q/(2D.D,) gives (52). |

Remark (Discrete Neumann spectrum). On a bounded Neumann domain,
admissible wavenumbers are discrete: k = k;,,,. Thus, in simulations one
observes the Turing—Hopf interaction most cleanly when the critical value
(52) is close to some admissible k2, (and the corresponding eigenvalue is
simple). In practice, one chooses (B, D,) near the continuous codimension—
two point so that a single Neumann mode dominates the spatial structure,

while Hopf dynamics drives temporal oscillations.

Remark (Amplitude equations near Turing—Hopf). Near (49), the center
manifold is (generically) three-dimensional: one complex Hopf mode (k = 0)
and one real Turing mode (k = k). A standard multiple-scales reduction

yields coupled amplitude equations of the form

A= (g +iwg) A+ a1 A|A]? + a2 AZ* + O(4),

. (53)
Z =urZ + 02 + by Z|A]? + O(4),

where A € C is the Hopf amplitude, Z € R is the Turing amplitude, and
1w, pr are unfolding parameters proportional to (B — By) and (D, —

DTH*+) Al coefficients aj, b; can be written explicitly in closed form in
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terms of the multilinear forms of the reaction vector field evaluated at

(u*,v*); see Appendix C.

4.6 Turing bifurcation and amplitude equation

Near the stationary instability (47)—(48), one can perform a center—manifold
(multiple—scales) reduction (see [6,15]) to obtain a real Landau amplitude
equation for the critical Neumann mode. Let pup be a scalar unfolding
parameter measuring signed distance to the Turing curve (e.g. ur = B— Br
when B is varied across the Turing threshold with other parameters fixed).
Then the leading-order slow dynamics of the critical amplitude A(T) takes

the form

dA 5 .
o7 = orhr A—gr A®+ O(JAP, Jur| |AP) |, (54)

where o7 # 0 is a nondegenerate linear coefficient and gp is the cubic

saturation coefficient.

Theorem 10 (Turing criticality). Assume (43) and suppose (47) holds
for an admissible Neumann mode k = k. > 0, and that the standard

nondegeneracy conditions in Appendixz B are satisfied. Then:

o If gr > 0, the Turing bifurcation is supercritical: a branch of small-

amplitude stable stationary patterns exists for ur > 0 (with amplitude
| Al ~ /i ).

o If gr < 0, the Turing bifurcation s subcritical: patterns emerge
for pp < 0 and the weakly nonlinear branch is unstable, signaling

bistability/hysteresis at higher order.

The coefficient gr is given in closed form in Appendiz B.

4.7 Turing—Hopf interaction and coupled amplitude

equations

A Turing—Hopf (TH) codimension—two point occurs when the ODE Hopf
condition 7 = 0 (equivalently B = By from (18)) coincides with the Turing
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threshold (47) for some admissible k. > 0:

7=0,6>0, Q>0, Q*=4D,D, 0,

B = o € (K (mom) # (0.0))

(55)

Near such a point, the center subspace is three—dimensional: a complex
Hopf mode (k = 0) and a real stationary Turing mode (k = k.). The

standard normal-form reduction [6,15] yields the coupled amplitude system

H = (oppm +iwg)H + 01 (A, o) HIH> + xa HT? + ho.t.,
_ (56)
T =orurT —grT° —xr TIH* + ho.t.,

where H(T) € C is the Hopf amplitude, 7(T") € R is the Turing amplitude,
wg > 0 is the Hopf frequency, and pp,pr are unfolding parameters
transverse to the Hopf and Turing curves. Here ¢1(A, «) is precisely the
ODE first Lyapunov coefficient already computed (Theorem 7), while
gr, XH, X7 are determined by the kinetics and diffusion through explicit

closed—form formulas (Appendix B).

Remark (Interpretation). System (56) captures the local competition be-
tween temporal oscillations (Hopf) and stationary spatial patterns (Tur-
ing). For A > a > 0, the corrected closed form in Section 3 gives
Rl (A, a) = €1(A, @) < 0, hence the homogeneous Hopf mode is supercrit-
ical throughout the admissible Hopf curve. Consequently, the remaining
local scenario classification near a TH point is governed by the Turing
cubic coefficient g7 and the coupling coefficients (x g, X7 ), which determine
whether oscillations suppress or promote stationary patterns (and vice
versa). This is the standard weakly nonlinear scenario of Turing—Hopf

interaction [6,15].

5 Numerical simulations and discussion

This section provides a reproducible numerical verification of the analytical

results obtained in Sections 2, 3 and 4. We first validate diffusion—driven
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instability leading to stationary Turing patterns in the Neumann reaction—
diffusion system (37). We then illustrate the codimension-two Turing—Hopf
interaction, where a Hopf-unstable homogeneous mode (k = 0) coexists
with a finite-wavenumber Turing instability, producing spatiotemporal

(breathing) structures.

5.1 Parameter set and linear predictions

Throughout we fix

so that the Hopf threshold from (18) is By ~ 1.947368. To isolate a pure

Turing regime, we choose a parameter value below Hopf,

B =1.85 < By, D, =1, D, = 20,
for which the homogeneous equilibrium (u*,v*) exists and is stable for the
spatially homogeneous ODE (cf. Section 3). Indeed,

B(1+ aA)

(u*,v*) = (A, " ) — (1.500000, 2.838624),

and the Jacobian of the reaction kinetics at (u*,v*) has
7= 0127586 <0, §=0.615879 >0, 72— 46 = —2.447239 < 0,

so the ODE equilibrium is a stable focus. On the other hand, the diffusion-

weighted coefficient
Q :=Dygy + Dy fy, =9.149983 > 0

satisfies Q2 > 4D, D, 6, hence there is a Turing unstable band of Neumann
wavenumbers k € (k_, k4 ), where (cf. Section 4)

k2 _ Q:t V Q2 _4DuDv5 k2 _ Q

2D, D, * 2D,D,’
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For this parameter set,
k? ~0.08201, k% = 0.375489, k2 ~ 0.22875,

k_ ~ 0.286374, ki ~ 0.612771, k, ~ 0.478278.

Thus, while the spatially homogeneous mode k = 0 is stable (7 < 0), a
finite band of Neumann modes is linearly unstable; this is the classical
diffusion—driven (Turing) mechanism [6, 22, 32].

5.2 Numerical method (Neumann cosine discretiza-
tion)

We solve (37) on a square 2 = (0,L) x (0,L) with L = 30 using a co-
sine pseudo—spectral discretization compatible with Neumann boundary
conditions: the Laplacian is diagonal in the cosine basis with eigenvalues
—k2,,,. Time integration uses an IMEX first-order scheme: diffusion is
treated implicitly in spectral space, while the nonlinear reaction terms are

" w"  denote cosine

mn?’ “mn

treated explicitly in physical space. Concretely, if u,

coefficients at time ¢, and F." @ﬁm those of the reaction terms, then

mn>
mn 1+ At Dy k2.’ mn 1+ At Dyk2Z,, "

Initial data are small random perturbations of the homogeneous equilibrium,

u(z,y,0) = u*(l + sfl(sc,y)), v(z,y,0) =" (1 + 552(:E,y)),

with ¢ = 1072 and &;,&, i.i.d. mean-zero unit-variance noise; we fix a
random seed in the code for exact reproducibility. Unless stated otherwise,
we use a 192 x 192 grid, time step At = 0.04, and integrate up to 1" = 250.
Time series are sampled at the representative point (xq,yo) = (L/2,L/2).

5.3 Diffusion—driven instability and pattern formation

Figure 4 shows the dispersion curve k? — maxR\(k) together with the

2
mn

admissible Neumann eigenvalues k2 = for L = 30. A positive growth rate is
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observed on a finite band, and the most unstable admissible mode for this
domain is detected as (m,n) = (0,4); in particular, this mode lies inside
the predicted unstable band &k € (k_, k) and is of the same scale as the

continuous maximizer k ~ k..

Dispersion relation (Neumann BC)

most unstable mode: (m, n) = (0, 4)

0.0 02 04 06 08 1.0
kZ

Figure 4. Dispersion curve for the linearization of (37) about (u*,v*)
under Neumann BC for A =1.5, « = 0.3, B=1.85, D,, = 1,
D, = 20. Black dots mark admissible Neumann eigenvalues
k2,, for Ly = L, = 30; the most unstable admissible mode
is annotated.

The nonlinear evolution saturates the linear growth and converges to
a stationary spatial pattern. A representative final-time snapshot of the
pattern is shown in Fig. 5. The time series at a fixed point and the L2-
deviation from the homogeneous equilibrium confirm growth followed by
saturation to a steady (non-oscillatory) patterned state; see Fig. 6.

The numerical experiments corroborate the analytical classification in
Section 4: for B < By the homogeneous equilibrium is asymptotically sta-
ble for the kinetic ODE, yet sufficiently large diffusion contrast (D, > D,)
destabilizes a finite band of Neumann modes, leading to robust stationary
patterns. This provides a clean verification of Turing instability in the
crowding-modified Brusselator kinetics (37) under Neumann boundary
conditions.

To emphasize that pattern selection is constrained by the discrete
Neumann spectrum, we also plot the growth rate evaluated only on ad-

missible modes. Figure 7 shows that only a finite set of (m,n) satisfies
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Figure 5. Stationary Turing pattern obtained from (37) under Neu-
mann BC on (0, 30) x (0,30) for A=1.5, « =0.3, B=1.85,
D, =1, D, = 20. Shown are black/white line-contour snap-
shots of u(z,y,T) and v(z,y,T) at T = 250.

10°
4.0
5> T
£30 .
2 2
8 L
g 2.5 St 10
o s
2.0 =
15 10
0 50 100 150 200 250
t t
(a) Time series at (zo,yo0) = (L/Q,L/Q). (b) L? deviation H(u’v) — (u*,v*)HLQ (]og
scale).

Figure 6. Growth and saturation of the diffusion-driven instability for
the same parameters as Fig. 5. The dynamics converges to
a stationary patterned state (Turing pattern), in agreement
with ODE stability (7 < 0) and the finite-k instability band.
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max R\, > 0, and the dominant admissible instability is (m,n) = (0,4),

consistent with the continuous dispersion peak in Fig. 4.

Neumann mode selection: maxRAmn
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Figure 7. Discrete Neumann mode selection for the same parameter set
as Fig. 4. Each lattice point (m,n) corresponds to the Neu-
mann eigenmode ¢, with wavenumber k2, = (mn/L)? +
(nm/L)2. Filled markers indicate max R\m»n > 0 (unstable
modes), open markers indicate stability, and the star marks
the most unstable admissible mode, here (m,n) = (0,4).

Next, Fig. 8 summarizes how the diffusion-driven mechanism varies
with the control parameter B at fixed diffusion contrast. The curve plots
maxy>o max ®A(k); thus, positivity directly indicates a Turing-unstable
regime. Marking By clarifies that our selected value B = 1.85 lies below
Hopf (stable kinetics at k& = 0) while still supporting finite-k growth,

yielding a clean stationary-pattern regime.
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Linear Turing growth vs B (Neumann, D, =1, D, =20)
T

064 — Tgag(maxﬂ%/\(k)

maximum linear growth rate

075 100 125 150 175
B

Figure 8. Maximum linear growth rate maxy>o max RA(k) as a func-
tion of B for A= 1.5, « = 0.3, D, = 1, D, = 20 (Neumann
setting). The Hopf threshold B = By is indicated, and the
choice B = 1.85 used in Figs. 4-6 is marked. Positive values
correspond to diffusion-driven instability.

5.4 Codimension-two Turing—Hopf interaction and

breathing patterns

We next demonstrate numerically the spatiotemporal regime created near
the Turing—Hopf codimension-two point, where the homogeneous Hopf
threshold and the diffusion-driven (Turing) threshold intersect in a two-
parameter plane. In the present model (37), Hopf instability of the spatially
homogeneous kinetics is controlled by B = By (Section 3), while diffusion-
driven instability is controlled by the diffusion contrast (Section 4). At a
Turing—Hopf point, the linearization has a pair of purely imaginary eigenval-
ues at k = 0 (Hopf) and simultaneously a real eigenvalue crossing at some
k = k. > 0 (Turing). Consequently, one expects spatiotemporal patterns

with oscillatory modulation of the dominant spatial mode (“breathing”).

Parameter selection near the Turing—Hopf point. We keep A = 1.5,
a = 0.3, and D, =1 fixed, and vary (B, D,). Figure 9 shows the Hopf
line B = By together with the Turing threshold curve D; (B) (for the first
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unstable Neumann band), and indicates the numerically chosen simulation

point near their intersection.

Turing--Hopf interaction in (B, D,) (fixed A= 1.5, a=0.3, D, =1)

— Turing threshold D} (B)
—- Hopf line B =By
10° ~d= simulation point

10°

Dy

10°

i
i
i
i
i
i
i

10t
i
i
i
i
i

0.75 1.00 1.25 1.50 175 2.00 2.25 2.50

Figure 9. Turing-Hopf interaction in the (B, D,) plane for fixed A =
1.5, « = 0.3, D,, = 1. The dash—dot vertical line is the Hopf
threshold B = By for the spatially homogeneous kinetics
(Section 3), and the solid curve is the Turing threshold D (B)
from the diffusion-driven instability conditions (Section 4).
The marked point indicates the simulation parameter choice
used in Figs. 10-11.

Temporal oscillation and mode-amplitude modulation. To verify
the presence of a Hopf component together with a dominant spatial mode,
we record (i) a probe-point time series and (ii) the amplitude of the
dominant Neumann cosine mode (m, n) detected from the evolving solution
via the cosine spectral coefficients of (u — u*,v — v*). Figure 10 shows
a clear temporal modulation, and it confirms growth and subsequent

saturation/modulation of the dominant spatial mode amplitude.



62

Probe-point time series near Turing--Hopf (8 = 1.9774, D, = 9.802) Dominant Neumann mode amplitude (m.n) = (2, 4) near Turing-Hopf

"N a
N
[N ANV

concentration
mode amplitude

15

’_—‘«—\,\’\\« H

0 50 100 150 200 250 0 50 100 150 200 250
t t

(a) Probe-point time series u(zp,yp,t) and  (b) Amplitude of the dominant Neumann
v(Tp, Yp, t). mode (from cosine coefficients).

Figure 10. Time oscillations and dominant-mode modulation near a
Turing—Hopf point for the Neumann problem (37).

Breathing spatial structure. Finally, Fig. 11 plots black/white line-
contour snapshots of u(x,y,t) at three times ¢t = t; < t3 < t3. The spatial
structure persists while its amplitude varies in time, which is characteristic

of a Turing—Hopf interaction (spatiotemporal “breathing” patterns).

Breathing (oscillatory) spatial structure near the Turing--Hopf point

u(x,y,t) at t=120 u(x,y, t) at t=180 u(x,y,t) at t=240

Figure 11. Breathing spatial structure near the Turing—Hopf interac-
tion point: line-contour snapshots of u(x, y, t) at three times,
showing persistent spatial organization with oscillatory tem-
poral modulation.

The simulations complement the stationary-pattern results above. For
B < By, the homogeneous kinetics is stable and diffusion may destabilize
only a finite band of modes, producing stationary Turing patterns (Sec-

tion 5.3 and Fig. 5). Near the codimension-two Turing—Hopf interaction,



63

the k¥ = 0 Hopf mechanism and the finite-k Turing mechanism coexist,
producing spatiotemporal patterns with oscillatory mode modulation, as
confirmed by Figs. 9-11.

6 Conclusion

In this work we proposed and analyzed a crowding-limited Brusselator
that incorporates volume—exclusion effects in a deliberately minimal and
analytically tractable manner. The classical autocatalytic feedback is
modified by a rational free—volume factor depending on the total local
occupancy, while the linear feed and decay structure is retained. As a
result, the model introduces a single crowding parameter « that interpo-
lates continuously between the dilute mass—action regime and increasingly
constrained intracellular/microfluidic environments, thereby providing a
clean mathematical platform for quantifying how excluded volume reshapes
the canonical Brusselator dynamics.

From a dynamical systems viewpoint, the analysis yields a complete
and explicit description of the well-mixed (ODE) kinetics on the biolog-
ically /chemically relevant positive quadrant. We established positivity
and forward invariance, constructed parameter—dependent a priori bounds
leading to dissipativity, and proved permanence under explicit hypotheses,
which places the long—time dynamics on a compact invariant set. The
unique positive equilibrium E, was obtained in closed form and shown to
be feasible precisely under A > aB, revealing how crowding reduces the
admissible parameter range for sustained autocatalysis. A full linear stabil-
ity classification was then derived in terms of trace—determinant criteria,
allowing the equilibrium to be organized into stable and unstable regimes
without relying on numerical continuation.

A central outcome is the fully explicit Hopf bifurcation structure. We
derived the Hopf threshold curve in closed form and verified transversality,
establishing that the loss of stability of E, proceeds through a generic Hopf
mechanism. Importantly, the first Lyapunov coefficient was computed ex-
plicitly, yielding a parameter—dependent criterion that determines whether

the emerging oscillations are supercritical (stable small cycles) or subcritical
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(unstable small cycles and potential hysteresis). This closed—form criticality
result is particularly useful for chemical kinetics because it provides a direct
diagnostic for oscillation onset and robustness in terms of experimentally
interpretable parameters: the feed level, the effective decay rate, and the
crowding strength. In this sense, the crowding-limited model not only
generalizes the classical Brusselator but also retains the key advantage that
has made the Brusselator a benchmark: explicit bifurcation boundaries
that can be mapped and compared across regimes.

We further extended the kinetics to a two—dimensional reaction—diffusion
system with Neumann boundary conditions, which is the natural ideal-
ization for closed or no—flux microreactors and intracellular subdomains.
The Neumann cosine spectrum yields explicit modal growth rates and a
transparent dispersion relation, from which we derived analytic conditions
for diffusion—driven (Turing) instability. In addition, we characterized the
codimension—two Turing—Hopf interaction where stationary pattern selec-
tion and temporal oscillation interact, and we carried out a weakly nonlinear
reduction to obtain amplitude equations governing the near—threshold evo-
lution. These results provide a coherent link between crowding—modified
reaction propensities and the classical pattern—formation mechanism: crowd-
ing changes the effective nonlinear feedback and thus shifts not only the
Hopf threshold but also the location and character of patterning windows
in parameter space.

The numerical experiments support and complement the theoretical
analysis. In the ODE setting, simulations confirm the Hopf predictions,
including the emergence of periodic orbits and the expected small-amplitude
scaling near onset. In the spatial model, numerics corroborate the linear
stability boundaries and illustrate how stationary Turing patterns and
spatiotemporal structures arise as parameters cross the analytically derived
thresholds. Together, the analysis and computations demonstrate that
even a single crowding parameter can reorganize the classical Brusselator
landscape, shifting and reshaping oscillatory and patterned regimes in a
way that is relevant to crowded chemical and biochemical environments.

Despite these strengths, the present study has limitations that point nat-

urally to future work. First, the crowding mechanism is deliberately coarse:



65

it compresses complex excluded—volume and anomalous transport effects
into a single rational suppression term. More detailed constitutive choices
(e.g., activity coefficients, nonlinear diffusion, or crowding—dependent cross—
diffusion) may be required to match specific experimental systems. Second,
the spatial analysis is carried out for constant diffusivities and Neumann
boundaries on a simple two—dimensional domain; intracellular geometries
are often heterogeneous and compartmentalized, and diffusion can be ef-
fectively spatially varying or anisotropic. Third, while weakly nonlinear
amplitude equations clarify local pattern selection near thresholds, global
pattern competition, defect dynamics, and far—from—onset transitions are
not addressed here. Finally, the model is deterministic; in microfluidic
and intracellular settings, intrinsic noise (finite copy number) and extrin-
sic fluctuations can be comparable to deterministic drift near bifurcation
thresholds and may fundamentally affect onset, coherence, and pattern
selection.

Several extensions therefore merit investigation. A first direction is
to incorporate stochasticity via chemical Langevin equations or stochas-
tic reaction—diffusion formulations, and to quantify how noise interacts
with Hopf, Turing, and Turing—Hopf thresholds (e.g., coherence resonance,
noise-induced patterning, or switching near subcritical regimes). A second
direction is to move beyond constant diffusion and consider crowding—
dependent transport, nonlinear diffusion, or cross—diffusion terms that arise
naturally from free—volume and excluded—volume considerations, and to
study their influence on dispersion relations and amplitude reductions. A
third direction is geometric and multiscale: extending the analysis to three
dimensions, irregular domains, and heterogeneous boundary conditions
relevant to synthetic cells and compartmentalized microreactors. Finally,
experimental validation would be valuable, for instance by implementing
controlled crowding in microfluidic reactors or synthetic vesicles and mea-
suring how oscillation onset and spatial patterning windows shift with
effective occupancy. Such studies would help calibrate the minimal free—
volume law used here and identify when more detailed crowding physics is
required.

Overall, the crowding-limited Brusselator developed here provides a
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mathematically explicit bridge between intracellular crowding concepts and
classical nonlinear chemical dynamics. By retaining a minimal structure
while enabling closed—form bifurcation and patterning theory, the model
offers a useful reference point for future analytical, computational, and
experimental investigations of oscillations and self-organization beyond the

dilute limit.

A Multilinear-form evaluation of ¢; in Sec-

tion 3

Following [14,19], write the Taylor expansion at p = 0 in the form

E= Int+ L BEO + L CEEO O, €= ()T,

where B and C are defined by the (symmetric) second and third derivatives.

In terms of the coeflicients in (28),

B(n,¢) = az0m1C1 + a1 (M + 12¢1) + ap2m2(2
7 baom €1 + b11 (M2 + 1261) + boana2Ca ,

and, for brevity, define

Si12 1= ZU1C192, Si22 1= 2771(292-

sym sym

Then

a30m1C101 + a215112 + a125122 + ap3n2(202
C(na Cv 9) = ( y

b30m1C101 4 b21S112 + 0125122 + bo312(202
where
S112 = G102 + M G201 + 12(101, S122 = N1z 4+ 12¢102 + 1720201

Let g be the right eigenvector of Jy for iwy and let p be the left
eigenvector of Jy for —iwgy, normalized by (p,q) = 1 (standard complex
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inner product). With the explicit choice

1 1+’;WH
q=<_1+i/wH>7 p=<iw2H > (pg) =1,

define the auxiliary vectors
hao = (2iwy ] — Ju) " 'Blq, q), hi = J5' B(g, ).

Then the standard Kuznetsov—Hassard expression gives

€1 = %<P,C(q’q,6)> —(p, B(q,h11)) + %(p,g(g, hao)), 0= —R(er),

which is exactly the convention used in Section 3.
Substituting the closed-form coefficients (30)—(31), evaluating ¢;, and
simplifying yields the explicit closed form

64202 + 6Aa+ A2+ 2
4A2(1 + aAP2(A = a)’

gl(A7 a) = él(A,Oz) =

which matches (35). This completes the derivation of the Hopf normal
form (33) and Theorem 7.

B Closed—form derivative tensors and ampli-

tude coefficients for Section 4

Throughout, F, = (u*,v*) is the positive homogeneous equilibrium (39)
and J, is the Jacobian at E, (that is, J(E,)). We write the Taylor expansion
of the reaction field at E, as

F©)= 1.6+ 5B+ CEEO+O(E, €= (€,6)T, 6T)

where B and C are the symmetric bilinear and trilinear forms defined

componentwise by second and third derivatives at F..
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B.1 All second and third derivatives at F, in closed

form

Let f,g be defined by (38). Denote partial derivatives at E, by fr, =
O2f(E.), fr, = 0.0, f(E.), etc. Then the complete list of second derivatives

1S

o= 2B(1 + o?B)?

w T AT ad?R

P (A—aB)?(2+aA+2a°B)
w = AL T ad)? :

P 20(A — aB)3 (58)
T T A+ ad)

gZu = _f':?u g:v = _f;U?

g:v = 7f:1)'

The complete list of third derivatives is

oo _ 6Ba(A—aB)(1+ a’B)?

uwun A2(1 + aA)3 ’ - -
o _ A= aBP(+a’B)(1+30°B) Juun = ~Juuus

uuy A2(1 + CVA)s ’ g:uv = _fltuv> (59)
fr = _2a(A-aBP2+ 3075 Giww = ~Five:

uvv A2(1 + OLA)S ) g* o 7‘]"*

f* 7 6&2 (_A o aB)4 VUV vVv*

v T A2(1 + aA)3 ’
With these, the multilinear forms in (57) are explicitly

B(n,¢) = fqiumCl + fZU(Th@ +12G1) + f:zﬂhCz ’ (60)
GG F G (M1.G2 4 12C1) + g3, 12C2

and, for n € R2,

g:uun% + 39;%77%772 + 392111;7’177% + g:vvng
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B.2 Closed form for ) and the Turing threshold

Recall Q@ = D, g’ + D, f from (44). Using the closed forms of f¥, g from
J(E,), one obtains

Dy(B—1-aA+a’B?) — D,(A—aB)?
1+aA ’

Q= (62)

Likewise, the ODE determinant § = det(J,) is already in closed form in
the ODE part; the Turing threshold condition (47) is therefore an explicit
algebraic constraint in (4, B, «, Dy, D,).

B.3 Turing cubic coefficient g

Let k. > 0 satisfy (47)—(48). Define the linear operators (on modal ampli-
tudes)
Ly = J, —k’D, D = diag(D,, D).

At the critical Turing mode, Lj, has a simple zero eigenvalue. Write

ail a2 N 5 - 9
Ly, = - with a1 = f; — DukZ, ao2 = g, — DukZ, a1z = f,
a1 G22

J— *
a21 = Gy-

A convenient (unscaled) right kernel vector is
ai2
pi= < N ) , Lr.p=0, (63)
—ari
and a corresponding left kernel vector for £y, is obtained from the transpose:

= ( 21 ) . Lig=0. (64)

—an

Normalize by ¢ := ¢/{q,p), so that {q,p) = 1.
The quadratic interaction of the critical mode produces a mean (k = 0)
component and a second harmonic (k = 2k.). Accordingly define wqy and

wy1 by the exact linear systems

Lowso = —B(p,p),  Lor.wn1 = —B(p,p), | (65)
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where B is given explicitly by (60). Since Lo = J. is invertible under
0 > 0, and Lo, is invertible at the simple Turing threshold, these have the

closed-form solutions

wao = =Ly B(p,p),  wn =Ly, Bp.p), (66)

mi1 Mmi2

m21  MM22

_ 1 moo —MmMi2
\/i 1 = —-—— .
det(M) <—m21 mi1 )

Finally, the cubic Landau coefficient in (54) is

where, for any 2 x 2 matrix M = < ) with det(M) # 0,

ar =

(¢.C(p.psp)) + %<q,3(p7w11) + %B(p,w20)>7 (67)

| =

where C(p, p, p) is given explicitly by (61). Equations (58)—(59) provide all

derivative coefficients needed to evaluate (67) in closed form.

C Closed-form computations for the Turing—

Hopf point and amplitude coefficients

This appendix collects the lengthy algebra used in Subsection 4.5 and

Remark 4.5. All notation is consistent with Sections 2-4.

C.1 Equilibrium identities and Jacobian simplifications

Let

UQ’U

h(u,v) := Thra(uto)
F(u,v) = A— (B+ 1Lu+ h(u,v),

G(u,v) = Bu — h(u,v).
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The homogeneous equilibrium in R2 is

B(1 A
u* = A, vt = w, assuming A > aB.
A—aB

Define the convenient abbreviations
S:=A—-aB, T:=1+4+ «aA, sothat S >0, T > 1.

At (u*,v*) one has the identity (from G(u*,v*) = 0)

v* B 1+ a(u" + *)_AT (68)
L+a(u+ov*) A’ ae )= g

First derivatives of h. Let D(u,v) := 14 a(u + v). Then

u2v

h(u,v) = -5

A direct differentiation yields

2Quv  auv u? au?v

= M= (69)

Evaluating at (u*,v*) and using (68) gives

aBS S?
hi=2B— ——, h; = —. 70
; DY w=% (70)
Hence the kinetic Jacobian J = <fu fﬂ) at (u*,v*) satisfies
Gu  Guv
BS S?
fu= =B+ ) +h;=B-1-"22f, =y = =, (71)
aBS 52
=B-h'=-B+ 2 g =—ht=-"". 2
gu hu + T 7gU hU T (7 )
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Therefore,
SQ
6= det(J) = ?,
T:tr(J):fu+gy:B—1—%7 (73)

A =712 — 46,

In particular, at the Hopf threshold 7 = 0 one recovers (18), and

(A—a)?(1+ad)

(1+42a4)2 7 (74)

O = 5|B:BH =

as stated in (50). Moreover, substituting 7 = 0 into (73) gives

 ASy .7 (A-a)T
BH*l—T, WhereSH —A*OZBH—m

Using these identities in (71)—(72) yields the Hopf simplification

at B=Bpu: fu=0u, fo=0u, gv=—0n] (75)

C.2 Turing threshold curve and codimension—two
point

Recall Q := D, g, + D, f,. Using (71)—(72) gives the closed form

S? aBS
B.D,) = -Dy,>—+D,(B—-1-222).
aB.0,) = -0, 5+ 0. ) (76)

The continuous-spectrum Turing threshold is characterized by

2 __ 2 __ Q
Q>0,  Q*=4D.D,5. k= gpte

where § = S?/T. Substituting (76) and § = S?/T into Q? = 4D, D,

yields a quadratic equation for D,:

(fu(B))’D2 = 2D,6(B)(fu(B) +2)D, + D25(B)2 =0,  (77)
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where f,(B) and §(B) are given by (71) and (73). Solving (77) gives the
two-branch Turing threshold:

DE(B) =D, 5(B) fu(B)+2+ 2,/J;u(B) +1
(fu(B))
(VI u(B)+1+1)°
(fu(B))?

=D, §(B)

valid whenever f,(B) > —1 and A > aB. At the codimension—two point,
7 =0 (i.e. B= Bp), and (75) implies f,, = g and

Q = 5H(D'u - Du)
Then Q? = 4D, D, §5 yields (51) and

k‘2 _ Q _ 6H(D'U - Du)
¢ 2D,D, 2D,D, '’

ie. (52).

C.3 Amplitude-equation coefficients in multilinear-

form closed form

We outline the full coefficient computation for the Turing—Hopf normal form
(53) by a standard center-manifold / multiple-scales reduction (cf. [6,15,22]).
Let U = (u,v)" and write (37) as

D,A 0
U =LU+NQU), L=|("" J,
t +N(U) <O DUA>+

where J is evaluated at (u*,v*) and N (U) collects quadratic and higher
terms in U — (u*,v*).

Let ¢ € C? be the eigenvector of .J associated with +iwy at Hopf
(k = 0), and let p € C? be the adjoint eigenvector of J T associated with
—iwgr, normalized by (p,q) = 1 (standard Euclidean inner product on C?).

Let w € R? be the (real) eigenvector associated with the zero eigenvalue at
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the Turing mode k = k. at the threshold. Define the symmetric multilinear

forms of the reaction vector field at (u*,v*):

B = sD*RWNEA,  C6n.Q) = cDRWE 0]

where R = (F,G)" denotes the reaction part. All entries of D?*R(U*)
and D3R(U*) are explicit rational expressions in (4, B, «) obtained by
differentiating (69); these derivatives are lengthy but elementary, and can
be recorded term-by-term if the editor requests (they are omitted here only
for readability).

With the standard solvability projection, one obtains the cubic coeffi-
cients

a1 = (p, C(¢,4,0) — 2(p, B(a, Ly B4, 7))
+(p, B(q, (2iwnT — Lo) " B(g,q)))-

and similarly the cross-coupling

az = <pa C(qaw7w)> - 2<p7 B(q,ﬁl;lB(w,w)))
—{p, B(w, (Ly, —iwy )~ B(g,w))).

where £y and L, denote the linear operators restricted to the kK = 0 and
k = k. eigenspaces (including diffusion contributions). Analogous formulas
yield by and by by projecting onto the adjoint Turing eigenvector. These
expressions are closed form once the derivatives of R are substituted and
the resolvents are evaluated (all are 2 x 2 matrix inverses in this setting).

We refer to (53) for the final normal-form structure used in the main text.

C.4 Turing—Hopf coupling coefficients y g, xr

At a TH point (55), the reduced system (56) involves the ODE Hopf
Lyapunov coefficient ¢1(A, «) (already computed in the ODE section, in
corrected closed form) and the coefficients gr above together with x g, x7.
The latter are obtained by the same projection/solvability procedure as
in the classical TH normal form [6,15]: one expands the center manifold
including mixed interactions between the Hopf mode (k = 0) and the
Turing mode (k = k.), solves the resulting forced linear systems using
the resolvents Ly L E,;Cl on the stable complement, and projects the cubic
terms onto the critical directions using the normalized left eigenvectors.
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All forcing terms are expressed solely via the multilinear forms B, C, hence
ultimately via the explicit derivative lists (58)—(59).
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