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Abstract

Total number of matchings is called Hosoya index in graph the-
ory. Although Hosoya index was introduced in 1971, the relations
between the Hosoya index of caterpillar graphs and Euler’s contin-
uants were introduced in 2007. In this paper, we show that the
Hosoya index of caterpillar graphs can be computed as product
of 2 x 2 matrices. Moreover, we obtain that Hosoya index of the
caterpillar graphs Z(Cy(z,...,x)) equals to (n + 1) — th Fibonacci
polynomial and we show that the Hosoya index of the caterpillar
graphs Z(Cpn(z +1,...,z + 1)) can be shown in a polynomial form
with the coefficients as a Pell triangle of Reference number A038137
in OEIS. Finally, we use these relations in the computation of the
Kekulé number of a class H,,, of benzenoid chains which have n
segments of length x.

1 Introduction

Hosoya index of caterpillar graphs can be computed using Euler’s contin-

uants. This relationship was presented in a series of articles by Hosoya [7,
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8,10]. This relation is important in two ways. It is known that benzenoid
chains can be represented by caterpillar graphs, and the Kekulé number
of benzenoid chains can be computed using the Hosoya index of caterpil-
lars [9].

The Hosoya index (or Z-index) was defined by Hosoya in 1971 [6] and
the Hosoya index of a graph G is denoted by Z(G). A matching of the
graph G is a subset of F(G) such that no two edges share a common vertex.
The number of matchings which have k edges is denoted by p(G, k) and
the Hosoya index of a graph G of order n is defined as

[n/2]
Z(G) =Y p(G.k).
k=0
with empty set p(G,0) = 1.

The results reported in this paper deal with some open problems of the
paper [1]. In the paper [1], the authors obtained the Hosoya index of some
classes of unbranched polymers. Hosoya index of unbranched polymers
was also studied in [5].

In this paper, we show that the Hosoya index of caterpillar graphs
can be computed as product of 2 x 2 matrices. Moreover, we obtain that
Hosoya index of the caterpillar graphs Z(Cy,(z, ..., x)) equals to (n+1)—th
Fibonacci polynomial and we show that the Hosoya index of the caterpillar
graphs Z(Cp(z + 1,...,2 4+ 1)) can be shown in a polynomial form with
the coefficients as a Pell triangle of Reference number A038137 in OEIS.
Finally, we use these relations in the computation of the Kekulé number
of a class H,, , of benzenoid chains which have n segments of length z.

The relations between Kekulé number of benzenoid chains and Fi-
bonacci numbers were obtained many years ago as in the papers of the
authors Togi¢ and Stojmenovié [15,16]. Since caterpillar graphs are very
related to benzenoid chains, these relations are current for the Hosoya
index of caterpillar graphs.

Our starting point is the Pell triangle of the page 9 which is obtained
from the Hosoya index of caterpillars. This triangle represents the coefhi-

cients of the polynomial P, (z) and it has no relation with the matchings of
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graphs in OEIS. We prove that P, (z) equals to F, 41 (z + 1) which is the

(n+1)—th Fibonacci polynomial and use the equation for the computation

of the Kekulé number of a class of benzenoid chains.

2 Preliminaries

We give some essential theorems in this section.

Lemma 1. The Z-counting polynomial of a path P, is presented by the

following equation:

22
Q(Pp,x) = Z ( P )x )

k=0
Hosoya’s Z-counting polynomial and matching polynomial are related
but not equal. Matching polynomial is a generalization of Z-counting
polynomial. Recall that matching polynomial equals to acyclic polynomial

which was studied by Gutman and Hosoya [4].
Lemma 2. Let H be a graph. Then ( [8])

1. If Hy,Hs, ..., H,, are the components of graph H, then

m

Z(H) =[] 2(Hy).
k=1

2. Ife=wv € E(H), then Z(H) = Z(H — w) + Z(H — {u, v}).

It means that the Hosoya index of a big graph can be calulated by
this recurrence relation. The Hosoya index of a graph H equals to
production of Hosoya indices of subgraphs after the removing an edge
e plus production of Hosoya indices of subgraphs after the removing

of all adjacent edges to first removed edge e.

8. If the paths, cycles and stars of order n are denoted P,,C, and S,
respectively, we obtain that Z(P,) = Fy4+1,Z(Cy) = Ly, and Z(S,,) =

n.
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Caterpillar graphs are usually used in chemistry and graph theory be-
cause they represent benzenoid hydrocarbon molecules. In the chemistry
literature, caterpillar trees are also known as Gutman trees. A caterpil-
lar graph G is consisted of an n vertex path vjvs...v, and the leaves
T1,%2,...,T, Which are attached to the vy, vs,...,v,, respectively. G is
denoted with G = Cp(x1 + 1,29 + 1,..., 2, + 1) as in Figure 1.

NI

Figure 1. The caterpillar graph G

Caterpillar graphs is important not only for chemical graph theory
but also statistical graph theory. Several topological indices of random
caterpillars were studied Zhang and Wang [17]. The authors gave an open
problem about Hosoya index of random graphs including the caterpillars.
We think our results about caterpillar graphs can help to solve of this

problem.

3 Matchings in caterpillar

Definition 1. The nth convergent of a continued fraction is given by

by
Po_ g

an bs
a9 —+

bn,
anp,

It is known that p,, and ¢, can be obtained as the product of n 2 x 2

matrices by Milne-Thomson [13] as follows:

n Pn—1| _ o1 1| jaz 1 a, 1
dn Q4n-1 B 1 0 b2 0 bn 0 '
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Definition 2. Assume that z; (1 < i < n) are positive integers. The

continuant is defined recursively as follows [11]:

Ky(x1) = x1,
Ky(z1,22) = 2100 + 1,
Kn(JCl,J)g, e ,xn) = ann_l(JL‘l,J)g, e ,xn_l) + Kn_z(xl,xg, e 733‘.”_2).

Definition 3. If we combine the continued fraction and continuant con-
cepts, we obtain the nth convergent as follows [10]. Assume that a;

(1 <4 < n) are positive integers. Then
Pn = Kn(ala sy an)a
qn = Kn—l(a27 ceey an)a
and therefore

Pn _ Kp(ai,...,an)
dn Kn—l(a27 B 7an)

Moreover, the following recursive relations and initial conditions hold:

Pn = GpPn—1 + Pn—2, (pl = a1, p2 = azai + 1)7
qn = Onqn—1 T qn—2, (1 =1, g2 = az).

Lemma 3. The Hosoya index of the caterpillar graph Cp(z1,22,...,2Ty)

is equal to the continuant of (x1,x2,...,x,) [7], that is,
Z(Cn(l'h.’lﬁg, A a:n)) = K(21,22,...,2n).

By Lemma 3 and Definitions 1-3, we obtain the nth convergent of the

Hosoya index of caterpillars of two consecutive terms as follows:

Pn _ Z(Cp(x1,22,...,20))
qn Z(Cn_l(l‘g,...,l’n)) '

This implies that
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P = Z(Col@r, 22, . 10),
dn = Z(Cor (@2, .. 7)),
ot = Z(Cor (@1, T2, o ),
Gnr = Z(Cos(@a - 0n1)).

In the following theorem, the Hosoya index of the caterpillar graph
Cn(x1,22,...,2,) is expressed, following Milne—Thomson [13], as the pro-

duct of n 2 X 2 matrices.

Theorem 1. The Hosoya index of the caterpillar graph Cp(z1, z2,. .., Ty)
can be represented as

Z(Cn(l‘l,l‘g,...,l’n)) Z(Cn_l(illl,iliz,...,l’n_l)) _ |:.CL‘1 1:| |:$n 1:|
Z(Cn_l(xz,...,l‘n)) Z(Cn_g(ilig,...,llin_l)) 1 0 1 O .

The following theorem was given by Hosoya [10] under the name Cass-
ini’s identity (see Theorem 6, p. 19). We provide an alternative proof of
this identity.

Theorem 2. (Cassini’s identity).

Z(Cn(l'l,l'g, ey xn)) Z(Cn,Q(.’EQ, NN 71'77,,1))
_Z(Cnfl(ml,:mQ’ . ,.’L'nfl)) Z(Cnfl(l‘g, e ,.”L'n)) = (—1)"

Proof. If we take the determinant of the matrix given in Theorem 1,

we obtain

Z(Cn(xl,,xn)) Z(C’n_l(ml,...,xn_l))
Z(Cnfl(l'g,..wl‘n)) Z(Cn,g(xg,...,xn,l))
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Result 1. Assume that 1 =29 =--- =z, = z. Then
Z(Cn(z,...,x)) Z(Cp-a(z,...,1)) lw 11”
Z(Cpr(x,...,2)) Z(Cp-z(z,...,))
Theorem 3. The nth convergent

Pn Z(C’n(xl,xg,...,xn))

Qn B Z(C’I’Lfl(xQ; e 7xn))

n
logn

can be computed in O(logn) time using O( ) Processors.

Proof. Since the Hosoya index of caterpillars can be represented as a

continued fraction whose nth convergent is

Pn Z(Cn(xlvx%"'vzn))

E N Z(Cn,1<.’1,‘2,...,a'}n)) ’

it follows that all convergents £ can be computed in O(logn) time using

O(%) processors by Theorem 2 of Egecioglu et al. [2].

Now we use Lemma 2. (2) for the caterpillar graph G of Figure 1.
Z(G) = Z(G\{vn_1vn}) + Z (H\ {vp_10n} — {Vn—2Vn_1,Tn_1,%Tn})

If the edge v,—1v, is removed from G = Cp(z1 + 1,22+ 1,..., 2, + 1),
we obtain the caterpillar Cp,_1(x1 + 1,29 + 1,...,2,-1 + 1) and the star
graph S, 11. Then the Hosoya index of Z(G \ v,—1v,) equals to

Z(G \ {’Un,ﬂ)n}) = Z(Sz7L+1)Z(Cn,1($1 +1l,zo4+1,..., 201+ 1))

=(z,+1)Z(Cp-1(z1+L,z0+1,...,2p-1 + 1))

Moreover, if the adjacent edges of v,—1v, (the edge v,,_2v,—1 and the

edges which are attached to v,_1 and v, ), we obtain the caterpillar graph
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Cp_o(x1+ 1,204+ 1,...,2,_9 + 1). Therefore, we obtain that

Z(G) = (l‘n + 1) . Z(Cn_l(.ﬁl —|— 1, ey p—1 + 1))
+Z(Cn_2($1 +1,...,$n_2+1)) (*)
By this equation (*), we can calculate the Hosoya index of caterpillar

graphs. We know that Z(Cy) = 1,C1(z1 + 1) is a star and the Hosoya

index of a star S, +1 equals to

Z(C1($1 + 1)) =x1 + 1.

Now we can calculate the Hosoya index of following caterpillars by the

equation (*)

=(ra+1)(z1+1)+1
=212+ 21+ 22+ 2

Z(Cg(l’l + 1,1‘2 + 1,1}3 + 1)) = (1‘3 + 1)Z(02(:L‘1 + 1,:62 + 1)) + Z(C1(l‘1 + 1))
(s +D[(w2+D(z1 +1)+1] + 21+ 1

= T1X2x3 + T1T2 + T1X3 + T2T3

+ 221 + 22+ 223+ 3

Z(Cy(x1 + Lz + 1,23+ 1,24 + 1))
= (x4 +1)Z(Cs(x1+ 1,z + Lz3 + 1)) + Z(Co(z1 + 1,22 + 1))
= (24 + D@3 + 1) [(x2+1)(x1+1)+1]+z1+1]
+(o+1)(z1+1)+1
= (x4 + 1)(x12223 + T122 + T123 + X223 + 221 + 2 + 223 + 3)
+ 2129+ 21 + 20+ 2

= X1X2X3%4 + T1X2X3 + T1ToTg4 + T1X3L4 + L2232y
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+ 2x1T9 + 123 + 20124 + To2T3 + ToTy + 27374

+3’I1+2l’2+2$3+3$4+5

Assume that 1 = 9 = -+ = x,, = z. By this way, we obtain the

following polynomials of the caterpillar graphs C,, forn = 0,1, ...,5 below.

Py(z) =1

Pi(z)=x+1

Py(x) = 2 + 2z + 2

Py(x) = 23 +32% + 52+ 3

Py(x) = 2 4+ 423 + 922 + 10z + 5

Ps(x) = ° + 52* + 142® 4 222% 4+ 202 + 8

It is generalized with

n/2)
Pu(z) = Z(Col(z+1,... .z + 1)) = > ( B

k=0

)(m +1)nk

If we use the coefficients of this polynomials, we obtain a Pascal like

triangle as follows.

1
11
122
1353
149105
1 51422208

The n — th row and r-column element of the triangle is denoted by

i

By this way we obtain the following equations for each rows,
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1. o
=1.
_O_
2. o
n
=n.
1
3.
n
[ - Fn+1
n

which is the (n + 1)-th Fibonacci number.

4. For3<r<n-—1,

n n—1 n—1 n—2
= + + :
r r r—1 r—2
5. Sums of rows of the triangles equal to the Pell sequence
1,2, 5,12, 29, 70...

which is obtained by the relation a+2b with initial conditons a=1 and b=2.
It means that we obtain a Pell triangle.This Pell triangle was listed with
reference number A038137 in OEIS [14], but the relations with matchings
of graphs are not appeared. Detailed information about Pell triangels can
be found in the book [12], Section 13.

Theorem 4. The Hosoya index of the caterpillar graph Cp(z,...,x) is

given by the following equation
Z(Cn(w,...,2)) = Faoy1 ()

which is given by the (n+1)—th Fibonacci polynomial F,,1(x) = o F, (x)+
F,_1(x) with initial conditions Fy(x) = x and Fi(x) = 1.

Proof. Since Cy(z) is a star and Z(Cy(z)) = =, Z(Ci(z)) is iden-

tity function. Moreover, the Hosoya index of caterpillar Cy,(z,...,x) is
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computed by the following recurrence relation
Z(Cp(zy...,2)) =2(Z(Cph-1(z,...,2) + Z(Cr—a(z,...,x))

with initial conditions Z(Ci(x)) = z and Z(Cy()) = 1. It implies that the
initial conditions equal to the initial conditions of Fibonacci polynomial
as Z(Ci(x)) =z = Fy(z) and Z(Cy()) = 1 = Fi(z).

The first recurrence relation is attained as
Z(Co(x,x)) = 2 Z(Cy(x) + Z(Co()) = 2* + 1 = F3(x)

Finally this goes to the Z(Cy(z,...,x)) and we obtain that

Z(Cp(z,...,xz)) = Fhy1(x).

We know that C,(1,...,1) is a path and by the Theorem 4. We obtain
for z =1,
Z(Cn(1,...,1)) = Foy1(1) = Fuq.

As a qonsequence of Theorem 4, we can give the following theorem which
shows the Hosoya index of regular caterpillar C,,(z + 1,...,2 + 1) of Pell
triangle in the page 9.

Theorem 5. The polynomial Py, (x) which equals to Hosoya index of
Z(Cp(z+1,...,2+1))

18 expressed by
Pp(z) = Foyi(z+1)

as Fri1(z+ 1) is (n+ 1) — th Fibonacci polynomial.

4 An application to chemistry

Perfect matching or Kekulé number is widely studied in graph theory and
chemistry [9]. Moreover, it is known that a benzenoid chain is represented

by a caterpillar by its LA-sequence. The LA-sequence is obtained by the
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number of linear hexagons in each segment of the benzenoid. Each segment
is seperated from the others by the angular hexagons. More information
about the benzenoid systems can be found in the paper [9]. Gutman
obtained an identity about the characteristic polynomials of trees by using
the LA-sequence of the nonbranched catacondensed benzenoid molecules
[3]. In this section we are interested in a class of benzenoid chains which
have n segments of equal lenghth. As an example, the family #5 3 of all
hexagonal chains with five segments of length three is given in Figure 2.
We take the family H,, . of all hexagonal chains with n segments of length

x. This is a class of unbranched catacondensed benzenoids.

5 gm0 B
2 oy g0 &

Figure 2. All hexagonal chains #s5,3 with five segments of length three

The LA-sequence of the benzenoid chains with n segments of length x
is

L*YAL*2AL %A, AL* 2 AL
and the corresponding caterpillar is
Cp(z,xz—1,...,2 —1,x).

Theorem 6. For a hexagonal chain H whose LA-sequence is
L*rAL®2 A ... ALt AL®" it is known that the Kekulé number of H
equals the Hosoya index of the caterpillar Cp(x1 +1,...,2p41) as [9):
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K(H) = Z(Cn(xl + 1,. ..7111‘n+1)).

Theorem 7. The Kekulé number of the family H, . of all hexagonal

chains with n segments of length x equals

)

Proof. The Kekulé number of the family H,, , (Hosoya index of the

corresponding caterpillar) is

Z(C’n(x,xfl,...,xfl,x)) :$Z(On_1($,$71,...,x71))
—l—Z(Cn,g(x,x—l,...w— 1))

We can compute the first and the second terms on the right-hand side

of the equation by Theorem 4:

Z(Cn_1(x,x— 1,...,2— 1)) = J;Z(C’n_g(x— 1,...,2— 1))
+Z(Cpg(x—1,...,2 - 1))
=aF, 1(x—1)+ F_2(x—1)
— Fu(e 1),

Z(C’n_g(x,x -1,...,2— 1)) = xZ(Cn_3(x -1,...,2— 1))
+Z(Cpoa(z—1,...,2 - 1))
=zF, o(x—1)+ F,_3(z — 1)
=F,_i(z—1).

If we write these terms in the main equation, we obtain that

Z(C’n(x,xfl,...,:rfl,x)) :xZ(Cn_l(x,mfl,...,xfl))
+Z(Cn,2(x,x—1,...,x—1))
=zF,(z—1)+F,_1(z—1)

= n+1(x - 1)
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