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Abstract

Topological data analysis (TDA), as a relatively recent approach,
has demonstrated great potential in capturing the intrinsic and
robust structural features of complex data. While persistent ho-
mology, as a core tool of TDA, focuses on characterizing geomet-
ric shapes and topological structures, the automorphism groups of
Vietoris-Rips complexes can capture the structured symmetry fea-
tures of data. In this work, we propose a multi-scale symmetry
analysis approach that leverages persistent automorphism modules
to quantify variations in symmetries across scales. By modifying
the category of graphs and constructing a suitable functor from the
graph category to the category of modules, we ensure that the per-
sistent automorphism module forms a genuine persistence module.
Furthermore, we apply this framework to the structural analysis of
fullerenes, predicting the stability of 12 fullerene molecules with a
competitive correlation coefficient of 0.979.
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1 Introduction

Persistent homology, developed over the past two decades, has become
a fundamental method for capturing the geometric shape and topologi-
cal structure of data. It has achieved significant success, particularly in
the characterization of structured and robust features in complex datasets
[4,5,12]. Over time, various extensions of persistent homology, such as
persistent cohomology [3,9, 18] and persistent Laplacians [8,15,21], have
also been developed.

The core idea of persistent homology is to capture the changes in topo-
logical structures of data, such as connected components, loops, and cav-
ities, at different scales. These topological structures represent intrinsic,
stable invariants in both space and data. In contrast, geometric informa-
tion, such as symmetry, is also a critical feature. The automorphism group
of a space provides a powerful algebraic tool to describe its symmetries,
making it an essential part of understanding the underlying structure and
behavior of spatial objects. Motivated by persistent homology, we aim to
combine the multi-scale information from persistent homology with sym-
metry features for data analysis.

Currently, the application of symmetry in data analysis is primarily
focused on symmetry detection in images or geometric shapes [16,19,20].
Recently, the work in [6] develops a comprehensive theory for analyzing
the persistent symmetries and degrees of asymmetry in finite point config-
urations within metric spaces. However, the use of symmetry in data to
analyze the structure and distribution of the data itself is still in its early
stages.

In this work, we propose a multi-scale symmetry analysis (MSA) me-
thod for analyzing point cloud data. First, for point cloud data, we
construct the corresponding Vietoris-Rips complex, whose automorphism
group is isomorphic to the proximity graph of the point cloud. This allows
us to transform the study of the automorphism group of simplicial com-
plexes into the study of the automorphism group of graphs. Furthermore,
we improve the graph category and construct a functor from the graph

category to the module category, leading to the construction of persistent
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automorphism modules. In the application, we consider the order and
symmetry degree of the automorphism group as features that characterize
the richness of symmetry, which are then applied to data analysis. Fi-
nally, we analyze the symmetry of fullerenes to examine the stability of
their structure, achieving a relatively high correlation coefficient of 0.979.

The paper is organized as follows. In the next section, we review the
automorphisms of graphs and simplicial complexes. Section 3 introduces
the main methods. In Section 4, multi-scale symmetry analysis is applied
to the stability analysis of fullerenes. The final section provides a summary

and conclusion.

2 Combinatorial automorphism group

The automorphism group is a crucial geometric feature, reflecting the
symmetry of a geometric object. Our work aims to study the symmetry
of data, which precisely requires the automorphism groups of graphs and
simplicial complexes as a foundation. In this section, we recall some funda-
mental concepts related to automorphism groups of graphs and simplicial
complexes. A more detailed discussion on the automorphism groups of

graphs or simplicial complexes can be found in the works of [1,2,10,23].

2.1 Automorphism group of graphs

Definition 1. An automorphism of a graph G = (V, E) is a permutation
o0 :V — V of the vertex set V such that the edge set E is preserved, i.e.,
{u,v} € E if and only if {o(u),o(v)} € E. The set of all automorphisms
of G, denoted Aut(G), forms a group under function composition, called

the automorphism group of G, defined as
Aut(G) ={o:V — V| o is an automorphism of G}.

In other words, an automorphism o € Aut(G) is a bijection of the
vertex set V' that preserves adjacency: for all u,v € V|, {u,v} € E if and
only if {o(u),o(v)} € E.
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The order of the automorphism group Aut(G) reflects the symmetry
of a graph G. A larger order indicates that more vertex permutations
preserve the edge structure, meaning the graph is highly symmetric. Con-
versely, if | Aut(G)| = 1, the graph is asymmetric, having no nontrivial
automorphisms. For example, a complete graph or an empty graph on
n vertices has | Aut(G)| = n!, indicating maximal symmetry, while most
random graphs have a trivial automorphism group, reflecting minimal sym-
metry. Thus, the order of Aut(G) is a simple quantitative measure of a
graph’s symmetry.

In Table 1, we present the automorphism groups of various graphs.
It is evident that even graphs with very different structures, such as the
complete graph K5 and the Petersen graph, can possess automorphism
groups of the same order. Nevertheless, this does not prevent us from

regarding both graphs as highly symmetric.

Table 1. Examples of graph automorphism groups

Graph Vertices | Aut(G) | Order | Symmetry
Description
Complete graph K, n Sn n! Highly sym-
metric
Empty graph K,, n Sn n! Highly sym-
metric
Path P, n Zo 2 Symmetry
limited
(flip)
Cycle C, n Do, 2n Rotations +
reflections
Petersen graph 10 Ss 120 Highly sym-
metric
Complete bipartite K, ,, | m+n | S, xS, | mln! | Partite sets
permutable

2.2 Automorphism group of simplcial complexes

Definition 2. Let K be an abstract simplicial complex with vertex set
V(K). An automorphism of K is a permutation ¢ : V(K) — V(K)
such that for every simplex o C V(K), if o € K then ¢(o) € K. In other
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words, ¢ preserves the simplicial structure of K.
The set of all automorphisms of K, equipped with composition, forms

a group called the automorphism group of K, denoted by Aut(K).

Definition 3. Let G be a finite simple graph with vertex set V(G). The
flag complex (also called the clique complex) of G, denoted by F(G), is
the simplicial complex whose vertex set is V(G), and where a finite set
of vertices {vo,...,vx} C V(G) spans a k-simplex in F(G) if and only if

these vertices form a complete subgraph (clique) in G.

Equivalently, F'(G) is the maximal simplicial complex having G as its

1-skeleton.

Theorem 1. Let G be a finite simple graph, and let F(G) denote its clique
complez (i.e., the flag complex generated by the cliques of G). Then there

18 a natural group isomorphism
Aut(@) = Aut(F(G)).
Proof. Define a map
D : Aut(G) — Aut(F(Q))

as follows: given a graph automorphism o € Aut(G), let ®(o) act on the
vertices of F(G) in the same way, and extend linearly to all simplices. Since
o preserves adjacency, it sends every clique to a clique, hence ®(0) is a
simplicial automorphism. Thus ® is a well-defined group homomorphism.

We first show that ® is injective. If ®(o) is the identity on F(G), then
it fixes every vertex of F(G). Since the vertex set of F(G) is exactly the
vertex set of G, it follows that o is the identity automorphism of G. Thus
ker(®) = {e}.

To prove surjectivity, let 7 € Aut(F(G)) be a simplicial automorphism.
Then 7 induces a bijection of the vertex set preserving all simplices of
F(G). Since F(GQ) is a flag complex, it is uniquely determined by its 1-
skeleton, which is exactly the graph G. Therefore 7 preserves edges of
G, and hence corresponds to a graph automorphism o € Aut(G). By

construction, ®(o) = 7. This shows that ® is surjective.
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Therefore ® is an isomorphism, and we obtain the natural group iso-
morphism

Aut(@) = Aut(F(G)).
This completes the proof. |

Example 1. Let G be the graph obtained from the triangle C3 with
vertices {0,1,2} and edges {{0,1},{1,2},{2,0}} by adding a new vertex
3 and an edge {0,3}. The vertex set is V(G) = {0,1,2,3} and the edge

set is

E(G) = {{Ov 1}7 {17 2}7 {270}7 {073}}‘

The flag complex F(G) has vertices {0, 1,2, 3}, edges corresponding to the
edges of G, and a 2-simplex corresponding to the triangle {0, 1,2}. There
is no higher simplex because the new vertex 3 is only connected to 0.
The automorphism group of G, Aut(G), consists of the permutations
of vertices that preserve adjacency. Here, 0 is distinguished as the unique
vertex of degree 3, so it must be fixed, while 1 and 2 can be swapped.

Vertex 3 is connected only to 0, so it must also be fixed. Therefore,
Aut(G) = ZQ.

Similarly, any simplicial automorphism of F'(G) must fix 0 and 3 and may

swap 1 and 2, so we also have
Aut(F(Q)) & Zs.

Thus, this example illustrates that Aut(G) = Aut(F(G)).

Let X be a set of points in a metric space (M,d). The Vietoris-Rips
complez at scale € > 0, denoted by R.(X), is the simplicial complex with

vertex set X such that a finite subset ¢ C X spans a simplex if and only if
d(z,y) <e forall z,y € o.

We can also define a graph associated with X at scale € > 0, called the
prozimity graph G.(X), as follows. The vertex set is X, and two distinct
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vertices z,y € X are connected by an edge if and only if
d(z,y) <e.

Equivalently, G.(X) is the 1l-skeleton of the Vietoris-Rips complex
R (X).

Proposition 2. Let X be a set of points in a metric space (M,d) and
€ > 0. Then we have

Proof. Recall that the flag complex F(G.(X)) is the simplicial complex
whose simplices are exactly the cliques in G¢(X). By definition of G.(X),
a set of vertices 0 C X forms a clique if and only if d(z,y) < € for all
x,y € o.

On the other hand, o spans a simplex in the Vietoris-Rips complex
Re(X) if and only if d(z,y) < ¢ for all z,y € o. Therefore, the simplices
of R.(X) are precisely the cliques of G¢(X), which proves that R.(X) =
F(G(X)). u

Proposition 3. Let X be a set of points in a metric space (M,d) and
€ > 0. Then we have

Aut(Go(X)) = Aut(R.(X)).

Proof. This result follows directly from Theorem 1 and Proposition 2. H

3 Persistent automorphisms

Introducing multi-scale information provides an effective approach to
more accurately capturing the symmetry of data. This naturally leads
to the study of persistent automorphism groups of spaces. Given a point
cloud, we can construct the Vietoris-Rips complex. As demonstrated in
the previous section, the automorphism group of this Rips complex is iso-

morphic to the automorphism group of the proximity graph of the point
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cloud. This equivalence allows us to reformulate the problem of deter-
mining the automorphism group of a space in terms of the automorphism
group of a graph. This section is devoted to the study of automorphism

groups of graphs.

3.1 Functorial construction of automorphism groups

We aim to construct a functor
Aut : Graph — Group

from the category of graphs to the category of groups. However, this is
not a natural construction, since graph homomorphisms do not necessarily
induce homomorphisms between automorphism groups in a natural way.
When a graph homomorphism f : H — G is an isomorphism, we obtain a
map

f:Aut(H) = Aut(G), ¢~ fopoft

However, when f : H — G is merely a graph homomorphism, it is chal-
lenging to provide a corresponding morphism between the automorphism

groups.

Example 2. Let G = P; be the path graph with vertex set {1,2,3} and
edges {1,2} and {2, 3}. Therefore, we can obtain the automorphism group

Aut(G) = Z/2,

which is generated by the reflection swapping 1 ++ 3 and 2 < 2.
Let H be the subgraph of G induced by the vertex set {1,2}. Hence,
H is the single edge {1,2}, and

Aut(H) = 7/2.
Consider the inclusion map

i: H— G.
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If there were a group homomorphism
Aut(i) : Aut(H) — Aut(G),

then the non-trivial generator of Aut(H ), which swaps 1 and 2, could only
be mapped to the trivial element in Aut(G). This is because the auto-
morphism of H that swaps 1 and 2 cannot be extended to a non-trivial
automorphism of G via the inclusion map 4, as no non-trivial automor-

phism of G exists that fixes 2 while swapping 1 and 3.

From now on, [ is assumed to be a field. We introduce the following
subcategory Graph™ of the category of graphs. The objects of Graph™,
denoted obj(Graph™), are all graphs. The morphisms are given by inclu-
sions of graphs. For each graph (G, the identity map idg is the identity
morphism in Hom(G, G).

Let Vecyr denote the category of vector spaces over F. We define a
contravariant functor

® : Graph™ — Vecy.

For each graph G, we set
O(G) = FAut(G),

where FAut(G) denotes the F-linear space generated by the set Aut(G),
the automorphism group of G. If f: Gy < Ga, then ®(f) : FAut(Gs) —
FAut(Gy) is given by

e, ifnle € Aut(G) for any G C G C G,
(f)(n) =

0, otherwise.

Here, 7|g, denotes the restriction of 1 to Gi.

Example 3. Let G; be the 2-vertex graph with edge vyv2, and G5 be the
3-vertex cycle with vertices vy, v9,v3 and edges v1v2, vovs, v3v1. Consider
the embedding f : G; — G5 given by

for) =v1,  f(v2) = va.



200

The map
(I)(f) : FAut (GQ) — FAut (Gl)

sends each 7 € Aut(G2) to its restriction g, if it is a valid automorphism
of GG1, and to 0 otherwise.

The automorphism groups are

Aut(Gy) = {id, (viv2)},
Aut(G2) = {id, (v1v2), (v2v3), (v1v3), (V1V203), (VivsV2)}

Then the map ®(f) acts on the elements of Aut(Gs) in Table 2. Hence,

1 € Aut(Ga) nlc, ®(f)(n)
id V1 > V1, V2 > U2 id

(’1)11)2) V1 > V2, Vg — U1 (1)11]2)
(vav3) V1 > U1, Vg > U3 0
(1}1’()3) V1 > U3, Vg > U2 0
(1)11)21}3) V1 > V2,Vg > U3 0
(U1U3’U2) V1 > V3, V2 > U1 0

Table 2. Action of the restriction map ®(f) on the elements of
Aut(G2).

the map ®(f) restricts S3 = Aut(Gs) to its subgroup Aut(Gy) = Z/2,

sending all other elements to 0.

Lemma 1. Let f : G — G2 and g : Gy — G3 be morphisms in the
category Graph™. Then, we have

D(go f) = 2(f) o 2(g)-
Proof. Let n € Aut(G3). By the definition of the functor ®, we have

77|le if 7]|G € Aut(G) for all Gy C G C GQ,
(f)(n) =

0, otherwise.
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Next, apply ®(g) to ®(f)(n). By the definition of ®(g), we get

(nle)|as,  if (nley)|a € Aut(G) for all Go C G C Gs,

0, otherwise.

(g)(2(f)(n) = {

Since n satisfies the condition for ®(f), it follows that n|¢ € Aut(G) for
all G3 C G C 1. Therefore, we conclude that

. if Aut (G) for all G2 C G C Gs,
B(g)(@(f)(n)) = | Mex Tl € Aut(G) for all G 3

0, otherwise.

This is exactly the definition of ®(g o f). Thus, we have ®(g o f) =
®(f) o ®(g), which completes the proof of the lemma. |

Proposition 4. The construction ® : Graph™ — Vecy is a contravariant

functor.

Proof. By Lemma 1, we have established that ® preserves the composition
of morphisms in the opposite direction.

Next, we show that ® preserves identity morphisms. This follows di-
rectly from the definition of ®. Indeed, for any n € Aut(G), the condition
Ny =n € Aut(H) = Aut(G) for any G C H C G automatically holds.

Therefore, we have
®(idg) : FAut (G) — FAut (G),
and for every n € Aut(G), we have ®(idg)(n) = 1. This shows that
d(idg) = idpaw (c)-

Thus, ¢ preserves identity morphisms. Since ® preserves both composi-

tions and identities, we conclude that ® is a contravariant functor. |

3.2 Persistent automorphism module

Definition 4. A persistence graph G = {G;};>0 in the category Graph®
is a family of graphs, {G;};>0, together with graph maps f; : G; = Gi41
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in the category Graph®, for each i > 0.

Given a persistence graph G = {G,;};>0 in Graph®, we have the fol-

lowing diagram, which represents a filtration of graphs

GoDanDa, B

Example 4. Let G = (V, E) be a weighted graph with a weight function
w : F — R that assigns a real number to each edge. For any real number

a, we define a subgraph G, = (V, E,), where the edge set E, is given by:
E,={ec E|w(e) <a}.

Thus, for a sequence of real numbers a; < ag < --- < ap < ---, we obtain
a family of graphs {Gg, }i>0, which forms a persistence graph. Specifically,
we get the following filtration of graphs

f f: J:
Gay < Gay < Gay = -+

where f; : G4, — Gg,,, is the natural inclusion map, given by

fi : Gai — Gai+17 for a; S [(FA

This construction represents a filtration of graphs, where the graph
G,, evolves as the threshold a increases. Intuitively, as the parameter
a increases, more edges are included in the graph, reflecting a growing

connectivity structure.

Definition 5. Given a persistence graph G = {Gy, f;}, for p > 0, the

p-persistent automorphism module of G;, denoted
FAut(G;)"P,
is the image of the induced homomorphism

(I’(fz-i-p) 0--:0 (I’(fl) : ]FAut(Gier) — FAut(Gz)



203

Definition 6. A persistence module M is a family of linear spaces {M,};>o,
together with linear maps ¢; : M; — M; ;.
Dually, a family of linear spaces {M;};>0, together with linear maps

@i+ Miv1 — M; is a (co)persistence module.

For example, if G = {G}, f;} is a persistence graph, then

{FAut (Gi), ®(fi)} (1)
is a persistence module.

Definition 7. A persistence graph G = {G}, f;} is of finite type if each
component graph G; is a finite graph, and if the graph maps f; are graph
isomorphisms for ¢ > m for some integer m.

A persistence module M = {M;, p;} is of finite type if each component
F-linear space M; is a finitely generated [F-linear space, and if the maps ¢;

are isomorphisms for ¢ > m for some integer m.

Let M = {M;,pi}i>0 be a persistence module. We assign to M a
graded module over the graded ring F[z] as follows. Let

be the direct sum of the structures on the individual components. Place
a graded F[z]-module structure on a(M) with a acting as a shift map.

More precisely,

- (mo,my,---) = (0,0(mo), pr(ma), ).

It is known that the assignment « defines an equivalence of categories
between the category of persistence modules of finite type over F and the
category of finitely generated nonnegatively graded Flz]-modules.

The graded ring F[z] is a PID and its only possible graded ideals are
of the form (™) = z™ - F[z],n > 0. Then the classification of F[x]-modules
follows from the structure theorem for PID’s. This implies the following

theorem.
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Theorem 5. Let G = {Gy, fi} be a persistence graph of finite type. Then

for the persistence module in (1),

@FAut (@Et >@ D=7 /@) |, @

j=0
where X¢ denotes an d-shift upward in grading.

This classification theorem has a natural interpretation. The free por-
tion of (2) are in bijective correspondence with those automorphism group
generators which come into existence at parameter t; and which are still
alive for all future parameter values. The torsion elements correspond to
those automorphism group generators that appear at parameter r; and
vanish at parameter r; + s;.

Before proceeding any further, we parametrize the isomorphism classes

of F[z]-modules by suitable intervals.

Definition 8. A P-interval is an ordered pair (7, ) with 0 <4 < j, where
i,j € ZU {+o0}.

We associate a graded F[x]-module to a set S of P-intervals via a

correspondence () given in the following way. Let
Q(i,5) = X' (Fla]/(277)) ,

Q(i, +00) = X'F[z].

For a set of P-intervals & = {(i1,J1), " , (4, Jm)}, define

m
@ Q(it; ji).
t=0

Definition 9. A finite set of P-intervals is called a barcode.

One can easily see that the correspondence ) defines a bijection be-
tween the finitely generated graded F[z]-modules and the barcodes. With
this correspondence, Theorem 5 yields the fundamental characterization

of barcodes.
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Theorem 6. The order of Aut (G;)“**P is equal to the number of intervals

in the barcode of @,_, FAut(G;) spanning the interval [i,i+ p]. In partic-

ular, the order of Aut(G;) is equal to the number of intervals containing

2.

Barcodes are a very intuitive way of representing the evolution of the
automorphism groups. Using barcodes, one can provide a visual descrip-
tion of the evolution of the automorphism groups in a filtration of a finite

graph, as illustrated in the following example.

Example 5. Let G = Cy, the cycle of length 4. Choose a labelling of the

4 vertices, as shown in Figure 1. Consider a filtration of Cy given by
Go e ey B, =a.
where

Go = {1,2,3,4},
G1=1{1,2,3,4,{2,3}},
G2 = {13233747 {1a4}> {2,3}};

and f; : G; — G411 is the natural inclusion map. Then we obtain a

persistence graph G = {G}, f;}. It is known that the automorphism group

) 3 4 3 4 3 4 m— 3
1 2 1 2 1 2 1 e— 2
Go Gy G Gy

Figure 1. Illustration of the filtration of graphs in Example 5.

of Cy is the dihedral group Dg of order 8. Let r be the rotation clockwise
through 7 radian and let s be the reflection about the line of symmetry

through vertex 1 and vertex 3. Then

_ 2 3 2 .3
Dg ={1,r,7%,7r°, 5,87, 57%, 51" }.
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A straightforward calculation yields

FAut(Go)*? = FSy,
FAut(Go)”" = F{1, (14), (23), s

3
I
—
—
S
Nt
=
[N}
w
Nt
[

IFAut Go

3
Il
—
—
=
=
=
[\o}
w
N
-

(Go)
(Go)
(Go)™* =F{1,(14),(23),s
FAut(Go)** = F{1},
FAut(G1)"" = F{1,(14), (23), s7 = (14)(23)},
FAut(G1)"? = F{1,(14), (23), sr = (14)(23)},
FAut(G,)"? = F{1},
FAut(G2)>? = F{1,(14), (23), st = (14)(23),r° = (13)(24), s7° = (12)(34)},
FAut(G2)*?® = F{1,sr® = (12)(34)},
(Ga)™

FAut(Gs)*® = FDs,

Thus the corresponding barcode is S =

{[Oal)v"' 7[0’ 1)7 [0’+OO)7 [0’3)7 [O’S)a [073)}
20 terms

U{[L, +00), [1,3), [1,3), [1,3)}

U{[Q,—I—OO), [2’+OO)7 [273)7 [2,3), [273) [273)}

U{[3, +00), - - - , [3, +00)}.

8 terms

Figure 2 gives a graphical representation of the barcode S as a collection
of horizontal line segments in a plane whose horizontal axis corresponds
to the parameter and whose vertical axis represents an ordering of the

generators of automorphism groups.

3.3 Two criteria

Recall that in the definition of persistent automorphism module, the
key ingredient is that when G’ = (V(G’), E(G’")) is a subgraph of G =
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v

0 1 2 3
Parameter

Figure 2. The barcode for persistence module {FAut(G;), ®(f;)}i>o0-

(V(G), E(@)), we need to consider the homomorphism
FAut(G) — FAut(G’)

induced by the restriction. In other words, we are interested in the auto-
morphisms of G’ which are the restrictions of automorphisms of G.
In what follows, we shall restrict our attention to the case where the

subgraph G’ is required to have the property that
V(G') =V(G), E(G) € E(G). (3)

This assumption imposed on the subgraph G’ is not just an idle techni-
cality. In fact, this case arises naturally in practice, which, as we shall
explain, validates the assumption we make.

Given a collection of points X = {x,} in a metric space, the obvious
way to convert {z,} into a global object is to use the point cloud as the
vertices of a graph whose edges are determined by proximity. One of
the most natural methods for doing so is to apply Vietoris-Rips complex

R:(X). Proposition 2 says
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When 0 < g1 < g3, G.,(X) is a subgraph of G.,(X) satisfying (3). This
justifies the condition (3).

The main goal of this subsection is to present two necessary condi-

tions concerning whether the automorphisms of the subgraph G’ are the
restrictions of automorphisms of G.

Let G = (V(G), E(GQ)) be a finite simple graph. In the remainder of
this subsection, the symbols H,, and H? will denote simplicial homology
and simplicial cohomology, respectively. For a deeper exposition of the
related algebraic topology, the reader is referred to [14,17,22].

A cycle of a graph is a path that starts and ends at the same vertex,

with no other repeated vertices, and all edges in the path are distinct.

Definition 10. A cycle P of a graph G is called automorphism-invariant
in G if every automorphism of G maps P to itself, i.e., n(P) = P for all
n € Aut(G).

Definition 11. A graph G is called cycle-stable if all its cycles are

automorphism-invariant.

Example 6. Figure (3) depicts a cycle-stable graph G. It is clear that
the cycles (va,v3,v4), (vo, v1,v2,v3) and (v, ve, vs, Vg, v7) are cycle-stable.

However, the subgraph G’ with

Figure 3. a Graph G with three automorphism-invariant cycles; b
Graph G’ no automorphism-invariant cycle.

E(G') = B(G) — {vaua}

fails to satisfy the automorphism-invariant property and is not cycle-stable.

In fact, assigning to vz, v4,vg to vs,vg, v7 respectively and keeping v1, vo
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fixed gives rise to an automorphism of G’ that sends cycle (vg, v4, v3, V2, v1)

to cycle (vz, ve, vs, v2,v1).

Let w denote the generator of the free cyclic group Hi(S!) determined
by the counter-clockwise orientation of S'. By means of simplicial homol-
ogy,We establish the first criterion for when automorphisms of G restrict

to automorphisms of G”.
Theorem 7. Let G = (V(G), E(G)) be a finite simple and cycle-stable
graph. Let G' = (V(G"), E(G")) be a subgraph of G such that

V(G =V(G), E(G') C E(GQ).

Let n € Aut(G). If n restricts to an automorphism n|e : G' = G’, then
for any given map f : S* — |G|,

(Inlerl o f)e(w) = £(fiw)

in Hi(|G']), where G’ is viewed as a 1-dimensional simplicial complez.

Proof. A key observation is that Hy(]G’|) is a free abelian group generated
by all cycles of G’, since the complex G’ is 1-dimensional. According to

the hypothesis that G is cycle-stable, we obtain
e (P) =P

for every cycle P of G'. The proof of this theorem is finished. |

As we shall see in Theorem 8, our second criterion has a description
in terms of simplicial cohomology that is very similar to, and in a certain
sense dual to, the first one. However, the proof of this criterion is much
more complicated. Before proceeding further we need to verify a technical

property.

Lemma 2. Any map f : |F(G)| — S! is homotopic to a map which sends
V(QG) to the point so of St.

Proof. The restriction
flve :V(G) = 8*
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being not surjective implies there exists a homotopy
he : V(G) — S', 0<t <1,

such that ho = fl|y (), and hi(z) = s for every x € V(G). Consider the
product space M = |F(G)| x I and its closed subspace L = (|F(G)| x 0)U
(V(G) x I). Define a map H : L — S* by setting

fl@), ifze|F(G),t=0,

H(z,t) =
hi(x), ifzeA tel.

Since there is a retract r : M — L, we obtain a homotopy ¢, 0 <t <1
by taking
gi(x) = Hor(x,t)

for every (x,t) € M. g; is obviously an extension of h; such that go = f.
Then the map gy is the desired one mapping V(G) into sg. ]

We now begin the discussion of the second criterion. Let 6 denote
the generator of the free cyclic group H'(S') determined by the counter-
clockwise orientation of S*.

Theorem 8. Let G = (V(G),E(G)) be a finite simple graph with all
cycles automorphism-invariant and G' = (V(G'), E(G")) a subgraph of G
such that

V(G =V(G), E(G") C E(G).

Let n € Awt(F(G)). If n restricts to an automorphism n|g : F(G') —
F(G'"), then when given any map f : |F(G)| — St,

(folnla )" (O)(P) = £(fljrcn)" ()(P)
for any cycle P in Hi(|JF(G")]).

Proof. By Lemma 2, we may assume that f takes all vertices of F(G) to
s0. For each f o], &£ € Aut(F(G’)), we shall construct a cochain

c(¢) e CYIF(G)D)
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such that c!(€) represents (f o |£)*(0) in H(|F(G")]).
Let o = vgv; be an arbitrary 1-simplex in F(G'). Denote by ¢, : Ay —

o the linear map sending 0 to vy and 1 to v;. Note that the composition
folélods

is a loop in S!. Thus the degree of fo|£|o ¢, is defined. Suppose that v;
is a generator of Hy(Aq,{0,1}) satisfying that

o= <¢0)*('Yl)'

Then {o} forms a basis for Hy(|F(G")|',|F(G’)|°) as o ranges over the 1-
simplices of F(G'), where ¢, is the characteristic map for o, F(G’) being
viewed as a CW complex. Define the cochain c!(¢) € C1(|F(G')|) by

c(§)(0) = deg(f o [¢] © do). (4)

ct(€) is indeed a cocycle. To prove this assertion, let 7 = vgv1v2 be an

arbitrary 2-simplex in F(G’). Then
0T =09 — 01 + 02,

where o9 = v1v9, 01 = vgU2, 02 = vov1. Let ¢, : Ay — 7 be the linear

homeomorphism which preserves the order of vertices. Then

7= (¢r)(12),

for some generator o of Ho(Ag, 0As). It follows that

(8¢ ()(1) = €' (€)(97) = ' (€)(00) — ¢! () (01) + ¢ () (02) ()
= deg(f o [&] 0 ¢o,) — deg(f o [¢] © @5,) + deg(f o [¢] 0 ¢ )-

It remains to show that (5) is equal to 0. To see this, consider the restric-
tion
g=folélogrlon, : 90y — S
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Denote Ay = vjvjvh. Then the generator for Hi(0As) is o) — of + ob,

VN S | VR S | VN i )
where o( = vjv5, 0] = vyvy, 05 = vyv. Observe that

o) = ((;50_;)*(71) and (¢, o qbg_;)*(’h) = (¢o;)+(71)-

Hence

degg = g"(0)(0g — o1 + 03)
= 0(g: (09 — 01 + 03))
= deg(f o €] 0 ¢o,) — deg(f o [¢] © B,) + deg(f o [¢] 0 ¢s,)
= (8¢'(€) (7).

The fact g is the restriction of f o |£| o ¢, which is defined on Ay means
that g is homotopic to a constant map. It follows that deg g = 0, finishing
the proof that c!(£) is a cocycle.

We claim that ¢!(€) is a representative of (f o [£])*(0) in HY(|F(G")]).
To see this, by direct computation, we have for an arbitrary 1-simplex o
in F(G"),

(f e lED"(0)(e) = 0((f o [€])«(0))
= 0((f o [€)«((¢5)
= deg(f o [] 0 ¢o)
=c'(§)(0). (by (4))

Suppose that
P == (’UOaUla"' ?Um)

is a cycle in G'.

A key observation is that
e (P) = P,

the cycle P being automorphism-invariant in G. Note that from (4), we
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know that

ctidgr) (vovr) + - - - 4 ¢t (ider ) (Vim—10m) + ¢t (idar ) (Vmwvo)
== (' (le)(wovr) + -+ + ' (Mlar) (Vm—10m) + €' (]ar) (Vmvo)),

since 7|¢r and idg are the automorphisms of P, which induce permutations
of edges of P. It follows that

c'(idgr)(P) = £c' (nla) (P).

Note that ¢! (n|e) and ¢! (idg) represent (fo|n|e|)*(0) and (f||rcr))* (6)
respectively in H*(|F(G’)|). Therefore, we conclude that

(f o nla )" (O)(P) = £(fl i) (O)(P).
]

Example 7. Consider the graph G described in Figure 4. Let G’ be the
subgraph given by

E(G/) = E(G) — {1)1’112,’01’[13}.

Identify S! with the cycle (vg,vs,vs,v3). Let n € Aut(G) be the permu-

a b

Figure 4. a Graph G which is cycle-stable; b Graph G’ with only one
cycle.

tation defined by (vovs)(vsvs). Then clearly 7|/ is an automorphism of
G’. Consider the map f : S* — |G’| given by the inclusion. Then a direct

computation gives

(Il o f)(w) = =()x(w)
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in Hi(|G']).

The same conclusion can also be derived from Theorem 8. To see

this, let us consider the map g : |[F(G)| — S! defined by the linear map
determined by mapping v; to v; for ¢ = 0,3,4,5, v1 to vy, and v, to vsz. Let
P be the unique cycle (vg,v1,vs5,v4,v2,v3). An easy computation shows
that

(g0 [nla)*(O)(P) = —=(gljpn)" (O)(P)-

4 Structure and stability analysis

of fullerene molecules

As a key technique for quantifying multiscale topological features such
as connectivity and voids, persistent homology has found extensive use
in studying the architecture of biological molecules, see references [4, 5,
11-13,27]. In this subsection, the theory and algorithms of persistent
automorphism modules are employed to study the structure of fullerene

Ceo.

4.1 Structure analysis of fullerene Cgg

Recall that the order of the automorphism group Aut(G) of G serves
as a quantitative indicator of the symmetry of a graph G, a large order
implying G is highly symmetric. Given the ground-state structural data
X of a fullerene molecule, which contains coordinates of fullerene carbon
atoms, the collection of atom center locations forms a point cloud in Eu-
clidean space R3. For each € > 0, we have the corresponding proximity
graph G¢(X). When the distance threshold ¢ is very small, smaller than
the shortest C-C bond length, the resulting graph G.(X) is disconnected,
and its automorphism group order reflects trivial vertex permutations.

As € increases to certain critical bond lengths, many edges are formed
within a short interval. This causes abrupt changes in local connectiv-
ity, breaking previously symmetric neighborhoods of some carbon atoms.
Consequently, the order of automorphism group drops sharply. When e

increases further, more edges appear and the overall connectivity becomes
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more regular, restoring or even enhancing the global symmetry of this
molecule. This leads to a rapid increase in the order of Aut(G¢(X)).
Before proceeding to a further discussion, we first give some notions

that will be used in the sequel.

Definition 12. Let G be a simple and connected graph. The symmetry
degree of G is defined to be

NG)= Y ord(o).

oc€Aut (G)

If G is not connected, then the symmetry degree of G is defined by

where G4, --- , G, are path-components of G.

Definition 13. Let X be a set of points in Euclidean space R3. The

symmetry order curve of X is the function
6(g) = logy(|Aut (Ge(X))]),

where |Aut (G (X))| denote the order of the automorphism group of G (X)

at the distance e.

In a similar manner, we introduce the notion of the symmetry degree

curve.

Definition 14. Let X be a set of points in Euclidean space R3. The

symmetry degree curve of X is the function

7(e) = log, (T(G:(X))),
where I'(G. (X)) is the symmetry degree of G.(X) at the distance e.

We do not consider the symmetry degree of isolated points in the cal-
culations, as studying the symmetry of isolated points is of limited signifi-

cance. This simplification does not affect the characterization of symmetry.
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We will use fullerene Cgg as an example to provide more explicit demon-
stration of the previous discussion. For a given sampling points of fullerene
Cgo, Figure 5 shows symmetry order curve and symmetry degree curve at
distance parameter 0 < € < 3, where from top to bottom, the behaviors of
d(e) and 7(e) are depicted. In this figure, we find that the behavior of 4(¢)
exhibits significant variations approximately at the points 1.4, 2.2, 2.4 and
2.7.

0.0 1.0 2.0 3.0
Filtration parameter, £

Figure 5. alllustration of the structure of fullerene Cgg; b The symme-
try order curve and the symmetry degree curve for fullerene
Cego.

To elucidate the underlying mechanism, let us analyze the carbon atom
connectivity in fullerene Cgq at different length scales as follows.

e Nearest neighbors (chemical bonds): 1.40A — 1.46A.

e Second nearest neighbors: 2.2A — 2.5A.

e Third nearest neighbors: 2.7A — 2.9A.

With the threshold ¢ increasing, the order of automorphism group under-

goes multiple drop-rise intervals, which are
(1.4A,1.454), (2.2A,2.45A), (2.7A,2.754).

For the first drop-rise interval (1.4A,1.45A), all nearest-neighbor bonds
are established at this stage, but second nearest neighbors remain largely

unconnected. This uneven local connectivity temporarily disrupts local
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symmetry, resulting in a sharp decrease in the automorphism group order.
As some second nearest neighbors are progressively incorporated, local
symmetry is restored, causing the order to rise. For the second drop-rise
interval (2.2A, 2.5A), the inclusion of additional second nearest neighbors
occurs while some third nearest neighbors are still absent. The imbalance
in local connectivity temporarily breaks symmetry, leading to another de-
cline in group order. Once the threshold reaches about 2.5A, adjacency
among all second nearest neighbors is complete, and the automorphism
group order increases again. For the third drop-rise interval (2.7A,2.9A),
partial connections with third nearest neighbors create nonuniform local
neighborhoods, reducing symmetry and lowering the group order. As the
threshold further increases, the graph achieves full connectivity, restoring
the overall symmetry and raising the order once more.

In summary, each drop-rise interval corresponds to the stepwise incor-
poration of neighbors at a specific distance scale, temporarily disrupting
local symmetry. The multiple intervals appearing in fullerene Cgo reflect
its large size and complex geometric structure, where local and global
symmetries emerge at different e.

As we have seen, the interpretation of this phenomenon can be provided
through the lens of persistent automorphism module, as it captures the
multiscale evolution of topological features and reveals how local symme-
tries are gradually disrupted and subsequently restored with the threshold
increasing.

Since the hexagon is a fundamental building block of fullerene Cgp,
we consider a model in which the hexagon is represented as a graph and
subjected to a scale-dependent filtration, where edges are included progres-
sively according to an increasing adjacency threshold. This allows us to

more directly and intuitively reveal the underlying structural mechanisms.

Figure 6 illustrates a persistence graph

g - {GH fl 1,3:17
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Gy Ga Gs

Figure 6. Illustration of a persistence graph of the hexagon.

where f; is the constant map for each i. Consider the map
Aut (Gg) — Aut (Gl)

induced by G; — Gs3. Note that G; has enough automorphisms, and
all the automorphisms of G2 can persist from Aut(Gz) to Aut(G;). In
comparison to G3, the graph G is relatively asymmetric. Consequently,
many automorphisms of G5, such as the nontrivial rotations, cannot persist
from Aut(Gs) to Aut(Gs). This leads to a decrease in symmetry order or

symmetry degree.

4.2 Stability prediction of small fullerene molecules

As shown by the preceding analysis of the structure of Cgg, it can be
seen that detailed symmetry structural information of molecules has been
encoded by the corresponding persistent automorphism modules. On the
other hand, molecular structure plays a decisive role in determining molec-
ular function. This provides the possibility that persistent automorphism
modules of graphs can be used to predict the stability of small fullerene
molecules. In this section, we consider the information of barcode lengths
in the persistence diagrams.

It has been observed that the ground-state heat of formation of fullerene
molecules tends to decrease with an increasing number of atoms. Our study
relies on the data sets reported in [25]. Previous work [26] suggested that
the stability of fullerenes is influenced by the ratio between the number of
pentagons and the total number of atoms in the molecule. Subsequently,

K. Xia and colleagues [24] applied persistent homology using Vietoris-Rips
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complexes as a tool to predict fullerene stability. More recently, the study
in [7] employed neighborhood hypergraph to estimate fullerene stability.
All of these approaches emphasize the importance of the molecular struc-
ture in determining stability.

In the study of fullerene and related molecular graphs, the order of the
automorphism group provides a rigorous quantitative measure of struc-
tural symmetry. A large automorphism group order corresponds to a high
degree of symmetry in the carbon cage, such as the well known icosahedral
configuration of Cgo, whereas smaller orders indicate lower symmetry and
more irregular structures. This distinction is not merely combinatorial
since it has direct implications for molecular behavior. High symmetry
fullerenes tend to exhibit greater structural stability, reduced strain en-
ergy, and enhanced electronic degeneracy, while less symmetric structures
often correspond to higher reactivity and less favorable energetic profiles.

Therefore, the order of the automorphism group functions as a bridge
between geometry and molecular chemistry. It encodes, in a single alge-
braic invariant, the extent to which the connectivity pattern of carbon
atoms admits nontrivial permutations. By comparing the group orders
across different fullerene graphs, one can classify molecular isomers, assess
their relative symmetries, and predict qualitative trends in stability and
physical properties. In this sense, the order of the automorphism group is
not only a mathematical invariant but also a structural descriptor of pro-
found significance in the analysis and understanding of fullerene molecules.

As we shall see, persistent automorphism module serves as an alterna-
tive description of fullerene structures and are applied in the analysis of
their predicted stability.

In this work, we analyze the structure and stability of fullerene mole-
cules using the symmetry order curve and symmetry degree curve based
on their atomic coordinates. We hypothesize that the stability of fullerene
molecules is not only related to the number of atoms but also strongly cor-
related with their symmetry. The symmetry order curve and symmetry
degree curve represent the quantitative changes in symmetry. By observ-
ing Figure 7, we note that each fullerene molecule exhibits a relatively

long and stable segment in both its symmetry order curve and symmetry
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degree curve. This stable phase indicates that the fullerene maintains a
relatively stable symmetric structure. Our preliminary approach is to use
the duration of this stable phase to analyze the fullerene structure.

For enhanced computational stability and analytical effectiveness, we
approximate the length of this stable segment by considering the non-zero
parts before and after the stable phase and calculating an average length.
Specifically, we compute the integral area of this region and divide it by the
vertical value of the stable part, obtaining the corresponding approximate
lengths I and J in the symmetry order curve and symmetry degree curve,

respectively. Finally, we define the real number

0 sup I + sup J

- 5
which will be used to analyze the stability of the fullerene.

Figure 7 displays the symmetry order curves and symmetry degree
curves corresponding to fullerene Cyg, Csz, Cy4o and Csg, respectively. The
orange parts represent the symmetry order curves, while the green parts

represent symmetry degree curves. By inspection, we obtain that
1620 ~ 2216, 632 ~ 2194, 640 ~ 21757 €52 ~ 2.197.

The quantity ¢ we introduce exhibits a behavior similar to the average
length of the bars representing the 1-dimensional persistent homology of
fullerene molecules. For example, Figure 8 presents the barcode represen-
tation of the persistent homology for fullerene Cyg in dimension 1. It is
seen that the 11 equal-length bars vanish at around 2.34A, which is close
to £o9. This is not a mere coincidence, but reflects an intrinsic relationship.
Both quantities, albeit from different perspectives, reflect to some extent
the temporal dynamics of bond length changes in fullerene molecules.

In light of the above discussion, in our model, we consider the quotient
of ¢ and n, where n is the number of carbon atoms. More precisely, by
setting

R=—,
n

we analyze the correlation between R and the heat of formation energy. In
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Figure 7. a The symmetry order curve and the symmetry degree curve
for Cgp; b The symmetry order curve and the symmetry
degree curve for C3a; ¢ The symmetry order curve and the
symmetry degree curve for C40; d The symmetry order curve
and the symmetry degree curve for Csa.

order to validate our predictions quantitatively, we apply the least squares
approach to model the relationship between our predicted values and the

heat of formation energy. A correlation coefficient is given by

N
>_(Ri = R)(E; — E)
C=—= o
N B N B 2
D (R = R)* Y (Ei - B)*

where N = 12 is the number of fullerene molecules considered, R; repre-
sents the quotient of ¢; and the number of atoms, and F; is the heat of
formation energy of the i-th fullerene molecule. The parameter R and E
are the corresponding mean values.

Table 3 lists the heat of formation energies corresponding to different
fullerene molecules. The unit for the heat of formation energy is eV /atom.
The fitting result is depicted in Figure 9. More specifically, Figure 9 illus-

trates the comparison between our predicted values and the actual heat
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Figure 8. The barcode for the 1-dimensional homology of the fullerene
molecule Cog.

Natom 20 24 26 28 30 32
Energy | 1.180 | 1.050 | 0.989 | 0.912 | 0.850 | 0.781
Natom 36 40 44 50 52 60
Energy | 0.706 | 0.641 | 0.589 | 0.509 | 0.502 | 0.401

Table 3. The heat of formation energy for small fullerene molecules.

of formation energy. The left vertical axis corresponds to the heat of
formation energy with the unit ev/atom, whereas the right vertical axis
represents the ratio R of the death time to the number of atoms. The red
squares depict the variation of the heat of formation energy with respect
to the number of atoms, while the green circles show the behavior of R as
a function of atomic number. The two lines align closely, confirming that
our predictions capture the overall behavior of the heat of formation en-
ergy. The correlation coefficient reaches 0.979, suggesting the robustness of
our model and underscoring the effectiveness of persistent automorphism
module in making quantitative predictions. Compared to the correlation
coefficients of 0.985 reported in [24] based on 9 fullerene molecules and
0.997 reported in [7] based on 9 fullerene molecules, our result achieves
a correlation coefficient of 0.979 using 12 fullerene molecules, indicating
greater generality.

Although our predictions for Coy, Coy and Cog fullerenes deviate sli-
ghtly from the reported energy profiles, which can be attributed to the

data sets employed in our calculations are not identical to the ground-
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state data used in the literature, the essential features and relative trends
of the energy profiles remain well captured. Furthermore, as illustrated in
the figure, the two broken lines nearly coincide when the number of carbon
atoms is greater than or equal to 30, which demonstrates the advantage of

our model in predicting large fullerene molecules.

13 —— Formation energy
: —@— Prediction 0.04
1.0
0.03
0.7
0.02
0.4
20 30 40 50 60

Figure 9. Comparison between the heat of formation energies and our
model-predicted outcome. The left vertical axis corresponds
to the heat of formation energy, expressed in eV per atom,
whereas the right vertical axis corresponds to R.

5 Conclusion

Topological methods, particularly persistent homology, have proven ef-
fective in capturing the inherent, stable structural features of complex
data. This approach has demonstrated distinct advantages, especially in
materials science and molecular biology. While topological features such
as connected components, holes, and cavities reflect the structural infor-
mation in data, the automorphism group of the data more effectively cap-
tures its symmetry information. Building on this insight, we integrate
the multi-scale perspective of persistent homology into the automorphism
group framework, thus introducing a multi-scale analysis of symmetries
based on automorphism groups.

In this work, our main contribution is the introduction of multi-scale
symmetry analysis (MSA). Specifically, our approach constructs the auto-

morphism group of the Vietoris-Rips complex. For point cloud data, the
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Vietoris-Rips complex changes with respect to the distance parameter,
leading to a multi-scale automorphism group. On one hand, we trans-
form the computation of the automorphism group of simplicial complexes
into the computation of the automorphism group of graphs, which simpli-
fies the calculation of the Vietoris-Rips complex’s automorphism group.
On the other hand, since the automorphism group itself is not a functor,
this presents a challenge in directly obtaining persistent symmetries. How-
ever, by modifying the graph category, we derive an automorphism module
functor, ensuring the existence of persistent symmetry theory. In terms of
application, we introduce the concepts of symmetry order and symmetry
degree to characterize the richness of symmetry, and use these to analyze
the multi-scale symmetries of fullerenes, ultimately predicting their stabil-
ity. By predicting the stability of 12 fullerenes, we achieve a correlation
coefficient of 0.979, which is more general and convincing compared to
other models that predict fewer than 10 fullerenes.

In summary, multi-scale symmetry analysis holds great promise as a
powerful tool for capturing and analyzing the inherent symmetries of data
across different domains. With further theoretical development and ap-
plication, it could open up new possibilities for understanding complex

structures and patterns in materials science and molecular biology.

Data availability

The data used in this study are publicly available at the Michigan
State University’s Nanotube Database, accessible at https://nanotube.

msu.edu/.
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