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Abstract

An alternative geometric interpretation of vertex-degree-based
topological indices is introduced. Let (d(u),d(v)) denote the de-

gree pair of the edge uwv € E(G) and (Z((:j;, Z((Z;
degree-ratio pair. Based on the Euclidean metric, a novel class of
graph invariants is considered, of which the simplest member is a
Degree-Ratio Sombor index DRSO. The DRSO index is obtained by
2 2

summing the terms \/(353) + (jég%) over all edges uwv € E(G).
Fundamental mathematical properties of the DRSO index are es-
tablished. Several structural variants of the DRSO index, including
the modified and reduced versions, are formulated.
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1 Introduction

In this paper we are concerned with simple and connected graphs. Simple
graphs are characterized by no loops and no multiple edges, typically rep-
resenting undirected and unweighted relationships. Connected graphs con-
tain at least one path between each pair of vertices. Let G = (V(G), E(G))
be a simple and connected graph with n vertices and m edges. V(G) and
E(G) denote the sets of vertices and edges of G, respectively. The degree
of a vertex v (or the number of vertices adjacent to v) is denoted by d(v).
If w and v are adjacent vertices, then the edge connecting them is denoted
by uv.

The path, cycle, tree, star, and complete graphs on n vertices denoted
by P,, Cn, Ty, Sn, and K,, respectively, are standard graph families
considered in this paper. A path graph on n(> 2) vertices is the graph
with V/(B,) = {v1,v2,v3,...,0,} and E(P,) = {(vi,vi11) : 1 <i<n—1}.
A cycle graph on n(> 3) is a connected graph where each vertex has degree
2. A tree is a connected acyclic graph with n vertices and n — 1 edges.
A tree has exactly one path connecting any two distinct vertices. A star
graph is the complete bipartite graph, K ,_1, consisting of one vertex of
degree n — 1 and n — 1 vertices of degree 1. A complete graph is the graph
with V(K,,) = {v1,v2,v3,...,v,} and E(K,) = {(v;,v;) : 1 <i < j<n}.

According to the TUPAC definition [36], a topological indez of a molec-
ular graph is a numerical value associated with the chemical constitution
for correlating structural feature with various physical properties, chemi-
cal reactivity, and biological activity. Degree-based topological indices of

a graph G, denoted by TI(G), are generally defined as

TIG) = Y ¥(d(u),d(v)) (1)

weE(G)

where 1(x,y) > 0 is a real-valued kernel function satisfying a symmetric
property 9 (x,y) = ¥(y, x).

In the mathematical and chemical graph theory literature, a large num-
ber of vertex-degree-based topological indices have been introduced and

studied extensively [10,20,35]. The classical and prominent degree-based
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topological indices have been formulated via the algebraic approach such
as degree additive, multiplicative, division, and powers. For example Za-
greb (M; and Ms), symmetric division deg SDD, Albertson Alb, Randi¢ R,
atom-bond connectivity ABC, forgotten F, and inverse-sum indeg IST in-
dices. Some classical degree-based topological indices have been motivated
by mean functions such as arithmetic, geometric, and harmonic means. For
example, the harmonic H and geometric-arithmetic GA indices. A not
necessarily complete list of the classical degree-based topological indices is

given in Table 1.

Index Name and Ref. Year ¢(d(u),d(v))
First Zagreb [11] 1972 d(u) + d(v)
Second Zagreb [11] 1972 d(u)d(v)

1
Randié¢ [30] 1975

Harmonic [8] 1987

Albertson [2] 1997 |d(u) — d(v)]

. [d(u) +d(v) —2
Atom-Bond Connectivity [7] 1998 A(u)d(v)

Geometric-Arithmetic [37] 2009

Sum-Connectivity [42] 2009 @————
Vd(u) + d(v)
Symmetric Division Deg [39] 2010 ZEZL; + ZEZ;
Inverse Sum Indeg [39] 2010 d(du;LfEiv()v ]
Forgotten [9) 2015 d(u)* 4 d(v)?

Table 1. Kernel functions of some prominent classical degree-based
topological indices
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In 2021, Ivan Gutman introduced a novel approach, called the ge-
ometric approach, for formulating degree-based topological indices [12].
Based on the Euclidean distance from the origin (0,0) to the degree pair
(d(u),d(v)) for uv € E(G), a novel degree-based graph invariant, referred

to as the Sombor indexr SO was formulated. The index is defined as

SOG) = Y ldw),d)l;= Y vdw)?+dv)?

wveE(G) weE(G)

The introduction of the Sombor index marked a new era of geomet-
rically motivated topological indices, see for example [4, 13, 14, 16, 34].
Some remarkable Sombor-type indices include diminished Sombor DSO,
Banhatti-Sombor BSO, Euler-Sombor EU, elliptic Sombor ESO, forgot-
ten Sombor FSO, and hyperbolic Sombor HSO indices. A not necessarily

complete list of Sombor variants is given in Table 2

Index Name and Ref. Year o (d(u),d(v))

m
Diminished Sombor [29] g0op VAW +d()?

d(u) + d(v)
Banhatti-Sombor [22] 2021 W
Euler-Sombor [34] 2024 \/d(u)? + d(v)? + d(u)d(v)
Elliptic Sombor [14] 2024 (d(u) + d(v))/d(u)? + d(v)?
Forgotten Sombor [23] 2024 d(u)* 4 d(v)*
Hyperbolic Sombor [4] 2025 dw)? + d(v)?

min {d(u), d(v)}

(u)? +d(v)* +d(u ) (v)
Augmented Euler-Sombor [27] 2026 \/ d(w) + d(v) —

Table 2. Kernel functions of Sombor-type degree-based topological in-
dices
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A common approach to modifying such degree-based topological in-
dices is to take the reciprocal of their edge contributions. For example,
see the modified or reciprocal versions of Sombor, diminished Sombor,
Banhatti-Sombor, Euler-Sombor, elliptic Sombor, forgotten Sombor, and
Augmented Euler-Sombor indices in [15,17,24-27,33].

The Sombor index and its structural variants are fundamentally for-
mulated based on the different geometric approaches: (1) The Euclidean
distance from the origin (0, 0) to the raw degree pair (d(u), d(v)) conceived
the original Sombor index SO [12]; (2) The Euclidean distance from the
origin (0, 0) to the reciprocal degree pair (ﬁ7 ﬁ) led to the Banhatti-
Sombor index BSO [22]; (3) The Euclidean distance from the origin (0, 0)
to the squared degree pair (d(u)?, d(v)?) gave rise to the forgotten Sombor
index FSO [23]; (4) The area of an ellipse whose focal points correspond to
the degree pair (d(u),d(v)) for uv € E(G) motivated the construction of
the elliptic Sombor index ESO [14]; (5) The perimeter of an ellipse whose
focal points correspond to the degree pair (d(u),d(v)) for uv € E(G) us-
ing Euler’s formula provided the basis for Euler-Sombor index EU [34];
and (6) The eccentricity of the hyperbola whose length of the semi-major
and semi-minor axes correspond to the degree pair (d(u),d(v)) inspired
the formulation of the hyperbolic Sombor index HSO [4]. In Table 3, we
show that it is also possible to interpret some topological indices in terms
of the Euclidean distance from the origin (0,0) to certain points in the
coordinate system. However, to the best of our knowledge, the Euclidean

metric associated with the degree-ratio pair (ZEZ% , ggzg ) , and other related

ratio-based coordinates, has not yet been investigated.

This paper aimed at exploring the recent advancements in the Sombor
index and their mathematical properties. The contribution of this paper
is threefold:

1. Introduction of a novel geometrically motivated index, referred to as
the Degree-Ratio Sombor index DRSO, along with its modified and
reduced versions.

2. Establishment of basic mathematical properties of DRSO index.

3. Formulation of several associated DRSO variants using geometric
approach.



140

The remainder of this paper is organized as follows. In Section 2, we
formulate a novel Degree-Ratio Sombor index DRSO, and its modified and
reduced versions. Section 3 establishes fundamental mathematical proper-
ties of the DRSO index. In section 4, we apply the concepts of degree-ratio
and the related ratio-based coordinates and the Euclidean metric to formu-
late the associated DRSO structural variants. Finally, Section 5 concludes

the paper with summary of the main results and possible open problems.

2 Geometric interpretation of topological in-

dices via the Euclidean metric

The notation ¢ () in Eq. (1) is conventionally interpreted as summa-
tion over all edges of the graph GG. The edge contribution v would depend
on the degree pair (z,y) = (d(u),d(v)). To ensure consistency, we shall
always assume that 0 < z < y. Table 3 presents a geometric interpretation
of some topological indices via the Euclidean norm.

From Table 3, the abbreviations ABC, ABS, and SDD stand for atom-
bond-connectivity, atom-bond sum-connectivity, and symmetric division
degree indices, respectively. In the geometric interpretation of the second
Zagreb and Harmonic indices, (1,1) is an isolated-edge degree pair, and
wol(x,y) = % and wy(z,y) = T\fy are the respective weighting functions.
The notation ||(-, ) ||§ means the square of an Euclidean norm of an ordered
degree pair.

The formal definitions of degree-coordinate (d-coordinate) or degree
point (d-point), dual degree-point (dd-point), and degree-radius (d-radius)
are provided in [12]. For clarity and consistency, we also define the follow-

ing relevant and key terms used throughout this paper.

Definition 1. Let the ordered raw degree point (d-point) be (z,y). The
corresponding degree-ratio point (dr-point) of the (z,y)-edge e;; € E(G)
is defined as (g, %)

T

point (ddr-point) of the (z,y)-edge e;; € E(G).

Definition 2. The point with coordinates ( ¥ %) is the dual-degree-ratio

Definition 3. The distance between the dr-point (%, %) and the origin of
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Euclidean Metric ¢ (z,y) Index Name and Ref.
w—}ry (x, y)H2 . ii—ng Diminished Sombor [29]
(m + 39, 7311) H 22 +y? +2y  Euler-Sombor [34]

( a—1 u) H z+y=2 ABC [7]
zy zy 2 zy
z—1 —1 T+y—2
VEvE)l, Vs ABS [3]

(=2, )1,
[(=2.4%)]],
(/5 Vol
it
I, v)ll3

1z +y) (2, 9)ll,

1 1
[(=4074)]
2

[y ),
]

V2
m(l’l)Hz

T4y

Hyperbolic Sombor [4]
Nirmala [21]
Sum-Connectivity [42]
Forgotten Sombor [23]
Dharwad [18]

SDD [38,39]

First Zagreb [11]
Forgotten [9]

Elliptic Sombor [14]

First Inverse Nirmala [19]

First Banhatti-Sombor [22]

Second Zagreb [11]

Harmonic [8]

Table 3. Interpretation of topological indices via the Euclidean metric
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the coordinate system is the degree-ratio radius (dr-radius) of the (z,y)-
edge e;; € E(G), denoted by r (E ﬂ)_

ylz
Based on the classical geometry, the Euclidean distance from the origin

of the coordinated system to a dr-point (or the Euclidean norm of a dr-

point), we have

G0 -6 = e

It is notable that the kernel function ¢ (z,y) = \/(5)2 + (%)2 = \/%;yzl
has not been used in the theory of vertex-degree-based topological indices.

Motivated by the Euclidean norm of the dr-point in Eq. (2), the defini-
tion of the original Sombor index [12], and geometric interpretation of the
SDD and HSO indices in Table 3, we introduce a novel index, for which

we propose the name Degree-Ratio Sombor index DRSO, defined as

DRSO(G)= Y _ (3%) +<3E2§> (3)

weE(G)

or equivalently

DRSO(G) = ) Vi)' +dw)! (4)

weE(G) d(u)d(v>

Motivated by the works on modified Sombor index [15,17,33], we pro-
pose a modified Degree-Ratio Sombor index ™ DRSO, defined as

"DRSO(G) = >

2 2
WweB(G) \/ (209)" + (242)

(5)

or equivalently

"DRSO(G) = Y
wvEE(G)
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Motivated by the works on reduced Sombor index [6,12, 28, 40], we
propose a reduced Degree-Ratio Sombor index DRSO.,..q, defined as

DRSO,e(G) = ) (323) +<38> "

weEE(G)

or equivalently

DRSO,a(G) = 3 Ver (W) + dr ()" (8)

dy(u)d,(v)

weEE(G)

where d,.(u) = d(u) — 1 and d,.(v) = d(v) — 1. The DRSO,¢q index is
well-defined only for graphs with minimum degree 6(G) > 2.

In the subsequent section, we establish some fundamental mathemati-
cal properties of the DRSO index.

3 Fundamental mathematical properties of

the degree-ratio Sombor index

In this section, we establish and prove some propositions and theorems re-
lated to the Degree-Ratio Sombor index DRSO, Symmetric Division Deg
index SDD, Sombor index SO, F-Sombor index FSO, and first Zagreb
index M. The theorems enable rigorous comparison across graph fami-
lies. Bounds and extremal values of the DRSO index provide fundamental

insights about its range and structural relevance.

Theorem 1. Let G be a simple connected graph of size m. Then
DRSO(G) > v2m

Moreover, the equality holds if and only if G is reqular.

Proof. Let t = @ Then the edge contribution of the DRSO index

d(v)”
P(t) = V2 + 172

By considering the AM-GM inequality 3(a + b) > vab and letting a = ¢

become
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and b = t~2, we have
t24+¢72>2
— Vi24+t2>V2

By substituting ¢ = % and summing over all edges uv € E(G), we have

— DRSO(G) >V2m

Equality holds for any regular graph because every edge contributes v/2.

Conversely, at the edge level, we have
dw)\* | (dw))*
— — =v2
¢<d<v>) + () =

(28 (&)
d(w)

Let t = A > 0 and s = t~! > 0, then we have to solve the equations,

t? + 52 = 2 (circle) and ts = 1 (hyperbola), simultaneously. Then, (¢, s) =
(1,1),(=1,—1). The only valid solution is (¢,s) = (1, 1).

d(u) _
W) "

= d(u) = d(v).
Hence, the equality holds if and only if G is regular. |

Theorem 2. Let G be a simple and connected graph. Then

1
% SDD(G) < DRSO(G) < SDD(G)

Moreover, the left equality holds when G is reqular.

Proof. Under the conditions p,q > 0 with pg = 1, we have p? + ¢®> <
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P>+ ¢* + 2pqg = (p+ q)*. Then,

VPP + > <p+gq

From the Cauchy-Schwartz inequality (p + )% < 2(p* + ¢?), we have

1
. + < 2 + 2
7 (p+a) <Vp*+q
1
= \ﬁ‘(erq) SVPH@E <(p+q)
By letting p = ZEZ; and ¢ = % and summing over all edges uv € E(G),
we have
1 <d(u) d@)) (d(u >2 (d@))Q
—= > (st < Y —— ) 4|
\[ uwweE(G) (’U u) uwv€eE(G) d(U) d(u)
d(u) d(”))
cx (dw, 0
weE(G) (U) (u)
— % .SDD(G) < DRSO(G) < SDD(G)

When G is regular, we have d(u) = d(v) = Z(“) = 1. Thus

X (e s > (5e) - (59)

weE(G) weE(G)

L Yoo+ > VI2412
w€eE(G

\/i ) uwweE(G)
= Yy V2< ) VR

weE(G) weE(G)

Thus, the left equality holds when G is regular. |

Theorem 3. Let G be a simple connected graph and A and § be the

mazximum and minimum degrees of G, respectively. Then

1 0% + A2
OA 2

-SO(G) < DRSO(G) < + - SO(G)

| =
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Moreover, equality holds on both sides when G is reqular.

Proof. Consider the Cauchy-Schwartz inequality (a+b)? < 2(a® +b?). By

letting @ = 22 and b = 32, we have

2
vty < /7x4+y4

V2
2?+y* _ Valty!
V2zy Ty
Vel Vet b? Vit yt
\/ixy B Ty
- () oo
2zy

Since 0 < § < min{z,y} < max{z,y} <A = 0<d <z <y <A, then
x>0,y < A and it follows that

\/x2—|—y2 - \/62—1—A2
V2ry T V/28A
2 2 4 4
. <M> < VY

V25A Ty

By letting « = d(u) and y = d(v) and summing over all edges uwv € E(G),

we have
( V204 ) uvezE:(G) A dl < uv;E(G) d(u)d(v)

12+ A2
0A 2

. SO(G) < DRSO(G)

Consider the elementary inequality
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< max{z,y} -
Yy

VTR _ [Py PR
Yy

xy 2 4y

4 4
L Vgt max{m,y}.\/m
Yy

Yy -

Since min{z,y} > J, we have

zy = min{z, y} - max{x,y} > max{z,y} -
max{z,y} < 1

Then, we have

By letting « = d(u) and y = d(v) and summing over all edges uwv € E(G),

we have
d(u)* 4 d(v)4
Z w < % . d(u)? + d(v)?
weEE(Q) (U) (U) weEE(Q)
1
= DRSO(G) < 5 SO(G)
Therefore

1 82+ A2 1
= < < .
|| —5— - S0(G) < DRSO(G) < 5 - SO(G)

If G is regular, we have d(u) = d(v) = J = A =k, then

%,/% Y vaE< Y VErB< Y ViR

uveE(G) uwweE(G) uwveE(G)

= ) V2< > Ve< Y V2

uwweE(G) uwweE(G) uwweE(G)
which implies that the equality holds when G is a regular graph. |

Theorem 4. Let G be a simple connected graph and A and § be the
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mazximum and minimum degrees of G, respectively. Then

1 1
A7 - FSO(G) < DRSO(G) < & - FSO(G)

Moreover, equality holds on both sides when G is reqular.

Proof. Let x = d(u) and y = d(v) for uwv € E(G). Since § < z,y < A, we

have

52§xy§A2
AZ ~ gy — 62
/ 4 4 1
ﬁ? /x4_|_y4§m7_|_yS572 ‘/$4+y4
zry

By substituting = d(u) and y = d(v) and summing over all edges uv €
E(G), we have

2, VdWTEdeys ) ()j(f)

wweE(G) wveE(G)
Z Vd(u)* + d(v)4.
weE(G)
1 1
— 53 FSO(G) < DRSO(G) < = - FSO(G)

When G is regular, i.e d(u) = d(v) = § = A =k, then
ﬁ FSO(G) < DRSO(G) £ — - FSO(G)
Z\/2k<2\f<— > Vak

weE(G) wEE(G) weE(G)

:Zf<2f<2xf

weEE(G) weEE(G) weEE(G)
which implies that the equality holds for all regular graphs. |

Theorem 5. Let G be a simple connected graph and A and § be the
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mazximum and minimum degrees of G, respectively. Then

1
V2A

Moreover, equality on the left-hand side holds when G is reqular.

. Mi(G) < DRSO(G) < % ML(G)

Proof. Consider the Cauchy-Schwartz inequality (a+b)? < 2(a? +b%). By
letting @ = 22 and b = 32, we have

2 2
%S e

12ty Vet
V2o wy Ty
L (x+y)<vx4+y4
V2 \y z)7 ay
Since%ﬁ%and%ﬁ%,we have
Tty Ty
sy
Vot 4yt
4y < YT
\fA( y) < ”

By letting x = d(u) and y = d(v) and summing over all edges uwv € E(G),
we have

1 d(u)t + d(v)?
- uv;m(d(u) +d(v)) < WEZE@ T dwdw)
. ﬁ . My(G) < DRSO(G)

Consider a simple inequality a? + b* < (a + b)?. By letting a = 2% and
b = 42, we have

Vat+yt<a®+y?
ztHyt 2?4y
Vat+yt et 4y’

z
Ty Ty Y

LY
X
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By letting = d(u) and y = d(v) and summing over all edges uv € E(G),

we have
o ATl L ()t dw)
weEE(G) weEE(G)

—. DRSO(G) < % ML (G)

Therefore )

V2A
When G is regular, i.e d(u) = d(v) = § = A =k, we have

. Mi(G) < DRSO(G) < % MG

L (@) < DRSO(G),

T Yook ) V2

wEE(G) weEE(G)

zZ\@SZ\@

weEE(G) wEE(G)
Hence, the left equality holds when G is regular. |

Lemma 1. Let P,,C,, and S, be the path, cycle, and star graphs on n

vertices, respectively. Then for n > 3,

DRSO(P,) = V17 + (n — 3)V2
DRSO(C,,) = V2n,
DRSO(S,) = /(n —1)* + 1.
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Proof. The path graph P, has |[V(P,)] = n and |E(P,)] = n — 1 and
two types of edges E1o = {uv € E(P,)|d(u) = 1,d(v) = 2} and Es =
{uv € E(P,)|d(u) = 2,d(v) = 2} such that |E13| = 2 and |Eass| = n — 3.

Therefore,

DRSO(P) = % VAW +d@)?

weE(P,) d(u)d( )
14 +24 24 +24
+ 2.2
V1T 42
(8]l

— DRSO(P,) = V17 + (n — 3)V2

Also, we have |V(C,)| = |E(C,)| = n. Each vertex in C,, has degree 2.
Thus,

DRSO(C,) = Y (%Z;Y%%Y

w€eE(Cy)
B 2 2 N 2 2
- 2 D
— DRSO(C,) =V2n

Similarly, the star graph S,, has |V (S,)| = n and |E(S,)| = n — 1. Each
edge has degree-point (d(u),d(v)) = (1,n — 1). Thus,

DRSO(S,) = Z Vd(u)* + d(v)*

w€EE(Sy) d(u)d(v)
B (n—1)*+14
A P



152

Theorem 6. Let G be a simple connected graph. Let C, and S,, be the

cycle and star graphs on n vertices, respectively. Then for n > 3,
DRSO(C,) < DRSO(G) < DRSO(S,)

The left and right equalities hold if and only if G = C, and G = S,,

respectively.

Proof. Among all connected graphs with fixed number of vertices n > 3,

only a cycle graph (), attain the minimum number of edges.
. . . A /x4+y4
Consider the kernel function of the DRSO index ¥(x,y) = .

Ty

Since ¥ (x,y) is minimized at = y, then the minimum value of DRSO(G)
is obtained when all vertices of G have equal degrees (regular graphs). We
know that the cycle graph C,, is the unique regular graph in which every

vertex has degree 2. Hence, the lower bound is obtained. That is,
DRSO(C,) < DRSO(G)

We prove the upper bound by the principle of mathematical induction
on trees. Among all connected graphs, the highest value of DRSO(G) is
attained by a tree graph. Hence, it is sufficient to show that among all
trees, the star graph S,, attain the maximum value of the DRSO index.

Base case: From Lemma 1, S3 and Sy verify that DRSO(S,,) is the
maximum value for trees with n vertices. So the inequality DRSO(T) <
DRSO(S,,) holds for n = 3,4.

Induction hypothesis: For n = k > 3, assume that the inequality
DRSO(T) < DRSO(S}) = /(k — 1) + 1 holds with equality if and only
it T = Sk.

Inductive step: For n =k + 1, let T be any tree with k£ + 1 vertices.
Thus, T can be obtained from a tree T” on k vertices by adding a new vertex
v to some vertex u € V(T”). Let d(u) = 2. The new edge contribution is

given by
vl 1) = fa) = 2

The function f(x) is strictly increasing for > 1. Therefore, the contribu-

tion of the new edge is maximized when z is as large as possible. By the
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induction hypothesis, the tree 77 with the maximum degree is Sy, whose
central vertex has degree k —1. Hence, DRSO is maximized by adding the

new vertex to the centre of S, creating Sk41. Thus, the inequality
DRSO(T) < DRSO(Sk4+1) = VEk*+1

holds with equality if and only if T2 Sg11.

Conclusion: For all n(> 3) vertices, among all trees,
DRSO(T) < DRSO(S,,)

Since every connected graph G contains a spanning tree and addition of

new edges reduces the value of DRSO, then
DRSO(G) < DRSO(S,)
holds with equality if and only if G = S,,. Therefore,
DRSO(C,)) < DRSO(G) < DRSO(S,)

with left and right equalities if and only if G = C,, and G &£ §,,, respec-
tively. |

4 Applications

In this section, we apply the Euclidean geometric approach, degree-ratio
and the related ratio-based coordinates to formulate various novel DRSO
variants.

1° The Euclidean distance between a dr-point (%, %) and its dual ddr-

point (ﬂ f) is equals to

(G2 () -
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which is v/2 times the IRDIF irregularity index defined in [31,43] as
d(w) _ d(v)
d(v)  d(u)

IRDIF(G)= >

w€eE(G)

2° For a simple connected graph G with n vertices and m edges, the
average (equilibrium) vertex degree is given by 277” Thus, the average
(equilibrium) d-point has the coordinates (22,27)  Since z = y = 22,
then the corresponding average (equilibrium) dr-ratio point is (1,1). The
Euclidean distance between a dr-point and average (equilibrium) dr-ratio

point is given by the kernel function

1/J(x,y):\/<9yc—1>2+(i—1)2: 2oy VR

Ty

The simplified expression in Eq. (9) is the product of edge contributions of
the Albertson index Alb [2] and first Banhatti-Sombor index BSO [22]. In
this regard, we name a resulting novel index as Albertson-Banhatti-Sombor
index ABSO, defined as

|d(u) — d(v)] - Vd(w)? + d(v)?
d(u)d(v)

ABSO(G)= > (10)

uwveE(G)

This index is a novel measure of graph irregularity [1,32,43].

3° The Euclidean distance between a d-point and dr-point of a graph
leads to a novel index, which we designate as the Degree-Ratio Gap Sombor
index DRGSO defined as

DRGSO(G) = Y | <d(u) - ‘““))QJF (d(v) - %)2. (11)

weE(G d(U)

4° The Euclidean distance between a reciprocal d-point (ﬁ, ﬁ)

d(u) d(v)
d(v)? d(u)

and dr-point ( ) conceives a novel graph invariant, termed as the
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Reciprocal-Ratio Gap Sombor Index RRGSO, defined as

RRGSO(G) = Y ( %)2 + (d(lv) — ZEZ;)Q. (12)

uwveE(G)

5° Consider a square-root degree-ratio point ( zgz), ZEZ;) The
novel index proposed in [5] can be interpreted as the additive combination
of these coordinates. The absolute difference of these coordinates provides
a measure of irregularity of graphs, defined in [41]. The Euclidean distance
between the square-root degree-ratio point and origin of the coordinate
system gives a novel index, which we hereafter refer to as the Randic-
Sombor index RASO and it is defined as

d(u) d(v) d(u)? +d(v)?
RASO(G (13)
Z dv) = d(u) u)d(v)
wveE(G) quE (@)
The square-root degree-ratio point is equivalent to ( \/dL(iS;L(U) , \/d‘ff;;zl(v) ) .

At the edge level, the RASO index admits the multiplicative form of the
edge contributions of Randi¢ index [30] and Sombor index [12], hence the
name. The Modified Randi¢-Sombor index ™ RASO is defined as

MRASO(G) = Y — ()2+ PTOE

weE(G) () + d(u) weE(G)

d(u)
edge uv € E(G). Motivated by the Euclidean norm of this point and
F-Sombor FSO and modified F-Sombor ™ FSO indices [23], we define for-
gotten DRSO index FDRSO and modified FDRSO index ™ FDRSO as

2 2
6° Consider a squared degree-ratio point ((ZEZ?) ’ (d(v)) > of the

FDRSO(G) = MGXE:(G (j(:j >4 + <ZEZ§>4 (15)
S \/W

wimie  (dwd(v)”
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and

|
(]

mFDRSO(G) (16)

wweE(G)

7° The equivalent definition in Eq. (4) can be directly interpreted as the
Euclidean norm of the ratio-based point of the form ( ;, i’z) = ﬁ (22, 92).
Alternatively, we consider the Euclidean norm of another ratio-based point
of the form (;_:)y, %) = ﬁ(aﬁ, y?). Motivated by the Euclidean norm
of this point, diminished Sombor index DSO [29], and F-Sombor index
FSO [23], we formulate a novel index, henceforth referred to as the Di-
minished F-Sombor index DFSO. By letting = d(u) and y = d(v), the

index is defined as

d(u)* + d(v)*
DFSO(G) = 17
(G) = wg@ () T d(v) (17)
The modified DFSO index ™ DFSO is defined as
mDFSO@G) = Y d“‘*“W . (18)

8° Consider the ratio-based degree points of the form ( \/(% \/%>

3
and < \/3272 %). The Euclidean distance between the origin of the

coordinate system and these points conceive the following novel indices:

(i) Randié-Dharwad index RDh

RDA(G Z M (19)

wv€EE(G)
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(ii) Randié-Forgotten Sombor index RFSO

d(u)* + d(v)*

a0y (o) (20)

RFSO(G)= >
weE(G)

The edge contribution of these indices can be interpreted as the product
of the respective edge contributions of the Randié¢ index [30], Dharwad
index [18], and F-Sombor index [23], hence the name. Their modified

versions are defined as follows:

(i) Modified Randié-Dharwad index ™ RDh

d(u)d(v)
"RDh(G E A3 + do3 (21)
weEE(G) ( ) +d(1})

(ii) Modified Randié-Forgotten Sombor index ™ RFSO

d(u)d(v)

a0y 1 () 22)

MRFSO(G) = Y
weEE(Q)

d(w) /d() ) .

9° Consider a ratio-based degree point of the form ( ) " dw)

The Euclidean distance from this point to the origin of the coordinate
system lead to a novel index, referred to as Normalized Dharwad index
NDh, defined as

NDhG) = > vd oy Jr(qji) (23)

weEE(G)

The modified normalized Dharwad index ™ NDFh is defined as

d(u)d(v)

d(u)3 + d(v)3 24)

"NDh(G)= Y

uveE(G)

3 3
10° Consider a ratio-based point of the form ( d(igi);(v), d(zgi);(v)

The Euclidean distance from this point to the origin of the coordinate
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system leads to a novel index, which we propose the name Diminished
Dharwad index DDh. The index is defined as

DDNG) = Y d(u)® + d(” (25)

The modified diminished Dharwad index ™ DD#h is defined as

d(u) 4+ d(v)
mDD(G) = (26)
uvezE:G) \ u S+ d(U

11° Consider the following ratio-based degree points:

(i) d(u) d(v)
V() +d(w)’ \/d(w)+d(v)

(i) d(u)3 d(v)3
V) +d(w)’ \/d(u)+d(v)

d(u)? d(v)?
(i) (\/d(u)+d(v)’ \/d(u)er(v))

The Euclidean distance between these points and the origin of the coordi-

nate system leads to the following novel Sombor-type topological indices

(i) Root-Diminished Sombor index RDSO

2+ d(v)?

D —_ 2
RDSO(G Z T d) (27)
weE(G

(ii) Modified Root-Diminished Sombor index ™ RDSO
d(u) + d(v)
m™RD _—— 2
RDSO(G) = Y 0w  d(o)? (28)
weEE(G)
(iii) Root-Diminished Dharwad index RDDh
3+d(v)3
RDDK(G 29
Z +d(v) (29)

weEE(Q)
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(iv) Modified Root-Diminished Dharwad index ™ RDDh

_ d(u) + d(v)
RDDh(G) _MGZE:(G) T T d(0? (30)

(v) Root-Diminished F-Sombor index RDFSO

ttd(w)*

DF 1
RDFSO(G)= > T Ed(o) (31)
weEE(Q)
(vi) Modified Root-Diminished F-Sombor index ™ RDFSO
d d
mMRDFSO(G Z M (32)

d(u)t + d(v)*

weE(G)

12° Consider the ratio-based coordinates such that d(u) + d(v) > 3

0 d(w) ()
\/d (u)+d(v)—2 \/d(u d(v)—2

(i) d(u)? d(v)?
V() +d(w)—2" \/d(u)+d(v)—2

d(w)? d(v)?
(iid) (\/d(u)+d(v)27 \/d(u)+d(v)2)
Motivated by the Augmented Euler-Sombor indices AEU [27], the classical
Atom-Bond Connectivity index ABC [7], Atom-Bond Sum-Connectivity
index ABS [3], and the Euclidean distances from (0, 0) to these points, we
propose augmented Sombor-type indices and their corresponding modified

(reciprocal) versions (ABC variants) defined as

(i) Augmented Sombor index AUSO

AUSO(G) = Z M (33)

weEE(Q)



160
(ii) Atom-Bond Quadratic-Sum Connectivity index ABQS

d(u) + d(v) — 2

ABQS(G) = Y | ~yisa s (34)
weEE(Q) d(u) +d(’l})
(iii) Augmented Dharwad index ADh
d(u)? + d(v)3
ADWG) = Y | (35)
weEE(Q) d(’LL) + d(U) -2
(iv) Atom-Bond Cubic-Sum Connectivity index ABCS
d(u) +d(v) — 2
ABCS(G)= > \|=Fm s (36)
wveE(G) d(u) +d(1])
(v) Augmented Forgotten Sombor index AFSO
_ d(u)* + d(v)*
AFSOG) = ) ) T d0) 2 (37)
uwweE(G)
(vi) Atom-Bond Forgotten Connectivity index ABFC
d d(v) —2
ABFC(G)= ¥ (W) + d(v) (38)

1 1
wiBG) d(u)* + d(v)

The ABS, ABQS, ABCS, and ABFC indices form a parametric family
ABS, defined as

=
=

)+ d(v) —2

ABSUG) = 2\l + o

uwweE(G)

S

for k = 1,2, 3,4, respectively.

13° To each of the DRSO variants proposed in this paper, it is possible
to associate a “reduced” index by replacing d(u) and d(v) by d.(u) =
d(u) — 1 and d,.(v) = d(v) — 1, respectively.
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5

Conclusion

In this paper, the Degree-Ratio Sombor index DRSO and its associated

variants are introduced based on the Euclidean geometric approach. Ba-

sic mathematical properties of the DRSO index are established. Math-

ematical properties of the formulated DRSO variants are posed as open

problems. The chemical applicability of the DRSO indices and their rela-

tionship with existing indices await to be demonstrated.

References

1]

2]

[10]

H. Abdo, D. Dimitrov, I. Gutman, Graph irregularity and its mea-
sures, Appl. Math. Comput. 357 (2019) 317-324.

M. O. Albertson, The irregularity of a graph, Ars Comb. 46 (1997)
219-225.

A. Ali, B. Furtula, I. Redzepovi¢, I. Gutman, Atom-bond sum-
connectivity index, J. Math. Chem. 60 (2022) 2081-2093.

J. Barman, S. Das, Geometric approach to degree-based topological
index: Hyperbolic Sombor index, MATCH Commun. Math. Comput.
Chem. 95 (2025) 63-94.

M. Chamua, J. Buragohain, A. Bharali, Some novel neighborhood
degree sum-based versus degree-based topological indices in QSPR

analysis of alkanes from n-butane to nonanes, Int. J. Quantum Chem.
124 (2024) #€27292.

S. Dorjsembe, B. Horoldagva, Reduced Sombor index of bicyclic
graphs, Asian Eur. J. Math. 15 (2022) #2250128.

E. Estrada, L. Torres, L. Rodriguez, I. Gutman, An atom-bond con-
nectivity index: modelling the enthalpy of formation of alkanes, In-
dian J. Chem. Sect. 37A (1998) 849-855.

S. Fajtlowicz, On conjectures of Graffiti-II, Congr. Num. 60 (1987)
187-197.

B. Furtula, I. Gutman, A forgotten topological index, J. Math. Chem.
53 (2015) 1184-1190.

I. Gutman, Degree-based topological indices, Croat. Chem. Acta 86
(2013) 351-361.



162

[11]

[12]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

I. Gutman, N. Trinajsti¢, Graph theory and molecular orbitals. Total
m-electron energy of alternant hydrocarbons, Chem. Phys. Lett. 17
(1972) 535-538.

I. Gutman, Geometric approach to degree-based topological indices:
Sombor indices, MATCH Commun. Math. Comput. Chem. 86 (2021)
11-16.

I. Gutman, Sombor indices—back to geometry, Open J. Discr. Appl.
Math. 5 (2022) 1-5.

I. Gutman, B. Furtula, M. S. Oz, Geometric approach to vertex-
degree-based topological indices — Elliptic Sombor index, theory and
application, Int. J. Quantum Chem. 124 (2024) #e27346.

Y. F. Huang, H. C. Liu, On the modified Sombor indices of some
aromatic compounds, J. South China Norm. Univ. Nat. Sci. Ed. 53
(2021) 91-99.

M. Imran, R. Luo, M. K. Jamil, M. Azeem, K. M. Fahd, Geomet-
ric perspective to degree-based topological indices of supramolecular
chain, Res. Eng. 16 (2022) #100716.

V. R. Kulli, I. Gutman, Computation of Sombor indices of certain
networks, SSRG Int. J. Appl. Chem. 8 (2021) 1-5.

V. R. Kulli, Dharwad index, Int. J. Eng. Sci. Res. Tech. 10 (2021)
17-21.

V. R. Kulli, V. Lokesha, K. Nirupadi, Computation of inverse Nirmala
indices of certain nanostructures, Int. J. Math. Comb. 2 (2021) 33-40.

V. R. Kulli, Graph indices, in: M. Pal, S. Samanta, A. Pal (Eds.),
Handbook of Research of Advanced Applications of Graph Theory in
Modern Society, Global, Hershey, 2020, pp. 66-91.

V. R. Kulli, Nirmala index, Int. J. Math. Trends Tech. 67 (2021)
8-12.

V. R. Kulli, On Banhatti-Sombor indices, SSRG Int. J. Appl. Chem.
8 (2021) 21-25.

V. R. Kulli, F-Sombor and modified F-Sombor indices of certain nan-
otubes, Ann. Pure Appl. Math. 27 (2023) 13-17.

V. R. Kulli, Euler Sombor Banhatti indices, Int. J. Eng. Sci. Res.
Tech. 13 (2024) 12-45.



163

[25]

[26]

[27]

[28]

[29]

[32]

[33]

[34]

[35]

[36]

V. R. Kulli, Modified elliptic Sombor index and its exponential of a
graph, Int. J. Math. Comput. Res. 12 (2024) 3949-3954.

V. R. Kulli, Computation of modified Banhatti Sombor and modified
diminished Sombor indices of certain chemical drugs, Int. J. Sci. Res.
15 (2026) 191-194.

V. R. Kulli, Augmented Euler Sombor index of certain chemical drugs,
Int. J. Sci. Res. 15 (2026) 534-536.

H. Liu, L. You, Z. Tang, J.-B. Liu, On the reduced Sombor index and
its applications, MATCH Commun. Math. Comput. Chem. 86 (2021)
729-753.

D. T. Rajathagiri, Enhanced mathematical models for the Sombor
index: Reduced and co-Sombor index perspectives, Data Anal. Artif.
Intell. 1 (2021) 215-228.

M. Randié¢, Characterization of molecular branching, J. Am. Chem.
Soc. 97 (1975) 6609-6615.

T. Réti, R. Sharafdini, A. Dregelyi-Kiss, H. Haghbin, Graph irregu-
larity indices used as molecular descriptors in QSPR studies, MATCH
Commun. Math. Comput. Chem. 79 (2018) 509-524.

T. Réti, E. Téth-Laufer, On the construction and comparison of graph
irregularity indices, Kragujevac J. Sci. 39 (2017) 53-75.

H. Shooshtari, S. M. Sheikholeslami, J. Amjadi, Modified Sombor
index of unicyclic graphs with a given diameter, Asian Fur. J. Math.
16 (2023) #2350098.

Z. Tang, Y. Li, H. Deng, The Euler-Sombor index of a graph, Int. J.
Quantum Chem. 124 (2024) #e27591.

R. Todeschini, V. Consonni, Molecular Descriptors for Chemoinfor-
matics, Wiley-VCH, Weinheim, 2009.

H. Van de Waterbeemd, R. E. Carter, G. Grassy, H. Kubinyi,
Y. C. Martin, M. S. Tute, P. Willett, Glossary of terms used in com-
putational drug design (IUPAC Recommendations 1997), Pure Appl.
Chem. 69 (1997) 1137-1152.

D. Vukicevié, B. Furtula, Topological index based on the ratios of
geometrical and arithmetical means of end-vertex degrees of edges, J.
Math. Chem. 46 (2009) 1369-1376.



164

[38]

[39]

[40]

D. Vukicevi¢, Bond additive modeling 2. Mathematical properties of
max-min rodeg index, Croat. Chem. Acta 83 (2010) 261-273.

D. Vukicevié¢, M. Gasperov, Bond additive modeling 1. Adriatic in-
dices, Croat. Chem. Acta 83 (2010) 243-260.

F. Wang, B. Wu, The reduced Sombor index and the exponential
reduced Sombor index of a molecular tree, J. Math. Anal. Appl. 515
(2022) #126442.

X. Zhang, H. M. Rehman, M. M. Munir, Computational measures of
irregularity molecular descriptors of octahedral and icosahedral net-
works, Front. Chem. 12 (2025) #1485184.

B. Zhou, N. Trinajsti¢, On a novel connectivity index, J. Math. Chem.
46 (2009) 1252-1270.

R. Zireen, A. Mueed, Q. Rubab, S. Noureen, H. M. Ali, M. A. Ashebo,
Mathematical modeling of ferrocene dendrimers using degree-based
irregularity indices, J. Appl. Math. 2025 (2025) #8918976.



	Introduction
	Geometric interpretation of topological indices via the Euclidean metric
	Fundamental mathematical properties of the degree-ratio Sombor index
	Applications
	Conclusion

