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general connected graphs with fixed order and dissociation number,
the sharp lower bounds of the Wiener index are determined and
the corresponding extremal graphs are characterized, respectively.
Furthermore, the graphs having the maximum Wiener indices with
fixed order n and dissociation number ¢ € {2, [grﬂ ,n—2,n—1}
are also characterized, respectively.
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1 Introduction

We start with introducing some background information that leads to our

main results. Our main results will also be given in this section.

1.1 Background and definitions

All graphs considered in this paper are undirected, simple and connected.
Let G = (Vg, Eg) be a graph with vertex set Vi and edge set Eg. The
order of G is the number of its vertices, which is denoted by |Vg|. For a
given subset S C Vi, the subgraph of G induced by S is denoted by G[S].

For a vertex v € Vg, let Ng(v) be the set of its neighbors in G and
Ng[v] := Ng(v) U {v} be its closed neighborhood. The degree of a vertex
v is defined as dg(v) := |Ng(v)|. Subscripts may be omitted when no
ambiguity arises. If d(v) = 1, then v is called a pendant vertex (or a leaf)
of G, and the unique edge incident to v is called a pendant edge of G. A
vertex of G is called a quasi-pendant vertex if it is adjacent to a pendant
vertex in G. An induced path P, = v1vy...v; of G is called a pendant path,
if the degrees satisty d(vg) = d(vs) = -+ = d(vj—1) = 2 and d(vy) = 1
(note there is no requirement on the degree of v;). The distance between
two vertices v and v, denoted by dg(u,v), is the length of a shortest path
connecting them. The diameter of G, written as diam(G), is the maximum
distance between any two vertices of G.

Let Vi C Vg and E; C Eg. Then G — Vi,G — E; are the graphs
formed from G by deleting the vertices in V; and their incident edges, the
edges in Ej, respectively. For simplicity, denote G — {v} and G — {uv}
by G — v and G — uw, respectively. For two graphs G; and G4, denote by
G1 UG and G V G the disjoint union and join of G; and G4, respectively.
Furthermore, kG represents the disjoint union of k copies of G. As usual, a
path, a star, a complete graph and a complete bipartite graph with order n
are denoted as P,, Sn, K, and K., (a > §), respectively. The vertex
of degree n — 1 is called the center of S,,.

Topological indices are the graph invariants that characterize the struc-
tural properties of a graph. They play an important role in graph theory,

particularly in chemical graph theory, as these indices are capable of ef-
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fectively capturing fundamental molecular characteristics such as size and
shape [8]. In 1947, Wiener [19] introduced a profound distance-based
topological index, namely the Wiener index of a graph G, which is defined
as
W(Q) = Z da(u,v).
{u,v}CVe

Wiener index is a representative topological index in chemical graph theory.
It has been successfully applied to predict alkane boiling points and various
molecular physical properties.

The study on the Wiener index focuses mainly on the extremal problems
and a number of results have been obtained. Gutman [4] showed that P,
(resp. Sy) attains the maximum (resp. minimum) Wiener index among
all n-order trees. The extremal problems on the Wiener index among line
graphs, connected graphs, circuit and bipartite graphs were also studied,
see in [7,8,13,18].

Based on them, researchers became interested in studying the extremal
problems of the Wiener index among some graphs with given order and
other parameters. The extremal values of the Wiener index among n-
order trees with given diameter, number of branching vertices, maximum
degree and maximum degree have been determined, and the corresponding
extremal graphs characterized, refer to [1,9,14,17]. Chen et al. [3] and Li
et al. [11] determined the bounds of the Wiener index and characterized
the corresponding extremal graphs among n-order bipartite graphs with
given matching number. The study on the Wiener index and its extremal
problems also can been seen in a survey [12] and recent researches [10,22].

In this paper, we focus on studying the extremal problems of the Wiener
index among some n-order graphs with given dissociation number.

A subset S C Vg is called a dissociation set if the induced subgraph
G|[S] does not contain Ps as a subgraph. A mazimum dissociation set of
G is a dissociation set with the maximum cardinality. The dissociation
number of G, written as ¢(G) (or ¢ for short), is the cardinality of a
maximum dissociation set in G. Considerable research progress has focused
on extremal problems for graphs with given dissociation sets. Among n-

order trees, bipartite graphs and connected graphs with given dissociation
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number, the extremal problem of the Harary index, the spectral radius
and the A,-index was studied in [5,6,21], respectively. In addition, some
researchers focused on investigating the number of maximum dissociation
sets, for specific details, refer to [15,16,20].

Motivated by [5,6,21] directly, it is natural and interesting to determine
the sharp lower bounds of the Wiener index and characterize the corre-
sponding extremal graphs among n-order connected graphs (resp. bipartite
graphs, trees) with given dissociation number. Furthermore, the graphs
having the maximum Wiener indices with order n and dissociation number

v €12, [%n] ,n—2,n — 1} are also characterized, respectively.

1.2 Main results

In this subsection, we give some basic notation and describe our main
results. Let 9, , (vesp. P, Tn,,) denote the set of connected graphs
(resp. bipartite graphs, trees) with fixed order n and dissociation number
. Note that the graph is just P, for the order n = 1,2, we consider that
n > 3 in this paper.

Our first main result determine the minimum value of the Wiener index

and characterize the corresponding extremal graph in ¥, .

Theorem 1.1. Let G € 9, . If ¢ is even, then W(G) > %
with equality if and only if G = K,,_, V (£K3); If ¢ is odd, then W(G) >
w with equality if and only if G = K, _, V (“DT_lKg UKi).

The following result immediately follows from Theorem 1.1.

Corollary 1.2. If G is a connected graph of order n with the minimum
Wiener index, then G = K,,.

Our second result establishes a sharp lower bound on the Wiener index

among %, ,. The corresponding extremal graph is also characterized.

Theorem 1.3. Let G € B, ,. Then W(G) > n*+¢* —np—n with equality
if and only if G = Ky nyp.

Denote by Sy, , the tree on n vertices obtained from the star S,_, by

attaching exactly two pendant edges to each leaf of S,,_, and attaching
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Sy Sy,

n,p

Figure 1. Trees S;  and S}, .

3¢ — 2n + 2 pendant edges to the center of S,_,. Let S}, , be the set of
n-vertex trees obtained from S,_, by attaching exactly two pendant edges
or one pendant path of length two to each leaf of S,_, and then attaching
3¢ — 2n + 2 pendant edges to the center of S,,_,. Obviously, S; , €5, .

Figure 1 gives an example for S  and Sj, ,, where the ellipses indicate two

n,@
pendant edges or one pendant path of length two are attached at vertices
V1,V2y .+, Un—p41-

The next result characterizes all the trees in .7, , having the minimum

Wiener index.

Theorem 1.4. Let T € F, ,. Then W(T) > 3n? —2np — 12n + 8¢ + 9
with equality if and only if T = S},

Let S(¢1,¢2) be the tree obtained by attaching ¢; pendant edges and ¢5
pendant paths of length two to an isolated vertex, respectively. Denote by
T1(s1,t1) the tree obtained from P, by attaching one pendant edge and s,
pendant paths of length two to one leaf of Py, and then attaching t; pendant
paths of length two to another leaf of Py. Let T5(s2,t2) be the tree obtained
from P, by attaching sy and t; pendant paths of length two to the two
leaves of Py, respectively. Figure 2 gives an example for S(¢1,¢3), T1(s1,t1)
and Ty (sz2,t2). Obviously, the orders of S(¢1,£s),T1(s1,t1) and Ts(s2,t2)
are £1 + 205 + 1,2s1 + 2t1 + 5 and 2s9 + 2t5 + 4, respectively.

Our last result characterizes all the graphs in ¥, , for ¢ = 2 (resp.

%nw ,n—2,n — 1) having the maximum Wiener indices.
Theorem 1.5. Let G be a graph in 9, ,, where ¢ € {2, (%n} ,n—2n—1}.

(i) If p = %nw , then W(G) < (”;1) with equality if and only if G = P,.
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5(41762 Slatl TQ(SQ’tQ)

Figure 2. Graphs S(¢1,£2),T1(s1,t1) and T>(s2,t2)

(ii) If ¢ =2, then W(G) < § for even n, while W(G) < "22_1 for odd n.
The equalities hold if and only if G = K,, — M(K,,), where M (K,,) is
a mazimum matching of K,.

(iil) If ¢ = n — 1, then W(G) < 3"27# with equality if and only if
G = (1,252) for even n; while W(G) < LQS"JFE’ with equality if
and only if G = (O, "T_l) for odd n.

(iv) If n > 6 and ¢ = n — 2, then W(G) < 3n2=5n=8 | 19 |nd | [n-d]
with equality if and only if G =2 T, (L T J { D for even n; while
W(G) < 3n°=bn=3 4 g [n5] (1 4 2|25
if G=2Ty (L”T*E’J , ["T*E’D for odd n.

J ) with equality if and only

The remainder of this paper is organized as follows: In Section 2, we
review some definitions and preliminary results. In Sections 3-6, we give
proofs for Theorem 1.1, 1.3, 1.4 and 1.5, respectively. In the last section,

we propose some problems for future studies.

2 Preliminary results

In this section, we give some preliminary results, which will be used to
prove our main results. The following result immediately follows from the

definition of dissociation number.

Lemma 2.1. Let G be a simple graph. Then p(G) —1 < (G —v) < ¢(G)
for any v € Vg.

Bresar et al. [2] gave a beautiful lower bound on the dissociation number

of a tree, as shown below.

Lemma 2.2 ( [2]). Let T be a tree with n vertices. Then o(T) > 5.
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For a graph G, denote by P(G) (resp. Q(G)) the set of all pendant
vertices (resp. quasi-pendant vertices) of G. In particular, let Q2(G) be the

set of all quasi-pendant vertices of degree 2 in G. Huang et al. [6] obtained

an important property of the maximum dissociation set of G.

Lemma 2.3 ( [6]). Let G be a graph with order n > 5. Then there exists a
mazimum dissociation set S(G) such that P(G)U Q2(G) C S(G).

By the definition of the Wiener index, the following lemma is obvious.

Lemma 2.4. Let G be a simple connected graph. Then W (G+uv) < W(G)
for any uv ¢ Eg.

The next conclusion involve the change of the Wiener index after a

graph transformation.

Lemma 2.5. Let G1 and G be two vertex-disjoint connected graphs with
v; € Vg, and |Vg,| > 2 fori=1,2. Denote by G the graph obtained from
G1 UGy by adding an edge between vy and vo, and G’ the graph obtained
from G1 U Gy by identifying vertices v1 and ve (the new vertex is labeled
by v) and attaching a pendant edge at v. Then W(G') < W(Q).

Proof. By the construction of the graph G and the definition of the Wiener

index, we have

W@ = Y daley)+ Y de(my)+ Y dalay)

z,yeVa, z,y€Va, z€Va,,YyEVaG,

= W(G)+W(Ga) +da(vr,va) + Y, da(z,v0)
z€Va; \{v1}

+ Z dG(vl,y) + Z dG(Ivy)

yEVGa, \{v2} x€Va, \{v1},y€Va, \{v2}

= W(G)+W(G)+1+ > (dg(2,v)+1)
zGVGl\{'ul}

+ Z (1+dg,(ve,y)) + Z (da, (z,v1)

yEVG, \{v2} z€Va, \{v1},y€Va, \{va}
+1+da, (v2,9))-

Recall the definition of the graph G’ and let vy be the pendant vertex
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attached at v. One has

W@ = Y dewy+ S dale,y) +de(vo,v)

z,yeVa, z,y€Va,
+ > do(z,y)+ Y dar(vo, @)
z€Va, \{v1},y€Va, \{v2} 2€Vgr\{v,v0}
= W(G)+W(Ga)+1+ > (e, (x,v1)

z€Va, \{v1},y€Va, \{v2}

+dGz (1}2,:1./)) + Z (dG1 (Z‘,’Ul) + 1)
wEVGl\{'ul}

Y (elvay) +1).

yEVGa, \{v2}

Thus, together with the fact that |V,

>2fori=1,2, we get

W(G)—W(G) = > 1= ([Ve,| = 1)(|Vay| — 1) >0,

z€Va, \{v1},y€Va, \{v2}
which implies W(G') < W(G). This completes the proof. |
The following result immediately follows from Lemma 2.5.

Corollary 2.6. Let G be a connected graph with |Vg| > 4. Assume v €
Q2(G) with N(v) = {w,u} andw € P(G). Then W(G) > W (G —vw+uw).

3 Proof of Theorem 1.1

In this section, we give the proof for Theorem 1.1.

Proof of Theorem 1.1. Let S C Vg be a maximum dissociation set of G
and denote S’ = Vi \ S. Note that G € 4. Clearly, |S| = ¢, |S'| =n—¢.
By Lemma 2.4, the induced subgraph G[S'] = K,,_, and each vertex in
S is adjacent to each vertex in S’. Again by Lemma 2.4, we can also
get G[S] = (%Kg) if ¢ is even; while G[S] = (%KQ UKl) otherwise.
Thus, G = K,_, V (£K>) if ¢ is even; while G = K,,_,, V (42 K> UK

otherwise. Our result holds. [ |
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4  Proof of Theorem 1.3

In this section, we give the proof for Theorem 1.3.

Proof of Theorem 1.3. Assume G* is in %, with the minimum Wiener
index, whose vertex set can be partitioned into two disjoint vertex classes
X and Y. Without loss of generality, assume that |X| > |Y|. Obviously,
|X| > 4. Thus, ¢ > |X| > § since X is a dissociation set of G. So we
only need to consider that ¢ > 7 in the following. Let S be a maximum
dissociation set of G*. Clearly, ¢ = |S| > |X|.

If ¢ > |X|, then X is not a maximum dissociation set of G*. Thus,
S can be partitioned as S = X; UY, with X; € X and Y5 C Y. Denote
Xo=X\X1, V1 =Y\ Y and let | X1| = q,|Y1| = b,|X2| = ¢, |Y2] =d.
Since ¢ = |S| = | X1 UYs| > |X| > |Y], one has a > b and ¢ < d.

Recall that G* is in & , with the minimum Wiener index. By Lemma
2.4, it is easy to get that each vertex in Y; is adjacent to each vertex in
X and each vertex in Y5 is adjacent to each vertex in X5. Moreover, since
S = X7 UY5 is a maximum dissociation set of G*, the induced subgraph
G*[S] just contains P, or P; as a subgraph. Combining with Lemma 2.4,
we get there are as many matching edges as possible between X; and Y5.
Thus, G*[S] 2 dP, U (a — d)P; if a > d, while G*[S] 2 aP, U (d — a)P; if
a <d.

If a > d, then G*[S] 2 dP, U (a — d)P; and there exists a set X117 C X,
with |X11| = d such that G*[X11 U Y5] is a perfect matching. Note that
n > 3 and G* is connected. It is easy to get that max{b,c} > 1. Now we
proceed our proof by distinguishing the following three cases.

Case 1. b > 1, ¢ > 1. Obviously, the distance is 1 for vertex pairs
between X and Y7, between X5 and Y3, and for those pairs connected by
the matching edges between X717 and Y5. The vertex pairs with distance
2 are those internal to X and those internal to Y. The distance is 3 for
vertex pairs between X711 and Y5 that are not linked by any matching edge,
and for those pairs between X \ X;; and Y5. By the definition of W(G*),

one has

W(G*) = (ab+be+cd+d)+2 [(;) + (g) + (;) + (g) +ac+bd}
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+3[d(d — 1) + d(a — d)]
= (a®+b*+ 2 +d*) + (ab + 2ac + 3ad + be + 2bd + cd)
—(a+0b+c+3d).

Moreover, it is routine to check that

W(knan) = rdorarz|("77)+ ("3
= (a® + 0>+ +d*) + (ab+ ac+ 2ad + 2bc + bd + cd)
—(a+b+c+d).
Therefore,
W (Katdpie) — W(G*) = d(2 —a—b) + c(b — a). (1)

Recall that b > 1, ¢ > 1, a > b and ¢ < d, one has d > 2 and a > 2.
W(Katdpte) — W(G*) < 0 immediately follows from (1), contradicting
the choice of G*.

Case 2. b > 1, ¢ = 0. Obviously, the distance is 1 for vertex pairs
between X; and Y7 and for those pairs connected by the matching edges
between X1, and Y. The distance is 2 for vertex pairs between Y; and
Y5 and for those internal to X7 and Y;. The distance is 3 for vertex pairs
between X7; and Y5 that are not linked by any matching edge, and for
those pairs between X \ X717 and Y5. The distance between any two vertices
within Y5 is 4. Thus,

a

W (G*) =(ab+ d) + 2 K;’) + <2) + bd} +3[d(d = 1) +d(a —d)] + 4@)

=(b* 4+ a® + 2d*) + (ab+ 2bd + 3ad) — (b+ a + 4d).
Recall that ¢ = 0, one has

W(Karapie) = W(Karas) = (a® +b*+d*) + (ab+bd +2ad) — (a + b+ d)
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and W(Kq+dpte) — W(G*) =d(3—b—a—d). Note that @ > b > 1 and
d>c=0, wegetd>1and a > 2. Thus, W(Kgtap) — W(G*) <0,

contradicting the choice of G*.

Case 3. b =0, ¢ > 1. Since G* is a connected bipartite graph, thus
| X1| = |X11| = d. In this case, the distance between any two vertices within

X1 is 4. By a similar way, we can get

W(G*) = (cd+d)+2 K;) + (g) +cd} +3d(d - 1) +4<‘2Z)
& +6d* +3cd — 5d — ¢

and
W(Karapre) = W(Kag.) = ¢+ 4d* 4 2dc — 2d — c.

In view of a > dand d > ¢ > 1, we get a > d > 2. Thus,
W(Kardpse) — W(G*) = —2d*> —cd +3d = —d(2d + c — 3) < 0,

contradicting the choice of G*.

If @ < d, by a similar way, we can get a contradiction. Therefore,
¢ = |X|. Clearly, X is a maximum dissociation set of G* and by Lemma
2.4 one has G* 2 K, ,,_,. By direct calculation, we have W (K ,,—,)=n*+
»? — ny — n, our result holds. |

5 Proof of Theorem 1.4

In this section, we prove Theorem 1.4. First, we need some crucial results.

Lemma 5.1 ( [4]). Let T € 9,. Then (n —1)2 <W(T) < (";1) The left
equality holds if and only if T = S,,, whereas the right equality holds if and
only if T = P,.

Lemma 5.2 ( [6]). Let T € F,, (n > 3) and A(T) be the mazimum
degree of T. Then A(T) < 2¢ —n+1 with equality if and only if T € S

Then, we are ready to give the proof for Theorem 1.4.
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Proof of Theorem 1.4. Note that T' € 7, , and n > 3. It is easy to get
o <n-—1. If p = n—1, then Lemma 5.1 gives W(T) > (n — 1)? with
equality if and only if "= S,,. Note that S, = S ,,_;, our result holds.
Now we consider that ¢ < n — 2. We proceed by induction on n. If
3 <n <9, then it is straightforward to check that W (T') > 3n? — 2np —
12n + 8¢ + 9 and the equality holds if and only if 7= S}, ,
the following, we assume that the result holds for each tree with order less

as desired. In

than n and consider the tree of order n.

Choose T' € 7}, , (n > 10) such that W (T') is as small as possible. Let
Py = v1v9v3vy - - - v be a diametral path of T Then it follows from Lemma
2.1 that (T —v1) € {¢, v —1}. We proceed by distinguishing the following

two cases to complete the proof.

Case 1. (T —v1) = p—1. It follows from Lemma 5.2 that A(T—v;) <
2(¢p—=1) = (n—1)+ 1= 2¢ — n. Therefore,

Z dT(’l)7’()1) = Z (devl(U7U2)+1)

’L)EVT_U1 UGVT—UI
> 1+ QClT,v1 (’UQ) + 3(n — dT,v1 (’1)2) — 2)
= 3n—-5— dT—m (1}2)

> 4dn—2p —5. (2)

The equality in (2) holds if and only if dr_,, (v2) = A(T —v1) =2¢p —n
and dp_,, (v,v2) = 2 for any v ¢ Np_,, [v2]. Again by Lemma 5.2, (?7)
1 and dr_y, (v2) = 2¢ — n.

with equality if and only if 7" —v; =S5

The induction hypothesis together with (2) yields

W(T) = W({T—-uv)+ Y.  dr(v,v)

vEVr_yy
> 3n—-12-2n—1)(p—1)—12(n—1)+8(p —1) +9
+(4n — 29 — 5)

= 3n%—12n —2np 4+ 8p +9. (3)

The equality in (3) holds if and only if 7' —vy = S} _; ,_; and dr—y, (v2) =

A(T—-v1) = 2¢p—n. Note that ¢ > %n by Lemma 2.2. Then 2p—n > % > 3,
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implying (3) holds with equality if and only if "= S} .

Furthermore, we may obtain ¢ = n—2 in this case. Indeed, if ¢ < n—3,
then there exist at least two pendant vertices such that the distance between
them is 4, contradicting the fact that v lies on a diametral path of T'. So T" 2
Sy, and then W(T) > 3n* —12n—2n@ +8p+9 = W(S}; ), contradicting
the choice of T. Thus, ¢ =n —2 and W(T) > 3n? — 12n — 2np + 8p + 9
with equality if and only if T'= S} 5, as desired.

Case 2. (T —v1) = ¢. Then there exists a maximum dissociation set,
say S(T), such that v; ¢ S(T). If vy ¢ S(T), then there will exist a disso-
ciation set S'(T) = S(T') J{v1}, such that |S’(T)| > |S(T)|, contradicting
the choice of S(T"). Therefore, vy € S(T').

Now we prove that d(ve) = 3. On the one hand, if d(vs) > 4, then we
may assume {z,y} C N(vz) \ {v1,v3}. Recall that Py, = vivavgvg -« - vy is
a diametral path of T, it is obvious that both x and y are pendant vertices.
Since vy € S(T'), at most one of z and y belongs to S(T'). Without loss
of generality, we may assume y ¢ S(T). Combining with Lemma 2.3,
we can find a dissociation set S”(T) = (S(T) — {v2}) U{y, v1}, such that
|S”(T)| > |S(T)|, which is also a contradiction. On the other hand, if
d(vy) = 2, then let 7" = T — vyvg + vivs. It is easy to check T” is also
in 7, ,—2 and by Corollary 2.6 one has W(T") < W(T), a contradiction.
Thus, d(vs) = 3.

Assume that w is the unique vertex in N(v3) \ {v1,v3}. By Lemma 2.3,
there exists a maximum dissociation set S(T) satisfying |S(T)| = |S(T')| and
v, w € S(T), va & S(T). Put T" = T — vy — vy —w. Clearly, S(T)\ {v1,w}
is a maximum dissociation set of T". Thus, 7" € J,_3 ,—2. By a similar

way as the proof of Case 1, we get

Z dr(v,v1) = Z (drr(v,v3) +2)

vEV vEV

> 2+ SdT//(Ug) + 4(71 —4 — dTu(”Ug))
= 4n — dT” (’Ug) — 14
> Sn—2p— 14 (4)
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and

Z dr(v,vy) = Z (d(v,v3) + 1)

veVrn veEVrn

> 14 2dpn (1}3) + 3(n —4 —dpn (1}3))
= 3n—dp(vs) — 11
> 4n—2p —11. (5)

The equality in (4) and (5) holds if and only if 7" = S: 5 _, with
dri(vs) = A(T")=2(p—2)— (n—3)+1=2¢p—n and dy~(v,v3) =2 for
any v ¢ Nro[vs]. Clearly, dr(v1,v2) = dp(w,v2) = 1 and dr (v, w) = 2.
The induction hypothesis together with (4) and (5) yields

W(T) = W(IT")+ Y drwv,v)+ Y dr(ww)+ Y dr(v,v)

vEVrn vEV vEVrn

+dr(v1,v2) + dp(w,v2) + dr (v, w)

Y

3(n—3)2 —12(n—3) —2(n —3)(¢ —2) +8(p—2) +9

+2(5n — 2 — 14) + (4n — 2 — 11) + 4

= 3n% —12n — 2np + 8¢ + 9. (6)

The equality in (6) holds if and only if 7" = S;_5 5 with drv(v3) =
A(T") = 2¢p — n > 3, which implies "= S .

This completes the proof. |

6 Proof of Theorem 1.5

In this section, we prove Theorem 1.5. First, we give some necessary

preliminaries.

Lemma 6.1 ( [8]). Let G be a connected graph with n vertices. Then
(g) <W(G) < ("‘3"1). The left equality holds if and only if T = K,,, whereas
the right equality holds if and only if T = P,.

Lemma 6.2. If so > to > 1, then W (Ts(s2 + 1,t2 — 1)) < W(T2(s2,1t2)).
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Proof. Note that T5(s2, t2) can be obtained from T5(s2,ts — 1) by attaching
a pendant path of length two to the vertex of degree to, whereas Th(s2 +

1,2 — 1) can be obtained from T5(se,ts — 1) by attaching a pendant path
of length two to the vertex of degree so + 1. Then

W(T2(82 + 1,15 — 1)) — W(TQ(SQ,tQ))

[(243(sa+1)+4(s2+1)+5+6(ta — 1)+ 7(t2 — 1))
+(1+2(s2+1)+3(s2+ 1) +4+5(t2 — 1) +6(t2 — 1))]
—[(2+4 3tg + 4ta + 5+ 659 + Ts2) + (1 + 2to + 3ta + 4 + 5sg + 652)]

12(t2 — SS9 — 1) < O,

which implies W(Ta(s2 + 1,t2 — 1)) < W (T2(s2,t2)), as desired. |
[ ) [ —@ .
—0
T5(s3,t3) Ty(s4,t4) T5(s5,15)
Ts(s6,t6) Ty(s7,t7) Ty(ss,ts)

Figure 3. Tree T;(si, t;) (3 <1i<8).

Let T5(s3,t3) (resp. Ty(s4,t4)) be the tree obtained from Py (resp. Ps)
by attaching s3 (resp. s4) and t3 (resp. t4) pendant paths of length two to
the two quasi-pendant vertices of Py (resp. Pgs), respectively. Let T5(ss, ts5)
(resp. Ts(s6,ts)) be the tree obtained from P (resp. Sy) by attaching ss
(resp. sg) and t5 (resp. tg) pendant paths of length two to two leaves of Py
(resp. Sa), respectively. Let T7(s7,t7) be the tree obtained from S(1,2) by
attaching sy and t7 pendant paths of length two to the two quasi-pendant
vertices with degree 2 of S(1,2), respectively. Let Tg(ss,ts) be the tree
obtained from P3 by attaching one pendant edge and sg pendant paths of
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length two to one leaf of P3, and then attaching ts pendant paths of length
two to another leaf of P3. Figure 3 gives an example for T;(s;,t;) (3 < i < 8).
Obviously, |V, (s, 1,)| = 2si+2ti+4 fori € {3,6,8}, |V (s,.0)| = 25:+2t;4-6
for i € {4,7} and |V, (s5.65)] = 285 + 2t5 + 2.

Lemma 6.3. If (s4,t4) # (0,0), then
VV(T4(847 t4)) < max {W(T2(84, tq + 1))7 W(T2(84 +1, t4))} .
Proof. If s4 > t4, then s4 > 1 and direct calculation yields

W(Ty(s4,t4)) — W(To(s4,ts + 1))
= [1+2(84+1)+3(84+1)+4+5(t4+1)+6t4]
—[1+24+30ts+1)+4(ta+ 1)+ 5+ 654 + 7s4]
= 4(t4 — 284) <0,
which implies W(Ty(s4,t4)) < W(T2(s4,ts + 1)).

Otherwise, s4 < t4. Clearly, t4 > 1 and similarly we get W (Ty(s4,t4)) <
W (T5(s4 + 1,t4)). This completes the proof. |

Lemma 6.4. If min{ss,t5} > 1 and (ss5,t5) # (1,1), then

W(Ta(ss — 1,t5)), if 85 > 2;

W(T5(357t5)) < { W(T2(557t5 _ 1)), th5 2 27

Proof. Obviously, s5 or t5 > 2. If s5 > 2, then by direct calculation one
has
s t
W(Ts(s5,t5)) = (285 +2t5+1)+2 {235 +2t5 + (;) + (25”
+3[85(85 — 1) + t5(t5 — 1) + 85 + 15 + S5t5]

'
+4 K;) + (2"’) + 235155] 1 Bssts

= 6t2 + 652 + 355 + 3t5 + 16s5t5 + 1
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and

W (Ty(ss — 1,t5) = [2(s5— 1)+ 2t5 + 3] + 2 {35 P (325)

2

+2(85—1)+2t5+1]+4[( ) <s52—1)

+2(S5 — 1) + 2t5] + 5[85 -1 -+ t5 + 1)t5
+6[2(85 — 1)t5] + 7(85 — 1)t5
= 612 4 652 4 Ts5 — btg + 24ss5t5 — 3.

+(t5 N 1) 4 2} +3[(s5 — 1)(s5 — 2) + ts(ts — 1)

Thus,

W(TQ(SE) — 17t5)) — W(T5(S5,t5)) = 485 — 8t5 + 8S5t5 —4
= 4(85 - 1)(2t5 + 1)
> 0,

that is, W(T5(ss,t5)) < W(Ta(s5 — 1,t5)).
By a similar way, we can get W (T5(ss5,%5)) < W (Ta(ss5,t5 — 1)) when
ts > 2. This completes the proof. |

Then, we give the proof for Theorem 1.5.

Proof of Theorem 1.5. (i) It immediately follows from Lemma 6.1 and
p(Pn) = [3n].

(ii) Let G € 9,2 be the graph having the maximum Wiener index.
Then G does not contain 3K; or Ko U K; as an induced subgraph, which
implies dg(v) < 1 for every v € Viz, where G is the complement graph of
G. That is to say, Eg is a matching of K,,. Combining with Lemma 2.4,
we get G = K,, — M(K,,), where M (K,) is a maximum matching of K.
Some direct calculations yield that W (K, — M(K,)) = %2 if n is even and
W (K, — M(K,)) = "5 otherwise. Thus, (ii) holds.

(iii) Let G € 4, ,—1 (n > 3) be a graph having the maximum Wiener

index and let S = S7 U .S; be a maximum dissociation set of G such that
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G[S1] is a perfect matching and S is an independent set. Assume that
Vo = {v1,v9,...,u,} and S = Vg \ {v1}. Then Sz C N(v;) NP(G) since
G is connected.

If there exist two vertices, say v,—1 and v, such that {v,_1,v,} C Sa,
then we put G’ = G — v1v,—1 + VU1 and get G’ € 4, ,,_1 by Lemma
2.3. In view of Corollary 2.6, we have W(G’) > W(G), contradicting
the choice of G. Therefore, |S3| < 1. Note that G is connected, and
together with Lemma 2.4, we conclude that just one edge connects vy to
each connected component of G[S;]. This implies G & S (1, ”?’2) if n is
even and G = S (0, ”T_l) if n is odd, where S(¢1,¢5) is the graph shown in
Figure 2. Some simple calculation gives W (.S (1, "T_Q)) = 3"2_#

W (S (0, %51)) = 3n2=8n+5  Thuys, (iii) holds.

and

(iv) Let G be a graph in %, ,,_2 (n > 6) having the maximum Wiener
index and let S = S; U S3 be a maximum dissociation set of GG such that
G[S1] is a perfect matching and S is an independent set. Assume that
Vo ={v1,v2,...,v,} and S = Vg \ {v1,v2}. If [N(v1) \ {v2}| = 0, then vy
is a leaf, we can find a dissociation set S = S J{v1} with |S’| = |S] + 1,
contradicting the choice of S. Thus, |N(v1) \ {v2}| > 1. Similarly, one may
also get |N(vg) \ {v1}| > 1.

Now we prove that [N (v1) NN (v2)| < 1. Indeed, if |[N(v1) NN (v2)| > 2,
then we assume {vs,vs} C N(v1) N N(vg). If either v or vy is in Sy, we
may assume, without loss of generality, that v4 € S; and let G’ = G — vy v3.
Clearly, S is also a maximum dissociation set of G’. Otherwise, both vs
and vy are in S5. Since G is connected and n > 6, there exists a vertex, say
vs € S\ {vs,v4}, such that vs € N(v1)UN(vy). Without loss of generality,
we assume vz € N(vy). We also let G’ = G — vyv3 and it is easy to get
S is also a maximum dissociation set of G’ since {v4,v5} C N(v1). Thus,
G' €9, ,—2 and one has W(G’') > W(G) by Lemma 2.4, a contradiction.

So |[N(v1) N N(v2)| < 1 and there are at least |So| — 1 leaves in Ss.
If |S3| > 4, by the pigeonhole principle at least two pendant vertices are
adjacent to some v; (i € {1,2}). By Corollary 2.6, one has a graph in 4, ,,_2
with a larger Wiener index, a contradiction. Thus, |Sz| < 3.

When n is even, one has |Sz| € {0,2}. We proceed by distinguishing

the following two cases to complete the proof.
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Case 1. N(v1) N N(vg) = 0. By Corollary 2.6, we may get at most one
vertex in S5 is adjacent to v1 (resp. vg).

If |Se| = 2 and vy € N(v2), then by Lemma 2.4 one has G = Ts(ss, t3)
with sz +t3 = ”7_4. If s3 =t3 =0, then n = 4, a contradiction with n > 6.
If s3 =0, t3 # 0 or s3 # 0, t3 = 0, then ¢ = n — 1, which is also a
contradiction with G € 4, ,,_2. Thus, min{ss, t3} > 1. By Lemma 2.5, we
have W(G) < W(T5(ss3,t3)). Note that T5(s3,t3) is also in %, ,,_2, there is
a contradiction.

If |So] = 2 and v1 & N(vg), then G = Ty(sq,ts) with sq4 + t4 =
26 Furthermore, if (s4,t4) = (0,0), then n = 6 and G = T5(0,1), our
result holds. If (s4,ts) # (0,0), then by Lemma 6.3 one has W(G) <
max {W (Ta(s4,t4 + 1)), W(To(s4 + 1,t4))}, which implies a contradiction
since both Th(sy,t4 + 1) and To(s4 + 1,t4) are in ¥, ,,—o.

If |So| = 0 and v; € N(vg), then G = Tx(s5,t5) with s5 + t5 = "EQ.
It is easy to check that min{ss,¢5} > 1 since G € %, ,—2. In addition,
if s5 = t5 = 1, then G = T5(0,1), our result holds. If (s5,t5) # (1,1),
then by Lemma 6.4, we get W(G) < W(Ta(s5 — 1,t5)) when s5 > 2, while
W(G) < W(Ts(ss,t5 —1)) when t5 > 2, which is a contradiction since both
Ts(ss — 1,t5) and Ta(ss,t5 — 1) are in 4, p_o.

If |So] = 0 and v; ¢ N(vg), then G = To(s2,t2) with so + ty = ”774.
Therefore, G = T5 (VLT_A!J , {”T_ﬂ) by Lemma 6.2, our result holds.

Case 2. |[N(v1) N N(vz)| = 1. In this case, we obtain v; € N(vg).
Otherwise, G — vyvy is also in ¥, ,,_2 with W(G — viv2) > W(G) by
Lemma 2.4, a contradiction.

If |So| = 0, then G =2 Ts(ss, tg) with (sg, ts) # (0,0) and sg + tg = ”774.
By Lemma 2.5 one has W(G) < W(Ts(s¢,ts)), which is a contradiction
since T5(s6,t6) € Ynn—2-

If |S3] =2 and N(v1) N N(vy) C Sy. By Corollary 2.6, there is at most
one vertex in Sy that adjacent to v, or ve. Recall that G € ¢, ,,_o, one has
G = Tr(s7,17) with (s7,t7) # (0,0) and sy + t7 = ”56. Again by Lemma
2.5, W(GQ) < W(Ty(s7,t7)). Note that Ty(s7,t7) € Dn.n—2, a contradiction.

If |S2] = 2 and N(v1)NN(ve) C Sa, then G = Tg(ss, tg) with tg > 1 and
sg+tg = "7_4. Similarly, G = T5(0, tg) for sg = 0 and W(G) < W(Txz(ss,ts))
for sg > 1, a contradiction.
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By direct calculation, we have

3n%2—-5n—8 n—4||n—4
W(TZ(SQ,tQ)):2+12\‘ 1 J{ 1 —‘

Therefore, (iv) holds for even n.
When n is odd, by a similar discussion as the proof above, we can also

get (iv) holds. This completes the proof. |

7 Concluding remarks

Inspired by [5] and [21], it’s natural to consider the following interesting

problem:

Problem 1. Ezxtremal problems for the distance spectral radius of graphs

with given order and dissociation number.

Problem 2. For a set G of graphs satisfying some certain conditions,
determine min{W (G) |G € G} and max{W(G)|G € G}, and characterize

the extreme graphs which achieve the minimum or mazrimum value.

In this paper we focus on Problem 2 for G € {¥,.4, $n. oy Tn, o} Theo-
rem 1.1 (resp. Theorem 1.3, Theorem 1.4) characterizes all the connected
graphs (resp. bipartite graphs, trees) having the minimum Wiener indices
among all connected graphs (resp. bipartite graphs, trees) with given order
and dissociation number. Theorem 1.5 determines the graphs with fixed
order n and dissociation number ¢ € {2,[2n],n — 2,n — 1} having the
maximum Wiener indices.

It is nature to extend this study through examining the following

extreme graphs:

o Let G € 9, , be the graph having the maximum Wiener index with
> %n Then G is a tree.

e trees with fixed order n and dissociation number ¢; having the

maximum Wiener indices, where {%n] < <n—2;

e connected bipartite graphs with fixed order n and dissociation number

2 having the maximum Wiener indices, where {%] <2 <n—2
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e graphs with fixed order n and dissociation number @3 having the

maximum Wiener indices, where 2 < 3 <n — 2.
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