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Abstract

Topological indices are widely used for identifying structure-
property relationships due to their computational simplicity. Graph
energies are an active research area nowadays, with over a thou-
sand publications and an average of two papers published weekly.
This study has two parts. The first part aims to explore the re-
lationship between various graph energies of random tree graphs
and well-known graph structural features, and the second part uti-
lizes energies to predict the physicochemical properties of real-world
molecular graphs. For both studies, we used XGBoost and SHAP
(SHapley Additive Explanations) to build a decision-making model.
We employed the Randomised Search CV to enhance XGBoost’s
performance further. This algorithm randomly selects a set of hy-
perparameters and evaluates the model’s performance using cross-
validation, resulting in improved accuracy. According to our re-
search, XGBoost and SHAP (SHapley Additive Explanations) can
help examine the relationships between topological indices and the
structural features and physicochemical properties of drug molecules.
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1 Introduction

Many fields of chemistry require molecular descriptors to model QSPR
and QSAR. Topological indices are popular for finding structure-property
relationships due to their computational simplicity. There are hundreds of
topological descriptors. The origin of their definition parameters can easily
classify them. Degree, distance, and eigenvalue characterize topological
molecular descriptors. This study examines topological descriptors based
on eigenvalues. Molecular topological descriptors based on eigenvalues
have been prominent since HMO theory showed their physical importance.
This study emerged in the 1970s. However, eigenvalue-based descriptors
have become so well-researched that they are now considered a branch of
graph theory, graph spectral theory. Graph energies are matrix energies
of various graph forms for each symmetric graph matrix. Quantitative
chemistry calls them spectral indexes. Spectrum indexes might be single
eigenvalues or matrix spectrum functions.

More than 100 graph energies have been defined using matrices other
than the adjacency matrix [17,18]. Graph invariants based on vertex de-
grees are documented in mathematical and chemical literature [11, 24].
The incidence and Sombor energies can be defined on the incidence and
Sombor matrices, respectively. Similarly, Laplacian and Randi¢ energies
are defined over their corresponding matrices. A functional formula based
on eigenvalues can quantify each of these energies. Matrix energy is usu-
ally the sum of the absolute eigenvalues of the simple adjacency matrix,
but some other variants also exist.

Graph energies are an active study area nowadays, with over a thou-
sand publications and an average of two papers per week (according to
research data). The growth of graph energies is due to their unexpected
applications in various engineering and science fields [7,10], such as air
transportation [23], face recognition [2], protein sequence comparison [12],
high satellite resolution [1], spacecraft construction, crystallography [37],
and complex networks. Other medical uses have been found. Stevanovi¢,
D. and Stankovié [32] examined the association between simple and Lapla-

cian energy versions in graphs. Mikolaj Morzy et al. discovered the corre-
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lation between energy and centrality measurements in egocentric networks.
Shao, Yanling, et al. investigated degree-based tree energies’ upper and
lower bounds [31]. Tabassum, H. et al. studied the relationship between
Ordinary, Laplacian, Randié, Incidence, and Sombor Energies of Trees [22].

Among the many graph energy measures proposed in the literature, we
focus on five fundamental types that, when combined, provide a compre-
hensive structural characterisation of graphs. Ordinary energy is a funda-
mental spectral descriptor that captures the overall eigenvalue distribution
of the adjacency matrix [17]. Randi¢ energy emphasises branching and
chemical complexity through degree-based weighting [5], whereas Sombor
energy considers graph geometry and distance [29]. Laplacian energy re-
veals the graph’s connectedness and flow properties, as observed through
the spectrum of the Laplacian matrix [21]. The incidence energy, calcu-
lated from the singular values of the incidence matrix, reveals patterns in
edge-vertex interactions [19]. This carefully selected set, grounded in the-
oretical relevance and computational feasibility, aligns with the significant
graph categories of energy measures recognized in the literature.

This study aims to learn more about the relationship of ordinary,
Randic, Laplacian, Sombor and Incidence energies of random tree graphs
with some well-known graph features, including maximum degree, average
eccentricity, diameter, average shortest path length and mean, standard
deviation, and minimum and maximum values of betweenness centrality,
closeness centrality, and eigenvector centrality using machine learning al-
gorithms. These traits were chosen because they encompass essential ele-
ments of graph topology—degree distribution, distance metrics, and cen-
trality—that are expected to influence or correlate with the spectral prop-
erties contained in the graph’s energy. We also studied the relationship
between these five graph energies and the physicochemical properties of
molecular graphs, including boiling point, density, enthalpy, flash Point,
surface Tension, polarizability, log P, molar weight, molar volume, and
molar refraction.

This article is structured as follows: Preliminaries, including the types
of energy considered in this work, are defined in the next section. In

Section 3, we give the methodology and computational details. All five
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energies were analyzed for their relationship with fifteen features. Some
findings and discussions are presented in Section 4. In Section 5, we explore
the relationship between physicochemical properties and the five selected

graph energies. Our findings are summarized and concluded in Section 6.

2 Preliminaries

Let V(G) be a vertex set of an un-directed graph G and E(G) be an
edge set. Let n and m be the number of vertices and edges, respectively.
If the vertices u and v € V(@) are adjacent, then uv denotes the edge
between these vertices. Let d,, and d, denote degree of the vertex u and v
respectively. Graph energy is defined as the sum of the absolute value of
eigenvalues of a graph G given by E(G) = Z?Zl [Aj]- Let A1, Az, ..., Ay be
its eigenvalues [10], for each 1 < j < n, A; be the roots of the characteristic
polynomial ¢(G; z) = det(xI — A(G)) where A(G) represents the adjacency
matrix of graph G. For the graph G, its adjacency matrix A(G) = (ai;)nxn

is a symmetric matrix of order n, whose elements are defined in [9] as:

1 ifuv e E(G)
aij =

0 ifuv ¢ E(G)

TI(G) = Z ¢(duadv)

uwweE(G)

where ¢ is suitable function with the condition ¢(x,y) = &(y,x). The
graph invariants stated above are known as topological indices. Laplacian
matriz L; ; can be defined as:
d, ifi=j
Lij=4¢ —1 ifi# jand w € E(G)

0 otherwise

Let \; for 1 < ¢ < n be the eigenvalues of Laplacian matrix. The Laplacian
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energy can be defined as:

n

LE(G) =)

i=1

\ o 2m
n

where m is cardinality of edge set and n be cardinality of vertex set of G.
The Randi¢ matrix [6] given by R(G) = (rij)nxn can be defined as:

1 .
T fuwe E(G)

0 ifuv ¢ E(G)

The sum of absolute values of the eigenvalues of this Randi¢ matrix is

known as the Randié¢ energy RE(G) of the graph.

The incidence matrix I(G) of an undirected graph G has a column for

each edge and a row for each vertex.

I 1 if vertex v; is incident to edge e;
“ 0 otherwise

Incidence energy IE(G) is the sum of the singular values of the incidence
matrix I(G) that are, in turn, equal to the square root of eigenvalues of
I(G)I(G)* where I(G)I(G)! is a square matrix of order n.

The Sombor matrix, denoted by Aso(G) = (50i;)nxn, of the graph G

is a symmetric matrix having order n with the following elements:

VA2 +d2 if uww € E(G)

0 ifuv ¢ E(G)

S04 =

The sum of the absolute value of eigenvalues of the Sombor matrix so;; is
known as the Sombor energy SOE(G) of the graph.

A connected graph with no cyclic subgraph is a tree. The maximum
degree of a tree is the degree of the vertex with the highest number of

edges and is represented by A(T). The eccentricity of a vertex, denoted
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as e(V), is the greatest distance between that vertex and any other ver-
tex. The diameter of a tree, denoted as D(T), is defined as the longest
distance between any two vertices in the tree. The path length of a tree
is determined by adding up the lengths of all the paths from the root to
each node in the tree. The average shortest path length from the root to a
node is calculated by dividing the total length by the number of nodes in
the tree. Several centrality measures for real-world networks and graphs
have been introduced and investigated. The vertex properties are consid-
ered to rank them in terms of their relative importance inside the graph
or network. Betweenness centrality is a concept that measures the extent
to which a certain vertex is more central than all other vertices in a graph.
Betweenness centrality quantifies the importance of a node in a graph by
considering the shortest paths that pass through it. Within a tree, there
exists a unique path connecting any two vertices. Hence, the between-
ness centrality of a vertex v; in a tree corresponds to the count of paths
that traverse through that particular vertex. Mathematically, betweenness

centrality for a tree can be written as

C(n1,na,...,ng) = anj

i<j
The arguments n; are the total number of vertices in the branches at v;,
eliminating v;, arranged in any order. Closeness centrality, in the context
of a connected graph, refers to a measure of centrality that quantifies the

average distance between a specific vertex and all other vertices. Mathe-

matically, it can be given as
1
Celvi) = > di
v; €V

The eigenvector centrality metric considers how many connections a
vertex has (i.e., its degree) and the centrality of the vertices it is connected

to. Mathematically, it can be given as

Ce(v) = % > Cr(v))

v;€V;
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Computation of betweenness centrality, closeness centrality, and eigenvec-
tor centrality globally for the whole graph is computationally expensive.
So, To compare betweenness centrality, closeness centrality, and eigenvec-
tor centrality with graph energies over a tree, we considered mean, stan-
dard deviation, maximum and minimum of betweenness, closeness and
eigenvector centrality. Many classical graph parameters and centrality
measurements for trees can be computed efficiently. Degree, diameter, ec-
centricity, average shortest path length (via the Wiener index), closeness
centrality, and betweenness centrality are particularly conducive to linear-
time algorithms, although eigenvector centrality can be computed to any
established precision in time proportionate to edge number. The research
carried out by Chindelevitch, Leonid, et al. on tree parameters and cen-
tralities summarizes these findings, providing precise O(n) constraints for
tree computations [8]. In contrast, the proper computation of graph ener-
gies such as ordinary, Laplacian, incidence, or related energies necessitates
the whole set of eigenvalues or singular values of the associated adjacency-
or Laplacian-based matrices. To acquire the whole spectrum, standard
dense symmetric eigensolvers use tridiagonalization and QR iteration at
a cost of %ng + O(n?) floating-point operations. The cubic complexity is
described in Matriz Computations [15]. As a result, for big trees, exact
centrality measures and classical graph parameters are significantly less
expensive to compute than precise graph energies.

XGBoost, also known as eXtreme Gradient Boosting, is recognised as
one of the most renowned machine learning algorithms. Gradient boost-
ing is a machine learning methodology for many applications, such as
classification and regression. The process involves creating a predictive
model by combining several weak predictive models, usually decision trees.
Gradient-boosted trees, as a strategy, generally outperform random forests
when a decision tree is considered to be a weak learner. Like other boost-
ing techniques, it constructs the model in stages but generalizes them by
optimizing any differentiable loss function. The regularization strategy of
XGBoost sets it apart from other gradient-boosting methods by avoiding
overfitting.

We must tune a few hyperparameters affecting the model’s predictions
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while training an XGBoost model. Hyperparameter tuning is a power-
ful technique for enhancing the accuracy, precision, and other important
features in supervised learning models. It involves searching for the best
model parameters using various scoring techniques. To improve the model
performance in XGBoost, we used a technique known as Randomized-
SearchCV. RandomizedSearchCV provides the best set of hyperparame-
ters by choosing combinations at random to produce the best score. By
using this technique, we could fine-tune our model to obtain even better
results. So, using RandomizedSearchCV along with XGBoost helped us
to reach better regression accuracy for our dataset.

Cross-validation is a method that improves the precision of model pre-
diction by splitting a data sample into two distinct subsets: the training
set and the validation set. Multiple iterations of cross-validation utilize
distinctive partitions, and the model’s prediction accuracy is assessed by
averaging the validation outcomes across these iterations.

A model’s precision in machine learning is usually assessed by utilising
the mean absolute percentage error (MAPE) and root mean squared error
(RMSE). The Mean Absolute Percentage Error (MAPE) is a loss func-
tion used to quantify the magnitude of model error. The mean absolute
percentage error (MAPE) is calculated by dividing the absolute difference
between the actual and anticipated outcomes by the actual value. The ra-
tios are aggregated for all values, and then the average is computed. More
concisely, the formula for the MAPE is:

U — Yt

1 n
MAPE = - Z m

t=1

where ¥ is predicted value while y; is actual value. RMSE i.e. Root Mean

Square Error can be given as:

RMSE =

Following the selection of the most effective model from XGBoost, we uti-
lized SHAP (SHapley Additive Explanations) to evaluate the contribution
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of each graph-based feature to the prediction of the energies under consid-
eration. This interpretability analysis enhances our understanding of the
model’s decision-making process by revealing the relative relevance and
directional influence of its features. Lundberg and Lee [25] introduced
the Shapley Additive Explanation (SHAP), which has become popular
for analysing machine learning model predictions. SHAP leverages Game
Theory approaches [30] to understand how each feature contributes to
specific predictions. This technique belongs to the additive feature attri-
bution family and is model-agnostic, making it suitable for many machine
learning and deep learning models. These methods help us understand the
model’s behaviour by assigning significance to specific input features. In
the context of feature selection, SHAP-based approaches operate as fol-
lows: Classification models, such as XGBoost in this study, are trained on
the entire dataset. SHAP values are then computed for each instance. For
a model with a prediction function g(z) and K features, we can obtain

Shapley values as:

b= 3 BE D sum-as) O

PCN\i

Where the number of feature value permutations that exist before the i-th
feature value is denoted by | P|!. Likewise, (| K|—|P|—1)! represents the to-
tal number of feature value permutations after the i-th feature value. The
marginal contribution of adding the i-th feature value P is the difference
term in the equation above. SHAP values are the solutions to Equation
(1) under the assumptions: g(z,) = E[g(x|z,)]. That is, the prediction for
any subset S of feature values is equal to the predicted value of the pre-
diction for g(x) given the subset x,. These values are aggregated across
the data set to determine the average absolute value of each feature. This
method makes the computation of SHAP values more computationally de-
manding. The average SHAP value shows the average influence of each
feature on model predictions across the dataset. In contrast, the absolute
SHAP value reflects the feature’s importance regardless of its direction
(positive or negative). Sorting features by average absolute SHAP val-

ues in descending order identifies those with higher SHAP values as more
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influential in the model predictions.

3 Methodology

This section includes the outcomes of the experimental analysis of rela-
tionships of five types of energies with some graph features. The trees
considered in this work are all trees on n-vertices where n = 6,7,...,19,

that can be generated using the Python module Networkx.

Our data set consists of five energy measures and fifteen features: max-
imum degree, average eccentricity, diameter, average shortest path length
and mean, standard deviation, and minimum and maximum values of be-
tweenness centrality, closeness centrality, and eigenvector centrality, re-
spectively. To provide a clearer overview, the methodological steps are

summarized in the flow chart below.

Generate random trees and calculate five
energies along with fifteen features

Normalize independent variables Ttk one energy e tlme. as fiependem
variable to compare with features

Define the search space for the Define the XGBoost model to be tuned
hyperparameters to be tuned using Randomized Search CV.

best hyperparameters for XGBoost model hyperparameters on the training set

- —J —J

{Pcrform Randomized Search CV to find the ]:> { Train the XGBoost model with the best

Report Mean Absolute Percentage error of J <::[ Evaluate the model performance on the

the training and validation accuracies testing set using k-fold cross-validation

Summarize the feature importance ranking }

Figure 1. Flow Chart

4 Results and discussion

Using the Randomized Search CV, we discovered the following hyperpa-
rameters that improved the accuracy of the XGBoost method.
n_estimators: This parameter specifies the number of trees or rounds the

model will try to learn. We set n-estimators between 1 to 1000. The best
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estimators for smaller n, i.e., 6 < n < 10, lie between 1 to 500, while for
11 < n <19, they lie between 800 and 1000 for our dataset.

max_depth: This parameter specifies the maximum depth of each tree in
the model. For our dataset, we set max_depth between 2 to 8.

learning_ rate= 0.1: This parameter regulates the weight reduction of each
model tree. The learning process will be slower, but the potential for in-
creased accuracy is worth the wait. So, we set our learning rate between
0.1 to 0.5.

early_stopping_rounds: Parameter used for overfitting prevention. It al-
lows the model to stop if there is no improvement in the learning.
n_jobs=-1: Allow to use all available CPU cores for faster search.

These parameters, when combined, determine the architecture of the XG-
Boost regressor model utilized in the project. The key component of our
suggested dataset employing XGBoost and Randomized Search CV is the
usage of k-fold cross-validation with 10-folds for 11 < n < 19 and Leave-
one-out for 6 < n < 10. We may check the performance of our model
on many subsets of data using k-fold cross-validation, lowering the risk of

overfitting and boosting the robustness of our findings.

4.1 Feature importance via XGBoost

In the following tables maximum degree, average eccentricity, diameter,
average shortest path length and mean, standard deviation, and minimum
and maximum values of betweenness centrality, closeness centrality, and
eigenvector centrality are represented by A, avg_ecc, D, I, BCA, BCM,
BCD, BCM,CCA,CCD,CCMin, CCM, EV_CA, EV_CD, EVCMin
and EVCM respectively. We are presenting five top most features that
are important to predict the energies.
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Table 1. Feature Ranking for Ordinary Energy

Vertices Top 5 Features RMSE MAPE

Feature Name A avg_ecc D 1 BCA 0.6928 0.0805
6 importance 0.7819 0.2180 0 0 0

Feature Name BCD EV_CA avg-ecc EVCMin A 0.5333 0.0641
7 importance 0.4387 0.3084 0.1255 0.0581 0.0558

Feature Name BCD avg-ecc EVCM A EVCMin 0.4968 0.0459
8 importance 0.7397 0.0798 0.0465 0.0345 0.0290

Feature Name BCD avg-ecc EVCM A EVCMin 0.4968 0.0459
9 importance 0.7397 0.0798 0.0465 0.0345 0.0290

Feature Name BCD A avg-ecc BCM EVCMin 0.5232 0.0423
10 importance 0.6757 0.1197 0.0490 0.0377 0.0343

Feature Name BCD 1 CCA EVCM A 0.4430 0.0317
11 importance 0.5737 0.1769 0.0750 0.0388 0.0266

Feature Name BCD A avg-ecc BCM EVCM 0.3990 0.0255
12 importance 0.5408 0.2331 0.0420 0.0324 0.0309

Feature Name BCD A 1 avg-ecc CCM 0.4060 0.0232
13 importance 0.4647 0.1762 0.0781 0.0717 0.0682

Feature Name A BCD D CCM avg-ecc 0.4159 0.0222
14 importance 0.3281 0.3009 0.0846 0.0835 0.0536

Feature Name A BCD D avg-ecc BCM 0.4216 0.0214
15 importance 0.6415 0.1001 0.0976 0.0668 0.0179

Feature Name A D BCD avg-ecc BCM 0.3927 0.0180
16 importance 0.689 0.1193 0.0639 0.0331 0.0210

Feature Name A D BCD EVCM BCM 0.4078 0.0178
17 importance 0.7237 0.1213 0.0374 0.0254 0.0173

Feature Name A D EV_CD BCD EVCM 0.4053 0.0165
18 importance 0.6738 0.1398 0.0412 0.0329 0.0266

Feature Name A D BCD EVCM EV_CD 0.4361 0.0168
19 importance 0.7068 0.1519 0.0299 0.0236 0.0146

Table 2. Feature Ranking for Randic Energy

Vertices Top 5 Features RMSE MAPE

Feature Name EV_CA BCM A avg_ecc D 0.3548 0.0644
6 importance 0.5125 0.4874 0 0 0

Feature Name EVCMin A avg-ecc D 1 0.4132 0.0800
7 importance 0.6876 0.3123 0 0 0

Feature Name BCD avg-ecc A EV_CA EVCM 0.3839 0.0680
8 importance 0.4644 0.1491 0.1328 0.0841 0.0794

Feature Name BCD A BCM EVCMin EV_CA 0.4073 0.0607
9 importance 0.6049 0.1275 0.0537 0.0475 0.0472

Feature Name BCD BCM A EVCMin avg-ecc 0.4003 0.0597
10 importance 0.5522 0.0747 0.0670 0.0636 0.0571

Feature Name BCD A BCM CCMin 1 0.3460 0.0461
11 importance 0.5699 0.0727 0.0535 0.0446 0.0445

Feature Name BCD EV_CA BCM CcCM A 0.3653 0.0425
12 importance 0.592 0.0498 0.0494 0.0413 0.0379

Feature Name BCD avg-ecc BCM CCMin A 0.3486 0.0377
13 importance 0.657 0.0693 0.0395 0.0388 0.0346

Feature Name D BCD A avg-ecc BCM 0.3702 0.0361
14 importance 0.4822 0.2488 0.0675 0.0368 0.0268

Feature Name D BCD A avg_ecc BCM 0.3776 0.0357
15 importance 0.3674 0.2124 0.1853 0.0459 0.0385

Feature Name D A BCD BCM avg-ecc 0.3698 0.0322
16 importance 0.364 0.2651 0.1629 0.0373 0.0352

Feature Name D A BCD CcCM BCM 0.3791 0.0315
17 importance 0.3981 0.2360 0.1235 0.0630 0.0332

Feature Name A D BCD BCM CCM 0.3820 0.0296
18 importance 0.4297 0.324 0.0748 0.027 0.0246

Feature Name A D BCD EVCM BCM 0.4129 0.0305
19 importance 0.5478 0.2249 0.0610 0.0274 0.0252

Table 1 shows that the maximum degree and standard deviation of
betweenness centrality are the most important features to predict the Or-
dinary Energy of the graph, and the average of betweenness centrality has
null importance for almost all the trees.

Table 2 shows that the standard deviation of betweenness, diameter,

maximum degree, and the average of eigenvector centralities are the im-
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portant features to predict the randic energy of the trees.

Table 3. Feature Ranking for Laplacian Energy

Vertices Top 5 Features RMSE MAPE

Feature Name | avg_ecc A BCM D 1 1.6049  0.2100
6 importance 0.5721 0.3613 0.0664 0 0

Feature Name IN avg-ecc BCM D 1 4.9883  0.1655
7 importance 0.6903 0.2347 0.0749 0 0

Feature Name | CCMin IN BCD avg_ece D 4.0176  0.1054
8 importance 0.6264 0.2655 0.1080 0 0

Feature Name | EVCM BCD 1 N BCM 4.2856  0.0699
9 importance 0.3906 0.3206 0.0633 0.0603 0.0586

Feature Name BCD BCM CCMin  EV.CA IN 5.9038  0.0680
10 importance 0.4915 0.2931 0.0563 0.0399 0.0299

Feature Name BCD BCM IN avg_ecc ~ CCMin | 6.0416  0.0609
11 importance 0.4817 0.1552 0.0663 0.0627 0.0499

Feature Name D BCD A EV_CA EVCMin | 4.3689  0.0368
12 importance 0.2940 0.2891 0.0776 0.0575 0.0488

Feature Name D BCD A cca avg-ecc | 4.7738  0.0362
13 importance 0.3169 0.2821 0.1130 0.0407 0.0347

Feature Name IN BCD D 1 EV_CD | 57629  0.0335
14 importance 0.2807 0.2705 0.1710 0.0706 0.0325

Feature Name A BCD D 1 BCM 4.8450 0.0291
15 importance 0.5948 0.0984 0.0923 0.0538 0.0374

Feature Name A D BCD 1 EVCM 4.3769  0.0274
16 importance 0.6253 0.0924 0.0900 0.0431 0.0266

Feature Name A D BCD EVCM BCM 4.6677  0.0235
17 importance 0.7131 0.0735 0.0549 0.0286 0.0263

Feature Name A D BCD BCM EVCM 3.8564  0.0223
18 importance 0.7393 0.0731 0.0410 0.0273 0.0261

Feature Name N D BCD EVCM BCM 3.9887  0.0219
19 importance 0.7704 0.0640 0.0381 0.0252 0.0225

Table 4. Feature Ranking for Sombor Energy

Vertices Top 5 Features RMSE MAPE

Feature Name A BCM avg_ecc D T 2.4504  0.1399
6 importance 0.9806 0.0193 0 0 0

Feature Name A avg_ece BCD EV_CA  CCMin | 2.0484  0.0878
7 importance 0.8950 0.0611 0.0294 0.0126 0.0017

Feature Name A CCMin BCD avg_ece BCM 1.4829  0.0420
8 importance 0.6118 0.2646 0.0680 0.0499 0.0054

Feature Name | EVCM  awg_ecc 1 BCD IN 2.0159  0.0490
9 importance 0.2322 0.2128 0.2100 0.1295 0.0925

Feature Name A BCD 1 avg-ece BCM 2.8214  0.0549
10 importance 0.2607 0.1800 0.1612 0.1013 0.0859

Feature Name BCD EVCM ccD BCM avg_ece | 2.3123  0.0410
11 importance 0.2557 0.2169 0.0945 0.0901 0.0794

Feature Name D BCD BCM avg_ecc ~ CCMin | 1.8183  0.0252
12 importance 0.3009 0.1839 0.1127 0.0579 0.0571

Feature Name D BCD BCM A 1 1.8240  0.0261
13 importance 0.3649 0.1636 0.0694 0.0646 0.0594

Feature Name BCD D 1 N EV_CD | 2.0680  0.0224
14 importance 0.2232 0.1809 0.1144 0.0752 0.0590

Feature Name D BCD A 1 BCM 1.7455  0.0192
15 importance 0.3006 0.1542 0.1337 0.1146 0.0589

Feature Name A D 1 BCD BCM 1.5630  0.0170
16 importance 0.3638 0.1737 0.1254 0.0989 0.0521

Feature Name IN D 1 BCD BCM 1.5409  0.0151
17 importance 0.4257 0.2170 0.0640 0.0590 0.0482

Feature Name A D 1 BCD BCM 1.3990  0.0140
18 importance 0.5116 0.1578 0.0638 0.0589 0.0406

Feature Name A D EV_CD 1 BCD 1.4402 0.0134
19 importance 0.5672 0.1039 0.0636 0.0568 0.0493

Table 3 indicates that maximum degree, diameter, and standard devi-

ation of betweenness centrality are the most important features to predict

the Laplacian energy of trees. For trees on 6 and 7 vertices, average ec-

centricity is also important to predict Laplacian energy.
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Table 4 indicates that the maximum degree and diameter are the most
important features to predict the Sombor energy of trees. In the case
of Sombor energy, the standard deviation of betweenness centrality seems
least important compared to other energies. For trees on 9 and 11 vertices,

maximum eigenvector centrality is also an important feature.

Table 5. Feature Ranking for Incidence Energy

Vertices Top 5 Features RMSE MAPE

Feature Name A avg-ecc CCMin D 1 0.0264 0.0031
6 importance 0.8477 0.1436 0.0086 0 0

Feature Name avg-ecc BCD A CCMin BCM 0.0328 0.0042
7 importance 0.7374 0.1655 0.0701 0.0241 0.0027

Feature Name 1 CCA BCD avg-ecc CCMin 0.0208 0.0017
8 importance 0.7904 0.1216 0.0371 0.0211 0.0149

Feature Name 1 BCD avg-ecc A CCA 0.0077 0.0006
9 importance 0.5604 0.2412 0.1015 0.0551 0.0376

Feature Name CCA BCD 1 A avg-ecc 0.0135 0.0007
10 importance 0.5588 0.2118 0.1155 0.0803 0.0255

Feature Name 1 CCA BCD A EVCM 0.0105 0.0006
11 importance 0.4431 0.3582 0.1249 0.0561 0.0113

Feature Name A 1 BCD CCA BCM 0.0104 0.0004
12 importance 0.5549 0.3382 0.0866 0.0121 0.0018

Feature Name A 1 BCD BCM CCMin 0.0066 0.0003
13 importance 0.5831 0.3330 0.0734 0.0022 0.0017

Feature Name 1 A BCD CCA BCM 0.0082 0.0003
14 importance 0.5373 0.4024 0.0410 0.0083 0.0020

Feature Name A 1 BCD CCA EVCM 0.0069 0.0002
15 importance 0.5300 0.3914 0.0553 0.0068 0.0046

Feature Name A 1 BCD CCA EVCM 0.0073 0.0002
16 importance 0.5129 0.4099 0.0479 0.0082 0.0057

Feature Name A 1 D BCD cCcM 0.0069 0.0002
17 importance 0.4971 0.3809 0.0528 0.0258 0.0149

Feature Name A 1 D BCD CcCM 0.0074 0.0002
18 importance 0.5541 0.3380 0.0297 0.0291 0.0146

Feature Name A 1 BCD D CCM 0.0082 0.0002
19 importance 0.5620 0.3387 0.0283 0.0223 0.0134

Table 5 shows that the maximum degree and average shortest path
length are the most important features to predict the Incidence energy
of trees. In the case of incidence energy, the trees’ diameter seems least
important. For trees on 7,10, and 11 vertices, average closeness centrality

is also an important feature.

4.2 Feature importance via SHAP

To gain insights into the influence of each feature on the model’s pre-
dictions, we employed SHAP (SHapley Additive exPlanations), a unified
framework for interpreting complex machine learning models, as explained
in the last section. The SHAP summary plots of random trees Correspond-
ing to N = 6,7,...,19 are given below. The goal is to determine which
structural features have the most influence on each energy and how their

values (low vs. high) affect the model’s prediction.
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Figure 2. SHAP summary plots for energies on trees with N = 19
vertices.

Figure 2 demonstrates the SHAP summary plots for estimating Ordi-
nary Energy (OE), Randic Energy (RE), Laplacian Energy (LE), Sombor
Energy (SE), and Incidence Energy (IE). Each plot ranks features by im-
portance (vertical axis), while the horizontal axis displays the SHAP value,
which represents the impact of a feature on the relevant energy. Posi-
tive SHAP values indicate that the feature improves the expected energy,
whilst negative values indicate a decreasing effect. The colour gradient
represents the actual feature value, with red representing high and blue
suggesting low values. This enables us to see not only what features are
significant but also how their magnitude influences energy predictions. For
example, in the case of Laplacian energy, the maximum degree appears as
the most essential feature. High maximum degree values (in red) tend to
increase the Laplacian energy, as evidenced by the concentration of red
points on the right side of the SHAP axis, whereas lower values reduce
it. For ordinary energy, the higher values of BCD, CCD, and average
shortest path length decrease the prediction, while lower values increase
it. Centrality measures of betweenness and closeness are also essential and
follow the same trend as the maximum degree; higher BCD and CCM val-
ues increase the prediction, while lower values decrease it. Similarly, with
Sombor Energy, metrics such as the standard deviation of betweenness
centrality (BCD), the maximum of closeness centrality (CCM), and the

average shortest path length follow the same pattern, with higher values
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indicating increased energy.

In contrast, Incidence Energy exhibits low overall SHAP values across
most features, indicating that it is relatively insensitive to structural vari-
ation in trees of this size. These findings show that graph energies respond
differently to structural parameters, with ordinary, Randic, Laplacian, and
Sombor energies being more susceptible to changes in centrality and con-
nectedness, while incidence energy remains relatively stable. Given below
are all the Plots of SHAP analysis plots for N =10 and 15.
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Figure 3. SHAP summary plots for energies on trees with N = 10
vertices.

Figure 3 shows in all models, betweenness-based measures (such as
BCD and BCM) are always the most important predictors. Maximum
degree is significant for ordinary, Sombor, and incidence energies. On
the other hand, eigenvector- and closeness-based measurements are more
critical for Laplacian and Randi¢ energies. Average shortest path length
and eccentricity show considerable importance, especially when it comes
to incidence energy. Laplacian energy is the most sensitive to changes in

features, whereas incidence energy is the least sensitive.
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Figure 4. SHAP summary plots for energies on trees with N = 15
vertices.

The SHAP analysis for N = 15 (Figure 4) shows that betweenness-
based descriptors (like BCD) and distance-related measurements (like av-
erage shortest path length and average eccentricity) are always the most
important across all energy types. The maximum degree still has a signif-
icant effect, especially on ordinary and Laplacian energies. On the other
hand, Sombor and incidence energies put more weight on path-based and
betweenness metrics. The predictive models at N = 15 show more appar-
ent feature importance separation than those at N = 10. BCD and average
shortest path length stand out as strong universal predictors. Laplacian
energy still shows the most sensitivity to features, whereas incidence en-
ergy is still not very sensitive. This indicates that different spectral ener-
gies have different dependence patterns. The next Section 4.3 explains the

theoretical background of these dependence patterns.

4.3 Theoretical justification of feature importance

The results of the importance of the features derived in Sections 4.1,4.2
can be explained by the established principles of spectral graph theory. In
this section, we point out critical mathematical relations that explain why
some structural properties turned out to be the best predictors of graph
energies. Throughout this discussion, stars and paths are frequently men-

tioned because they are the extreme instances for many spectral quantities:
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among all trees with n vertices, stars typically maximize graph energies
and eigenvalue bounds, whereas paths minimize them. General trees inter-
polate between these two extremes, resulting in the most important predic-
tors being characteristics that separate star-like from path-like structures
(such as degree distribution, standard deviation and betweenness, and di-

ameter).

Maximum degree. The maximum degree A(G) is a common determi-
nant of spectral behaviour across different energies. Because /A(G) <
M(G) < A(G) [9] and E(G) = 3, |\ is dominated by Aq, stars (A =
n—1) maximise energy while paths (A = 2) minimise it [17]. For Laplacian
and incidence energies, Apax(L) < 2A (Merris [26]), and since IIT = L,
the same bound also governs incidence spectra. In the Randi¢ energy sce-
nario, degree heterogeneity causes spectral spread. Edges are weighted
1/ \/W7 thus both large A and imbalance between high- and low-
degree vertices enhance eigenvalues [6]. In case of the Sombor energy,
edge weights scale as \/W , hence the effect is quadratic, making
A disproportionately influential [20]. Although each energy has separate
spectral definitions, their shared reliance on A(G) justifies its consistent

top importance.

Betweenness centrality. Because trees have unique paths between each
vertex pair, betweenness reflects the structural imbalance between stars
and paths. The betweenness centrality of a vertex is defined as BC(v)
= #{vertex pairings whose unique path contains v}. In ordinary, Lapla-
cian, and incidence energies, extremal studies indicate that stars maximise
spectra and paths minimise them. The variance or standard deviation of
betweenness measures this differentiation. For Sombor energy, core hubs
(high degree vertices) contribute edges with excessive /d(u)? + d(v)? we-
ights, which are enhanced by high betweenness. For Randi¢ energy, star-
like topologies with a dominant hub shift the eigenvalue distribution com-
pared to balanced path-like graphs, as most terms involve 1 /\/m .
Thus, the distribution of betweenness values consistently indicates the tree

design that produces energy extremes in all five definitions..
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Diameter and eccentricity. Graph compactness, as assessed by di-
ameter and eccentricity, is strongly related to spectral bounds. For Lapla-
cian and incidence energies, Mohar’s inequality Apax(L) > n/diam(G) [27]
guarantees that small diameters deliver large eigenvalues. For ordinary en-
ergy, this translates into higher A\; and so higher energy. In Randi¢ and
Sombor energies, compact structures enhance spectral weights. In Randi¢,
degree-normalized weights accumulate at the hub of stars (minimum di-
ameter), while in Sombor, hubs with severe eccentricity values further
amplify \/m . Thus, diameter and eccentricity are appropriate
combined predictors across all energies.

Average Shortest path length. Average shortest path length is di-
rectly proportional to distance-based indices. For Laplacian energy, it
connects to the Wiener index W(G) = 3y, 3 d(u,v), which admits a
Laplacian spectral decomposition (Merris [26]). Shorter pathways corre-
late with bigger Laplacian eigenvalues. Ordinary and incidence energies
share this dependence since their spectra are likewise influenced by com-
pactness. Graphs having a small diameter and a short average path length
are considered more compact. Stars are the most compact trees (diameter
= 2, average shortest path length around 2). Paths are the least compact
(diameter = n — 1 and average shortest path length ~ n/3).Shorter paths
in Randi¢ and Sombor are associated with degree imbalance, resulting in
more heterogeneity in 1/ \/W In Sombor, path length reductions
coincide with edge weights dominated by significant degrees. Thus, aver-
age shortest path length serves as a unifying distance-based explanation

of energy fluctuation.

Other Centrality measures. The relevance of closeness centrality in
ordinary, Laplacian, and incidence energies reflects the same compactness
principle because it is inversely related to eccentricity and average shortest
path length. Eigenvector centrality is formally defined as the Perron vector
associated with the adjacency spectral radius Ay, i.e., A(G)z = Az with
x > 0. It directly reflects ordinary energy and indirectly reflects Laplacian

and incidence energies. While eigenvector centrality’s predictive contri-
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bution overlaps with A(G), it once again identifies hubs for Randi¢ and
Sombor. As a result, these centralities are theoretically consistent with
the observed XGBoost rankings, although not as dominant as degree or

path-based measures.

Conclusion. In conclusion, the importance feature rankings determined
by XGBoost have been supported by solid findings from spectral graph
theory. Centrality measurements strengthen degree- and distance-based
dependencies, diameter and average shortest path length reflect compact-
ness effects, and maximum degree and betweenness variance differentiate
between star-like and path-like extremes. Tables and graphs in Sections
4.1, 4.2 show comparable patterns in feature importance, which can be
explained by the simultaneous application of these structural principles to
ordinary, Laplacian, incidence, Randi¢, and Sombor energies. After using
XGBoost and SHAP to predict energies, we employed the same approach
to predict the physicochemical properties of pharma- ceuticals and chem-
ical compounds. The method involves using molecular graphs of alkanes
(tree-like structures) to determine the five energies that were previously
used. These energies are then used as descriptors for predicting physical

and chemical properties, such as boiling and melting points, etc.

5 Molecular properties prediction of alkanes

using graph energy descriptors

In theoretical chemistry, quantitative structure—property relationship
(QSPR) investigations are crucial because they facilitate the estimation
of the physicochemical and thermodynamic properties of molecular struc-
tures, particularly organic molecules. These predictive models utilize ad-
vanced mathematical and computational methodologies [3]. The concept
of a ”pathnumber,” defined as the sum of pairwise distances, was initially
introduced by Harold Wiener [36] to predict the boiling points of alkanes.
In graph theory, this measure was later formalized as the Wiener index.

In recent years, structure-based molecular descriptors have been employed
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in QSPR modeling because they deliver the required mathematical frame-
works. These invariants convert the molecular structure [16], omitting
hydrogen atoms, into numerical values that capture significant chemical
features. The evaluation of graphical invariants to determine their effec-
tiveness in predicting physicochemical and thermodynamic properties has
been a focal point of modern mathematical chemistry research. This tech-
nique filters out descriptors with lower predictive power while emphasizing
those with enhanced predictive value.

Therefore, the goal of this section is to develop a quantitative structure-
property-activity relationship (QSPR) between topological indices (ener-
gies) and specific physicochemical characteristics of alkanes to evaluate
their effectiveness. We chose these compounds because of their noncyclic
and tree-like structure. The list of alkanes included to predict physico-

chemical properties are given in Table 6 below.

Table 6. List of alkanes included in the study

Names of alkanes

3-Methylpentane

2-Methyl-3,3-
diethylpentane
2,3,6-Trimethylheptane

2,2-Dimethyl-3-
ethylhexane

2,3,3,4-
Tetramethylhexane
2,2,4,4-
Tetramethylhexane
2,3,3-Trimethylheptane

3,4,4-Trimethylheptane
2,2,3,5-
Tetramethylhexane
4-Methyl-4-ethylheptane

3,3-Diethylhexane
2,4,6-Trimethylheptane
2,3-Dimethyl-4-

ethylhexane
2-Methyl-5-ethylheptane

2,3-Dimethyl-3-
ethylhexane

2,3,4,4-
Tetramethylhexane
3-Methyl-5-ethylheptane

2,3,5-Trimethylheptane

2,3,4,5-
Tetramethylhexane
2,2.5,5-
Tetramethylhexane
2,5-Dimethyl-3-
ethylhexane
2,2,6-Trimethylheptane
3,3,5-Trimethylheptane

2,2,3,4-
Tetramethylhexane
4-Methyl-3-ethylheptane

3,3,4,4-
Tetramethylhexane
2,4,5-Trimethylheptane

2,4,4-Trimethylheptane

2,2-Dimethyl-4-
ethylhexane

2,3,3,5-
Tetramethylhexane
2-Methyl-4-ethylheptane

2,3,4-Trimethylheptane
3,4-Diethylhexane
2,245
Tetramethylhexane
3,3,4-Trimethylheptane
2,2,5-Trimethylheptane
2,5,5-Trimethylheptane
3,3-Dimethyl-4-
ethylhexane
3-Methyl-3-ethylheptane

2,4-Dimethyl-3-
isopropylpentane

The methodology involves using molecular graphs of alkanes to calcu-

late graph energy values. We represent each chemical structure of alkanes
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as a graph and use adjacency, degree, and incidence matrices to figure out
energies like ordinary, Randic, Sombor, Laplacian, and incidence energies.
After that, these indices are combined with physicochemical properties,
such as molecular weight, melting point, and boiling point, to create the
final dataset. Next, the dataset is processed through an XGBoost-based
pipeline that produces feature and target matrices, utilises randomised
cross-validation to determine the optimal hyperparameters, and employs
RMSE and MAPE to evaluate model performance. Lastly, SHAP values
are calculated to help understand the model, indicating which features are

essential and how easily the results can be interpreted.

5.1 Feature importance via XGBoost

The XGBoost algorithm was used to model the relationship between five
graph energy-based features: Organizational Energy (E), Randic Energy
(RE), Laplacian Energy (LE), Sombor Energy (SOE) and Incidence En-
ergy (IE) and 7 molecular graph physicochemical properties, including
boiling point (BP), flash point (FP), surface tension (ST), polarizability
(Pol), log P (P), molar weight (MW), molar volume (MV), and molar re-
fraction (MR). To improve the model performance, a hyperparameter tun-
ing technique was created using RandomizedSearchCV, which efficiently
explores the parameter space to find the optimal configuration. Following
training, the model generated a preliminary ranking of feature importance
using its gain metrics. This ranking, as shown in Table 7, revealed which
energy descriptors were most important in making accurate predictions for
each physicochemical property.

Table 7 shows how vital spectral energies are for predicting physico-
chemical qualities, as well as their error metrics. For the boiling point,
ordinary energy OE is the most important predictor 0.712678, followed
by Randié¢ energy RE (0.227154), while other indices (LE, IE, SOE) only
add a little bit. For surface tension, OE is again the most critical factor
(0.560375), although IE and RE also play essential roles, followed by SOE
and LE, which have less critical roles. OE (0.999152) is the only descrip-
tion that has a significant effect on polarisability. All other descriptors

have minimal impact. Molar volume also depends almost entirely on OE
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Table 7. Feature Ranking for Physicochemical Properties

Property 1st 2nd Feat ul';rl;anking ath 5th RMSE MAPE
Boiling Point 0.7(1)2E678 0.21;5154 0.0§(5E974 0.0?3259 0.(?(%;:36 2512105 0.012415
Surface Tension 0.52(%75 0.2?2113 0.1§2E365 0.(?5%223 0.0§2E724 0.535977  0.016189
Polarizability 0.9(9);3152 0.051(?262 0.013(113209 0.015(?188 0.(?0(())?88 0.048603 0001752
Log P 0.7(30%161 0.253473 0.(?000548 0.05}5018 o.olg(i)oo 0.099854  0.007165
Flash Point 0.822El42 0.1?7%74 0.05?266 0.0?3013 0.5004;305 3.324495 0068485
Molar Volume 0.985%)29 0.(?00()]51:85 0.0(%454 0.0](;(?033 0.05(])%33 0.001312  0.323856
Molar Refraction 0.52)’];56 0.(?;381 0%];:)5 (?8(51 0‘(1)'(]%9 3.0273 0.0331

(0.999029), with just minor effects from SOE, IE, and LE.

For Log P, OE is still the most critical factor 0.760461, followed by
Laplacian energy LE (0.239473). SOE, IE, and RE have minimal effect.
OE (0.822142) is the main factor that determines flash point prediction,
followed by RE (0.137374). LE, IE, and SOE have only minor effects. OE
(0.96756) is the main factor that affects molar refraction. IE (0.0181) and
RE (0.005) also have minor effects, while SOE and LE don’t matter much.

The error measures back up these ranks. The predictions for Log P
RMSE = (0.099854, MAPE = 0.007165), polarizability with (RMSE =
0.048603) and (MAPE = 0.001752), Surface Tension (RMSE =
0.535977), and (M APE = 0.016189), Molar Refraction (RMSE = 3.0273,
MAPE = 0.0331) and boiling point (RMSE = 2.512105, MAPE =
0.012415) make good predictions. The flash point and the molecular vol-
ume, on the other hand, have the highest prediction error (RMSE =
3.324495, MAPE = 0.068485) and (RMSE = 0.001312, MAPE
0.323856), indicating that the model performs less effectively for this fea-
ture.

In general, the data show that OE is always the most critical descriptor
for all physicochemical characteristics. This shows how important it is in
spectral-property correlations. Other energies, including RE, IE, and LE,
only affect specific properties, while SOE usually has a negligible effect.
The fact that OE always wins shows that it is strong and dependable as a

universal predictor for modelling physicochemical behaviours.
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5.2 Feature importance via SHAP

SHapley Additive exPlanations (SHAP) were used in the second phase
to gain a more in-depth and interpretable understanding of the model’s
decision-making process. SHAP values for each physicochemical property
were calculated and averaged to produce an improved ranking of the five
graph energy features. The plots in Figures 5 and 6 illustrate this SHAP-
based ranking, which offers a clear perspective on the influence of features

across all target properties.
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Figure 5. SHAP Summary Plot for Predicting Boiling Point, Surface
Tension, Plarizability, Log P
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Figure 6. SHAP Summary Plot for Predicting Flash Point, Molar Vol-
ume, Molar Refraction

Figure 5 and 6 show SHAP summary charts that show how spectral
energies affect the prediction of four physicochemical properties: boiling
point (BP), surface tension (ST), polarisability (Pol), LogP (P), Flash
Point (FP), Molar Volume(MV), and Molar Refraction (MR). Each plot
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shows the SHAP values for each feature and ranks them by importance.
The colour of the feature value (blue = low, red = high) represents the
magnitude of the feature value. OE is the primary descriptor for boiling
point, and large values always push the forecast up. RE has a smaller but
still noticeable effect. The other indices (LE, IE, and SOE) have little to
no effect. When it comes to surface tension, both OE and IE have a role,
but OE is the more decisive factor. RE, LE, and SOE have effects that
are not as strong as those of the other categories. OE explains practically
all of polarizability, and the other descriptors don’t add anything to it.
This shows how much more important OE is than the others in feature
ranking. LogP is mainly controlled by OE, with LE having a small but
helpful role. SOE, RE, and IE are still on the edge of the distribution.
The SHAP analysis backs up what we saw in Table 7 by showing that
OE always has the most significant positive effect on model predictions,
whereas other energies (RE, IE, and LE) only affect specific properties.
This strengthens OFE’s position as the primary spectral determinant of
physicochemical behaviour.

The SHAP summary plots for Flash Point (FP), Molar Volume (MV),
and Molar Refraction (MR) show that overall energy (OE) is the most crit-
ical factor in making predictions. For FP, OE, and Randic energy (RE)
are the most essential descriptors, while Laplacian energy (LE), Sombor
energy (SOE), and incidence energy (IE) have minimal effect. For MV,
OE alone has almost all of the prediction power, while other characteristics
have minimal impact. For MR, OE remains the most critical factor, with
only minor secondary effects from IE and SOE. LE and RE, on the other
hand, are still not very important. These results show that ordinary en-
ergy OE is always necessary for varied physicochemical parameters, which

strengthens its ability to predict.

6 Concluding remarks

Our study examines the characteristics of diverse graph energies within
the framework of random trees. Graph energy refers to the energy of a

symmetric matrix that depicts a tree topology. A variety of matrix types
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can be used to represent a random tree. For example, adjacency, Randic,
Laplacian, Sombor, and incidence matrices all give different energy val-
ues. When these energy values are used to describe the whole structure
of a random tree, they don’t provide much information, which could lead
to confusion. Graph energy gives a vertex a unique description that goes
along with topological properties like degree and distance-based traits like
betweenness and average shortest path length. It is crucial to note that
calculating centrality measures for the complete tree is computationally
expensive, so we chose the standard deviation, maximum, minimum, and
average of these values for ease of use. We observed a substantial associ-
ation between graph energy and characteristics such as maximum degree,
the standard deviation of betweenness centrality, and the diameter of ran-
dom trees. The maximum degree is the most essential factor in estimating
the energies of all the points since the energy of a graph is the sum of the
energies of its vertices. This means that vertices with a higher degree add
more energy to the tree.

In the second half, we used graph energies to predict properties such
as boiling point, surface tension, polarizability, logP, flash point, molar
volume, and molar refraction for alkanes. Our study, strengthened by fea-
ture ranking and SHAP values, consistently identified ordinary energy as
the primary descriptor. In contrast, other energies such as Randic, Lapla-
cian, incidence, and Sombor contributed in a property-specific manner,
although of lesser significance. This shows that total energy is a flexible
and dependable way to forecast molecule attributes, giving energy-based

modelling both accuracy and interpretability.
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