M A I C H MATCH Commun. Math. Comput. Chem. 96 (2026) 1079-1096
ISSN: 0340-6253

Communications in Mathematical .
and in Computer Chemistry doi: 10.46793/match.96-3.32825

On Extremal Graphs with Respect to the

Atom-Bond Sum Connectivity Index

Swathi Shetty, Billava Ramanna Rakshith*, Sayinath
Udupa Nagara Vinayaka

Manipal Institute of Technology, Manipal Academy of Higher Education,
Manipal, India
swathi.dscmpl2022@learner.manipal.edu, ranmsc08@yahoo.co.in,

rakshith.br@manipal.edu, sayinath.udupa@manipal.edu

(Received December 15, 2025)

Abstract

Recently, Ali et al. [1] posed several open problems concerning
extremal graphs with respect to the atom-bond sum connectivity in-
dex. These problems involve characterizing graphs that attain the
maximum ABS index within specific graph classes, including: (i)
connected graphs with n vertices and p cut-vertices; (ii) connected
graphs of order n with vertex k-partiteness vi(G) = r; and (iii)
connected bipartite graphs of order n with a fixed vertex connectiv-
ity k. In this paper, we provide complete solutions to all of these
problems.

1 Introduction

Throughout the paper, G stands for a graph on n vertices without any
loops and multiple-edges. As usual, we denote the vertex set and the edge
set of G by V(G) and E(G), respectively. Two adjacent vertices v; and

v; are represented as v; ~ vj;, or i ~ j. The degree of a vertex v; in G
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is denoted as dg(v;)/d(v;). We use the notation fg(u,v) to denote the

2
quantity \/ 1 — ———————. The vertex connectivity k of GG is the car-
da(u) + da(v)

dinality of a minimum vertex cut set. The vertex k-partiteness of G, vi(G)
is the minimum number of vertices whose removal results in a k-partite
graph. Topological indices, a well-known class of graph invariants, are nu-
merical values derived from the structure of a graph. In molecular graph
theory, these indices are widely used as they often reflect the physicochem-
ical properties of the corresponding molecules. For some recent studies on
topological indices, see [4,6]. The atom-bond sum connectivity index,
commonly known as the ABS index, is a recently introduced topological

invariant that has quickly attracted significant attention. It is defined as

2
ABS(G) = 2z |
@ uvezE:(G) ! d(u) + d(v) WEZE:(G) fa(u,v)

The chemical relevance of the ABS index is explored in [2], while its
extremal values and bounds are investigated in [7,8].

Recently, in the review paper [1], Ali et al. listed known bounds and
extremal results related to the ABS index. They also stated several new
extremal results that follow easily from existing general findings. Fur-
thermore, the authors posed several open problems concerning extremal
graphs with respect to the ABS index. These problems involve character-
izing graphs that attain the maximum AB.JS index within specific graph
classes, including: (i) connected graphs with n vertices and p cut-vertices;
(ii) connected graphs of order n with vertex k-partiteness vy (G) = r; and
(iii) connected bipartite graphs of order n with a fixed vertex connectivity
k. Motivated by these works, in this paper, we provide complete solutions

to all of these problems.

2 ABS index of graphs with the given num-

ber of cut-vertices

Let VP be the collection of all connected graphs of order n with p number
of cut-vertices. We need the following theorem to prove our results in this

section.
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Theorem 1. [1,9] If G is a graph attaining the maximum ABS index in
VP then every block of G is a clique and every cut-vertex of G is contained

in exactly two blocks.

Lemma 1. Let G be a graph that attains the maximum ABS index in
VP. Then G is either the path graph P, or it can be formed by attaching
one of the end vertices of a path P' (with a length of at least 1) to a
vertex u; of the complete graph K, _, (with vertex labels ui,usa, ..., Up—p)
for 1 <i <k, wherel <k <n-—p.

Proof. By Theorem 1, every block of G is a clique and every cut-vertex of
G is contained in exactly two blocks. Let H; = K, and Hy = Kg be the
two largest cliques in G, where o > 3 > 2. Assume that § > 3.

Case 1: Suppose H; and Hs share a common cut-vertex, say x of G. Let
y be a vertex of minimum degree in Ho\{z}, and z be a vertex of Hy that
is different from the vertices x and y. Let G’ be the graph obtained from
G by removing all the edges of Hs which are incident with y except the
edge zy, and then joining each vertex of Ho\{z,y} with every vertex in
Hi\{z}. Then d¢(u) = dg(u) + 5 — 2 for u € V(Hy)\{z}, and dg/ (w) =
dg(w) + a—2 for w € V(Ho)\{z,y}. Also, dg(z) =dg(z) =a+ 03— 2.
Importantly, the cut-vertices of G and G’ are essentially the same. Let
Q = (B(G) N B(@)\{ay} and @1 = (E(G) N E@)\ay, vy : ¢ ~
y, v ¢ V(Hs2)}. We now consider the following subcases.

Subcase 1.1: The vertex y is not a cut-vertex of G. Then dg(y) =8 -1
and dg(y) = 1. Therefore, ABS(G) — ABS(G")

=3 (fetww) ~ fortww) + Y folwy)

uw e w:weV (Hz)\{y}

(% > folww) - foley)

wueV(H)\{z} wweV(H)\{z,y}

< > fe(w,y)

wiweV (Hz)\{y}

— Z Z far(u,w).

wueV (H)\{z} wweV(H2)\{z,y}
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Since dgr(u) + dar(w) > dg(u) + dg(y) and [V(Hy)| = 3, ABS(G) <
ABS(G’), a contradiction.

Subcase 1.2: The vertex y is a cut-vertex of G. Then dg(y) < 28 —
2 and de/(y) < B. Let uy (# z) be a vertex in Hy. If |V(Hz)| > 4,
then V(H2)\{z,y,2} # 0. Let wy be a vertex in V(Hz)\{x,y,z}. Then
ABS(G) — ABS(@)

= Y (fe(w,w) = far(ww)+ Y. falwy) = for(z,y)

wweN w:weV (Ha)\{y}
- > > for(ww)+ > (fay,y) = for(w:y))
wu€V (Hi)\{z} wweV(Hz)\{z,y} Yyl ~y
y/ ¢V (Hg)
< > fe(w,y) — > fer(w, u1)
wweV (H2)\{y} wweV (H2)\{z,y}
+ Z fG(y7yl) - Z fG'(u7 Z)
y'y'~y wu€V (Hy)\{z,u1}
y' ¢V (Hg)
- Z fG’ (u7 wl)' (1)

wueV (Hy)\{z,u1}

Since |V (Hy)| > |V(H2)| > 4, and dev (w) + dgr(u) > da(w) + da(y),
da(y)+da(y) for u € V(Hy)\{z}, w € V(H2)\{y}, and y ~ ¢/ in G, from
equation (1), we get ABS(G) < ABS(G'), a contradiction. Otherwise
|V (Hz)| = 3. In this case, ABS(G) — ABS(G’) <

Yo felwy)— > forluz)

wwe{x,z} wu€V (Hy)\{z}

+ Y feWw) = Y foy) = foy). (2)
Yy ~y Yy ~y
y/ ¢V (H) y/' ¢V (Ha)

The sum of the first two terms in (2) is not positive, and it is easy to
verify that the sum of the last three terms is negative. Thus, ABS(G) <
ABS(G'), again a contradiction.

Case 2: Suppose H; and H, do not share a common cut-vertex. Let x
be a cut-vertex of G in Hs, and let y be a vertex of minimum degree in
Hy\{z}. Let G’ be the graph obtained from G by removing all the edges
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of Hs that are incident with either x or y, except the edge zy, and then
joining each vertex of Ha\{x,y} with every vertex in H;. Then the cut-
vertices of G and G’ are essentially the same, and by a similar argument

to that of Case 1, we end up with a contradiction.

Thus, 8 = 2. Since every block in G is a clique, G is either a path graph P,
or it can be formed by attaching one of the end vertices of a path P? (with
a length of at least 1) to a vertex w; of the complete graph K,,_, (with
vertex labels uy, ug, ..., up—p) for 1 <i <k, where 1 <k <n —p. [ |

Graphs KP: Let n > 3 and 0 <p <n —2. If n > 2p, then KP? is obtained
by attaching p pendant vertices to p vertices of the complete graph K,,_,,.
Otherwise (n < 2p), the graph K2 is formed by attaching n—p—1 pendant
vertices to n — p — 1 vertices of K,,_p, and then a path of length 2p —n 41

is attached to the remaining one vertex of K, _,.

\——-‘-. / \_--L. /

. s . ~

4 A ’ .
o—q ) —d¢

\
I K, P r—° [} K, _ P v v * * *
\ U \ U

) 4 .
/~~.l-"' /N._I__f'\

Figure 1. Graphs K}, for n > 2p (left) and n < 2p (right).

Theorem 2. Let G € VE. Then ABS(G) < ABS(K?), where the equality
holds if and only if G = KP.

Proof. Suppose G has maximum ABS index. If G = P,, then there is
nothing to prove. Otherwise, G 2 P,,, and by Lemma 1, G can be con-
structed by attaching one of the end vertices of a path P! (with a length of
at least 1) to a vertex u; of the complete graph K,,_, (with vertex labels
ul,ug,...,un,p) for1<i<k wherel <k<n-—-pandl<p<n-—3.
Assume that the length of P! is at least 2 and k < n — p. Consider G’,
the graph obtained from G by deleting the pendant vertex of the path P!
(wo(uy) —wy —wy — -+ - —wp, £ > 2), and then adding a pendant edge to
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the vertex u,_p.

Now, ABS(G) — ABS(G")

1 2 2
S . SN A —
V3 \/ da(we—2) + 2 \/ dar(we—2) +1

B BN p— S —S—

Thus, ABS(G) < ABS(G"), a contradiction. Therefore, length of P? is 1
for1<i<k<n-—p,ork=n-—p.

If the length of P is 1 for 1 < i < k < n — p, then we are done. Oth-
erwise, k = n — p. Without loss of generality, we can assume that P! is
of maximum length among all paths P!. Let G’ be the graph obtained
from G by removing the pendant vertex in P! (i # 1), and then adding
a pendant edge to the pendant vertex in P'. Then ABS(G) = ABS(G")
when the length of paths P! and P’ are at least 3, and if the length of
Pt is 2 and the length of P! is at least 2, then ABS(G ABS(G”) =

2 D)
1-—= - + <0
\/ n—p+2 \/ n—-p+1 /3 \f \[ \f

That is, ABS(G) < ABS(G"). Hence the length of P! is at least 1 and
the lengths of P is 1 for 2 <i < n — p. Proving that G = KE. |

3 ABS index and vertex k-partiteness
in graphs

A complete multipartite graph with k-partition sets of order ni,na, ..., ng

is denoted as Kp, n,,..n,. The Turdn graph T'(n,k) is the complete k-

partite graph on n vertices given by T(n, k) = Ky ¢ 4414 1,641,... t+1
N——

(k—s) s

where n = kt + s and s > 0.
We now show that the Turdan graph has maximum ABS index among all

complete k-partite graphs.
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Theorem 3. Let G be a complete k-partite graph on n vertices. Then
ABS(G) < ABS(T(n,k)). Equality holds if and only if G =2 T (n, k).

Proof. Let I' 2 Ky, 4,....+, be a complete k-partite graph with maximum
ABS index in the class of complete k-partite graphs.

Suppose [t; —t;| > 2 for some 1 < ¢ < j < k. Then without loss of
generality, we can assume that ¢, —to > 2. Let IV = Ky, _1,4541,...1,- By
direct calculation, ABS(I") — ABS(I")

9 2
:tth\/l_%—(tl—l—tg)_(tl_l)(tg—i_l)\/l_%—(tl'i-b)

N O S
‘ i 2n—1t1 — t; 2n—t; —t1+1

=3
k
2 2
tot; l1l-— — 1- -
+;2 (\/ 2n—t2—t,; \/ 2n—t2—ti—1)
k
2 2
U7 (Y 5 [ A | [ S—
+Zz:;; <\/ 2n_ti_t1+1 \/ 2n—ti—t2—1)

Since t; > ta +2, ABS(T') — ABS(I”)
k
2 2
ot ({1 — o 1 ——
<§2Z(\/ 2ﬂ—t1—ti \/ 2n—ti—t1—|—1

2 2
l- 1 -— ). 3
+\/ 2n—t2—ti \/ 2n—t2—ti—1> ()

2 2
Consider ((z) = \/1 Eleraie \/1 R Employing the first
derivative test, we see that the function {(z) is increasing. So, ((2n —ts —
1) > {(2n —t1) as t; > to + 2, and thus from inequality (3), ABS(T") <

ABS(I"). This is a contradiction. Hence I' 2 T'(n, k). |

The join of two graphs GG; and G is obtained from G; and G2 by joining
each vertex of G with every vertex in Gs. It is denoted by G; V G3. We

need the following theorem to prove our next theorem.
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Theorem 4. [1,5] If G is a graph possessing the maximum ABS index in

the class of connected graphs of order n with vertex k-partiteness at most

r (1 <r <n—k). Then there exist k non-negative integers t¢1,ta,..., g
k
such that Y t;=n—rand G= K,V K 4, .t
i=1

In the following theorem, we identify the graph with maximum ABS
index in the class of connected n-order graphs that have fixed vertex k-

partiteness vy (G).

Theorem 5. Let G be a graph of order n with vertez k-partiteness vi.(G) =
r (1 <r<n-—k). Then ABS(G) < ABS(K,V T(n —r,k)). Equality
holds if and only if G 2 K, VT (n —rk).

Proof. Let T be a graph with maximum ABS index in the class of graphs
with k-partiteness vx(G) = r. By Theorem 4, G = K, V K¢, 15, 1,-
Suppose [t; —t;| > 2 for some 1 < ¢ < j < k. Then without loss of
generality, we can assume that t; —t2 > 2. Let IV = K, V Ky, 1 4,41,...
By direct calculation, ABS(T") — ABS(I") =

rtyy |1 ta |1 -
2n7t1 y Tt 2n7t2+1

2 2
+Zt1t\/ <t1+t+2t2t\/ M= (2 +t)
1—1\/T_t1 t2+1\/T—tz
9 2
—(tl—l)(tz+1)\/ —Qn_(tﬁh)_z(“_l)l\/l_%—(tlﬂi)ﬂ

=3
k
2
— t Dtiy/1——————
Z(2+ ) \/ 2n—(t2+ti)—1

=3

ke

Since t1 > to + 2, ABS(F) — ABS(F/) <

(o —2 o2 T

i:321 2n7t17ti 2n*t¢7t1+1 2n7t2*ti
2 2 2

- ) =t 1- — -

\/ 2n7t27t171) ”(\/ 2 — 1 \/ M — 11— 1
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2 2
[ . 1-—=
\/ 2ﬂ—1—t2+\/ 2ﬂ—t2—2)

k
= Z (tati(C(2n —t1) = C(2n —ta = 1))) — 7tz (Ci(t1) — Cilta + 1)),

i=3
where () is as defined in Theorem 5 and

2 2

Gx) =4/1— —4/1 — ————. Since ¢ and (; are increasing
2n —x 2n—x —1

functions, and as t; > to+2, ((2n —t2 — 1) > ((2n — 1) and (3(t1) >

Ci(t2 +1). Thus, ABS(T') < ABS(I"), a contradiction. This completes

the proof of the theorem. |

4 ABS index of bipartite graphs with given

vertex connectivity

In this section, we identify the maximum value of the ABS index among
the class of connected bipartite graphs with given vertex connectivity. The

following graph class is crucial to this section.

Let n; be a non-negative integer for ¢ = 1,2,3,4,5,6. The graph
Klni,ng,n3,ng,ns,ng] is obtained from the graphs Hy = K, ,Hy =
Fnz,H:; = fns,H4 = Fm,Hg, = fng), and Hg = fne by joining each
vertex of Hy (respectively Hs) with every vertex in Hy and Hjy (respec-
tively Hs and Hg), and also joining each of vertex of Hs with every vertex
in Hy, Hs, and Hg. See Fig. 2.

The class of connected bipartite graphs of order n and vertex connectivity
k is denoted as BG,, .. Also, the subgraph of GG induced by a vertex subset
S of G is denoted as G[S]. The following theorem provides key informa-
tion about the structure of graphs in BG,, ;, that attain the maximum ABS

index.

Theorem 6. [1,3] Let I' be a graph with maximum ABS index in the
class BG, . Let S be a minimum vertex cut set of G. If G — S has a

non-trivial component, then G — S has exactly two components, namely
H, and Hay, such that the graphs G[S U V(H;)] and G[S U V(H)] are
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complete bipartite.

Remark 1. From Theorem 6, a graph that attains the maximum ABS

index in BG,, , must be isomorphic to one of the following graphs

(i) K[nyi,ng,n3, ng, ns, ng], where n; > 1 for i = 1,3,4,6, ny +ns = s,

ni,ng > ns and ng, ng > na.
(i) K[0,n2,n3,n4,0,n6], where nz,ng > 1, ny = x and ng > no.

(iii) K[n1,0,n3,0,ns,ng], where ny,ng > 1, ns = x and nz > ns.

EET N L

Klni,na, ng,na, ns, ng) K[0,n2, 13, 4,0, 16) K[n1,0,n3,0,n5,n6]
Figure 2. The graphs discussed in Remark 1.
Lemma 2. For the graph K[ni,ns2,ns,na,ns,ne|, where n; > 1 for i =

1a4767 ns > 2; N2 + N5 = K, N1, N3 > ns and N4, Mg > na,

K[n1,na,n3, 14,15, 16 < K[n1 +ng +n3 —1,0,1,n4 + ng — na, n5 + na, 0]

Proof. Let n = ny + no + n3 + ng + ns + ng. Then K[ny, na, n3, ng, ns, ne)

2 2 2
:n1n4\/1_—+n1n5 fi_ +ngnan]1—
n—nsg—ng n —Ng n —ns
2 2 2
4+ nonsi/1l — — +nongy/1 — + nansy /1 —
n n—ni n—ng

2
+ngngy /1 — ———— (4)
n—ny — Ny
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and K[ny + ng +nz — 1,0, 1, n4 + ng — n2, n5 + na, 0]

2
n—1

2 2
+(n1+n2+n3—1)(n5+n2)\/1—E+(n5+”2)\/l_m‘

(5)

:(n1+n2+n3—1)(n4+n6—n2)>< 1-—

From equations (4) and (5),
Klni4ng+n3—1,0,1,n4 +ng —ng, n5 +ns2,0] — Kn1, na, n3, ng, ns, g

= e P N )
e e P e =
(T e ()

+ (ns - 1)(%_”2)\/%“”3—1)@\/?

2 2
7(11371)71,6 1774»(71371)7),4 1—-—
n—mny—ng n—1
2 2 2
+ ning 1-——— 1-— +ningy/1 —
n n—1 n—1

2 2 2
—ney/l— —— —n5y /1 — + (s +ne)yfl—- ——mM8M .
n—ny—ng n—ng n—mng —neg -+ ne

. 2 2
Since 4/1 — > /1 for z < y, we get
n—=zx n—y

Klni +na +ns —1,0,1, n4 + ng — na, n5 + na, 0] — K[n1, na, ng, na, ns, ne|

2 2 2
>(n3 — 1)ngq/1 — +ningy/1— —— —ngy /1 — —
n—1 n—1 n—mny— N4

+(n5+n2)\/1— 2 . (6)

n—mng —Ng+ nNo

1—

n—"ng



1090

Since ng > ns and n; > ns, from equation (6),

K[ni + ne 4+ ng — 1,0,1,n4 + ng — n2, ns + n2, 0] — K[n1, na, ng, na, ns, ng)

2 2
Z(n51)(n4+n6)\/1n_1n5\/1n_n4

2

>0 for n5 > 1. If n5 = 1, then
n—mnqg

from equation (6), we immediately arrive at the desired inequality because
n3 > 2. This completes the proof of the lemma. |

Lemma 3. K[0,n2,n3,n4,0,n6] < K[0, 12,13, 1,0, n6+mn4—1] where nz >

1, ng > 2, ng > ng and ng = K.

Proof. Let n = ng + n3 + ng + ng. Then K[0, ng, n3, ny, 0, ng)

2 2 2
:ng(n4—1) 1— +noy /1 — + nongy/1 — —
n —mns n—ns n
2
+ n3ng 1-— (7)
n— "Ny

and K[0,n2,n3,1,0,n6 + ng — 1]

2 2 2
=n94/1— —+ naong 1—7+n2(n4—1) 1——
\ n —ns V n V n
+ \/1 2 + ng( 1)1/1 2 (8)
n3gne n—1 ng(ng 77,71.

2
From equations (7) and (8), and since \/1 — > \/1 . for
n—x n—y

z <y, we get
_ — 2
K0, na,ns, 1,0, n6+n4—1] = K[0, na, n3,n4,0,n6] > ng(ng—1)4/1 — 0

n—
> 0. |

The following lemma can be proved using an argument similar to that

of Lemma 3.

Lemma 4. K[n1,0,n3,0,n5,n6] < K[1,0,n3 + n1 — 1,0,n5,n6], where

ng > 1, n1 > 2n5 =k and ng > ns.
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Figure 3. Graph K[z, y]

Let K.[z,y] = K[z,0,1,y,k,0] (see Fig 3), where x > 1, y > 1 and
z+vy+1+ kK =n. The following theorem follow from Remark 1 and

Lemmas 3, 2 and 4.

Theorem 7. Let G be a graph with mazimum ABS index in BG,, , and let
S be a minimum vertezx cut set of G. If G—S has a non-trivial component,

then G = K [x,y] for some positive integers x and y.

We now proceed to determine the values of x and y for which

ABS(K[z,y]) is maximum.

Lemma 5. K[z + 1,y — 1] > Ky[z,y], where z +y +k+1 = n and
y—x—1+k>0.

— 2 2 2
Proof. Ky[z,y] =xy /1 — +aky/1——=+ky/1—
n—1 n n—y
and
2 2
Dky/1——
n71+(x+ )\/ n+

Kelr + 1Ly -1 = (ay —x +y — 1)4/1 -

by f1— ——
n—y+1

Therefore,

—= 2

Kelr+ 1,y —1] - Kylz,y] > (y—2—1+k)y/1 - > 0. [ |

n—1

—2k—6
Lemma 6. Forn even (n>8) and 0 < ¢ < poemme

)

— [n n—2k—2 — |n n—2k—2
K. 2—|—c,2—c]>ICK[2+c—|—1,2—c—1]
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Proof. Let

_ %k —2 _ 2k 2
fle) =K [n—&—cnk—c} - K [n—i—c—l—l,nk—c—l .

2 ’ 2 2 2

n—3 n—3 n—2 n+2k—2+42c
=2 k—k ky\| ———————
f(e) \/n—lc+\/n—l \/ n + \/n+2k+2+20
n+2k+2c n—3
-k 24/ ——.
\/n+2k+4+20+ n—1
By first derivative test, it is easy to check that the function f(c) is increas-
ing, and thus f(c) > f(0).

— |n n—-2k-2 — |n n—2k—-2
i = —_— | — —_ 1 7—1 =
Consider f(0) = Ky {2, 5 ] K, [2 +1, 5 }

n—3 n—2 n+2k—2 n-+2k n—3
k\/nl_k\/ n +k\/n+2k+2_k\/n+2k+4+2\/n1'

Claim 1:

n—23 n+2k \/n+2k—2
Ry — 2"y — 22 10
e \/n+2k+4 nt2kt2 (10)
Squaring both sides of inequality (10), we get
2k —2 2k 4k? 4k
21<:2\/”+ \/ Il g2 -
n+2k+2Vn+2k+4 n+2k+2 n+2k+4
2
-1 .
+n—l
2k —2 5%\ 4K?
Now, 21<;2\/”+ — \/ nt (oK ——
n+2k+2\Vn+2k+4 n+2k+2
Ak2 2\’
S S U
n+2k+4 n—1

1
Tt 2k+ 22+ 2kt 2(n—1)2
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{ (64n? — 256 n + 192) k® + (128 n® — 256 n? — 640n + 768) k° + (96 n*
—1072n% + 352n + 560) k* + (32n° + 64n* — 448n® — 416 n* + 1312n
—1056) k* + (4n° 4+ 16 n° — 76 n* — 192n® + 632 n? + 368 n — 2256) k*
+ (—8n® — 24n* + 15203 4+ 408n? — 720n — 1728) k — nS — 6n° + 11n*
+1087 + 44n? — 480 — 576] > 0. Thus Claim 1 is true.

In similar lines to Claim 1, we get,

n—3 n—2 n—3
— . 11
\/n—1>k\/ n k\/n—l (11)

Thus from equations (9), (10) and (11), f(0) > 0. Hence f(c) > 0. Proving
the inequality. [ ]

The following lemma can be proved using an argument similar to that

of Lemma 6.

—2k—5
Lemma 7. Forn odd (n>7) and 0 < ¢ < nf}

— |n—1 n—2k—1 — |n—1 n—2k—1
. : - i i I A )
K 5 +c 5 c]>IC { 5 +c+ 2 c ]

n n—2k—2

Theorem 8. (i) If n is even, then K[z,y] < Ky {2, 5

} . Equal-

—2k—2
ity holds if and only if x = g and y = nf
-1 n—-2k—-1
(i) If n is odd, then Klz,y] < Ky {n 5 n 5 } Equality holds if

n—2k—1

1
d =
and y

and only if x = n-

Proof. By Lemmas 5 and 6,

— 2Kk — 2
Keli,n—2k—1] < Kile+1,n—2k—-2] < --- < K, {Z,n;}
(12)
and
n n—2Kk—2 n n—2k—2
KH{§,f} ICN[§+1,f71]>--->Kn[nfnf2,1].

(13)
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Thus, from equations (12) and (13), we get the desired result. Proof of

(ii) follows from Lemmas 5 and 7 in a similar manner to that of (i). [ |

Remark 2. Let G be a graph with maximum ABS index in BG,, . and let
S be a minimum vertex cut set of G. If G — S is an empty graph, then
S is a partition set of G and G = K,; ,,—,, (because addition of an edge

increases ABS index).

The main result of this section is presented below.
Theorem 9. Let G € BG,, ,, withn > 7.

1. Fork € {ng2,n21 Z} ABS(G) < ﬁ(n—m)\/l— g FEquality
holds if and only if G = K, y—s.

n—4
2 7
M\/j "j\/_z \/_$
ABS(G) < 4 1 n—1+2 1 n+k 1 2k+n+2°
_ —2k—2
Equality holds if and only if G = Ky, [Z, 712} .

n—3

7

ABS(G)S(n 1) n72k71 / (n—1)k 1—2
n
\/ 2k+n+1

Equality holds if and only if G = I, [ ; ,

n— 2k — 1}
2

Proof. Let G € BG,, ,, with maximum ABS index and let S be a minimum

n- 1,721}. If G — S has a non-trivial

component, then by Theorem 7, G = K,[z,y] with z > 1 and y > k. So,

vertex cut set of G. Let xk € {

|G| = x4+ y+rk+1>n, acontradiction. Hence G — S is an empty graph,
and so by Remark 2, G = K, ,_.
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-2
Let kK = % Then from Remark 2 and by Theorems 7 and 8, we get,
N — |[n—2 .
G=Kp_9py9 or Ky T,l. Since ABS | Ky, _ 9 492 | >
2 22 2 72 3
ABS(ICK[TL;J})G%K”2n+2.Assumethat1§k§n;.

If n is even, then from Remark 2 and by Theorems 7 and 8, G = K,

or G=K, {;L 7122]6_2} SinceABS(ICK {n n—2k—2 )

B -2
> ABS (Kuln—k—21]) > ABS (Kyxp_x), G = K, [72% - 2 }

Otherwise n is odd. Similar to the case n is even, we get

_ —1 —2k—1
G%Kﬁ[n n — 2k }

, ]
2 2

5 Conclusion

This work characterizes graphs with the maximum ABS index in the fol-
lowing classes: (i) connected graphs with n vertices and p cut-vertices; (ii)
connected graphs of order n with a vertex k-partiteness vi(G) = r; and
(iii) connected bipartite graphs of order n with a fixed vertex connectivity
k. This study provides solutions to some of the many open problems pro-
posed in [1]. Several open extremal problems related to this index require

further investigation in future research.
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