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Abstract
The Sombor index and the elliptic Sombor index of a graph G
are defined, respectively, as:

SO@G) = > V& +dz,

uweE(G)
ESOG) = > (du+dv)Vd2 +d2,
uwv€eEE(G)

where E(G) denotes the edge set of G and d, is the degree of the
vertex u. Since their algebraic forms are closely related, it is natural
to ask: Do they share the same extremal graphs? If not, what are
the structural differences?

In order to address these questions, we investigate n-vertex trees,
chemical trees, and unicyclic graphs, having a fixed number of leaves.
For each considered class, the extremal graphs for SO and ESO do
not always coincide, thereby revealing subtle yet significant struc-
tural distinctions between the two indices.

We also point out errors in the recent papers [11] and [19], and
offer corrections.
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1 Introduction

We use |X| to denote the cardinality of a set X. Throughout this study,
all graphs are assumed to be finite and simple. Let G(V, E) be such a
graph with vertex set V(G) = {v1,v2,...,v,} and edge set E(G), where
|[V(G)| = n and |E(G)| = m. A connected graph G is a tree if and only
if m =n — 1, and a unicyclic graph if and only if m = n. For any vertex
v; € V(G), its neighborhood is defined as Ng(v;) = {vx € V(G) : vjv €
E(G)}, and its degree is given by d,, (G) = |N¢g(v;)|- By A we denote the
maximum degree of a graph G. Two non-adjacent vertices v; and v; in
G can be joined by an edge to obtain a new graph, denoted by G + v;v;.
As usual, C,, P,, and S,, denote the cycle, the path, and the star on n
vertices, respectively. The double star graph DS, ; is a tree with exactly
two non-pendent vertices, where one has degree s and the other has degree
t, such that s+t = n. A graph G is said to be a chemical graph if A(G) < 4.
A vertex of degree one is called a leaf (or pendent vertex), and a vertex
of degree at least three a branching vertex. An edge that joins a leaf to a
branching vertex is called a pendent edge. Denote by ¢ the total number
of leafs. The degree sequence of an n-vertex graph G is the non-increasing
sequence of the degrees of its vertices, denoted by 7 (G).

A path P = vivs...vg is called a pendent path if its one endpoint is a
pendent vertex and the other is a branching vertex, and an internal path
if its both endpoints are branching vertices. In either case, the internal
vertices vs,...,v,—1 (if they exist) have degree two. We denote by P(T)
and Z(T)(= T — P(T)) the sets of all pendent paths and internal paths,
respectively. In a graph G, the distance between two vertices v;,v; € V(G),
denoted by dg(vi, vj), is the number of edges in a shortest path connecting
them. An edge whose end vertices have degrees ¢ and j is referred to as
an (4, j)-edge.

Let n;(G) denote the number of vertices in G of degree 4, and let
ei; (G) = |(¢,7)| be the number of (i, j)-edges in G. Furthermore, define
Ey(G) = {viv; € E(G) : d,(G) = dy,;(G) = k}. Note that ni(G) = £.

A star-like tree is one that contains a unique branching vertex. Let

I, denote the tree formed by attaching k£ pendent paths of length 2 to a
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branching vertex, and I}, the tree where one pendent path has length > 3
and the others have length > 2.

The symbol “(G)” will be omitted when the underlying graph is clear
from the context. For notations used that are not defined here, see [6].

A topological index is a numerical invariant associated with a molecu-
lar graph, reflecting some of its structural features, expected to have some
chemical, pharmacological or other applicative value. Scores of such topo-
logical indices depend only on the degrees of the vertices of the underlying
graph. One recently introduced such vertex-degree-based graph invariant
is the Sombor index [17], defined as:

SO(G) = 4R
v;v; EE(G)

In a short time, it attracted considerable attention, leading to a flood of
studies exploring its chemical applications, see for instance [32,35, 36, 41]
and mathematical properties, see for instance [7,21,25,26, 29, 34, 39, 40];
see also the reviews [20, 31].

More recently, a variant of the original Sombor index was put forward,
under the name elliptic Sombor index (ESO) [18], defined as:

ESO(G) = Z (do; + do M/M'

v;v; EE(G)

For its investigations in both chemical and mathematical directions, see
for instance [2,3,5,8,14,27,28,30, 33, 38].
Because of the closely related definitions of the Sombor index and its

elliptic variant, the following question naturally arises.

Question 1. Do the Sombor index and the elliptic Sombor index exhibit

the same extremal graphs and related mathematical properties?

In order to address this question, we investigated the families of n-
vertex trees 7, ¢ and chemical trees ’7;5 ¢» along with unicyclic graphs U,, ¢,
having exactly ¢ pendent vertices. Our findings demonstrate that, within
each class, the extremal graphs for SO and ESO do not always coincide,

thereby uncovering subtle yet significant structural differences between the
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two indices.

For some recent research on pendent-vertex-containing molecular gr-
aphs, see [1,9-13,15,16,19,22-24,37].

We now present two elementary lemmas that serve as a foundation for

the considerations in the subsequent sections.

Lemma 1. [2] Let f(z) = (z + a)Va? +a? — (z + b)Va? + 1%, where

x>1,a>b>0. Then the function f(x) is strictly increasing in x.

Lemma 2. [2] Let g(z,y) = 2+ 2)vVd+ 22+ 2+ y)V4d+y?2 — (x +
y)vx? +y?, where z,y > 2. Then g(x,y) is a decreasing function in x > 2
and y > 2.

The organization of the paper is as follows. Section 2 compares the
ESO and SO indices in 7, and ’7;&, while Section 3 addresses their

comparison in U, . Finally, concluding remarks are given in Section 4.

2 Comparing the SO and ESO indices in
T and 7:&

This section focuses on comparing the SO and ESO indices in the classes
Tn,e and T7,. The tree T is a path when £ = 2, and a star when £ =n — 1.
Therefore we restrict our attention to the case 3 < £ < n—2. Since nq = ¢,

for every tree T the following equations satisfies:

n=~0+nz+---+na

2(n—1)=4L+4+2ny+ -+ Ana
and
ixXn;=ey;+ey+--teaiten Vie{l,2... A} (2)
From (1), we obtain

£=2+4+n3+2n4+ -+ (A—=2)na. (3)
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We first introduce some special trees that will be necessary for our
results:

- A tree T is called an (¢, 3)-regular tree if it has exactly ¢ leaves, and
each of the remaining n — ¢ vertices has degree 3.

- Let P,_¢41*S¢—1 denote the star-like tree constructed by identifying
the central vertex of the star Sy,_; with an end vertex of the path P, _;41;
see Figure 1.

- Let Sa¢—n41*I,—¢—1 denote the star-like tree obtained by identifying
n — ¢ — 1 pendent paths of length 2 with the central vertex of the star
Sov—n+1; see Figure 1.

- Let I denote the star-like tree constructed by attaching ¢ pendent

paths to a unique branching vertex; see Figure 1.

(] (] O o
n—~>(+1 — <
= . . o o |
qi o 00 @ =t O o b
< —
N
[ [ J @) L
Pn—lurl * S[,l SZé—nJrl * In—é—l
O oo0o O Y
O 0 O °
Q o o o 0 !
O oo O ®
I

Figure 1. The three star-like trees are Py, _p41%S¢—1, So¢—nt1*In—¢—1
and Ij.

Lemma 3. Let T € Ty be a tree with n > 30 — 5 and E2(T) C E(Z(T)).
Then T satisfies

Proof. Since Es(T) C E(Z(T)), it follows that |E(P(T))| = £. One can
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observe that
|E(T)| = [E(Z(T))| + |[E(P(T))| = |[E(Z(T))| + ¢. (4)

Since E5(T) C E(Z(T)), this implies that each internal path contains at
most two edges that are not in F5(T). It follows

[E(Z(T))| — |E2(T)| < 2[(ng + na + -+ +na) — 1]
that is,
[E2(T)| = |[E(Z(T))| - 2[(ns + na+ -+ -+ na) — 1.
Together with (4), it implies that
|E2(T)| = [E(T)| = £ —=2[(n3 + 14+ -+ +na) — 1]
=n—-1—¢—-2[(ng+ngs+---+na)—1].

Since n > 3¢ —5and £ =2+4+ng+2ns+---+ (A —2)na (by (3)), it follows
that

|E2(T)| > 20— 6 —2[ns +na+ - +na —1]
=2(24ns+2n0+ -+ (A=2)na) —6—2[ng+ - +na — 1]
>2na+4ns + -+ 2(A - 3)na.

This completes the result. |

2.1 Minimizing SO and ESO in classes T, , and 7;f,e

In this subsection, we investigate the structural differences between the
SO and ESO indices by determining minimal graphs within the classes
Tn,e and 7,7, The primary aim is to identify trees and to highlight how
minimizers may differ in structural properties despite sharing the same

degree sequence.
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Lemma 4. Let T € T, ¢ contain a vertex v of degree r > 4 and |Ey(T)| >
r — 3. Then there exists another tree T' € Tp 4 such that d,(T") = 3 and
ESO(T") < ESO(T).

Proof. Suppose that v € V(T) such that d, =r > 4 and |Ey(T)| > r — 3.
Let v; € Np(v), for 1 < i < r, such that d,, > 1. Construct a tree T’ by
replacing the vertex v by an (r, 3)-regular tree. In this process, we contract
r — 3 edges from F3(T') and each vertex in Np(v) is individually identified
with the corresponding leaves in the (r,3)-regular tree. Clearly, one can
see that T' € T, ¢. Then

ESO(T) - ESO(T') = ((r +dy,) \/r2+7d2 - B +dy) \/9+7)
i=1
+(r = 3) (48 ~ 6V18).
Since d,; > 1, then by Lemma 1, we obtain f(d,,) > f(1) witha=7r >4
and b = 3. Then

ESO(T) — ESO(T') > r ((r FOVE I -3+ 1V T 1)
+(r=3)(3v2-18v2)
>r(r41)vVr2+1—4rvV10 — 10V2 (r — 3).

Since r > 4, it follows that r(r + 1)vr2 +1 + 30v/2 > r(lO\/i + 44/10).
This means ESO(T) > ESO(T"), which completes the proof. |

Lemma 5. Let T be an ESO-minimal tree in Tp e (€ > 3). Then T does
not simultaneously contain internal paths of length 1 and length greater

than or equal to 3.

Proof. Suppose, to the contrary, that T' contains an internal path v — v
of length r = 1, together with another internal path of length ro > 3.
Construct a tree T7 € T, from T by modifying these paths so that 7 is
increased to 2 and rq is decreased by 1. Consequently, d.(T") = d.(T) for
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all z € V(T). Then

ESO(T) — ESO(T") = 4V8 + (du + dy) /d2 + d2 — (2 +d,) \/4 + d2
—(2+dy)V4a+d2.

Since dy, d,, > 3, then by Lemma 2, we obtain —g(d,,, d,) > —g(3,3). Thus

ESO(T) — ESO(T') > 4V8 + (3+3)V9+9—2(2+3)V4+9
~0.714 >0,

which contradicts the choice of T', thereby completing the proof. |

We define f; and F 5 as two distinct subsets of the class 7, that

=2 —2042 ¢
share the same degree sequence m = (3, ey 3,2,000,2,1, ... ,1), with

F 1 existing for n > 3¢ — 2 and F o for n > 3¢ — 5, but differing in their

structural properties as summarized in Table 1.

’Fl&FZ ‘7T ‘ n&/ ‘ €33 ‘ 613‘ €22 ‘ €23 ‘612‘
F1CTus n>30—2]0-3] 0 |n+t2-30] ¢ 7
FoCTae| ™ [n=30-51 0 | € [n-30+5]20-3)] 0

Table 1. Structural properties (i.e., the values of e;;) of trees in
F1,F2 C Ty, both having the same degree sequence 7.

Having developed the necessary preliminaries, we are now ready to

present our main results.

Theorem 1. Let T € T, ¢ be a tree with £ > 3.

(1) [23] If n > 3¢ — 2, then we have
SO(T) > £(v/5 4+ V13) + (n — 30+ 2)V8 + (£ — 3)V18.

The equality holds if and only if T € F 1.
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(i) If n > 3¢ — 5, then we have

ESO(Sy) if =3 and n =4,

ESO(Py,—2 % S2) if £ =3 and n > 5,
ESO(T) >

4010 4+ 10(€ — 3)V13 4 4(n — 30 4+ 5)/8
ifA< < |

The equality holds for £ =3 and n = 4 if and only if T = Sy, for £ =3
andn > 5 if and only if T = P,_3xSs, and for 4 </{ < L"TJFSJ if and only
if T € Fa.

Proof. The proof of Part (i) is given in [23].
(73) Let T* € Ty be an ESO-minimal tree among all trees in 7, with

3<i< L"T%J We have to distinguish between two cases:

Case 1. { = 3.

This case implies that T contains a unique branching vertex of degree
3. It is evident that T4 3 = {S4} and 753 = {Ps * So}. Thus we consider
n > 6. We claim that T* = P,,_5%S5 for n > 6. For otherwise, T contains
two pendent paths, each of length r; > 2 and r, > 2. Construct a tree T;
from T™* by shortening the length of r; to 1 and increasing the length of
by ro+7r1—12>3. Then Ty € Ty ¢ and d,(11) = d,(T*) for all z € V(T™).
We obtain

ESO(T*) — ESO(T1) = 5V13 + 3V5 — 4 (V8 + V10) ~ 0.7731 > 0.
This contradicts to the choice of T*. So T* = P,,_5 x S, and hence

ESO(T*) =3V5+5V13+8V10 +4(n —5) V8.

Case 2. 4 < (< [3].
In order to prove this case, we consider the following claims:

Claim 1. €12 = 0.
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Proof of Claim 1. Since n > 3¢ —5 and £ > 4, it is obvious that ny > 0.

Suppose opposite to our claim that e;o > 1. Then T* contains a pendent

path x — y of length r; > 2, where = is a pendent vertex. If £ = 4,
then either ny = 1 or ng = 2. First we consider ny = 1 for / = 4 with
ng > 0. Then one can easily obtain two branching vertices of degree 3
by construction of T € T, ¢ (¢ = 4) from T* with ESO(T») < ESO(T™).
Thus we suppose that T* contains an internal path u — v of length ro > 1.
Construct a tree T3 € T, from T* by modifying these paths so that
r1(T3) = 1 and ro(T3) = ro(T*) +r1(T*) — 1 > 2. Consequently, d,(T3) =
d,(T*) for all z € V(T™). We now discuss the possible two cases.

Case 1. The length of the internal path v — v is 1. Then
ESO(T*) — ESO(T3)
=(2+dy)\/4+d2 — (1 +dy)\/1+d2+ (dy + dy)\/d2 + d2
— (24 d)VA+ d2 — (2+dy)\/A+ d2 + 3V/5.

Since dy, dy,d, > 3, then by Lemmas 1 and 2, we obtain f(d,) > f(3)
with a = 2 and b = 1, and —g(dy, d,) > —g(3, 3), respectively. Therefore

ESO(T*) — ESO(Ts) > 3v/5 — 4v/10 + 6v18 — 5v/13 ~ 1.487 > 0,

a contradiction.

Case 2. The length of the internal path u — v is greater than 2. Then

ESO(T*) — ESO(T3) = (2+dy) \/4 +d2 — (1 +dy) /1 +d2 +3V5 — 4V8.

Since dy, > 3, by Lemma 1 we obtain f(d,) > f(3). Thus
ESO(T*) — ESO(Ts) > 5V13 — 4V/10 + 3v5 — 48 ~ 0.773 > 0,

which contradicts to the choice of T*.
In each case, we obtain a contradiction, thereby completing Claim
1. ]
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From Claim 1, it is clear that Ex(T*) C E(Z(T™)).
Claim 2. The degree sequence of the tree T* is

—2 n—20+2 ¢
——
m=(3,...,3,2,...,2,1,...,1).

Proof of Claim 2. Suppose that Claim 2 does not hold, i.e., that A(T™*)
> 4. Since n > 3¢ — 5 and Ex(T*) C E(Z(T™*)), then from Lemma 3 we

have
EQ(T*) >2ng +4ns + -+ Q(A - 3)HA > 2.

Let v € V(T*) such that d, = r = A > 4. Since Ex(T*) > 2(r — 3) >
r — 3, then by Lemma 4 we obtain a contradiction to the choice of T*.

Hence A(T*) = 3. This with (1) implies that the degree sequence of T is
=2 n—2042 ¢

—— i .
(3,...,3,2,...,2,1,...,1). This completes Claim 2. |

Claim 3. €33 = 0.

Proof of Claim 3. From Claim 2, it follows that A(7T*) = 3. This means
that the number of internal paths in 7™ is ng — 1. Since A = 3, then by
using (3), we obtain £ = ng+2. This implies that ng—1 = ((—2)—1 = ¢-3.
Since n > 3¢ — 5, then by 7, we obtain no > £ — 3. Thus no > n3 — 1.

Combining this with Claim 1 and Lemma 5, one conclude that ez3 = 0. H

By using Claims 1-3 in (2), we obtain e;3 = ¢, eao = n — 3¢ + 5 and
egg =2 (¢ —3). Thus T € F 5. As a result

ESO(T*) = 4010 + 10(£ — 3)V13 + 4(n — 3¢ + 5)V/8.

This completes the proof. |

Remark. Since F1,F o2 C TnC,@ C Tn,e, it follows directly that Theorem 1

also holds when the class ’7;0)5 is considered in place of T, ;.
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2.2 Maximizing SO and ESO in classes T, , and 7:33

In this subsection, we study the extremal behavior of the SO and ESO
indices by identifying the maximizing trees within the classes 7;, ¢ and 7.7,
Our focus is on characterizing the structural properties that lead to the
maximal values, with attention to how these properties manifest differently

in general and chemical tree settings.

Theorem 2. Let T € T, ¢ be a tree. Then

(Z) [7] SO(T) S SO(Pn_g_H * S£—1)~

s

r, if £<|%],

Sop—py1 *In—g—1 if £>]5].

Nl

(i) [38] ESO(T) <

The equality holds in (i) if and only if T = Py_p41 * Se—1, and in (ii) if
and only if T = I for £ < |%] and T = Sop_py1 % In_g—1 for £ > |5].

From Theorem 2, star-like trees emerge as the extremal structures for
both the SO and ESO indices in 7, . Motivated by this, we now turn to
the subclass of chemical trees 7;0 , and characterize the extremal members
that maximize these indices. For ¢ € {3,4}, the result in 77, follows
directly from Theorem 2. Note that 775 = {DS,3}. Hence, we restrict to
the case £ > 5 and n > 8.

Lemma 6. Let T be an ESO-mazimal in 7;5,@- Then T contains at most

one vertex of degree 3.

Proof. Assume, to the contrary, that there exists z,y € V(T'), such that
de = dy = 3. Let Nr(y) = {y1,¥2,y3} and Np(x) = {z1,z2, z3}. Without
loss of generality, we assume that y3 and =3 are located on the x — y path.
Therefore dy,, d, > 2. Construct a tree T" as follows: 7" =T — {yy,} +
{zy1}. Then T" € 77, dy(T") = 2, d(T") = 4, and dyy(T") = dy(T') for
all w e V(T)\ {z,y}. Then

ESO(T') — ESO(T)
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— (d+dy,) 16+ 2, — (3+dy,) \/9+ 2, +Z(4+d ) (/16 + d2.
C(B4dy) O+ )+§:(2+d A+ @, —B+dy,) \Jo+a ).

Jj=2

Since 1 < dy, <4, dy, > 2 and d,, > 1, for i € {1,2}, then by Lemma
1, we obtain f(d,,) > f(1) with a = 4, b = 3, —f(d,;,) < —f(4) with

=2,b=3fori € {2,3}. Similarly, we obtain f(d.,) > f(2) and
f(dy,), f(dsy) > f(1) with a =4 and b = 3. Then

ESO(T") — ESO(T)

25\/1+16—4\/1+9+2(5\/16+1—4\/9+1)+6\/16+4

—5V9+44+2(6vV4+ 16 — 7v/9+ 16) ~ 16.37 > 0.

This completes the proof. |
Now take into account the following result.
Lemma 7. [1] For any tree T' € 7,7, the following results hold:
(1) m3 = 0 if and only if  is even. Moreover, the degree sequence of T
18

£—2 2n—30+42
P 2 L

——
(4,...,4%2,...21,....1).

(#4) n3 =1 if and only if £ is odd. Moreover, the degree sequence of T is

£—3 2n—34+41

Lemma 8. LetT € 7;676 be ESO-maximal, where £ >5 and n > 8. Then
the following holds:

(i) The length of every internal path in T is 1.

(Zl) If ey >0 in T, then eo3 = 0.
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(#i1) The tree T cannot simultaneously contain a pendent path of length

at least 3 and a pendent path of length 1.

Proof. (i) Since £ > 5 and n > 8, then by Lemma 7, it follows that T'
contains an internal path and ns > 0. Assume, to the contrary, that there
exists an internal path: wjus---us for s > 3, where d,,, = d,,, > 3 and
dy, = -+ = dy, , = 2. Let zz; € E(T), where d, = 1 and d,, > 2.
Consider a tree Ty = T — {ujug, us—1us} + {urus, zus}. Then Ty € 7;5@,

d.(Ty) =2, dy,_,(Ty) =1 and d,(Ty) = d,(T) for all v € V(T)\ {2z, us—1}.
This implies:

ESO(Ty) — ESO(T)

= (dul +du5)\/dil +d12£s _(2+du1)\/4+d31 —(2+du5)\/4+d35
(24 da) [+ d2 — (L4 dsy) /1 +d2, +3V5.

Since dy,,d,, > 3 and d,, > 2, by Lemma 1 we obtain f(d.,) > f(2) with

a =2 and b = 1, whereas by Lemma 2, we obtain —g(d,,, ,d.,) > —g(3,3).

Thus

ESO(Ty) — ESO(T) > (3+3)vV0+9— (2+3)vVA+9— (2+3)VE+9
+(2+2)VAd+4-3V5+3V5~0.714 >0,

which is a contradiction. Thus (i) is satisfied.

(i¢) On the contrary, suppose that e;4 > 0 and eas > 0 in 7. Then T
contains ujug,vovs € E(T) such that d,, = 1, dy, = 4, dp, = 2 and
dy, = 3. Let v; be another neighbor of vy with d,, > 1. Construct a
tree Ts = T — {vyva, 0203} + {v1v3,v9u1}. Then T € T s dy, (T5) = 2,
dy,(T5) = 1 and d,(T5) = d,(T') for all v € V(T') \ {u1,v2}. This implies:

ESO(Ts) — ESO(T)
= (B4 dy,) /9 +d2, — (24 dy,)\/4+d2 +(1+2)V1+4
+2+H)VA+16—(2+3)V4+9— (1+4)V1+16.
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Since d,,, > 1, then by Lemma 1, we obtain f(d,,) > f(1), with a = 3 and

b= 2. Thus

ESO(T5) — ESO(T) > 3+ 1)V9+1— (2+1)vV4A+1+3V546V20
—5V13 — 317 ~ 0.839 > 0.

This contradicts to the given T, so (i7) holds true.

(#i7) Suppose, to the contrary, that there exists a pendent path u — v of
length 1, with d,, > 3, and another pendent path of length ¢ > 3. Construct
a tree Tg from T by reducing the pendent path of length ¢ to ¢ — 1 and
increasing the length of path © — v by one. As a result, Ty € 7:575, and
d.(Ts) = d.(T) for all z € V(T). Then

ESO(Ts) — ESO(T) = (24 dy)v/4+ d2 — (1 +dy)\/1+ d2 + 3V5 — 4V/8.

Since d,, > 3, then by Lemma 1, we obtain f(d,) > f(3) with ¢ = 2 and
b=1. Thus

ESO(Ts) — ESO(T) > (2+3)vV4+9— (1+3)V1+9+3V5-8V2

~0.773 > 0,

which is a contradiction to the choice of T'. [ |

We define the following two degree sequences:

and

Let F3,F5 C 7T, , be families of trees with degree sequence w3, and
Fa,Fg C 7:1576 be families with degree sequence w3, where the subsets

differ only in their structural properties as summarized in Tables 2 and 3.
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Sets | m n &l

€44 €34 €14 | €33 | €13 €24 €23 €12 €22
i s n<20-3 20-n—-3 0 100 [2n-30+2 0 0 0
N n>20-3 0 0 oo =1 0 0 [n—20+3
=5n>8 0 0 310 |1 1 0 0 n—38
T=7n=10 0 2 6 |0 |1 0 0 0 0
(=Tn=11 0 1 6 |0 |1 1 1 0 0
(=T7n>12 0 0 6 0 1 2 2 0 n—12
Fa |7 [=9,13<n<15 0 6-—n 9 00 n—13 n—13 | 0 0
7=9,n>16 0 0 9 00 3 3 0 n—16
7>1,n<20—6 20—n—5 3 7[00 [2n-30+1 0 0 0
(>11,20-5<n<2(-3 ‘0 20—-2—n| € 0 0 n—{0—4 n—20+51] 0 0
7>, n>20—-2 0 0 7100 7—6 3 0 [n—20+2
Table 2. Structural properties (i.e., the values of e;;) for trees in
F3,FaC Ty,
‘ Sets ‘ ™ ‘ n&l ‘ e4q ‘ e3q ‘ €14 ‘ e33 ‘ €13 €4 €23 ez e
p = =2n-2 | ( 0 n—3012 0 2n—3012 0
Fs T2 21 0 0 0 0 /2 0 /2 =502
2 - - 2
=5 5—2n—>5 2n—30+1 2n—30+1
21 Z 0 2 WEEL T 2=
Feo 3 i;o 1 0 0 T—2n—T =) fn—éwm Zn=3TET 0
21 0 0 0 (-2 2 [ T

Table 3. Structural properties

Fs,Fe gmyg-

the values of e;;)

Theorem 3. [1] Let T € 7,7, be a tree with £ > 5.

for trees in

(2) If £ is even, then each tree in F 3 maximizes the SO index.

(i) If £ is odd, then each tree in F 4 mazimizes the SO indez.

Theorem 4. Let T € 7;07@ be a tree with £ > 5 and n > 8.

(i) If £(> 6) is even, then

ESO(T) <16 (£ —4)V2 +

5 (54—2271—2) VIT+15 (2n—§[+2) NG

. 50—
zfﬁEGandSﬁnSTZ,

4(2n —50+2)v2+150+/5

. .
zf£26andn>5—22.

The equality holds if and only if T € F 5.

(#9) If £(> 5) is odd, then

ESO(T) <16 (£ —5)V/2
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15(277. 311+1)\[+5(5e 5— 2n)\/ﬁ+7\/%+8m

. 50—7
if£>5 and 8 <n < =5F,

3<2n 3£+1)\[+12(€ 2)f+5(2n 5e+5)\/ﬁ+7m

. - 50—
+2(5¢—1-2n)+v10 zf€25and¥§n§ 23,

30/5+12(£—2)v5+ 1013+ 725 +4(2n — 50+ 1)/2

if€>5 and n > 2L
The equality holds if and only if T € Fg.

Proof. Let T* be an ESO-maximal tree in T“Z for £ > 5 and n > 8. By
Lemma 6, the tree T* contains at most one vertex of degree 3, and hence

by Lemma 7, the degree sequence of T* is as follows:

=2 2n—3042

M ¢
mo=(4,...,4,2,...,2,1,...,1) if £ is even,
= (5)
0—3 2n—3041
P 2 L

—
m(T)=(4,...,4,3,2,...,2,1,...,1) if £is odd.

We divide the proof into two cases:
(1) First we assume that ¢ is even. From (5), we have

L—2 2n—34+42 e
2 2
—— —— ——
m=04,...,42...,21,...1).

Since n3 = 0, it follows that eg; = 0 for 1 < < 4. Moreover, by Lemma

{—4
8 (i), we obtain that eqy = ng — 1 = —5 Substituting these relations
together with (2) yields
ez + e =4,
612+2622+624:27’L73£+2, (6)

e1q +e2q4 = L.
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By simultaneously solving (6), we obtain

50 — 2
€29 — €14 = N — T (7)

We now consider our two cases:
Case 1. 8§n§5€2—_2.

In this case, we claim that ess = 0. Otherwise, suppose that esg > 1.
Since n < #, then by (7), we obtain 1 < egs < e14. Since egqy =ny — 1
and eqq > e > 1, the situation is similar to Lemma 8 (4i), which implies

a contradiction. Hence egs = 0. Substituting this into (6), we obtain

€14 = W and €19 = €24 = %%W Thus T™* satisfies T2, €44 = 67?47
ez = 0for 1 <i <4, ey = 754722’”72, oy = €12 = 7271723#& and egy = 0,

and hence T* € F 5. Therefore

ESO(T™) :16(@—4)\/§+5(75€_22"_2)\/ﬁ+15 (72"_3“2)\/3

Case 2. n > 562—_2.

In this case, we claim that e;4 = 0. For otherwise, let ey4 > 1. Since

n > 56;27 then by (7)3 we obtain €29 > €14 > 1. Since €44 = Mg — 1

and egy > ey4 > 1, the situation is similar to Lemma 8 (4i7), which gives
a contradiction. Hence e;4 = 0. Substituting this into (6), we obtain
€ag = % and ejo = egq = £. Thus T* satisfies 7o, eq4q4 = 4_74, e3; =0
for 1 <i<4, e94 =e13 =", and egy = 2”%‘:’”2, hence T* € F 5. Therefore

ESO(T*) =16 (€ —4) V2 +4(2n — 50+ 2) V2 + 15 /15,
This completes the proof of Part (4).

(79) We now assume that ¢ is odd. From (5), we have

We now state the following claim.
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Claim 4. €34 = 1.

Proof of Claim 4. If £ = 5, then by 73, we have ny = 1 = ng, and hence
by Lemma 8 (i), we conclude e34 = 1. For ¢ > 7, by w3, we have ng > 2 and
n3g = 1. We have to prove ez4 = 1. Suppose oppositely that eg4 > 2. Then
T* contain edges wyw,wwy € E(T*) such that dy, = 3, dy, = 4 = dy,.
Let us consider a v; — vg pendent path such that vivs ... vs (s > 2), where

dy, =4 and d,, =1 (v; may coincides either with w; or wsy). Let
Ty =T — {wiw,wwa, v1v2} + {wiwse, viw, wua}.

As aresult Ty € T, and d.(Ty) = d,(T*) for all z € V(T™). Then

ESO(Ty) — ESO(T*) = 3+ du,)\/9+ d2, — (4 + dy, )4 /16 + d2,

+8v/32 — 7V/25.

Since d,, < 2, by Lemma 1 we obtain —f(d,,) > —f(2) with a = 3 and
b=4. Thus

ESO(Ty) — ESO(T*) = (3+2)vV9+4 — (4 +2)v16 + 4+ 8V32 — 7V25

~ 1.449 > 0,

which contradicts to our assumption, so the claim holds true. |
By combining Claim 4 and Lemma 8 (7), we obtain

! —
o and €34 = 1. (8)

€44 — Ny — 1=
By substituting the degree sequence 73 and expression (8) in (2), we obtain

e12 +e13 +e1q =4,
e12 +2€90 + €3+ €94 =2n — 30 + 1,

€13 + ex3 = 2,

614+€24+£—4:2(£—3).



1034

We now consider three cases:

Case 1. 8§n§%.
This case implies no < ¢ — 3. Since n3 =1, ez4 = 1, eqq4 = ng4 — 1 and
ny < £ — 3, by Lemma 8 (i) & (ii4) one can conclude easily that es3 = 0

and ege = 0, respectively. Substituting these values into (9), we obtain

— — -5
€13 — 2, €12 = €94 — %#?’ZH and €14 = M# Thus T* holds T3,
_ £=5 _ _ 5¢—2n-5 _ _ _ _ 2n—3¢+41
€1y = 57, €31 =1, €14 = 25", €33 =0, €13 = 2, eg4 = €13 = <+,

and ego = 0. Therefore we conclude that T* € F g, and therefore

ESO(T*) = 16 (€ — 5)v/2 + 15 (2"_73“1) V5+5 (M) V17

2 2
+ 725 + 8V10.

Case 2. MT_E’STLSMT_?’.
This case implies £ —2 <ng < £ —1. Since ng =1 =-e34, €44 =Ny — 1
and £ —2 < ny < ¢—1,by Lemma 8 (ii) & (iii), one concludes that e;4 =0

and egs = 0. Substituting these values into (9), we obtain ey = £ — 2,

€3 = 2”_25“5, e3 = 755_22”_1 and ejy = 72"_23“‘1. Thus T* holds 73,
/—5 50—2n—1

gy = 5>, e34 = 1, e14 = 0, e33 = 0, e13 = >=5—, eaqy = £ — 2,

€3 = 2”*2%, e1g = Q”*QM and egs = 0. Therefore we conclude that

T* € Fg, and hence

ESO(T*):16(5—5)\/§+3(%+3£+1)\/5+12(£—2)\/5

2 _
+5(%“5>\/ﬁ+7\/%+2(5£—2n—1)\/ﬁ

Case 3. n > 552—’1.

This case yields ny > ¢. Since n3 = 1 = e3q, e44 = ng — 1 and
(-2 < ny < {—1, by Lemma 8 (i7) & (4i%) one concludes that e;4 = e13 = 0.
Substituting these values in (9), we obtain e13 = £, ea3 = 2, eg4 = £ —2 and
€93 = 2”%5”1. Thus T* holds 73, €44 = %,
e13 =0, ea4 =0 —2, e93 =2, e12 = £ and ey = w. Therefore,

ez =2, e14 =0, e33 =0,
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T* € Fg and

ESO(T*) =16 (£ —5) V2 + 345 +12(0 —2) V5 +10V13 + 7V/25

+4(2n—50+1)V2.

This completes the proof of this theorem. |

3 Comparing SO and ESO indices in U,, 4

In this section, we study the SO and ESO indices within the class U, ¢ of
unicyclic graphs for 0 < ¢ < n — 3, with particular focus on characterizing
the maximizing structures. Since U, o = {C,}, we restrict our attention
to the case 1 < ¢ <n—3.

Denote by C} the cycle of length k£ > 3 contained as subgraph in
a unicyclic graph U, and by U\{Cx} the trees attached to this cycle.
A unicyclic star-like graph is a unicyclic graph containing exactly one
branching vertex. We now introduce several special unicyclic star-like
graphs that play a central role in our results:

- Cph—¢ * Sy, obtained by identifying the central vertex of the star Sy
with a branching vertex of the cycle C,,_¢; see Figure 2.

- Sop—n+3 * C3 % I,_y_3, obtained by attaching the star Sy, 13 and
the graph I,,_,_3 to a single vertex of the cycle Cs; see Figure 2.

- Cy x Iy, obtained by attaching I; to a vertex of the cycle Cj, where
k > 3; see Figure 2.

[ ] O oo O L]
& Q [ C Q 4
[ O co0 O °
Cn¢xS; o) Crr i
an
o RE
-
l¢ ¢!
o { ]
o} T
s
o L]
Satonya* Cy* i3

Figure 2. The three unicyclic star-like graphs are Cy,_y xSy, Sop—n43*
03 * In,[,;g and Ck * I/g.
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Lemma 9. Let G be a graph containing a vertex w of degree 2, with
neighbors wy and we, such that dy, ,dy, > 2. Let vv; € E(G) with d,, =1
and d, > 3. Construct a graph

G = G — {ww, wws} + {wiwe, viw}.

Then ESO(Gy) > ESO(G).

Proof. Note that d,, (G1) = 2, dy(G1) = 1 and d.(G1) = d.(G) for all
z € V(G). We obtain

ESO(G1) — ESO(G)

= (dwl + dw2) d12ul +d12uz - (2+dw1)\/ 4+d12111 - (2 +dw'z)\/ 4+d121)2
+(2+d)VA+d2—(1+d,)V/1+d2+3V5.

Since dy,, dy, > 2 and d,, > 3, by Lemma 1 we obtain f(d,) > f(3) with
a =2 and b = 1, whereas by Lemma 2, we obtain —g(dy, , dw,) > —9(2,2).

ESO(G,) — ESO(G) > 4V8 — 2(4V8) + 5V13 — 4V/10 + 3V/5
~ 0.773 > 0. |

Lemma 10. Let U € U, be an ESO-mazimal graph. Then all the

branching vertices lie on Cy.

Proof. Suppose to the opposite, that v € V(U\{Cy}) satisfies d, > 3.
Choose u € V(Cy) with d,, > 3 such that the distance dy (u, v) is minimum.
Let d, =7+ 1 and d, = s+ 1, where r > 2 and s > 2. Let zz; € E(U)
such that d, =1 and d,, > 2. We now distinguish two cases with regards
to dy(u,v):

Case 1. dy(u,v) = 1.
Let Ny(v) = {u,v1,...,0s}, Ny(u) = {v,u1,usg,...,u,}, where uy, us
€ V(Cy). Construct a graph Uy € Uy, ¢ from U as:

Uy =U — {uv,vvy,...,00s} + {uvs, ..., uvs, 20}.
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Then d,(Uy) =r+s, dy,(U1) = 1, d,(Uy) = 2 and d,,(Uy) = dyw(U) for all
w € V(U). We have

ESO(U,) — ESO(U)

=3V5—(r+s+2)/(r+1)2+ (s+1)2

+(2+d.)y/4+d2 — (1+d.,) /1 +d2,

37 (o 74+ 9) @, + (4 5)? = (Ao, + 5+ 13/, + (s+1)?)

=1

+Z<du7+r+s 2+ (r+5) = (du, +7+1) d3j+(r+1)2>

>3V5—(r+s54+2)/(r+1)2+ (s +1)2

37 (o 47+ @, + (4 9)? = (o, + 5+ Dy &, + (s +1)?)

2
+Z((duj trd ) Jd2 4 (rts)2 — (dy, +7+1) dgj+(r+1)2).

j=1

Since dy;, > 1, dy; > 2 (as uy,uz € V(Cy)), and r,s > 2, by Lemma 1 we
obtain f(d,,) > f(1) with a =7+ s and b = s + 1, whereas f(d.,;) > f(2)
with a = r 4+ s and b = r + 1. This yields

ESO(Uy) — ESO(U)
>3V5—(r+s+2)y/(r+1)2+(s+1)?2
+s((r+s+1) 1+ (r+s5)2—-(s+2) 1+(s—|—1)2)

+2((r+s—|—2) A+ (r+s)2—(r+3) 4+(r+1)2).

Since r > 2 and s > 2, it follows that (rs —r — s+ 1) > 0, that is,

(r+s4+2)Va+(r+5)2>F+s+2)/(r+1)24 (s+1)2.
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Then

ESO(Uy) — ESO(U)
>3V5+s(r+s+ 1)1+ (r+s)?2—s(s+2)/1+ (s+1)2

Fr+s+2) VAt (r+5)2—2(r+3) VAT (r+1)2

Claim 5.

3Vh+s(r+s+1)/14+(r+s)2—s(s+2) 1—|—(s—|—1)2} .
>

+(r+s+2)/A+(r+5)?=2(r+3)/4+(r+1)>2
Proof of Claim 5. Consider the function
hz)=3V5+s(@+s+ 1)1+ (x+5)2—s(s+2)y/1+(s+1)2
+(@+s+2)VA+(x+9)2—2(x+3)V/A+ (x+1)2,
where x > 2 and s > 2. Then we obtain

s(x+s+1)(z+s)
1+ (x+s)?

W(z)=sy1+(x+s)? + 4+ (z+ )2

(x+s+2)(x+s)
44 (z+ )2

(x—l—S)(a:—&-l)).

Va+(x+1)2

—2(VAT @+ +
Since s > 2 and r > 2, it follows that

2?2 (52 —2) + 52 (s* +2) — 10+ 22 (s* —2) > 0,

that is,
sVIT@T o >2y/aT @2
Then
W(x) > s(x+s+1)(x+s) n (z+s+2)(@+s) 2(@+3)(z+1)

14 (z+s)? 4+ (z+ s)? 4+ (x+1)2
(10)
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Since min{s, x} > 2, it follows that s?+ 2 (s> —3+2s) > 0, x5 (2s—4) > 0
and 2 (z + 5s) — 11 > 0. Combining these, we obtain

2+ a? (s =3+ 2s) +xs(25 —4) +2(x +5s) — 11 > 0,
that is,
+s+D(x+s)(s+DvVAd+(x+1)2>2(x+3)(x+1)vV/4+ (z+ )2,

that is,

s(z+s+1)(z+s) (+s+2)(x+s)_ 2(x+3)(z+1)

(e Traie?  Jitaiip

Now one can see that

s(r+s+2)(x+s) (z+s+2)(x+s)
14 (z+s)? 4+ (z+ s)?

s(x+s+1)(x+s) (x+s+2)(x+s)>2(x+3)(x+l)
4+ (x+5)2 4+ (x+5)2 A+ (x+1)2°

This with (10) implies h’'(z) > 0, which means that h(z) is a strictly

increasing function on x > 2. Now it is evident that

h(z) > h(2) =3V5+s(s+3) V1 + (s +2)2 —5(s+2) /1 + (54 1)2
+(s+4)V4+(s+2)2-10V13
>3Vh+sy/1+ (s +2)2+ (s+4) VA + (s +2)2-10V13
>3v5+2V17+ 620 — 10 V13 ~ 5.65 > 0.

This proves Claim 5. u

By Claim 5, we obtain ESO(U;) — ESO(U) > 0, which contradicts

our assumption.

Case 2. dy(u,v) > 2.
Let uwy ... wev (t > 1) be an internal path, where dy,, = -+ = d,,, = 2.
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Let Ny(u) = {wy,ui,uz,...,u.} and Ny(v) = {wg,v1,...,0s}, where
u1, ug € V(Cy). Construct a graph Us € U, ; from U as:

Us = U — {uwy,vvy,. .., 005} + {uvy, ..., uvs, zw; }.

Then d,(Uz2) =7+ s, dy(Uz) =1, d.(Uz) = 2 and dy(Uz) = dg(U) for all
q € V(U). We obtain

ESO(Us) — ESO(U)
=3V5—(s+3)VA+ (s +1)2+4V8— (r+3) A+ (r+1)2

+(2+d.)\JA4+d2 —(1+d.,) /1 +d2

—&-Z((dvi—i-r—i—s) A2+ (r+ )2 — (dy, + s+ 1) dgi+(s+1)2)

i=1

+Z((duj+r+s) B2+ (r+ )2 = (dy, +7+1) d%j—i—(r—f—l)Q)

j=1

>3V5—(s+3)VA+ (s +1)2+4V8— (r+3)\/4+ (r+1)2

37 (A + 74+ 8@, + (4 5)? = (do + 5+ 1) /a2, + (s +1)?)
=1

2
+Z<(duj+r+s) B2+ (r+8)? = (dy, +7+1) d%j+(r+1)2>.

j=1
Since dy, > 1, dy; > 2 (as uy,us € V(Cy)), and 7,5 > 2, by Lemma 1 we
obtain f(dy,) > f(1) with a = r + s and b = s + 1, whereas f(d,,) > f(2)
with a =7+ s and b = r + 1. This results in
ESO(Us) — ESO(U)
>3VE+4VE — (r+3) A+ (r+1)2— (s +3) 4+ (s+1)2

+s((r+s+1) 1+ (r+s)2—-(s+2) 1+(s+1)2>
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+2((r+s+2) 44+ (r+s)2—(r+3) 4+(r+1)2)

>3VE+4V8—3(r+3) A+ (r+1)2—(s+3) 4+ (s+1)2
+s(I+r+s)V1+(r+s)2—5(s+2)y/1+(s+1)2

+2(24+r+8)V/4+ (r+s)2.

Claim 6.

3Vh+4vV8—3(r+3) a4+ (r+1)2—(s+3) 4+ (s+1)2
+s(l+r+s)/1+(r+s)2—s(s+2)y/1+(s+1)? > 0.

+2(2+7+8) 4+ (r+ )2
Proof of Claim 6. Consider the function
P(x) =3Vh+4V8 —3(z+3) A+ (z+1)2 — (s +3) /4 + (s + 1)
+s(l4+xz+s)VIi+(x+s)2—s(s+2)/1+ (s+1)2
+22+ 2+ 8)Va+ (z+s)?,

where x > 2 and s > 2. Then we obtain

s(l+x+s)(x+s)

¢ () =51+ (z+5)2 + + 24+ (z+5)2

1+ (x+s)?
2(2+m+s) x4+ s) AT @I 3(x+3) (x+1)
4+ (x4 )2 4+ (z+1)2

Since min{z, s} > 2, then it follows that

sVI+(@+s)2+2V4+(@+5)2>21+ (x+2)2+2/4+ (z+2)2
> =34+ (x+1)%
Similarly, one can see that

s(l+z+s)(z+s) 22+z+s)(z+s) o 2(14+z+2)(z+2)
1+ (x+s)? 4+ (z+s)2 1+ (x+2)?
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22+2+2)(x+2) - 3(z+3)(z+1)

4+ (z+2)2 VAt (z+1)2

The above two relations imply that ¢(x) is a strictly increasing function
on x > 2. Thus ¢(x) > ¢(2), which implies

P(x) > $(2) =3V5+4V8—15V13 — (s +3) 4+ (s +1)2+5(s+3)
X1+ (s+2)2—s(s+2)\/1+(s+1)2+2(s+4)/4+ (s+2)?
>3vV5+4V8—15V13+ (s +5) /A + (s +2)2 + s /1 + (s + 2)2

>3vV5+4v8 —15vV13 4+ 7v20 + 217 ~ 3.35 > 0.

This proves Claim 6. |

By Claim 6, we obtain ESO(Us) — ESO(U) > 0, which contradicts to
our assumption. In each case, we obtained a contradiction. This completes
the proof. |

Lemma 11. Let U € Uy, ¢ be an ESO-mazximal graph. Then U contains

a unique branching vertex.

Proof. From Lemma 10, bearing in mind that all the branching vertices
lie on the cycle Cy. Without loss of generality, we assume that u € V(Cy)
such that A = d,, > d,, for all w € V(C}). Suppose to the contrary that
U contains u and v vertices such that A = d,, > d, > 3. Now consider the

following cases:

Case 1. dy(u,v) =1

Let Ny(u) = {v,u1,...,u.} and Ny(v) = {u,v1,...,vs}, where uy, vy
eV(Cy),r=d,—1=A—-1>2and s =d, — 1> 2. Construct a graph
Us € Uy from U as:

Us = U — {vvg,vvs, ..., 005} + {uve, uvs, ..., uvs}.

Then d,(Us) = r + s, dy(Us) = 2, and d,(U) = dy(Us) for all w €
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V(U)\{u,v}. Then

ESO(Us) — ESO(U)

=(r+s+2)VA+(r+8)2—(r+s+2)/(r+1)2+(s+1)2
+(dy, +2)4/4+d2 — (dy, +5+1)y/d2 +(s+1)2

+ (duy +1r48)y/d2 + (r+5)% = (du, +7+1)y/d2, + (r+1)2

+Z((dvi+r—|—s) A2+ (r+ )2 — (dy, + s+ 1) d%i—l—(s—i—l)?)
=2

+Z((duj+r+s) 42+ (r+5)% = (du, +7+1) d,%j+(r+1)2)

Jj=2

>(r+s+2)VaA+(r+8)2—(r+s5+2)/(r+1)2+ (s +1)2
+ (do, +2)4/4+d2, — (dy, +5+1)y/d2 + (54 1)

+ (duy, +7458)\/d2 + (r+5)2 = (dy, +7+1)y/d2 + (r+1)2

Since d,, > 2 and d,,, < d,, <7+ 1, from Lemma 1 we obtain —f(d,,) >
—fr+1)witha=2and b=s+1, and f(d,,) > f(2) with a = r+ s and
b=r+1. Then

ESO(Us) — ESO(U)

(r+s4+2) i+ +5)2—(r+s+2)/(r+1)2+(s+1)2

>
F(r+3) VA +1)2—(r+s+2)V/(r+1)2+ (s + 1)2
_l’_

(
(r+s+2)vVad+(r+s)?2—(r+3)V4+ (r+1)2

>2(r+s+2) (\/4—|—(r+s)2—\/(r+1)2+(s+1)2).

Since min{r,s} > 2, it follows that (rs —r — s+ 1) > 0, that is,
4+ (r+s5)2>(r+s+2)/(r+1)2+ (s+ 1)2. Therefore ESO(Us) >
ESO(U), which is a contradiction to the choice of U.
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Case 2. dy(u,v) > 2.

Let Ny(u) = {uj,us,...,u.} and Ny(v) = {v1,ve,...,vs}, where
Uy, Uz, v1,v2 € V(Cr), 7 = A =d, >3, s=d, > 3. From the previ-
ous case, it is evident that d,,, = dy, = dy, = dy, = 2. Define Uy € U, ¢

as:
Uy =U —{vvs,...,vvs} + {uvs, ..., uvs}.

Then d,(Uy) = r+ s — 2, d,(Uy) = 2 and dy,(U) = dy(Uy) for all w €
V(U)\{u,v}. We obtain

ESO

—~~

Us) — ESO(U)
4\/§—(8+2)\/4+52)
(r+s) 4+(r+s—2)2—(r+2)m)

=2

S

+2

/N

S

+' ((dvi+r+s—2)\/d%i+(r+s—2)2—(dvi+s)1/d%i+s2)

(2

37 ((duy 4745 =2) \J (s —2)2 = (du, +7) /&2, +72),

j=3

Il
w

S

Since 1 < dy,,d,, < 2 (by Lemma 10), then by Lemma 1, we obtain
fldy) > f(1) witha =r+s—-2>4and b=s >3, and f(dy;) > f(1)
witha=r+s—2>4and b=r > 3. Then

ESO(U,) — ESO(U)
>16V2—2(s+2)VA+2+2(r+s)VA+ (r+s—2)2
2+ VA 2+ (s — 1)1+ (r+s—2)2—(s+1)V1+s2
F(r4s—D)VI+(r+s—22—(r+1)/1412
>16vV2—2(s+2)Va+52+2(s—2) A+ (r+s—2)2

+(r=2)V1I+(r+s—2)24+(s—2)/1+ (r+s—2)>2
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Consider the function

Y(x) =16V2 —2(x+2)Va+a24+2(x—2) Vad+ (r+z —2)2

+(r=2)V1+(r+z-22+(x—-2)V1+(r+z—2)2
where r > x > 3. One can easily see that ¢ (z) is strictly increasing. Thus

Y(x) > P(3)=16v2—10V13 +2/4+ (r +1)2
+ (r=1)y/14+(r+1)2=~37>0(asr > 3).

This implies that ESO(U,) > ESO(U), which is a contradiction.
In both cases, we obtain a contradiction to the choice of U. Therefore

our lemma holds. |

Theorem 5. Let U be a unicyclic graph in Uy, o. Then

(Z) [4,11,19] SO(U) < SO(On_g*Sg).

S20-n3*CyxIn_g_3 if n <2042,
(i1) ESO(U) <
Ck*flg an22€+3

Equality in (i) holds if and only if U & C,_y x S¢. FEquality in (it) is
attained if and only if U = Sop_piz * C3 x Ly_y_3 for n < 204+ 2 and
UxCpxI'y form>20+3.

Proof. The proof of Part () is provided in Refs. [4] (see Remark 2 therein),
[19], and [11]. It is important to note that in [11], the authors claimed that
the unicyclic graph Sy_; * C3 x I] (constructed by attaching a star Sp_;
and a pendent path I of length at least two to the same vertex of the
cycle C3) maximizes the SO-index. However, this claim is incorrect. As
a counterexample, one can transform Sy_1 x C5 x I} into Cy,_g x Sy, which

yields a contradiction.

(73) Let U’ € Uy, o be an ESO-maximal graph. Lemmas 10 and 11 imply
that U’ is a unicyclic star-like graph. Denote by v the unique branching
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vertex of U’. We then show that U’ 2 Sop_,,43*xCy* I, _p_3 forn < 2042
and U’ = Cy x I’y for n > 2¢ + 3. Accordingly, we divide the proof into

the following two cases:

Case 1. n <20+ 2.

This case implies that U’ contains a pendent edge vv; € E(U’) such
that d,, = 1. Otherwise, suppose that U’ has no pendent edges. Then
dy/(v,z) > 2 for all z € V(U\{Cx}). Hence U’ contains ¢ pendent paths,
each of length at least 2. This together with the fact |V(Cj)| > 3 implies
that n > 2¢+3. This contradicts to the assumption n < 2¢+2. Thus there

exists vv; € E(U’) with d,, = 1. We now consider the following claims:

Claim 7. The unique cycle Cy of the star-like graph U’ is a triangle; that

Proof of Claim 7. Suppose the opposite, i.e., that |Cx| > 4. Then in
the star-like graph U’, the cycle Cj contains three consecutive vertices
w, wy, wg such that dy, = dy,, = dy, = 2. Since U’ contains a pendent edge
vy, by applying the transformation and the calculations from Lemma 9,
we obtain a contradiction to the maximality of U’. Hence |C)| = 3, which

completes the proof of Claim 7.

Claim 8. For every vertex z € V(U' \ {Cx}), it holds dy (v,z) < 2

Proof of Claim 8. By Claim 7, we have |C;| = 3. To derive a contra-
diction to our assumption, suppose that there exists a vertex z € V(U’)
such that dy/ (v, 2z) > 3. Then the unicyclic star-like graph U’ contains a
pendent path of length at least 3, which must contain three consecutive
vertices w, wy, we satisfying d, = dy, = dy, = 2. Since U’ also contains
a pendent edge vvy, by applying the transformation and calculations from
Lemma 9, we obtain a contradiction to the maximality of U’. Therefore
every vertex z € V(U’) must satisfy dy/ (v, z) < 2, which completes the
proof of Claim 8.

By Claims 7 and 8, it follows that U’ = Sop_,, 13 xC3xI,,_s_3. Hence

ESO(Sa—pi3%CyxIyp3)=4V8+(n—L—1)({+4)/((+2)2+4
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+3(n—C=3)V5+(2—n+3)(l+3)/+2)?2+1.

Case 2. n > 2/ + 3.

In this case, we claim that U’ = Cj x I'y. We prove this claim by
contradiction. Therefore, suppose the opposite, namely that the unicyclic
star-like graph U’ is not isomorphic to Cj * I’,. Then the unicyclic star-
like graph U’ contains a pendent edge vvy, such that d,, = 1. Since
n > 20+ 3 and vv; € E(U’), it follows that U’ contain three consec-
utive vertices w,w,ws satisfying d,, = dy, = dw, = 2. Otherwise,
U' = Sop_pig*xCsxI,_y_3, contradicting the assumption n > 2¢+ 3. Thus
U’ necessarily contains edges wwy, wwy € E(U’) with dyy = dy, = dy, = 2.
By applying the transformation and calculations from Lemma 9, we then
reach a contradiction to the maximality of U’. Hence U’ = Cj, * ). As a
result

ESOCr+T')) = (L +2)L+4) /(£ +2)2+4+ 305+ 4V/8(n — 20 —2).

This completes the proof. |

4 Concluding remarks

In this paper, we presented a comparative study of the Sombor index and
the elliptic Sombor index for three important classes of graphs: trees 7, ¢,
chemical trees 7, ,, and unicyclic graphs U, ¢ with exactly £ leaves. This
study was motivated by the naturally arising Question 1, inspired by the
close algebraic similarity in the definitions of the two indices.

A comprehensive summary of our results is provided in Table 4, which
offers a clear comparative overview of the extremal graphs optimizing the

Sombor and elliptic Sombor indices in each class.

Ty Toe Un
[1] members of f 3 for even £
so | " (7] P> Sea members of F 4 for odd ¢ W CoexSe
min [23] members of F [23] members of F ?
[38] I} for £ < %] members of F 5 for even /¢ Sop—ny3xCax Iy forn <2042
ESO | M Sat—ni1* Ly_gy for £> (2] members of f ¢ for odd ¢ Cpx 1) forn>20+3
min members of f o members of f o ?

Table 4. Extremal graphs for SO and ESO within T, ¢, T,¢ , and Uy, ¢.
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From Table 4, it is evident that the extremal graphs for the Sombor
index and the elliptic Sombor index do not generally coincide. This high-
lights subtle yet meaningful distinctions in structure-dependency of the
two indices, even when studied within the same family of graphs. The

question marks in Table 4 indicate unresolved cases.

©]
e [ [ ©)
U O Uz o Us o Us
O O O O
o~ O Y °
O o [
o
o) O o o] o) O
L] o ® o o O
([ ] P [ ]
SO(Uy) = 30.840 SO(Us) = 30.831 SO(Us) = 30.690 SO(Us) = 30.550
[ ]
; [ . o ja
® o o " @ (OFNe) o NP o U °
O o O
o o] o o o O
o o
[ Y PY

SO(Us) = 30.541 SO(Us) = 30.401 SO(Ur) = 30.252

Figure 3. Counterexamples to the lower bound stated in Theorem 3
of [19] for n = 9 and £ = 3.

It is worth noting that the unicyclic graphs in U, corresponding to
the lower bound of Theorem 3 in [19] are not the true minimizers of the
Sombor index, as counterexamples exist. For instance, when n = 9 and
¢ = 3, Theorem 3 of [19] identifies U; as the minimizer; however, six
other graphs Us,...,U; of the same order and number of leaves yield
smaller Sombor indices, with SO(Uy) > SO(Us) > SO(Us) > SO(Uy) >
SO(Us) > SO(Us) > SO(Uz), as illustrated in Figure 3. Thus the lower
bound claim of Theorem 3 in [19] is invalid, and we leave question marks
in Table 4 to indicate that the precise minimizers in U, , remain open.

We conclude by posing a natural question: “Are there graph classes,
beyond the standard examples such as paths, stars, and complete graphs,
in which the Sombor index and the elliptic Sombor index share the same

extremal graphs, both maximal and minimal?”
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