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Abstract

Bond additive indices are a special class of topological indices
(TI) that are determined by the sum of the edge contributions of
graphs. The Szeged index, PI index, Mostar index, and their edge
versions are among the most extensively studied bond additive in-
dices. In this paper, we investigate the difference between bond ad-
ditive indices and their respective edge versions, denoted by ∆TI.
Specifically, we study this problem for the Szeged index, PI index,
and Mostar index. We obtain upper and lower bounds for ∆TI
for different classes of graphs such as trees, unicyclic graphs, and
bicyclic graphs, and identify the graphs that attain these bounds.
Furthermore, we characterize the graphs that satisfy the property
∆TI = 0 within these graph classes.

1 Introduction

Topological indices are numerical quantities associated with graphs that

provide physical information about the chemical compounds derived from
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the underlying graph structures. Since the introduction of the first topo-

logical index, the Wiener index (W (G)) [27], a large number of topological

indices have been studied and analyzed.

Bond additive indices form a major subclass of topological indices,

where the index is computed as the sum of edge contributions. Several

bond additive indices are available in the literature. For further reading,

see [3, 8, 16,23,26].

Let G = (V (G), E(G)) be a connected graph with vertex set V (G) and

edge set E(G). For each edge e = uv in G, define the following sets:

Nu(e|G) = {w ∈ V (G) : d(u,w) < d(v, w)}

Nv(e|G) = {w ∈ V (G) : d(v, w) < d(u,w)}

Mu(e|G) = {e′ ∈ E(G) : d(u, e′) < d(v, e′)}

Mv(e|G) = {e′ ∈ E(G) : d(v, e′) < d(u, e′)}

Here, d(u, v) denotes the distance between vertices u and v, and d(u, e)

denotes the distance between a vertex u and an edge e = xy, defined as

d(u, e) = min{d(u, x), d(u, y)}. The cardinalities of these sets are denoted

by nu(e|G), nv(e|G), mu(e|G), and mv(e|G) respectively.

Using these parameters, Gutman [15], Khadikar et al. [22], and Došlić

et al. [14] proposed three different bond additive indices: the Szeged index,

PI index, and Mostar index. They are defined as follows:

Sz(G) =
∑

e=uv∈E(G)

nu(e|G) · nv(e|G)

PI(G) =
∑

e=uv∈E(G)

(nu(e|G) + nv(e|G))

Mo(G) =
∑

e=uv∈E(G)

|nu(e|G)− nv(e|G)|

Analogous edge-based versions of these indices were introduced and studied

more recently [9, 17,24]. They are defined as:

Sze(G) =
∑

e=uv∈E(G)

mu(e|G) ·mv(e|G)
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PIe(G) =
∑

e=uv∈E(G)

(mu(e|G) +mv(e|G))

Moe(G) =
∑

e=uv∈E(G)

|mu(e|G)−mv(e|G)|

For more on these bond additive indices and related concepts, see [1–4, 8,

11–13,16,21,26].

Several such indices and their edge versions exist in the literature.

For certain classes of graphs, the vertex and edge versions of these bond

additive indices may coincide. The present study is focused on analyzing

the difference between the vertex and edge versions of topological indices.

The investigation also includes identifying classes of graphs where these

versions coincide, along with determining bounds on the difference for

various graph families.

Throughout this paper, TIv and TIe denote the vertex and edge ver-

sions of a topological index, respectively. The difference in the contri-

bution of an edge e in the vertex and edge versions is represented by

∆TI(e) = TIv(e)− TIe(e).

To proceed further, the following definitions are proposed.

Definition 1. Let TIv denote the vertex version and TIe the correspond-

ing edge version of a topological index. The difference between them is

denoted by ∆TI, and is defined as:

∆TI(G) = TIv(G)− TIe(G) =
∑

e∈E(G)

∆TI(e)

For the PI index, Mostar index, and Szeged index, this is denoted by ∆PI,

∆Mo, and ∆Sz, respectively.

The absolute difference of these quantities is defined as follows:

Definition 2. Let G = (V (G), E(G)) be a connected graph. For each

edge e = uv, let TIv(e) and TIe(e) denote its contribution in the vertex

and edge versions of a topological index, respectively. Then:

∆TI ′(G) =
∑

e∈E(G)

|TIv(e)− TIe(e)| =
∑

e∈E(G)

|∆TI(e)|
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For PI, Mostar, and Szeged indices, these are denoted as ∆PI ′, ∆Mo′,

and ∆Sz′, respectively.

Definition 3. An edge e = uv of a graph G is called a distance balanced

edge if Mov(e) = 0, and is called a distance edge-balanced edge if Moe(e) =

0.

The study primarily addresses the following problems:

• Determining the relationship between TIv(G) and TIe(G) for various

classes of graphs.

• Establishing upper and lower bounds for ∆TI and ∆TI ′ across dif-

ferent graph classes.

• Characterizing graphs for which TIv(G) = TIe(G) for various bond

additive indices.

Only simple, finite, undirected, and connected graphs are considered

throughout. Let Tn and Un denote the sets of all trees and unicyclic graphs

of order n, respectively. Let Φn denote the class of all bicyclic graphs of

order n in which the cycles are edge-disjoint. Bounds on the quantities

∆TI and ∆TI ′ are established for trees, unicyclic graphs, and certain

classes of bicyclic graphs of fixed order.

2 Main results

In this section, the explicit bounds of ∆TI(G) for different classes of graphs

are determined. First, consider the problem in the case of trees.

Theorem 1. For a tree T , ∆Mo(T ) = ∆Mo′(T ) = 0.

Proof. For every edge e = uv ∈ E(T ), Mov(e) = |nu(e|T ) − nv(e|T )| =
|nu(e|T ) − 1 − nv(e|T ) + 1| = |mu(e|T ) − mv(e|T )| = Moe(e), therefore

the result follows.

We extend this onto Szeged and PI indices, we have the following re-

sults.
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Theorem 2. Let T ∈ Tn, then ∆PI(T ) = ∆PI ′(T ) = 2(n− 1).

Proof. For every edge e = uv ∈ E(T ), PIv(e) = nu(e|T ) + nv(e|T ) = n

and PIe(e) = mu(e|T ) +mv(e|T ) = n− 2. Clearly, for every edge e = uv,

PIv(e)− PIe(e) = |PIv(e)− PIe(e)|. Thus,

∆PI(T ) =
∑

e=uv∈E(T )

PIv(e)−
∑

e=uv∈E(T )

PIe(e)

=
∑

e=uv∈E(T )

n−
∑

e=uv∈E(T )

(n− 2) =
∑

e=uv∈E(T )

2

= 2(n− 1)

Corollary. For every tree T of order n > 1, PIv(T ) > PIe(T ).

Theorem 3. Let T ∈ Tn, then ∆Sz(T ) = (n− 1)2.

Proof. Let P denote the collection of pendant edges in T and |P | = p. For

every e ∈ P , Szv(e) = n− 1 and Sze(e) = 0. For every e = uv /∈ P , if u is

closer to nu(e|T ) vertices in T than v then u must be closer to nu(e|T )−1

edges in T than v. Thus, for e = uv /∈ P Sze(e) = (nu(e|T )−1)(nv(e|T )−
1) or Szv(e) = (mu(e|T ) + 1)(mv(e|T ) + 1). Thus,

∆Sz(T ) =
∑

e=uv∈T

Szv(e)−
∑

e=uv∈T

Sze(e)

=
∑

e=uv∈P

(n− 1) +
∑

e=uv/∈P

(mu(e|T ) + 1)(mv(e|T ) + 1)

−
∑

e=uv/∈P

(mu(e|T ))(mv(e|T ))

= p(n− 1) +
∑

e=uv/∈P

(mu(e|T ) +mv(e|T )) +
∑

e=uv/∈P

1

= p(n− 1) + (n− 1− p)(n− 1) = (n− 1)2

Since ∑
e=uv/∈P

(mu(e|T ) +mu(e|T )) = (n− 1− p)(n− 2).
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Corollary. For every tree T of order n > 1, Szv(T ) > Sze(T ).

Theorem 4. Let T ∈ Tn, then ∆Sz′(T ) = (n− 1)2.

Proof. For every non pendant edge e = uv ∈ E(T )

Szv(e)− Sze(e) = (mu(e|T ) + 1)(mv(e|T ) + 1)− (mu(e|T ))(mv(e|T ))

= (mu(e|T ) +mv(e|T )) + 1 = |(mu(e|T ) +mv(e|T )) + 1|

= |Szv(e)− Sze(e)|

for every pendant edge e = uv ∈ E(T )

Szv(e)− Sze(e) = (n− 1) = |Szv(e)− Sze(e)|

Therefore, the result follows.

Now, we study the difference and absolute difference of topological

indices on unicyclic graphs.

Theorem 5. Let G ∈ Un, then ∆Mo′(G) = b, where b is the number of

bridges in G.

Proof. On G, let Cr be the cycle and let B denote the collection of bridges

with |B| = b.

Case I: r is even: For every e = uv ∈ B, let u denote the vertex which

is closer to the cycle than v, then nu(e|G) = mu(e|G) and nv(e|G) =

mv(e|G) + 1. Thus, for every bridge e = uv

|Mov(e)−Moe(e)| = ||nu(e|G)− nv(e|G)| − |mu(e|G)−mv(e|G)||

= ||nu(e|G)− nv(e|G)| − |nu(e|G)− nv(e|G) + 1|| = 1

For every edge e = uv /∈ B, then one edge other than the edge e in the

cycle Cr is not part of the setMu(e|G) andMv(e|G)(the edge diametrically

opposite to e). Therefore, it does not contribute to both mu(e|G) and

mv(e|G) and all the vertices are either part of Nu(e|G) or Nv(e|G). Thus

nu(e|G) = mu(e|G) + 1 and nv(e|G) = mv(e|G) + 1. Thus, for every edge
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e = uv /∈ B.

|Mov(e)−Moe(e)| =
∣∣ |nu(e|G)− nv(e|G)| − |mu(e|G)−mv(e|G)|

∣∣
=

∣∣ |nu(e|G)− nv(e|G)|

− |nu(e|G)− 1− nv(e|G) + 1|
∣∣ = 0

Therefore,

∆Mo′(G) =
∑

e=uv∈E

|Mov(e)−Moe(e)|

=
∑

e=uv∈B

|Mov(e)−Moe(e)|+
∑

e=uv/∈B

|Mov(e)−Moe(e)|

=
∑

e=uv∈B

1 +
∑

e=uv/∈B

0 = b

Case II: r is odd: For every e = uv ∈ B, let u denote the vertex which

is closer to the cycle than v, then nu(e|G) = mu(e|G) and nv(e|G) =

mv(e|G) + 1. Therefore, |Mov(e) − Moe(e)| = 1. Now, for every edge

e = uv /∈ B, all the edges of the cycle Cr other than e = uv are part of

either Mu(e|G) or Mv(e|G). Also, if w is the vertex on the cycle which is

equi-distant from both the end vertices u and v, then all the vertices and

edges of the tree Tw attached at w must of equal distance from both u and

v. Therefore, corresponding to each vertex which is closer to u(or v) than v

(or u) there exist an edge which closer to u(or v) than v (or u). Therefore,

nu(e|G) = mu(e|G) and nv(e|G) = mv(e|G). Thus, |Mov(e)−Moe(e)| =
0. Therefore,

∆Mo′(G) =
∑

e=uv∈E

|Mov(e)−Moe(e)|

=
∑

e=uv∈B

|Mov(e)−Moe(e)|+
∑

e=uv/∈B

|Mov(e)−Moe(e)|

=
∑

e=uv∈B

1 +
∑

e=uv/∈B

0 = b

Let C3 denote the collection of all unicyclic graphs having cycle C3.
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Corollary. For any G ∈ Un, 0 ≤ ∆Mo′(G) ≤ n−3 and the equality holds

if and only if G ∼= Cn and G ∈ C3 respectively.

Proof. By Theorem 5, ∆Mo′(G) = b, where b is number of bridges of G.

Therefore, ∆Mo′(G) is maximum when b is maximum (or the cycle length

is minimum) and it is minimum when b is minimum (or the cycle length

is maximum). Hence the result.

Let C′
3 denote the collection of all unicyclic graph with cycle C3 along

with no distance balanced bridges as well as no distance edge balanced

bridges.

Theorem 6. Let G ∈ Un. Then −(n−3) ≤ ∆Mo(G) ≤ 0 and the equality

holds if and only if G ∈ C′
3 and G ∼= Cn respectively.

Proof. Let G be the unicyclic graph with cycle Cr. Let B denote the

collection of all bridges in G. Using Theorem 5, for everey edge e = uv,

the difference Mov(e)−Moe(e) is either zero or ±1. We divide the edges

of G into three categories

∆Mo0 = |{e ∈ E(G) : Mov(e) = Moe(e)}|

∆Mo1 = |{e ∈ E(G) : Mov(e) = Moe(e) + 1}|

∆Mo−1 = |{e ∈ E(G) : Mov(e) = Moe(e)− 1}|

Therefore, for every graph G ∈ Un

∆Mo(G) = (0).∆Mo0 + (1).∆Mo1 + (−1).∆Mo−1

Now, by the arguments in Theorem 5, ∆Mo0 = r. The remaining n − r

edges are counted either in ∆Mo1 or in ∆Mo−1. We divide the rest into

three cases.

Case I: n is even and there exists a bridge e = uv with nu(e|G) = nv(e|G).

For every bridge e = uv, nu(e|G) + nv(e|G) = n. Thus, nu(e|G) =

nv(e|G) implies nu(e|G) = nv(e|G) =
n

2
. Let u be the vertex in the edge

e = uv which is closer to the cycle than v. Then the
n

2
− 1 bridges of G

closer to v and the remaining
n

2
edges except the edge e = uv is closer
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to u, therefore, the value nu(e|G) = mu(e|G) and nv(e|G) = mv(e|G) + 1

and nu(e|G) > nv(e|G). Thus

Mov(e)−Moe(e) = |nu(e|G)− nv(e|G)| − |mu(e|G)−mv(e|G)|

= nu(e|G)− nv(e|G)− (nu(e|G)− (nv(e|G)− 1)) = −1

Now for the remaining
n

2
−r bridges closer to u than v, the value nu(e|G) =

mu(e|G) and nv(e|G) = mv(e|G) + 1 and nu(e|G) < nv(e|G). Thus

Mov(e)−Moe(e) = |nu(e|G)− nv(e|G)| − |mu(e|G)−mv(e|G)|

= nv(e|G)− nu(e|G)− (nv(e|G)− 1− nu(e|G)) = 1

Thus,

∆Mo(G) = (0).r + (1).(
n

2
− r) + (−1).

n

2
= −r

Case II: n is odd and there exists a bridge e = uv with mu(e|G) =

mv(e|G).

For every bridge e = uv, mu(e|G)+mv(e|G) = n−1. Thus, mu(e|G) =

mv(e|G) implies mu(e|G) = mv(e|G) =
n− 1

2
. Let u be the vertex in the

edge e = uv which is closer to the cycle than v. Then the
n− 1

2
−1 bridges

of G closer to v and the remaining
n− 1

2
edges except the edge e = uv

is closer to u, therefore, the value nu(e|G) = mu(e|G) and nv(e|G) =

mv(e|G) + 1 and nu(e|G) ≥ nv(e|G). Thus

Mov(e)−Moe(e) = −1

Now for the remaining
n+ 1

2
− r bridges closer to u than v, the value

nu(e|G) = mu(e|G) and nv(e|G) = mv(e|G) + 1 and nu(e|G) < nv(e|G).

Thus

Mov(e)−Moe(e) = 1
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Thus,

∆Mo(G) = (0).r + (1).(
n+ 1

2
− r) + (−1).(

n− 1

2
) = −r + 1

Case III: There exist no bridge e = uv with nu(e|G) = nv(e|G) or

mu(e|G) = mv(e|G): Then for every bridge e = uv, the value nu(e|G) =

mu(e|G) and nv(e|G) = mv(e|G) + 1 (where u is closer to the cycle than

v) and nu(e|G) ≥ nv(e|G). Thus

Mov(e)−Moe(e) = −1

Therefore,

∆Mo(G) = (−1)(n− r) = −(n− r) = −n+ r

Therefore, the maximum value ∆Mo is zero and ∆Mo(G) = 0 if and only

if G does not have any bridges, i.e, G ∼= Cn. Since the girth r is 3 ≤ r ≤ n,

∆Mo(G) is minimum when r is minimum, thus −(n− 3) ≤ ∆Mo(G) ≤ 0.

Now, ∆Mo(G) = −(n− 3) implies r = 3, also the graph does not have

any bridge e = uv with nu(e|G) = nv(e|G) and mu(e|G) = mv(e|G), that

is G ∈ C′
3

As a consequence of the theorem, we have the following results

Corollary. For any unicyclic graph G, ∆Mo(G) = 0 if and only if G ∼=
Cn.

Corollary. For any unicyclic graph G, Mov(G) ≤ Moe(G) and the equal-

ity holds if and only if G ∼= Cn.

Now, we study the difference and absolute difference of PI index on

unicyclic graphs.

Theorem 7. Let G ∈ Un be a unicyclic graph with cycle Cr. Then

∆PI(G) = ∆PI ′(G) =

n+ r, if r is even

n− r, if r is odd

.
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Proof. Let Cr be the cycle in G and B denote the collection of bridges in

G with |B| = b = n− r. .

Case I: r is even: For every e = uv ∈ B, let u denote the vertex which

is closer to the cycle than v, then nu(e|G) = mu(e|G) and nv(e|G) =

mv(e|G) + 1. For every edge e = uv /∈ B, then one edge other that the

edge e in the cycle Cr does not contribute to both mu(e|G) and mv(e|G)

and all the vertices are either part of Nu(e|G) or Nv(e|G). Thus nu(e|G) =

mu(e|G) + 1 and nv(e|G) = mv(e|G) + 1. Thus,

PIv(e) = PIe(e) + 1 when e ∈ B

PIv(e) = PIe(e) + 2 when e /∈ B

or

PIv(e)− PIe(e) = 1 = |PIv(e)− PIe(e)| when e ∈ B

PIv(e)− PIe(e) = 2 = |PIv(e)− PIe(e)| when e /∈ B

Therefore,

∆PI(G) = ∆PI ′(G) =
∑

e=uv∈B

PIv(e)− PIe(e) +
∑

e=uv/∈B

PIv(e)− PIe(e)

=
∑

e=uv∈B

1 +
∑

e=uv/∈B

2 = b+ 2r = n+ r

Case II: r is odd: For every e = uv ∈ B, let u denote the vertex which

is closer to the cycle than v, then nu(e|G) = mu(e|G) and nv(e|G) =

mv(e|G) + 1. For every edge e = uv /∈ B, all the edge of the cycle Cr are

part of either Mu(e|G) or Mv(e|G) and all except one vertex of the cycle

is part of Nu(e|G) or Nv(e|G). Also, all the vertices and edges which are

part of a tree incident at the vertex which is equi distant from both u and

v of the cycle is not part of Nu(e|G) or Nv(e|G) and Mu(e|G) or Mv(e|G).

Thus nu(e|G) = mu(e|G) and nv(e|G) = mv(e|G). Therefore,

PIv(e) = PIe(e) + 1 when e ∈ B

PIv(e) = PIe(e) when e /∈ B
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or

PIv(e)− PIe(e) = 1 = |PIv(e)− PIe(e)| when e ∈ B

PIv(e)− PIe(e) = 0 = |PIv(e)− PIe(e)| when e /∈ B

Therefore,

∆PI(G) = ∆PI ′(G) =
∑

e=uv∈B

PIv(e)− PIe(e) +
∑

e=uv/∈B

PIv(e)− PIe(e)

=
∑

e=uv∈B

1 = b = n− r

Now, as an application we determine the vertex PI index unicyclic

graph of a given order having a given girth r. For convenience, we quote

all the results in terms of the order of the graph G.

Theorem 8. Let G be a unicyclic graph with n vertices and girth r, then:

PIv(G) =

n2 If r is even

n2 − n If r is odd

Using Theorem 7 and Theorem 8 we can directly compute the edge PI

index of unicyclic graph of a fixed order [25].

Theorem 9. Let G be a unicyclic graph with n vertices and girth r, then:

PIv(G) =

n2 − n− r If r is even

n2 − 2n+ r If r is odd

Using these results we can directly obtain the unicylic graphs attaining

the bounds of vertex PI index. Let Cn−1,1 denote the unicyclic graph of

order n having the cycle Cn−1 along with a pendant edge attached at some

vertex of the cycle Cn−1.

Remark. If G is a unicyclic graph of order n. When n is even, then

the upper and lower bounds of edge PI index is obtained for the graphs

Cn−1,1, Cn respectively. When n is odd, the upper bound and lower bounds

are obtained by the graphs Cn−1,1 and Cn respectively.
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Theorem 10. Let G ∈ Un be a unicyclic graph with cycle Cr. Then

0 ≤ ∆Sz(G) = ∆Sz′(G) ≤

n(n− 1), if r is even

(n− r)(n− 1), if r is odd

Proof. Divide the edges into three different sets. Let P,B,C denote the

collection of all pendant edges, non pendant bridges, and edges which are

part of the cycle Cr of the graph G respectively. Assume that |P | = p,

|B| = b and |C| = n− b− p.

Case I: r is even: For every edge e = uv ∈ P, we have ne(e|G)nv(e|G) =

n − 1 and me(e|G)mv(e|G) = 0. For every e = uv ∈ B, let u denote the

vertex which is closer to the cycle than v, then nu(e|G) = mu(e|G) and

nv(e|G) = mv(e|G) + 1. For every edge e = uv /∈ B, then one edge other

that the edge e in the cycle Cr does not contribute to both mu(e|G) and

mv(e|G) and all the vertices are either part of Nu(e|G) or Nv(e|G). Thus

nu(e|G) = mu(e|G) + 1 and nv(e|G) = mv(e|G) + 1. Thus,

Szv(e)− Sze(e) = n− 1 =
∣∣Szv(e)− Sze(e)

∣∣ when e ∈ P

Szv(e)− Sze(e) = nu(e|G)nv(e|G)−mu(e|G)mv(e|G)

= mu(e|G)mv(e|G) +mu(e|G)−mu(e|G)mv(e|G)

= mu(e|G) =
∣∣Szv(e)− Sze(e)

∣∣ when e ∈ B

Szv(e)− Sze(e) = nu(e|G)nv(e|G)−mu(e|G)mv(e|G)

= mu(e|G)mv(e|G) +mu(e|G) +mv(e|G) + 1

−mu(e|G)mv(e|G)

= mu(e|G) +mv(e|G) + 1 = n− 1 =
∣∣Szv(e)− Sze(e)

∣∣
when e ∈ C

Therefore,

∆Sz(G) =
∑

e=uv∈P

(
Szv(e)− Sze(e)

)
+

∑
e=uv∈B

(
Szv(e)− Sze(e)

)
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+
∑

e=uv∈C

(
Szv(e)− Sze(e)

)
=

∑
e=uv∈P

(n− 1) +
∑

e=uv∈B

mu(e|G) +
∑

e=uv∈C

(n− 1) (I)

< (p+ r)(n− 1) + (n− r − p)(n− 1)

= (p+ r)(n− 1) + (n− r − p)(n− 1)

= n(n− 1)

since

mu(e|G) < (n− 1) ∀e ∈ B

Now, the maximum value ∆Sz(G) = n(n − 1) if and only if∑
e=uv∈B mu(e|G) = 0 which is if and only if b = 0, i.e, all the bridges are

pendant edges. Also, since all the quantities of (I) are strictly positive,

∆Sz(G) > 0.

Case II: r is odd: For every edge e = uv ∈ P, we have ne(e|G)nv(e|G) =

n − 1 and me(e|G)mv(e|G) = 0. For every e = uv ∈ B, let u denote the

vertex which is closer to the cycle than v, then nu(e|G) = mu(e|G) and

nv(e|G) = mv(e|G) + 1. For every edge e = uv /∈ B, all the edge of the

cycle Cr are part of either Mu(e|G) or Mv(e|G) and all except one vertex

of the cycle is part of Nu(e|G) or Nv(e|G). Also, all the vertices and edges

which are part of a tree incident at the vertex which is equi distant from

u and v of the cycle is not part of Nu(e|G) or Nv(e|G) and Mu(e|G) or

Mv(e|G). Thus nu(e|G) = mu(e|G) and nv(e|G) = mv(e|G). Thus,

Szv(e)− Sze(e) = n− 1 = |Szv(e)− Sze(e)| when e ∈ P

Szv(e)− Sze(e) = nu(e|G)nv(e|G)−mu(e|G)mv(e|G)

= mu(e|G)mv(e|G) +mu(e|G)−mu(e|G)mv(e|G)

= mu(e|G) = |Szv(e)− Sze(e)| when e ∈ B

Szv(e)− Sze(e) = nu(e|G)nv(e|G)−mu(e|G)mv(e|G)

= mu(e|G)mv(e|G)−mu(e|G)mv(e|G)

= 0 = |Szv(e)− Sze(e)| when e ∈ C
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Therefore,

∆Sz(G) =
∑

e=uv∈P

(
Szv(e)− Sze(e)

)
+

∑
e=uv∈B

(
Szv(e)− Sze(e)

)
+

∑
e=uv∈C

(
Szv(e)− Sze(e)

)
=

∑
e=uv∈P

(n− 1) +
∑

e=uv∈B

mu(e|G) (II)

< (n− r)(n− 1)

since mu(e|G) < (n− 1) ∀e ∈ B Now, the maximum value ∆Sz(G) =

(n− r)(n− 1) if and only if
∑

e=uv∈B mu(e|G) = 0 which is if and only if

b = 0, i.e, all the bridges are pendant edges. Also, since all the quantities

of (II) are positive, ∆Sz(G) ≥ 0.

Corollary. Let G be a unicyclic graph. Then Szv(G) ≥ Sze(G) and the

equality holds if and only if G ∼= Cn, n is odd.

Proof. By Theorem 10, ∆Sz(G) ≥ 0. Now, ∆Sz(G) = 0 implies ∆Sz′(G)

= 0. Thus, Szv(e) = Sze(e) for every edge e. Which is if and only if

G ∼= Cn, n odd from the arguments of the Theorem 10.

Now we study the value of ∆TI in the case of a special class of bicyclic

graphs called Phi graphs Φn. Phi graphs are bicyclic graphs in which any

two distinct cycles have at most one common vertex and Φn denote the

collection of all phi graphs [1] of order n.

Theorem 11. Let G ∈ Φn with cycles Ca and Cb. Then

∆PI(G) =



a+ b, if a, b are even

−(a+ b) + 2, if a, b are odd

a− b+ 1, if a is even and b odd

−a+ 1 + b, if a is odd and b is even
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and

∆PI ′(G) =


a+ b, if a, b are even

(a+ b− 2), if a, b are odd

a+ b− 1, if a, b are of different parity

Proof. We divide the edges of Φn into four different classes A,B,C,D.

Let A denote the collection of all pendant edges of the graph G, B denote

the collection of all non pendant bridges of G which belongs to the path

connecting the two cycles of Φn. Let C denote the collection of all edges

which belongs to the cycle in G and D denote the non pendant bridges of

G which do not belong to B. Let Ca, Cb denote the cycles in G. Now, for

edges e = uv ∈ E(G), we have the following relations

• If e = uv ∈ A then nu(e|G) = n − 1, nv(e|G) = 1 and mu(e|G) =

n,mv(e|G) = 0. Thus,

PIv(e) = n = PIe(e)

Therefore,

PIv(e)− PIe(e) = |PIv(e)− PIe(e)| = 0

• If e = uv ∈ B then nu(e|G) = mu(e|G), nv(e|G) = nv(e|G). Thus,

PIv(e) = PIe(e)

Therefore,

PIv(e)− PIe(e) = |PIv(e)− PIe(e)| = 0

• If e = uv ∈ C. Without loss of generality, assume that v denote the

vertex which is closer to the other cycle than u. When a, b are even

then nu(e|G) = mu(e|G) + 1, nv(e|G) = mv(e|G). Thus,

PIv(e) = PIe(e) + 1
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Therefore,

PIv(e)− PIe(e) = |PIv(e)− PIe(e)| = 1

When a, b are odd, except for one edge in each cycle for all the other

edges, we have nu(e|G) = mu(e|G), nv(e|G) = mv(e|G)− 1. Thus,

PIv(e) = PIe(e)− 1

Therefore,

PIv(e)− PIe(e) = −1 and |PIv(e)− PIe(e)| = 1

Now, for the remaining one edge in each cycle, we have

nu(e|G) = mu(e|G), nv(e|G) = mv(e|G).

Therefore,

PIv(e) = PIe(e) =⇒ PIv(e)− PIe(e) = |PIv(e)− PIe(e)| = 0

When a even and b odd, we have,

PIv(e)− PIe(e) = |PIv(e)− PIe(e)| = 1 for all e ∈ Ca

PIv(e)− PIe(e) = −1,∣∣PIv(e)− PIe(e)
∣∣ = 1, for all except one edge in Cb

and for the remaining one edge,

PIv(e)− PIe(e) = |PIv(e)− PIe(e)| = 0

• If e = uv ∈ D then nu(e|G) = mu(e|G)− 1, nv(e|G) = mv(e|G) + 1.



770

Therefore,

PIv(e)− PIe(e) = |PIv(e)− PIe(e)| = 0

Thus,

∆PI(G) =
∑

e=uv∈A∪B∪C∪D

(
PIv(e)− PIe(e)

)
=

∑
e=uv∈C

(
PIv(e)− PIe(e)

)

=



a+ b, if a, b are even,

−(a+ b) + 2, if a, b are odd,

a− b+ 1, if a is even and b odd,

−a+ 1 + b, if a is odd and b even.

and

∆PI ′(G) =
∑

e=uv∈A∪B∪C∪D

∣∣PIv(e)− PIe(e)
∣∣

=
∑

e=uv∈C

∣∣PIv(e)− PIe(e)
∣∣

=


a+ b, if a, b are even,

a+ b− 2, if a, b are odd,

a+ b− 1, if a, b are of different parity.

As a consequence of the theorem, we can have the following result

Theorem 12. Let G ∈ Φn with cycles Ca and Cb. Then

(a.) PIv(G) ≥ PIe(G) if and only if a, b are even or a even b odd with

a ≥ b+ 1 or a odd b even with b ≥ a+ 1
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(b.) PIv(G) < PIe(G) if and only if a, b are odd or a even b odd with

a < b+ 1 or a odd b even with b < a+ 1

we can also classify the graphs in which the vertex and edge versions

of PI index are equal on the graphs in Φn.

Theorem 13. Let G ∈ Φn with cycles Ca and Cb. Then PIv(G) = PIe(G)

if and only

• a even, b odd with b = a+ 1.

• a odd, b even with a = b+ 1.

Now, we study the absolute difference for the case of Mostar indices.

Theorem 14. Let G ∈ Φn with cycles Ca and Cb. Then ∆Mo(G) ≤
2b− 2p+ a+ b and

∆Mo′(G) =


2p+ 2b+ a+ b, if a, b are even

2p+ 2b+ (a+ b− 2), if a, b are odd

2p+ 2b+ a+ b− 1, if a, b are of different parity

where p denote the number of pendant edges of G and b denote the number

of bridges of G other than the bridges on the path connecting the two cycles

in G.

Proof. As in the previous theorem, the edges are partitioned into four

different categories with the following relationships between |nu(e|G) −
nv(e|G)| and |mu(e|G)−mv(e|G)|.

• If e = uv ∈ A then |nu(e|G) − nv(e|G)| = n − 2 = |mu(e|G) −
mv(e|G)|−2. Thus, Mov(e)−Moe(e) = −2 and |Mov(e)−Moe(e)| =
2.

• If e = uv ∈ B then |nu(e|G) − nv(e|G)| = |mu(e|G) − mv(e|G)|.
Thus, Mov(e)−Moe(e) = |Mov(e)−Moe(e)| = 0.

• If e = uv ∈ C. Without loss of generality, assume that v denote the

vertex which is closer to the other cycle than u. When a, b are even
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then nu(e|G) = mu(e|G) + 1, nv(e|G) = mv(e|G). Thus,

Mov(e)−Moe(e) = ±1, |Mov(e)−Moe(e)| = 1.

When a, b are odd, except one edge in each cycle for all the other

edges, we have nu(e|G) = mu(e|G), nv(e|G) = mv(e|G)− 1. Thus,

Mov(e)−Moe(e) = ±1, |Mov(e)−Moe(e)| = 1.

Now, for the remaining one edge in each cycle, we have

nu(e|G) = mu(e|G), nv(e|G) = mv(e|G).

Therefore,

Mov(e)−Moe(e) = |Mov(e)−Moe(e)| = 0

When a even and b odd, we have,

Mov(e)−Moe(e) = ±1,∣∣Mov(e)−Moe(e)
∣∣ = 1, for all except one edge in Cb

and for the remaining one edge,

Mov(e)−Moe(e) = |Mov(e)−Moe(e)| = 0

• If e = uv ∈ D then nu(e|G) = mu(e|G)− 1, nv(e|G) = mv(e|G) + 1.

Therefore,

Mov(e)−Moe(e) = ±2, |Mov(e)−Moe(e)| = 2

Therefore,

∆Mo(G) =
∑

e=uv∈A∪B∪C∪D

Mov(e)−Moe(e)
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≤
∑

e=uv∈A

−2 +
∑

e=uv∈B

0 +
∑

e=uv∈C

1 +
∑

e=uv∈D

2

≤ −2p+ a+ b+ 2b

Now,

∆Mo′(G) =
∑

e=uv∈A∪B∪C∪D

|Mov(e)−Moe(e)|

=
∑

e=uv∈A

2 +
∑

e=uv∈B

0 +
∑

e=uv∈C

1 +
∑

e=uv∈D

2

=


2p+ 2b+ a+ b, if a, b are even

2p+ 2b+ (a+ b− 2), if a, b are odd

2p+ 2b+ a+ b− 1, if a, b are of different parity

3 Conclusion

In this study we have determined the difference between the vertex and

edge versions of some bond additive indices for several classes of graphs.

We studied this problem for tree, unicyclic graphs as well as bicyclic

graphs. There are lots of other classes of graph, in which this ∆TI hasn’t

been explored properly. We end our study by proposing some problems

for further studies.

Problem 1: Determine the bounds of ∆Mo(G),∆PI(G),∆Sz(G) for

connected graphs of fixed order and characterize the graphs attaining the

bounds.

Problem 2: Determine the bounds of ∆Mo(G),∆PI(G),∆Sz(G) for

c−cyclic graphs of fixed order and characterize the graphs attaining the

bounds where c ≥ 3.

Problem 3: Determine the bounds of ∆Mo(G),∆PI(G),∆Sz(G) for

cacti of fixed order having fixed number of cycles.

Problem 4: Characterize the graphs for which ∆TI(G) = 0 and ∆TI ′(G)

= 0 for the case of Mostar, PI and Szeged indices.
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