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Abstract

In this paper, we determine the hypergraphs with maximum and
minimum Zagreb indices among all linear bicyclic uniform hyper-
graphs with m edges. For a given girth, we also determine the
linear bicyclic uniform hypergraphs with m edges that attain the
maximum and minimum Zagreb indices.

1 Introduction

In 1972, Gutman and Trinajsti¢ [10] proposed the first Zagreb index of
graphs. The first Zagreb index of a graph G is defined as the sum of the
squares of the degrees of its vertices. The properties of the first Zagreb
index were summarized in [9,14]. Deng [5] characterized the graphs with
maximum and minimum first Zagreb indices among all bicyclic graphs
with n vertices. Some results on the extremal first Zagreb index have been

obtained in the literature: see [1,2,9,15] for trees, [16, 18] for unicyclic
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graphs, [11] for k-generalized quasi unicyclic graphs, [19] for triangle-free
graphs, and [4,6,7,12,17] for graphs with given parameters.

Let H be a hypergraph with the vertex set V(#H). In [3], the Zagreb
index M (H) of a hypergraph H is given by

MH) = > (du(w)?,

uweV(H)

where dy (u) is the degree of a vertex u in H. The bounds on the Zagreb
indices of hypergraphs, weak bipartite hypergraphs, hypertrees, k-uniform
hypergraphs, k-uniform weak bipartite hypergraphs, and k-uniform hy-
pertrees were given in [8]. The hypergraphs with maximum and minimum
Zagreb indices were determined for both uniform hypertrees and linear
unicyclic uniform hypergraphs [20].

In this paper, the hypergraphs with maximum and minimum Zagreb
indices among all linear bicyclic uniform hypergraphs with m edges are
given. We also determine the hypergraphs with maximum and minimum
Zagreb indices among all linear bicyclic uniform hypergraphs with m edges

and girth g.

2 Preliminaries

A hypergraph H is called k-uniform if every edge of H contains exactly
k vertices. A vertex of H is called a cored vertez if its degree is 1. An
edge e of H is called a pendant edge if it contains exactly |e] — 1 cored
vertices. A cored vertex in a pendant edge is also called a pendant verter.
A hypergraph H is called linear if any two edges intersect into at most
one vertex. The girth of H is the minimum length of the hypercycles of H.
A connected k-uniform hypergraph with n vertices and m edges is called
bicyclic if n = m(k — 1) — 1.

Throughout this paper, all hypergraphs are considered k-uniform (k >
3) unless otherwise stated. The linear bicyclic k-uniform hypergraph con-
taining no pendant edges has exactly the following six cases [13].

Let C; and C5 be linear k-uniform hypercycles of length p and g, re-
spectively. Suppose that v11 € V(C1),v21 € V(Cs) are two vertices with
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degree 1, and v12 € V(C1),v22 € V(Cy) are two vertices with degree 2.
Let P = ugejuy - - - eu; be a k-uniform hyperpath of length [. Without
loss of generality, let ¢ > p > 3.

Bi(w.La) Bi(p,0,9)

Figure 1. The hypergraphs Bi(p,l,q)(l > 0) and Bi(p,0, q).

Let By(p,l,q) be the k-uniform bicyclic hypergraph obtained by iden-
tifying vy o with wug, and identifying vy o with w; (see Fig. 1).

© @

Figure 2. Cases (a) and (c) of the hypergraph Ba(p, !, q) for [ > 0, and
cases (b) and (d) for [ = 0.

Let Bs(p,l, q) be the k-uniform bicyclic hypergraph obtained by either
identifying vy o with u and identifying ve ;1 with u; (see (a) and (b) in Fig.
2), or identifying vq 1 with uo and identifying vs o with u; (see (c) and (d)
in Fig. 2).

Let Bs(p,l,q) be the k-uniform bicyclic hypergraph obtained by iden-
tifying vy 1 with g, and identifying v, 1 with w; (see Fig. 3).

Let P, = uiejug - - eppy1, Py = v1 fiva -+ fevg41 and P, = wigrwo,

-, giwi41 be k-uniform hyperpaths of length p, ¢ and [, respectively.
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Figure 3. The hypergraphs Bs(p,l,q)(l > 0) and Bs(p,0, q).
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Figure 4. The hypergraphs C;(p, ¢,1),i =1,2,3.

Forp=11<¢g<lorl<p<gq<llet Ci(pg,l) be the k-
uniform bicyclic hypergraph obtained from P,, P, and P; by identifying
three vertices w1, v1, w1, and identifying three vertices upy1, Ug41, w1 (see
Fig. 4).

Forg=1,1<p<lorg>11<p<qg—1<I,let Cs(p,q,l) be the
k-uniform bicyclic hypergraph obtained from P,, P, and P, by identifying
three vertices w1, v1, wy, identifying u,41 with ve41, and identifying w4
with v, respectively (see Fig. 4), where v € f, \ {vg, vVg+1}-

Forg=1,k>3,1<p<lorq=2,1<p<lorg>21<p<qg—2<
[, let Cs(p, ¢q,1) be the k-uniform bicyclic hypergraph obtained from P,, P,
and P; by identifying u;, with vy, identifying u,41 with vg41, identifying
wy with v/, and identifying w11 with v, respectively (see Fig. 4), where
v € fi\{v1,v2} and v" € f;\{vg, vg41} (When ¢ = 1, we choose v’ # v").

All linear bicyclic k-uniform hypergraphs with m edges are classified



499
into the following two sets B and C [13]. For i € {1,2,3}, let B;(p,l,q)
and C;(p, g, 1) be the sets of m-edge k-uniform bicyclic hypergraphs each of

which contains B;(p, !, q) and C;(p, q,!) as a sub-hypergraph, respectively.
Let B=U>,{Bi(p,,q) | ¢>p>3,0>0}and C = {C:(p, ¢, 1) |[p=1,1 <
g<lorl<p<qg<l}U{Clp,q,l) |g=11<p<lorg>11<p<
g—1<U{Cs(p,q,0) |g=1k>3,1<p<lorq=2,1<p<lorgq>
2,1 < p < q—2 <1}. Note that the girths of hypergraphs in B;(p,l,q)
and C;(p,q,1) are p and p + ¢, respectively.

In the following, we present the transformation used to prove our main
result.

Transformation 1: Let H be a linear k-uniform hypergraph, u,v €
V(H), e1,...,e, € E(H) and u € e;,v ¢ e; fori=1,2,...,t. Let dy(u) >
2 and dy(v) > dy(u) —t. Write ¢} = (e; \ {u}) U{v} for i = 1,2,...,¢.
Let H' be the hypergraph with V(H') = V(H) and E(H') = (E(H) \
{e1,...,e})U{€l, ..., ei}. We say that H' is obtained from H by moving

edges (e1,...,e;) from u to v.

Lemma 1. Let H' be obtained from H by Transformation 1. Then M(H')
> M(H).

Proof. By the definition of the Zagreb index, we have

M(H') = M(H) = dfy (v) + d3p (u) — d3y(v) = d3, (u)
= (dn(v) +)* + (da(u) — 1) = d5;(v) — d3;(u)
= 2t(t + dy (v) — da(w)) > 0.

3 Main results

In this section, we determine the hypergraphs with maximum and mini-
mum Zagreb indices among all linear bicyclic uniform hypergraphs with m
edges, and the hypergraphs with maximum and minimum Zagreb indices
among all linear bicyclic uniform hypergraphs with m edges and girth g.
The following Theorem gives all hypergraphs with the minimum Zagreb

index among all linear bicyclic uniform hypergraphs with m edges.



500

Theorem 1. The hypergraph H has the minimum Zagreb index among
all linear bicyclic k-uniform hypergraphs with m edges if and only if the

mazximum degree of H is 2.

Proof. Let ‘H be a linear bicyclic k-uniform hypergraph with n vertices
and m edges. Let n; be the number of vertices of H whose degree is equal

to t, and Ay be the maximum degree of . Then

AH AH AH
Znt = n,Ztnt =km, and M(H) = Ztht.
t=1 t=1 t=1

By the above Equations, we have

Ay Ay
MH) =3 ((t = 1)t —2) +3t = 2ng = 3 (¢~ 1)(t — 2)n, + 3km — 2n.
t=1 t=1

Therefore, when Ay = 2, H has the minimum Zagreb index, and M (H) =
3km — 2n.
Let H’ be a linear bicyclic k-uniform hypergraph with n vertices and

m edges that attains the minimum Zagreb index. Then

AH/
MH') = 3" (t = 1)(t — 2)n, + 3km — 2n = 3km — 2n.
t=1
Hence, Ay = 2. |

From the proof of Theorem 1, we obtain the following Corollary.

Corollary. The hypergraph H has the minimum Zagreb index among all
linear bicyclic k-uniform hypergraphs with m edges and girth g if and only

if the mazimum degree of H is 2.

In what follows, we determine the hypergraph with the maximum Za-
greb index among all linear bicyclic uniform hypergraphs with m edges
and girth g, and the hypergraph with the maximum Zagreb index among
all linear bicyclic uniform hypergraphs with m edges. We proceed in three
steps.
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Firstly, we give the bicyclic hypergraph with the maximum Zagreb
index among all hypergraphs with girth ¢ in B, and give the bicyclic hy-
pergraph with the maximum Zagreb index in B. Let D(p,q) denote the
m-edge k-uniform bicyclic hypergraph obtained from B (p, 0, ¢) by attach-
ing m — p — g pendant edges at the unique vertex with degree 4 (see Fig.
5).

Figure 5. The hypergraph D(p, q).

Theorem 2. The hypergraph D(g,g) has the mazimum Zagreb index
among all hypergraphs with girth g in B.

Proof. We distinguish the following 4 cases to prove our result.

Case 1. We consider the hypergraph in By (g,1, q).

When [ > 0, let H € Bi(g,1,q). If there exist u € V(H) and ¢t # 0
such that u is incident with ¢ pendant edges and dy (u) =t + 1, then we
move ¢t pendant edges from u to a vertex adjacent to u that has degree
greater than 1 (see (a) in Fig. 6). Repeating this operation, H can be
changed into a k-uniform bicyclic hypergraph Hg such that all the edges
not in E(Bi(g,l,q)) are pendant edges incident with non-cored vertices of
Bi(g,1,q). If there exists no vertex u such that u is incident with ¢ pendant
edges and dy (u) =t + 1, then H itself is a k-uniform bicyclic hypergraph
such that all the edges not in F(Bi(g,l,q)) are pendant edges incident
with non-cored vertices of Bi(g,l,q), and we denote it by Ho. Let v be
a vertex with the maximum degree in Hy. If there exist pendant edges

not incident with v, then we move them from their non-pendant vertices
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to v (see (b) in Fig. 6). If v is not a vertex with the maximum degree
in By(g,l,q), then we move all pendant edges from v to a vertex with the
maximum degree in B1(g,[, q). Hence, any hypergraph in B1(g,(, ¢) can be
changed into a k-uniform bicyclic hypergraph H; obtained from B (g,, q)
by attaching m — g — ¢ — [ pendant edges at a vertex with degree 3. By
Lemma 1, the above 3 operations of moving edges strictly increase the

Zagreb index.

Figure 6. Two illustrations of Transformation 1

Without loss of generality, let dyy, (va,2) = 3,dp, (v1,2) > 3. Suppose
that Mo is obtained from 7; by moving 2 edges incident with vs o in
E(Cy) from vg s to v12. By Lemma 1, we have M(Hz) > M(H). If
Ha # D(g,q), then we move the pendant edge not incident with vy 2 in
‘Ho from the non-pendant vertex to v; 2. Repeating the above operation
of moving edges, Hs can be changed into D(g,¢). By Lemma 1, we have
M(D(g,q)) > M(Hz).

When [ = 0, similar to the first 3 operations of moving edges in the
I > 0 subcase of Case 1, any hypergraph in B1(g,0, ¢) can be changed into
D(g,q)-

The hypergraph D(g,q—1) can be obtained from D(g, ¢) by moving an
edge not incident with v1 2 in E(C2) from a vertex with degree 2 adjacent
to v12 to v12. By Lemma 1, we have M(D(g,q — 1)) > M(D(g,q))-

When ¢ = g + s and s > 0, similar to the above operation of moving
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edges, we have M(D(g,q)) < --- < M(D(g,q — s+ 1)) < M(D(g,9)).
Therefore, D(g,g) is the hypergraph with the maximum Zagreb index in

{Bi(g,1,9) | ¢ > g,1 > 0}.
Case 2. We consider the hypergraph in Bs(g,1, q).

Similar to the first 3 operations of moving edges in the [ > 0 subcase
of Case 1, any hypergraph in Bs(g,l,q) can be changed into a k-uniform
bicyclic hypergraph Hs obtained from Bs(g, !, q) by attaching m—g—q—1
pendant edges at the vertex with degree 3.

Without loss of generality, let Bs(g,1,q) be the sub-hypergraph of H3
obtained by identifying vq 2 with ug, and identifying v ; with u;. Let Hy be
obtained from H3 by moving all edges incident with ve 1 in E(Hs) \ E(Cs)
from vy to v22. By Lemma 1, we have M(H4) > M(H3). Obviously,
Hy € Bi(g,1,q). Therefore, D(g, g) is the hypergraph with the maximum
Zagreb index in U?Zl{Bi(g, 1,q) | ¢ >g,1l >0}

Case 3. We consider the hypergraph in Bs(g,1, q).

Similar to the first 2 operations of moving edges in the [ > 0 subcase
of Case 1, any hypergraph in Bs(g,l,q) can be changed into a k-uniform
bicyclic hypergraph Hs obtained from Bs(g, !, q) by attaching m—g—q—1
pendant edges at a vertex with degree 2.

Let Hg be obtained from Hs by moving all edges incident with v;; in
E(Hs5)\ E(C1) from vy 1 to v1 2. By Lemma 1, we have M (Hg) > M (Hs).
Obviously, Hg € Ba(g,!,q).

Therefore, D(g, g) is the hypergraph with the maximum Zagreb index
in U?_1{Bi(g.l.q) | ¢ > g,1>0}. u

Theorem 3. The hypergraph D(3,3) has the mazimum Zagreb index in
B.

Proof. By Theorem 2, we know that D(g,g) is the hypergraph with the
maximum Zagreb index among all hypergraphs with girth ¢ in 5. For

3 <g <, we have

M(D(g,9)) = 2g(k — 2) + (m — 2g)(k — 1) + 8(g — 1) + (m — 2g + 4)*
= —10g + mk + Tm + 8 + m? + 4¢® — 4myg.
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Let f(z) = =10z + mk + Tm + 8 +m? + 4z — 4ma,z € [3, ). Since
% = —104+8z—4m < 0, f(z) is a strictly monotone decreasing function.
Then M(D(g,g)) < M(D(3,3)) for 3 < g < %, and equality holds if and
only if g = 3. Hence, D(3,3) is the hypergraph with the maximum Zagreb
index in B. |

Secondly, we give the bicyclic hypergraph with the maximum Zagreb
index among all hypergraphs with girth g in C, and give the bicyclic hyper-
graph with the maximum Zagreb index in C. For i € {1,2}, let F;(p,q,!)
denote the m-edge k-uniform bicyclic hypergraph obtained from C;(p, q,!)
by attaching m —p — ¢ — I pendant edges at the vertex with degree 3 (see
Fig. 7).

A@ab RG]

Figure 7. The hypergraphs F;(p,q,l), i =1,2.

Theorem 4. For m > 3?9, when g is even, F1(%,%5,%5) is the hypergraph
with the mazimum Zagreb index among all hypergraphs with girth g in
C. When g is odd, F>(|5],151,1%]) is the hypergraph with the mazimum

Zagreb index among all hypergraphs with girth g in C.
Proof. We distinguish the following 3 cases to prove our result.

Case 1. We consider the hypergraph in C;(p, g — p,1).

Similar to the first 3 operations of moving edges in the [ > 0 subcase of
Case 1 in Theorem 2, any hypergraph in Cy(p, g — p,1) can be changed into
a k-uniform bicyclic hypergraph Fi(p, g —p, 1) obtained from Ci(p, g —p,!)
by attaching m — g — [ pendant edges at a vertex with degree 3. Without
loss of generality, let dp, (p g—p,i)(u1) =m —g—1+3.

Note that g — p < 1. When g —p < I, Fi(p,g — p,l — 1) can be
obtained from Fj(p,g — p,l) by moving go from wy to u;. By Lemma
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1, we have M (Fi(p,g — p,l — 1)) > M(Fi(p,g — p,1)). Similarly, we get

M(Fi(p,g —p1)) < M(Fi(p,g —p,l = 1)) <+ < M(Fi(p,g — p,g — p))-
If g is even, then p < . When p < £, we have M(Fi(p+1,9 —p —
Lg—p=1))=M(Fi(p,g—p,g—p)) = (m—=2g+p+4)*+1° — (m—2g+p+
3)2 =22 =2(m—2g+p)+4 > 0. Similarly, we get M (Fy(p,g—p,g—p)) <
M(Fi(p+1Lg-p-1g—p—1)) < - <M(Fi(§,4,9))

g 9 g
27272

in {Ci(p,g—p,l) [ p=11<g-p<lorl<p<g-p<I}
If g is odd, similar to the proof that g is even, we get that (5], [4],

Therefore, when g is even, Fi ( ) has the maximum Zagreb index

[4]) has the maximum Zagreb index in {Ci(p,g—p,I) |p=1,1<g—p <
lorl<p<g-—p<lI}

Case 2. For p+ ¢ = g, we consider the hypergraph in C2(p, q,1).

Similar to the first 3 operations of moving edges in the [ > 0 subcase
of Case 1 in Theorem 2, any hypergraph in Ca(p, ¢,1) can be changed into
a k-uniform bicyclic hypergraph #; obtained from Ca(p, ¢,1) by attaching
m — p — q — | pendant edges at the vertex with degree 3.

If g =1 in Hq, then the girth is p+ 1. Let H5 be obtained from H; by
moving g; from v to vy. Obviously, Ha € C1(1,p,1) and g(H2) =p+1. By
Lemma 1, we have M (Ha) > M (H1).

Ifg>1in Hi,then 1 <p<qg—-1<L.

When 1 < p < ¢g—1 =1, let H} be obtained from #; by moving g
from v to vg. Obviously, H5 € Ci(p+1,¢ — 1,1) and g(H5) = p+¢. By
Lemma 1, we have M (H5) > M (H1).

When 1 <p=q—1=1,Hi=F(5],[4],%]). We have

9, 94,9
ME(L1, 181, 14))

=g+ I (k=2 + (h=3)+ (m—g— L) (k= 1) +4(g

-1 -1
+ i )+ Bm—g— )
2 2
2

23 9
=—6g+z+mk+6m+m2+%—3mg.

Since g(H1) = 2l + 1, the girth of H; is odd. When the girth is odd,
Fi(1%],151,74]) has the maximum Zagreb index in {C1(p,g —p,l) | p =
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Ll<g—p<lorl<p<g-—p<Il}. Wehave

IR EANED)

272772
1 +1 +1
=g+ L3k =D+ (m—g = LTk - 1)+l + L= —3)+9
1
+(3+m—g—%)2

19 9
_—3g+Z+mk+4m+m2+192—3mg.

Hence, M(Fy (|4, [4], [4])) — M(F>(|8),[4], [£])) = 3¢ — 1 — 2m < 0.

When 1 < p < ¢—1 <, let HY be obtained from H; by moving g
from v to vg41. Obviously, H5 € Ci(p, ¢,1) and g(H5) = p+¢. By Lemma
1, we have M(H45) > M(H1).

Therefore, when g is even, F (3, §, %) is the hypergraph with the maxi-
mum Zagreb index among all hypergraphs with girth g in {C1(p,q,1) | p =
Ll<g<lorl<p<gqg<UUCpgl)|lg=11<p<lorqg>
1,L1<p<q—-1<1}. When gis odd, F»(|%],[%],[5]) is the hypergraph
with the maximum Zagreb index among all hypergraphs with girth g in
{Cip,g,) Ip=11<g<lorl<p<q<l}UHClpgl)|qg=11<
p<lorg>1,1<p<q-1<I}.

Case 3. For p+ ¢ = g, we consider the hypergraph in C3(p, q,1).

Similar to the first 2 operations of moving edges in the | > 0 subcase
of Case 1 in Theorem 2, any hypergraph in Cs(p, ¢,[) can be changed into
a k-uniform bicyclic hypergraph Hs obtained from Cj3(p, ¢,1) by attaching
m —p — q — | pendant edges at a vertex with degree 2.

If ¢ =1 in Hs, then g(H3) = p+ 1. Let Hy be obtained from Hj by
moving all edges incident with v’ in E(Hs) \ (E(P,)J E(P,)) from v to
vy and moving all edges incident with v in E(H3)\ (E(P,) J E(Fy)) from
v” to va. Obviously, H4 € C1(1,p,1) and g(H4) = p+ 1. By Lemma 1, we
have M (H4) > M(H3).

If g =2,p=1=1of Hs, then g(Hs3) = 3. Let H5 be obtained from Hs
by moving all edges incident with v" in E(H3) \ (E(P,) U E(F,)) from v’
to v1. Obviously, Hs € C2(1,2,1) and g(Hs) = 3. By Lemma 1, we have
M(Hs) > M(Hs).
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Ifg=21=p<l(orqg=21<p<I) of Hs, then g(H3) = 3 (or
p + 2). Similar to the proof of ¢ = 1 of Hsz, Hs can be changed into Hy,
Hy € Ci(1,2,1) (or C1(2,p,1)), g(Ha) = 3 (or p+2) and M(Hy) > M(Hs).

If g > 2of Hs, then 1 < p < q—2 < 1. When ¢ > 2, M(H3) =
—p—q+2—l4+mk+3m+m2+p?+¢%+1%2—2mp—2mq—2ml+2pq+2pl+24l.

When 1 < p<¢g—-2=101i#1<p=qg—2=1 then M(H3) =
9+ mk —m + 912 — 6ml + m?+4. Since | = 1g—1, M(H3) = —2g +
mk+5m+4+m2+29273mg.

Since g(H3) = 21 + 2, the girth of Hs is even. When g is even,
Fi(%,%,%) is the hypergraph with the maximum Zagreb index among all
hypergraphs with girth g in {C1(p,¢,1) | p=1,1<¢g<lorl<p<g<
DU{Ca(p,q,l) | g=1,1<p<lorg>1,1<p<g—1<1I}. Wehave

9949

M(F (2.2 2

(1(272’2))
3

:ig(k—2)+(m—gg)(k—1)+12(g—1)+9+(3+m_gg)2

= —gg+mk+5m+6+m2+§gz — 3my.
Therefore, M(F1(4,%,%)) — M(Hs) =2 > 0.

If1<p<q—2=I,let Hg be obtained from H3 by moving all edges
incident with v" in E(H3) \ (E(P,) UE(P,)) from v" to va. Obviously,
He € Ca(p+1,9—1,1) and g(Hg) = p+¢. By Lemma 1, we have M (Hg) >
M(H3).

When 1 < p < ¢ —2 < [, similar to the proof of ¢ = 2,p =1 =1
of Hs, Hs can be changed into Hs, Hs € Ca(p,q,1), g(Hs) = p + ¢ and
M(Hs) > M(Hs).

Therefore, when g is even, F1 (%, §, %) is the hypergraph with the max-
imum Zagreb index among all hypergraphs with girth g in C. When g is
odd, Fo([£],14%1,5]) is the hypergraph with the maximum Zagreb index
among all hypergraphs with girth ¢ in C. ]

Theorem 5. For m > 6, F»(1,2,1) is the hypergraph with the mazimum
Zagreb index in C.

Proof. The following determines the relationship between m and g that
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guarantees the sets {Ci(p,q,l) | p = 1,1 < ¢ < lorl < p < g <
1}, {Ca(p,q;1) | ¢ = 1,1 < p <lorg>11<p<g—-1<1I}and
{C3(p,q,0) | q=1,k>3,1<p<lorg=21<p<lorg>21<p<
q — 2 <1} are non-empty.

For the set {C1(p,q,1) | p = 1,1 < g <lorl < p < g <1}, since
g=p+qandp<gq,g—q=<gq,thatisq>g. Since [ > ¢, we have | > §
Thenp—i—q—}—lzg—i—lZ%g. Thus, whenngg, the set is non-empty.

For the set {Ca2(p,q,1) | ¢ =1, 1<p<lorq>1 1<p<q-1<I1}, we
have ¢ <1+ 1 and p < [, which implies [ > 45=. Then we have p+q+1 >
g+ %= L — 2g—7 Thus, when m > 3 29_, the set is non—empty Since we
consider m > 39 in Theorem 4, now we need consider 32 — 1 3 <m< 3g
LetHE{CQ(p,q,)\q—1,1<p§lorq>11<p<q—1<l} For

3g

379— <m < ,Wehavem—g—fandglsodd If ¢ =1, H does

not exist. Ifq>1 1<g—q<q—1<l theng+ < ¢q <1+ 1. Since
mf%—fl>g%and + 5 <q<l+1lfgandq— +l
Therefore, when % — 1 <m < 39 JH=Co([2]),151,15)) andg-—%—%
is odd.

For the set {C3(p,q,1) | ¢ = 1,k > 3,1 <p<lorq=21<p<
lorg>21<p<qg—2<I}, wehave ¢ <1+ 2 and p <, which implies
1> g—l Then we have p+q+1> g+ g—l:%g—l. Thus, when
m > §g — 1, the set is non-empty. Since we consider m > 379 in Theorem
4, now we need consider 379 —-1<m< 379. Let H € {C5(p,q,0) | g=1,k >
3, l1<p<lorgq=21<p<lorg>21<p<qg—2<I}. Ifqg>2,
1<g—q<q—2<lthen §4+1<qg<Ii+2 F0r3—g 1<m<3fgwhen

g is even, m———l Slncem———ll>zg—1andg+1<q<l+2
l=1g—1and ¢ = £+ 1. Therefore, H =C3(4-1,%2+1,%—1) and
gzzﬂ+giseven When g is odd, m:%‘]—%. Sincem:%—%7

l>2g—1andg—|—1<q<l+2 l—zg—fandq—zg—l—3 Therefore,
H—Cg(gg—§,§g+§,§g—§) andg:%”—&—glsodd. Ifg=1or
2, for %gfl <m < 379 and m > 6, H does not exist. Hence, when
¥ 1<m<¥andH e {Cpg,l)|g=1k>3,1<p<lorg=21<
p<lorg>21<p<q-2<li},ifgiseven, H =C3(5-1,4+1,4-1)
andg:%”—i—%. Ifgisoddﬂ-[:Cg,( g— 5,2g+2,zg—7)andg—2m+f

When g is even, we have M (Fy(%,£,2)) = —2g+mk+5m+6+m?+
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29%—3mg. Let f(z) = —Zz+mk+5m+6+m?+ 222 —3ma,4 <z < QT’”
Since % = —% + 9796 —3m < 0, f(z) is a strictly monotone decreasing
function. Then when g is even, M(F1(%,%,%)) < M(F1(2,2,2)) for 4 <
g < 277", and equality holds if and only if ¢ = 4. Since the maximum degree
of Co($—1,4+1,2—1)is 2, M(Fy(2,2,2)) > M(C5(%—1,%£+1,4 — 1))

2m 2
for g = =% + 3.

When g is odd, we have M (Fo(|£],[4],[£])) = —6g+ 2 +mk+6m+
m2+% —3mg. Let f(z) = 76z+%+mk+6m+m2+% —3mz,3 <
x < 2 4+ 1. Since % = —6+ % —3m < 0, f(z) is a strictly mono-
tone decreasing function. Then when g is odd, M(Fx([4],[5],15])) <
M(F5(1,2,1)) for 3 < g < 277”, and equality holds if and only if g = 3.
And M(F»(1,2,1)) > M(C2(1£],14],[4))) for g = 22 + L. Since the
maximum degree of C5(3g — 3,39 + 5,49 — %) is 2, M(F»(1,2,1)) >
M(Cs3(39— 35,59+ 3,59~ 3)) for g =2 + 3.

When m > 6, since M (F1(2,2,2)) — M(F3(1,2,1)) = 16 — 4m < 0,
F5(1,2,1) is the hypergraph with the maximum Zagreb index in C. ]

Finally, we give the hypergraph with the maximum Zagreb index among
all linear bicyclic uniform hypergraphs with m edges and girth g, and the
hypergraph with the maximum Zagreb index among all linear bicyclic uni-

form hypergraphs with m edges.

39 9.9 49
2 27272
with the maximum Zagreb index among all linear bicyclic k-uniform hy-

Theorem 6. For m > when g is even, Fi( ) is the hypergraph
pergraphs with m edges and girth g. When g is odd, Fo(|5],[4],|5]) is
the hypergraph with the maximum Zagreb index among all linear bicyclic
k-uniform hypergraphs with m edges and girth g.

For m > 6, F»(1,2,1) is the hypergraph with the mazimum Zagreb

index among all linear bicyclic k-uniform hypergraphs with m edges.

Proof. For 379 < m < 2g, the set B is empty. We need consider the

hypergraphs with girth ¢ in C. Hence, by Theorem 4, when ¢ is even,
Fi(%,%,%) is the hypergraph with the maximum Zagreb index among all
linear bicyclic k-uniform hypergraphs with m edges and girth g. When
g is odd, F5([4],[4],[5]) is the hypergraph with the maximum Zagreb
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index among all linear bicyclic k-uniform hypergraphs with m edges and
girth g.

For m > 2g, when g is even, M(F1(%,4,%)) — M(D(g,9)) = g —
2m727£g2+mg,4§g§%. Let f(z) = Lo —2m — 271 erz
The roots of f(x) = 0 are easily obtained as z; = L2m—2y ( RS

1142m+2 —2)2414 . 1142m—2(m—2
and zo = Rilins (m 2) .SIHC611<%—2<4aHd

11+2m+42(m—3
) > m7(m ) 4m7+8 >m7 When4<g<m M(F1(2,272))

M(D(g,g)) > 0. Therefore, when g is even, F1(§, 4, %) is the hypergraph

with the maximum Zagreb index among all linear bicyclic k-uniform hy-
pergraphs with m edges and girth g.

When g is odd, M(Fy(| 4], [4], [4))) — M(D(g,9)) = 49 —m — & —
Zgz—l—mg,?) < g < B Let f(x) = 4x—m—%—£m2+mm. The

stam—2/tmt3)? _ 4 41q

7
8+2m+24/(m+34)? -
Ty = m W = 4"‘7+9. Obviously, 1 < 3,x2 > % So, when

3 <g <%, M(F([3],15],[5]) — M(D(g,9)) > 0. Hence, when g is
odd, F5(14],1%],1%]) is the hypergraph with the maximum Zagreb index

roots of f(x) = 0 are easily obtained as z7 =

among all linear bicyclic k-uniform hypergraphs with m edges and girth g.
From the proof of Theorem 5, we get that F5(1,2,1) is the hypergraph
with the maximum Zagreb index among all linear bicyclic k-uniform hy-

pergraphs with m edges. |
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