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Abstract

A hypergraph extends an ordinary graph by allowing each edge
to join an arbitrary nonempty subset of the vertex set. If one iterates
the powerset construction further, one obtains nested (higher-order)
vertex objects and, in turn, finite SuperHyperGraphs whose vertices
and edges may be set-valued across multiple levels. Topological in-
dices are numerical graph invariants—typically degree- or distance-
based—that compactly encode structural information and often cor-
relate with physical, chemical, or network properties. Among them,
the Sombor index is a widely studied representative.

In this paper, we first review the Sombor index in the setting of
SuperHyperGraphs. We then introduce two related notions, namely
the Sombor index in Chemical SuperHyperGraphs and the Multi-
plicative Sombor indez in SuperHyperGraphs, and we briefly examine
their fundamental properties.
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1 Introduction

1.1 Graph, hypergraph, and superhypergraph

A wide range of networked systems can be modeled by graphs, where ver-
tices represent entities and edges encode pairwise relationships [18]. This
classical paradigm is effective when interactions are essentially binary, but
it becomes less adequate in settings where three or more entities partic-
ipate in a single interaction. Hypergraphs provide a natural remedy: a
hyperedge may connect any nonempty subset of the vertex set, so multi-
way interactions can be represented directly [21].

In many applications, however, complexity arises not only from multi-
way interactions but also from hierarchy: groups may contain subgroups,
and relations may occur across multiple abstraction levels. To address such
nested organization, Smarandache proposed the notion of a SuperHyper-
Graph. SuperHyperGraphs rely on iterated powerset constructions to cre-
ate set-valued (nested) vertex objects and the corresponding superedges,
thereby enabling connectivity patterns to be expressed across several levels
of granularity [28, 68].

Graphs and hypergraphs already play central roles in areas such as ar-
tificial intelligence, network science, data mining, informatics, chemistry,
and physics [8,13,35]. By explicitly incorporating multi-tier structure, Su-
perHyperGraphs offer a flexible language for analyzing increasingly com-
plex networked data (see, e.g., [5]). Table 1 summarizes the principal
distinctions among graphs, hypergraphs, and superhypergraphs. Unless
stated otherwise, n is assumed to be a natural number throughout. Read-
ers seeking further background on SuperHyperGraphs may consult, for

instance, [31].

1.2 Molecular graph and chemical graph

Graph-based formalisms have long been influential in chemical model-
ing. A molecular graph represents atoms as vertices and chemical bonds
as edges, emphasizing connectivity and topological structure [37,73]. A

chemical graph is typically understood as a molecular graph that respects
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Table 1. Key distinctions among graph, hypergraph, and superhyper-

graph
Concept Notation Edge Type Extension Mechanism
Graph [18] G = (V,E) E C {{u,v} | u,v € Edges represent pairwise
V, u # v} relations.
Hypergraph H = (V, E) ECP(V)\{0} Hyperedges represent
[7] multiway relations among
vertex subsets.
Superhy- SHG™ = V CP*(Vh), E C Tterated powersets produce
per- Vo, V,E) PV)\ {0} nested vertices and
graph [68] multi-level connectivity.

Notation. P(X)={AC X} and PO(X) = X, P+ (X) = P(PF(X)).

valence constraints, often expressed as a bounded maximum degree (com-
monly at most four) in accordance with standard bonding patterns [55,58].
These ideas extend naturally beyond graphs: hypergraph and superhy-
pergraph formulations have been proposed to encode multi-atom rela-
tions and hierarchical substructures, leading to notions such as molecular
hypergraphs [12, 45], molecular superhypergraphs [26], chemical hyper-
graphs [11,22], and chemical superhypergraphs [23].

1.3 Topological indices in graph

Topological indices are numerical invariants derived from a graph—often
from degree-based or distance-based information—that summarize struc-
tural properties and are frequently used to correlate graph structure with
physical, chemical, or network characteristics. Prominent examples in-
clude the Zagreb index [42,59], the Sombor index [32, 70, 71], the ABC
index [15,33,62], the Randi¢ index [46,72], the hyper-Zagreb index [36,41],
as well as the Harary and Wiener indices. Such indices are important both
within graph theory and in chemical applications, where they have been
studied extensively (cf. [30]).
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1.4 Owur contributions

The considerations above highlight the significance of research on graph
and hypergraph models, superhypergraph extensions, chemical graph for-
malisms, and degree-/distance-based topological indices. Although the
literature on superhypergraph indices is expanding, the area remains tech-
nically demanding and far from fully systematized. Given the potential of
superhypergraphs to encode highly intricate chemical structures in a prin-
cipled, hierarchical manner, we view further development of topological
indices in this setting as both timely and well motivated.

Accordingly, we first review the Sombor index for SuperHyperGraphs
introduced in [31]. We then introduce two related notions—the Sombor
index in Chemical SuperHyperGraphs and the Multiplicative Sombor index
in SuperHyperGraphs—and provide a brief analysis of their basic prop-
erties. Table 2 summarizes the Sombor-index formulations for graphs,

hypergraphs, and superhypergraphs.

Table 2. Comparison of Sombor index for graphs, hypergraphs, and

superhypergraphs
Framework Underlying structure Sombor index
Graph Simple graph G = (V,E) SO(G) =
with pairwise edges. Z Vda(u)? + da(v)2.

uveE

Hypergraph Hypergraph H = (V, E) with  SO(H) =
hyperedges e C V, e # 0. Z Z
du(v)2.

ecE veEe

SuperHyper- Level-n  SuperHyperGraph SO(SHG(")) =

graph SHG™ = (V,E,d) with )
n-supervertices and  n- ZE Z dspgom (v)?-
superedges. °c ved(e)

2 Preliminaries

This section summarizes the notation and background concepts needed in

the sequel.
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2.1 SuperHyperGraphs

Graphs are a standard formalism for encoding relational data: vertices
represent objects and edges represent pairwise relations, and the resulting
structure supports a rich theory of connectivity, structure, and algorithms
[18]. In many settings, however, interactions are not purely binary; one
often needs to model relations among several entities at once. Hypergraphs
provide an appropriate generalization by allowing each hyperedge to be an
arbitrary nonempty subset of the vertex set, thereby capturing higher-
order interactions directly [21,34]. Such higher-order models have gained
further prominence in contemporary applications, including recent work
in neural and graph-based learning [10,12,19, 21, 44].

To represent hierarchical or nested entities (for instance, groups of
groups), one may iterate the powerset construction beyond the hyper-
graph level. This yields finite SuperHyperGraphs, whose vertex objects
may themselves be set-valued across multiple layers, and whose edges con-
nect these higher-order vertices [6,27]. Such layered representations arise
naturally in molecular design, complex-network analysis, and related learn-
ing pipelines [2,5,52]. Further developments include directed extensions
and meta-level variants [24,25,29].

Throughout the paper, the parameter n in

P™(-) and in an n-SuperHyperGraph is always a nonnegative integer.
Definition 1 (Base set). A base set S is the underlying universe of dis-
course:

S = {x | x is an admissible object in the given context }.
All sets appearing in P(.S) and in the iterated powersets P"(S) are ulti-
mately built from elements of S.

Definition 2 (Powerset). (see [43,56,63]) For a set S, the powerset of S
is

P(S) = {A|ACS}.

In particular, § € P(S) and S € P(S5).
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Definition 3 (Hypergraph). [4,7] A hypergraph is a pair H = (V, E)) such
that:

o V is a finite set (the vertices), and
o F is a finite family of nonempty subsets of V' (the hyperedges).

Thus, a hyperedge may contain more than two vertices, representing gen-

uinely multiway relations.

Definition 4 (Tterated powerset and flattening). Let Vj be a finite non-
empty set. Define P°(Vp) := V5 and PFH(Vy) := P(P*(Vp)) for k > 0.
For each k > 0, define the flattening map

Flat), : P*(Vo) \ {0} — P(Vo) \ {0}

recursively by
Flatg(z) := {z} (z € V),

Flaty1(X) := ) Flate(Y) (X € PP (V) \ {0}).
YeX

Definition 5 (n-SuperHyperGraph). (see [68]) Let V; be a finite, non-
empty base set. Define

PY(Vo) == Vo, PHI(V) := P(P*(Vo)) (k€N).
For n > 0, an n-SuperHyperGraph on Vj is a pair
SHG™ = (V, E)

satisfying
VCP*(Vy) and ECPV)\{0}.

Elements of V' are called n-supervertices, and elements of E are called

n-superedges (i.e., each n-superedge is a nonempty subset of V).

Example 1 (n-SuperHyperGraph for enterprise IT portfolio governance).
An enterprise IT portfolio is naturally hierarchical: tasks form projects,



273

projects form programs, and programs are governed at a portfolio level.
Let
Vb = {Tcloud7 Tdata7 Tseca Tui}a n=3.

Define three 3-supervertices (programs)

P11 = {{{Tclou(h Tsec}}7 {{Tdata}}}a

p2 = {{{Tu1}}7 {{Tcloud7Tdata}}}7
p3 = {{{Tsec}}a {{TdataaTui}}}a

and set V = {p1,pa2,p3} C P3(Vp). Let

e1 = {p1,p2}, ex = {p2,p3}, E ={e1,ea} CP(V)\ {0}.

Then SHG®) = (V,E) is a valid 3-SuperHyperGraph, where each su-
peredge represents a portfolio-level governance relation spanning multiple
programs. For reference, an overview diagram of this example is shown in

Figure 1.

er ={p1,p2} e2 = {p2,ps}

[(pl = {Qce, Qa}) [ (p2 = {Qu. Qua}) ] (ps = {Qs.Qdu}i]
L
L

Level 3: V C P*(Vp) (programs)

Superedges: E = {e1, ez} (governance)

@) (@) Qu
Level 2: P?(V, j
(5:) (__,) (Q—iu eve (Vo) (projects)
[@m () ) } Level 1: P'(Vp) (bundles)
{Te, Tu} {Ts} {Ta, T}

Level 0: Vg (tasks)

@ © © 6

Legend:

containment
membership across levels

Figure 1. A compact layered schematic for the enterprise IT portfolio
example (n = 3).
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2.2 Chemical SuperHyperGraphs

Chemical systems often exhibit natural hierarchies: atoms form bonds
and functional groups, functional groups assemble into molecular substruc-
tures, and molecules may further organize into aggregates or reaction net-
works. A chemical superhypergraph is intended to encode such multilevel
organization by allowing successive layers of set-valued objects together

with quantitative annotations (e.g., strengths, rates, or affinities).

Definition 6 (Chemical SuperHyperGraph). Fix integers m > 1 and

n > 0. A chemical superhypergraph is an m-level structure
CSH(”LJL) = (‘/Oa E17 EQ; ceey E'n’u Wi, W2, ..y ’U)m),

where:
e Vp is a finite set of atoms.

o E; CP"™(Vp)\ {0} is a finite family of first-level chemical units (e.g.,
bonds, small motifs, or functional groups), represented as nonempty
elements of P™(Vp).

o Foreach ¢ =2,...,m, the set Ey C P(E;—1)\{0} is a finite family of
¢-th level aggregates built from nonempty collections of (¢—1)-th level

units (e.g., substructures, molecules, and higher-order assemblies).

e For each ¢/ =1,...,m, the map w; : £y — R>( assigns a nonneg-
ative weight encoding a quantitative property at level ¢ (e.g., bond
strength, interaction energy, or reaction rate), with the precise inter-

pretation depending on the modeling objective.

Example 2 (A concise chemical superhypergraph for a small molecule).

Consider the water molecule HoO. Let the base set of atoms be
Vo = {O,Hy, Ha}.

Take m = 2 and n = 0, so P°(Vp) = Vp and E; € PO(Vp) \ {0} = Vo \ {0}.
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Define the first-level chemical units (bonds) by
E = {b1 ={0,H;}, by = {O,Hs} },
and define the second-level aggregate (the molecule) by
Ey={M = {b1,bo} } € P(E1)\{0}.
Assign weights
wy(b1) = wi(be) =1, wo (M) =1,

interpreting w; as a normalized bond-strength score and wq as a normal-
ized stability score of the molecule.
Then
CSHZO = (Vo,El,Eg,wl,wg)

is a valid chemical superhypergraph: atoms form first-level units (bonds),
and bonds are grouped into a second-level aggregate representing the

molecule. For reference, an overview diagram of this example is provided

in Figure 2.
M = {b1,bs}
(molecule H20) Level 2: aggregate Eo = {M}
wa(M) =1
b1 = {O,H1} b2 = {O,Ha} . LB —
[[ wi(by) = 1 w (bs) = 1 Level 1: bonds Ey = {b1, b2}
[@ @ @] Level 0: atoms V

Legend:
containment (set membership)
——— aggregation across levels

Figure 2. A schematic diagram of the chemical superhypergraph
CSH(Z0) for HyO: atoms (V) form bonds (E1), and bonds
are aggregated into the molecule (Es).

Example 3 (A chemical superhypergraph: ethanol CoH5;OH). Consider
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ethanol CoHsOH. Let the base set of atoms be

‘/0 = {Cla C2a O7H1aH2a H3; H47H57H6}-

Take m = 3 and n = 0.
Level 1 (bonds). Let E;7 be the set of covalent bonds:

El - {b12 - {Cla C2}7 bQO = {0270}7 bOH = {O)HG};
b = {C1, Hi} (i =1,2,3), by; = {C2,H;} (j =4,5)}

Level 2 (functional group / substructure). Define the hydroxyl sub-
structure (the “C—O—H”" motif) by

gon = {b20,bor} € P(E1) \ {0},

and set
Ey = {gon} € P(Ey) \ {0}.

Level 3 (molecule as an aggregate of substructures and bonds). Let the

molecule aggregate be
M = { gon, bia, bi1, brzr, b1z, baa, bas } € P(E2 U Ey) \ {0},
where we abbreviate b1; = {C1,H1}, bior = {C1,Ha}, etc. Set
Es ={M}.
Weights. Assign normalized weights by
wi(d) =1 (Vbe Ey), wa(gon) = 1, ws(M) =1,

where w; may represent bond strength, wsy the significance of the hydroxyl
functional group, and ws the overall molecular stability (all normalized
here for simplicity).
Then
CSHBO = (VO,El,EQ,Eg,’LUl,UJQ,'IU3)
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is a valid chemical superhypergraph: atoms form bonds, selected bonds
form a functional group, and the molecule is modeled as a higher-level ag-
gregate collecting the functional group together with the remaining bonds.

For reference, an overview diagram of this example is provided in Figure 3.

M = {gowu, b12, (remaining C-H bonds)} . _
[[ (ethanol CzHsOH) Level 3: E3 = {M} (molecule)

[[g?g_o{béoyhzag}]] Level 2: functional group E2 = {gon}

[(bu = {Cl,Cz}) (b;() = {Ca, O}) (bUH = {0, Hﬁ})] Level 1: selected bonds E;

© ©) ©

@ @ @ Level 0: atoms Vg
@ { ) Legend:
@ @ containment (membership)

aggregation across levels

Figure 3. A layered schematic of the chemical superhypergraph
CSH(30) for ethanol CoHs OH: atoms (Vo) form bonds (E1),
selected bonds form the hydroxyl group (F2), and these are
aggregated into the molecule (E3).

3 Reviews and results: Sombor index of Su-

perHyperGraphs

The Sombor index is a degree-based topological index originally defined
for graphs by summing, over edges, the Euclidean norm of the endpoint
degree pair; it is commonly used to quantify structural complexity in
(chemical) networks [14, 57, 61]. Subsequent work has investigated nu-
merous extensions and applications, including chemical graphs [20, 49],
fuzzy graphs [70, 71], and neutrosophic graphs [1,32]. Several related
degree-based indices are also widely studied, such as modified Sombor
indices [16,39,75], Zagreb-type indices [38,41,48,50,65], and the ABC and
GA indices [15,33,60,62].
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For hypergraphs, one natural generalization aggregates squared ver-
tex degrees inside each hyperedge and then sums the resulting Euclidean
norms over all hyperedges [64]. For superhypergraphs, the same philosophy
can be applied at the level of superedges, thereby capturing degree-driven

information in hierarchical, set-valued connectivity patterns.

Definition 7 (Sombor index of a hypergraph). [64] Let H = (V, E) be
a finite hypergraph, where V' is a nonempty finite vertex set and F C
P(V)\ {0} is a finite family of nonempty subsets of V. For each vertex
v € V, the degree of v in H is

dg(v) == {e€ E|veel}|

The Sombor index of H is defined by

=2 [ 2 dn?

eck vEe

When H is 2-uniform, this reduces to the classical Sombor index of a

simple graph.
Definition 8 (Degree in an n-SuperHyperGraph). Let SHG™ = (V,E)
be an n-SuperHyperGraph. For each x € V', define the degree of x by

dspaon (z) = [{e€ Bz e}

Definition 9 (Sombor index of an n-SuperHyperGraph). Let SHG™ =
(V, E) be an n-SuperHyperGraph and let dgyc e () be as in Definition 8.
The Sombor index of SHG™ is defined by

SO(SHG™) = Y~ > dgyam (@)

ecE rEe

Remark. If a hypergraph H = (V, E) is viewed as an 0-SuperHyperGraph
by taking the same vertex set V and the same hyperedge family £ C
P(V)\ {0}, then Definition 9 coincides with Definition 7.
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4 Results: Sombor index

of SuperHypergraphs

Sombor index of a graph sums, over edges, the square root of squared
endpoint degrees, capturing degree-based structural complexity informa-
tion [14,57,61]. These concepts have been further extended and studied in
various settings, including chemical graphs [20,49], fuzzy graphs [70,71],
and neutrosophic graphs [1,32]. Moreover, related concepts such as the
modified Sombor index [75], the Zagreb index [38,50], the Hyper-Zagreb
Index [48], the ABC index [62], and the GA index [33,60] are also well
known.

Sombor index of a hypergraph generalizes this by summing square-
rooted degree squares over each hyperedge’s incident vertices within com-
plex interactions [64]. Sombor index of a superhypergraph extends fur-
ther, aggregating degree-squared contributions over multi-tier superedges,

reflecting hierarchical connectivity across nested structural levels.

Definition 10 (Sombor index of a hypergraph). [64] Let H = (V, E) be a
finite hypergraph, where V' is a nonempty finite vertex set and E C P*(V)
is a finite family of nonempty subsets of V' (the hyperedges).

For each vertex v € V, the degree of v in H is
dy(v) = |[{e€ E|lvee}l|

The Sombor index of the hypergraph H is defined by

SO(H) = Y | > du(v)*.

eckE vEe

When H is 2-uniform (i.e., every hyperedge has size 2), this reduces to the
classical Sombor index of a simple graph.

Definition 11 (Degree in an n-SuperHyperGraph). Let SHG™ =
(V, E,0) be a level-n SuperHyperGraph. For each v € V, the degree of v
in SHG™ is

dspam (v) = |{e€ E|ved(e)}
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Definition 12 (Sombor index of an n-SuperHyperGraph). Let SHG™ =
(V, E,0) be a level-n SuperHyperGraph. The Sombor index of SHG™ is
defined by

SO(SHG™) = Y~ | > dgyaem (v

eeE vED(e)

Remark. If we view a hypergraph H = (V, E) in incidence form by taking
d(e) = e for all e € E, then the above formula coincides with the Sombor

index of a hypergraph.

Example 4 (Sombor index of an n-SuperHyperGraph). Let n = 1 and
take the base set Vy = {1,2,3}. Define three 1-supervertices

U1 = {172}7 Vg = {2a3}7 v3 = {133}3
so V = {v1,v2,v3} C P (Vo). Let the (undirected) superedge set be
E ={e1, e}, er = {v1,v2}, €2 ={va,v3},

and take the natural incidence map d(e) = e for all e € E.

Then the degrees are

dspaw (v1) =1, dgggo (v2) =2, dspgo (vs) = 1.

Hence, by the definition of the Sombor index,

SO(SHGW) =3~ Z depam (V)2 = V12 + 22 + /22 412 = 215,

e€E \[ ved(e

Therefore, the Sombor index of this 1-SuperHyperGraph equals 21/5.

5 Results: Sombor index in chemical Super-

HyperGraph

In a chemical graph, the Sombor index sums over bonds the square root of

squared endpoint degrees, quantifying degree-based molecular branching
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complexity in a molecule. In a chemical hypergraph, the Sombor index
sums over hyperedges the square root of summed squared vertex degrees,
capturing multi-atom interactions beyond pairwise bonds naturally. In a
chemical superhypergraph, the Sombor index sums over superedges the
square root of squared supervertex degrees, measuring hierarchical nested

organization of molecular interactions quantitatively.

Definition 13 (Sombor index of a chemical graph). Let G = (V, E) be a

chemical graph, and for each vertex v € V' let
dg(v) == {ueV: w e E}|
be its (crisp) degree. The Sombor index of G is

= > Vda(u)? +de(v)?.

uwveE

Definition 14 (Sombor index of a chemical hypergraph). Let H = (V, E)
be a chemical hypergraph. The Sombor index of H is defined by

=2\ 2 dn?

ecE veEe

Definition 15 (Sombor index of a chemical n-SuperHyperGraph). Let
SHG™ = (V E) be a chemical n-SuperHyperGraph. The Sombor index
of SHG™ is defined by

SO(SHG™) = 3" [ dgygm (2)

ecE xEe

Example 5 (Sombor index of a chemical n-SuperHyperGraph: water as a
chemical 0-SuperHyperGraph). Consider the water molecule H,O. Model
it as a chemical 0-SuperHyperGraph SHG = (V,E) (so it is also a
chemical hypergraph).

Let the vertex set (atoms) be

V= {07H17H2}7
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and let the edge set (bonds) be

= {61 = {O,H1}, €9 = {O,Hg}}
Then the (crisp) degrees are
dspco (0) =2, dgpco (Hi) =1, dspgo (Hz) =1

By Definition 15,

SO(SHGY) =3~ > dspgo ()2 = V22 +12+ V22 +12 = 25,
eckE | zce

Thus the Sombor index of this chemical 0-SuperHyperGraph equals 2v/5.

Theorem 1 (Chemical SuperHyperGraph Sombor index generalizes the
chemical hypergraph case). Let H = (V, E) be a chemical hypergraph. Set
Vo :=V and n:= 0, and regard H as the 0-SuperHyperGraph

SHG® .= (V, E),
where V.C P°(Vy) = Vo and E C P(V)\ {0}. Then
SO(SHG?) = SO(H).

Proof. When n = 0, we have P°(Vy) = Vp = V, so the supervertex set of
SHGO is exactly V', and each superedge is exactly a hyperedge e € F.
For any v € V,

depao (V) ={e€ E: vee}| =du(v)

. Substituting dgyao (v) = dg(v) into Definition 15 yields

SO(SHG®) Z\/Z%T > D du(v)? =S0(H),
ecF vEe ecFE vEe

which proves the claim. |
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Theorem 2 (Nonnegativity and trivial case). Let SHG™ = (V, E) be a
chemical n-SuperHyperGraph. Then

So(suHa™) > o,

and SO(SHG™) = 0 if and only if E = 0.

Proof. Each term /)" .. dgpyg (#)? is a square root of a sum of squares,
hence is nonnegative. Therefore the sum over e € E is nonnegative. If
E = (), the sum is empty and equals 0. Conversely, if E # (), pick e € E.
Then e # @, and for every € e we have dgym () > 1 (since z is incident
to at least the edge e). Hence > ., dgygom (z)* > 1, so the corresponding
summand is > 0, and thus SO(SHG™) > 0. [ |

Theorem 3 (Lower bound by edge sizes). Let SHG™ = (V,E) be a
chemical n-SuperHyperGraph. Then

SO(SHG™) > 3" \/Jel.

ecE

Proof. Fix e € E. For any z € e, dgyae () > 1. Therefore

ZdSHG(")(x)2 > 212 = le|.

xr€Ee rEe

Taking square roots gives /) ., d(x)? > y/|e[. Summing over e € E
yields the claim. |

Theorem 4 (Upper bound using the maximum degree). Let SHG™ =
(V, E) be a chemical n-SuperHyperGraph and let

A = d m ().
max dsua ) (x)

Then

SO(SHG™) < A> " /[e|.

eck
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Proof. Fix e € E. Since dggam () < Aforall z € V,

D dspam (@)? < YA = eA%

TEe xreEe

Taking square roots gives /) .. d(z)? < Ay/|e|]. Summing over e € E
yields the result. u

Theorem 5 (Exact value for A-regular chemical n-SuperHyperGraphs).
Assume SHG™ = (V, E) is A-regular, i.e., dgyqo (z) = A for allz € V.
Then

SO(SHG™) = A" /[e].

eck

Proof. If d(x) = A for all x € V| then for each e € E,

D d(x)? = Y A = |e]A?

xr€e xee

hence /) .. d(z)*> = Ay/le]. Summing over e € E gives the stated

formula. [ |

Theorem 6 (Additivity over disjoint unions). Let SHG\™ = (Vi, E1) and
SHng) = (Va, Es) be chemical n-SuperHyperGraphs with Vi N'Vy = (.

Define their disjoint union by
SHG™ U SHGI" = (ViUVa, EiUE,).
Then
SO(SHG{"USHGSY) = SO(SHG™) + SO(SHG{).

Proof. If V1 NV, = (), then degrees computed in the union agree with the
degrees computed in each component: for x € V;, the incident superedges
in the union are exactly those in E;, 80 dynion(z) = d;(x). Moreover, every

superedge of the union belongs either to F4 or to Fsy, and the defining sum
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splits as

O(union) Z Zdl(m)2+z ng(x)Z

eck ree ecEy xrEe

— SO(SHG{™) + SO(SHGY™). |

6 Additional results: multiplicative Sombor

index in SuperHyperGraph

It multiplies over all superedges the square root of squared supervertex-
degree sums, quantifying hierarchical connectivity intensity in superhyper-
graphs overall networks. The multiplicative Sombor index in graphs is a
concept that has been studied in several papers [17,40,47,53].

Definition 16 (Multiplicative Sombor index of a graph). [47] Let G =
(V, E) be a finite simple graph. For v € V, let dg(v) denote the (crisp)
degree of v in G. The multiplicative Sombor index of G is defined by

Is0(G) = [] Vda(w)?+da(v)?.

uwveE

Definition 17 (Multiplicative Sombor index of a hypergraph). Let H =
(V, E) be a finite hypergraph. The multiplicative Sombor index of H is

defined by
Hso(H) = H ZdH(’U)2
eck vEe
Remark. If H is 2-uniform and simple (i.e., every hyperedge has size 2
and there are no repeated hyperedges), then H is naturally a graph and
IIso(H) coincides with IIgo(G) in Definition 16.

Definition 18 (Multiplicative Sombor index of an n-SuperHyperGraph).
Let SHG™ = (V, E) be an n-SuperHyperGraph. The multiplicative Som-
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bor index of SHG™ is defined by

HSO (SHG(n)) = H Z dSHG(n) ($)2 .

eclE r€Ee

Remark. When n = 0, one has V. C PY(V) = Vg, so vertices are “base-
level” objects and SHG reduces to an ordinary hypergraph on V. In

this case, Definition 18 specializes to Definition 17.

Example 6 (Multiplicative Sombor index of a simple n-SuperHyperGraph).
Let n = 1 and take the base set Vy = {1, 2, 3}. Define three 1-supervertices

vy ={1,2}, vy = {2,3}, vz = {1, 3},
so V = {v1,v2,v3} € PY(Vp). Let the superedge set be
E = {e1,ea}, e1 = {v1,v2}, ea = {v2,v3}.
Then the supervertex degrees are

dSHGH)(”l) =1, dspcm (v2) =2, dSHGU)(”:S) =1

By Definition 18,

5o (SHGW) = [T D dspew ()2 = V12 +22 /22 412 = V5. V5= 5.
ecE TEE

Hence, the multiplicative Sombor index of this 1-SuperHyperGraph equals
5.

Theorem 7 (SuperHyperGraph multiplicative Sombor index generalizes
the graph case). Let G = (V, E) be a finite simple graph. Define Vy :=V
and n := 0, and regard G as the 0-SuperHyperGraph

SHG? := (V, E),

where each graph edge uwv € E is identified with the 0-superedge {u,v} C V.
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Then
50 (SHG?) = T50/(G).

Proof. Since n = 0, we have P°(V;) = Vi = V, so the vertex set of SHG®
is V. Moreover, the superedge set E C P(V)\ {0} consists precisely of the
2-element sets {u, v} corresponding to edges uv € E(G). For each v € V,
the degree in SHG is

dspeo () =[{e€ E: vee}| =[{w e E(G): ve {uv}}| =ds(v).

Therefore, by Definition 18,

so(SHG™) =[] \/dSHG(w (u)? + dggo (v)?

{uv}eFE
= H Vidg(u)? +da(v)? =1ls0(G),
weEE(Q)
which proves the claim. |

7 Conclusion

In this paper, we defined a new class of graphs called Tree-Vertex Graphs.
We expect that future work will explore extensions based on fuzzy sets
[76], neutrosophic sets [9,74], soft sets [51,54], hypersoft sets [66,69], and
plithogenic sets [3,67], as well as applications to methods such as neural
networks. Since this paper is primarily theoretical, we also anticipate
further progress on algorithm design, complexity analysis, and quantitative

investigations supported by computational experiments.
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