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Abstract
The diminished Sombor index of a graph G with edge set E is
defined as ; ,
Vdz +d
DSO(G) = —
( ) u;E du + dv ’

in which d,, and d, are the degrees of the adjacent vertices v and v,
respectively.

In this note, we determine the unique tricyclic graph of a given
order maximizing DSO, and characterize some structural properties
of this graph.

1 Introduction

Chemical graph theory is a branch of mathematics that models molecu-
lar structures as graphs, where vertices represent atoms and edges cor-
respond to chemical bonds. Within this framework, topological indices
have emerged as essential numerical descriptors that capture structural

features of molecules and are widely used in quantitative structure—activity

*Corresponding author.

This work is licensed under a Creative Commons “Attribution
BY

4.0 International” license.


https://doi.org/10.46793/match.95-3.17025
https://creativecommons.org/licenses/by/4.0/deed.en
https://creativecommons.org/licenses/by/4.0/deed.en
https://creativecommons.org/licenses/by/4.0/deed.en

936
(QSAR) and structure-property (QSPR) relationship studies. Among

these, degree-based indices are particularly valued for their computational

simplicity and strong correlation with chemical phenomena.

Consider a simple graph G with vertex set V(G) and edge set E(G).
The order of G is |V(G)| = n and its size of G is |E(G)| = m. An edge
between two vertices v and v is denoted by wwv, while the degree of a vertex
u € V(Q), written as d,,, corresponds to the number of vertices in G that
are adjacent to u [5].

In 2021, Gutman [4] introduced the Sombor index as a novel degree-

based invariant, defined for a graph G as

>V +dz

wveE(G)

For further details on the properties and applications of Sombor indices,
refer to [3,6-8,11].
Rajathagiri [10] proposed the diminished Sombor index (DSO), a nor-

malized variant given by

JETE
DSO(G WEXE:(G rd

This index was further investigated by Movahedi et al. [9] who demon-
strated its strong predictive ability for various physicochemical properties
and explored its mathematical properties in depth.

A central problem in the study of topological indices is the identification
of extremal graphs, those that maximize or minimize a given index within
a specified graph family. Previous research determined extremal graphs
for the DSO index among trees, unicyclic, and bicyclic graphs [9]. These
developments highlight the complexity and ongoing interest in extremal
problems for the DSO index within tricyclic graph families. Das et al.
[2] determined the graph with the minimum diminished Sombor index of
tricyclic graphs.

The present paper addresses the open problem of maximizing the DSO
index among tricyclic graphs. We identify the unique tricyclic graph of
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order n that attains the absolute maximum DSO. Furthermore, we pro-
vide a complete characterization of tricyclic molecular graphs (those with

maximum vertex degree at most 4) that maximize the DSO index.

2 Main results

In this section, we present the main results of this paper.
G, G, Gs Gy G*
Figure 1. All tricyclic graphs of order n and maximum degree n — 1.

Theorem 1. The graph G* shown in Figure 1 is the unique tricyclic graph

of order n > 5 that attains the mazimum diminished Sombor index.

Proof. Similar to the discussion in [9], we consider the function f(x,y) =

Y iizyQ such that x,y € [1,n — 1]. The partial derivatives of the function

for x > y in the interval [1,n — 1] are positive with respect to z and

negative with respect to y. Therefore, the maximum value of the function

is attained as follows

(n—1)2—|—1.

f(xvy)maac = f(n - 1, 1) = -

Consequently, it suffices to examine all tricyclic graphs of order n whose
maximum degree is n — 1. These graphs, specifically G; for ¢ = 1,2,3,4
and G*, are depicted in Figure 1. The DSO index for Gy, G2, G3, G4, and

G* are listed below, respectively

DSO(Gy) = 3\2/§+6< ("1)2+4> +(n—"7) (W)QH>

n—+1 n

DSO(Gy) = @ + ? + (n —6) (W)
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+4<¢m—1ﬁ+4>+\mn—n2+9

ntl n+2
D&xag_2€8+\f+2< Qw:f+4> ( m;:§+9>

DSO(G,) = ¥ + (n—4) (M)QH) +3 <W> ,
+

DSO(G*) = V54 (n —5) (W)Q“>

(n—1)2+16
n+3

A comparison between each of the initial four expressions and the final
one shows that DSO(G;) < DSO(G*) holds for n > 5 and for any ¢ €
{1,2,3,4}. |

To conclude, we present a result regarding the maximum diminished
Sombor index among tricyclic molecular graphs, which is derived from
Theorem 2 of [1].

Theorem 2. Let G be a tricyclic molecular graph of order n > 11. Then
the graphs attaining the maximum diminished Sombor index can be char-

acterized as follows

(i) If n =0 (mod 3), the mazimum is attained only by graphs that con-
tain exactly one vertex of degree 2, which is adjacent to two vertices

of degree 4, and contain no vertex of degree 3.

(ii) If n = 1 (mod 3), the extremal graphs are those thal have exactly
one vertex of degree 3, connected to three vertices of degree 4, and

no vertezr of degree 2.

(i) If n = 2 (mod 3), the mazimum is achieved exclusively by graphs

with no vertices of degree 2 or 3.
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