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Abstract

Recently, the Euler Sombor index (EUS) was introduced as a
novel degree-based topological index. For a graph G, the Euler
Sombor index is defined as

EUS(G)= > d? 4 d2 + dydy,
v;v; €E(G)

where d; and d; denote the degrees of the vertices v; and vj, re-
spectively. Very recently, Khanra and Das [Euler Sombor index
of trees, unicyclic and chemical graphs, MATCH Commun.
Math. Comput. Chem. 94 (2025) 525-548] proposed several
open problems concerning the Euler Sombor index. This paper com-
pletely resolves two of the most challenging problems posed therein.
First, we determine the minimum value of the EU S index among all
unicyclic graphs of a fixed order and prescribed girth, and we char-
acterize the extremal graphs that attain this minimum. Building
on this result, we further establish the minimum EUS index within
the broader class of connected graphs of the same order and girth,
and identify the corresponding extremal structures. In addition, we
classify all connected graphs that attain the maximum Euler Som-
bor index (EUS) when both the order and the number of leaves are
fixed.
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1 Introduction

Let G = (V, E) be a simple graph with vertex set V(G) = {v1, va,..., vn}
and edge set E(G), where |V(G)| = n and |E(G)| = m. For any vertex
v; € V(G), we denote its neighborhood by Ng(v;) = {vx € V(G) : vyvp €
E(GQ)} and its degree by d; = |Ng(v;)|. Two vertices v; and v; that are
not adjacent in G can be joined by an edge to obtain a new graph, denoted
by G + v;v;. The standard notations used in this article are as follows:
Cy, P, and K, denote the cycle, path, and complete graph of order n,
respectively. The girth of a graph refers to the length of its shortest cycle.
A vertex of degree one is called a pendant vertex, and an edge incident to
a pendant vertex is called a pendant edge. A path P = vivy... v, is said
to be a pendant path if it is an induced sub-path of G such that dy = 1,
do=---=dp_1 =2, and di > 3.

Chemical graph theory is an important branch of mathematical chem-
istry that uses graph theory to represent and study molecular structures.
In this approach, molecules are viewed as graphs, where the vertices repre-
sent atoms, and the edges represent chemical bonds. This representation
provides a strong mathematical framework for analyzing the structure and
properties of molecules.

Among the various tools in this field, degree-based topological indices
are widely used as numerical measures of molecular structure [3,4,16,20].
These indices are based on the degree of vertices, where the degree of a ver-
tex indicates the number of bonds connected to the corresponding atom,
reflecting its local connectivity. These indices effectively capture key struc-
tural features of molecules and have demonstrated strong correlations with
various physical, chemical, and biological properties. The computational
efficiency and predictive power of degree-based indices make them essential
tools for studying quantitative structure-property relationships (QSPR),
which help to design and analyze novel chemical compounds.

The Sombor index, introduced by Gutman [18], is one of the most

prominent degree-based topological indices. For a graph G, the Sombor
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index (SO) is defined as

SO(G) = > & +d
v;v; EE(QG)

where d; denotes the degree of vertex v; in G. This index has attracted
significant attention from researchers due to its mathematical complexity
and chemical significance. Its mathematical properties and chemical appli-
cations have been extensively explored and continue to be an active area
of research [5-9,11-14,17-19,23,27-31, 33, 40].

Building on this foundation, Gutman et al. [21] proposed a new degree-
based topological index with geometric motivation, known as the elliptic
Sombor index (ESO). It is defined as

ESO(G) = Y (di+dj)y/d?+d2.

ViV EE(G)

The index has been studied for its mathematical properties and potential
applications in chemical graph theory [1,15,21,32,35,38].

Afterwards, another geometrically inspired index, called the Euler Som-
bor index (EUS), was proposed in [19,39], offering an alternative perspec-
tive on degree-based graph invariants. The Euler Sombor index (EUS) of
a graph G is defined as

EUS(G)= Y \/d*+d+dd;.

ViU EE(G)

Recently, considerable research has been conducted on the extremal
graph problem related to the FUS index. For example, Khanra and
Das [24] described the extremal trees with respect to the EUS index. Ren
et al. [34] presented a characterization of trees that maximize the EUS
index among all trees with a specified number of pendant vertices. Su and
Tang [36] classified the extremal unicyclic and bicyclic graphs for the EUS
index. Kizilirmak [25] investigated unicyclic graphs with the lowest EUS
index, taking into account both the order and diameter of the graphs. For
more recent results on the EUS index, see [2,26,37,39].
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In [24], Khanra and Das posed the following three open problems con-
cerning the EUS index:

e Problem 1: Find the extremal values and describe the extremal
graphs for the EU S index among all connected graphs of fixed order
and given girth.

e Problem 2: Determine the extremal values and characterize the
extremal graphs for the FUS index among all connected graphs of

fixed order and a given number of pendant vertices.

e Problem 3: Investigate the extremal values of the EUS index for

chemical unicyclic graphs and identify those that attain these values.

In [24], Khanra and Das proved that among all unicyclic graphs, the
cycle graph uniquely attains the minimum value of the Euler Sombor index.

We restate their result below:

Theorem 1. Among all unicyclic graphs with n > 3 vertices, the unique
graph that achieves the minimum FEuler Sombor indez is the cycle graph

Cy. Moreover, the minimum value of the Euler Sombor index is 2v/3n.

From the above theorem, it follows that the cycle graph C,, uniquely
minimizes the Euler Sombor index among all chemical unicyclic graphs.
This result provides a complete solution to Open Problem 3 from [24]
concerning the minimal graph. However, the corresponding problem for
the maximal case remains unresolved.

In this paper, we advance the study of the Euler Sombor index by
identifying the connected graphs of a fixed order and prescribed girth that
minimize the index. Furthermore, we classify the extremal graphs that
attain the maximum Euler Sombor index among all connected graphs of

a given order with a specified number of pendant (leaf) vertices.

2 Main results

We now compute the Euler Sombor index (EUS) of Hy (see, Fig. 1).
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Lemma 1. Let Hy be a unicyclic graph of order n with girth g (< n —2)
and mazimum degree k + € + 2, where k(> 0) is the number of pendant
paths of length 1 and ¢ (> 0) is the number of pendant paths of length at
least 2 (see, Fig. 1). Then

EUSH) = ({+2)\/(k+0+2)2+2(k+0+2) +4+(V7
+hV/(k+H0+2)2+ (k+0+2)+1+(n—k—20—2)V12.

14
-~

b

Figure 1. Unicyclic graph H;.

H,

Denote by C,, 4 the unicyclic graph of order n and girth g, constructed
by attaching a pendant path P, _, to a single vertex of the cycle Cy. In

particular, for g = n, G = C,.

Corollary 1. Let Hy be a graph defined in Lemma 1 (see, Fig. 1). Then
EUS(Hy) > 3V19+2(n—4)V3+ V7 (1)

with equality if and only if H1 = C), 4.

Proof. Since g < n—2, we have k+/{ > 1. First we assume that k+/¢ = 1.
We must have k = 0 and £ = 1 as ¢ < n — 2. Thus we have H; = (), 4
with

EUS(Hy) =3V19+2(n—4)V3+V7
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and hence the equality holds in (1).

Next we assume that &+ ¢ > 2. For £ = 0, we obtain

EUSHy) =2/(k+22+2(k+2) +4+k/(k+2)2+ (k+2) +1
+(n—k—2)V12

>2V284+2V21 + (n —4) V12> 3V1942(n —4) V3 + V7
as k > 2. The inequality in (1) holds strictly.

Otherwise, £ > 1. Thus we have

EUS(H)) =3\/(k+0+22+2(k+{+2)+4+n—k—20—2)V12

thy/(E+0+2)2+ (k+0+2)+1+V7

+(£-1) [\/(k+£+2)2+2(k+£+2)+4+\ﬁ}
>3V28+ VT +kV2I4+(n—k—20-2)VI2+ (£ - 1)
x (V28 +V7)
>3VR+VT+EVIZH (n—k—20—-2)VI24+2(0—1)V12
>3V19+2(n—4)V3+ V7.

The inequality in (1) holds strictly. |

We now establish a lower bound for the EU S index of unicyclic graphs

of order n with girth ¢, and identify the extremal graphs that attain this
bound.

Theorem 2. Let G be a unicyclic graph of order n(> 3) with girth g.
Then

2v3n for g=n,

EUS(G)> 1< 2v3(n—3)+2V19+V13 forg=n—1, (2)
3VI94+2(n—4)V3+VT forg<n-—2
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with equality if and only if G = C, (for g = n) or G = Cyp o1 (for
g=n—1)orG=C, 4 (forg<n-2).

Proof. For g = n, we have G = C,, with EUS(G) = 2v/3n and hence
the equality holds in (2). For ¢ = n — 1, we have G = C), ,—1 with
EUS(G) = 23 (n—3)+2+194+/13 and hence the equality holds in (2).
Otherwise, g < n—2. Let g be the number of vertices of degree 3 or more.

Then we have ¢ > 1 as ¢ < n — 2. We consider the following two cases:

Casel. ¢ = 1. In this case there is exactly one vertex of degree 3 or more,
and all other vertices are of degree 2 or 1. In this case G = H; (see, Fig.

1). By Corollary 1, we obtain
EUS(H,) > 3V19+2(n—4)V3+V7

with equality if and only if H; = C,, 4, that is, G = C), 4.

Case2. ¢ > 2. For each pendant path P : vwiws ... v of length at least

2, we have
S B @t did; > VIO (k- 2) V24 VT > k2,
v;v; EE(P)

where d; is the degree of the vertex v; € V(G). For each pendant path of

V& + &+ didy > V13 > V12,

Let S be the set of edges of all pendant paths in G. Using the above

>+ &+ did; > (S| V12, (3)

ViVj €S

length 1, we have

results, we obtain

For any edge v;v; € E(G)\S, we have

42+ 2+ did; > V12,
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Let

X = {U,"Uj € E(G)\S|dZ >3, dj > 2}.

Since g <n — 2 and ¢ > 2, then there are at least three edges in X, that
is, | X| > 3. Thus we have

Yo B didi= Y [+ d+did;

’U,;’UjEE(G)\S vivjEX

+ > V2 + &2+ dyd,

v;v; EE(G)\(SUX)
> |X|V19+ (n —|S| — | X|) V12
>3V19 4+ (n — S| - 3)V12.

Using the above result with (3), we obtain

EUS(G)= Y \|d>+d+dd,

v;v; EE(G)
= Y ,/d2+d2+dd+z &2 + d3 + did,
v;v; EE(G)\ v;v; €S

>3vV19+4 (n— |8 - 3) V12 +|S| V12
=3V19+2(n—3)V3>3V19+2(n—4)V3+ V7.

The inequality in (2) holds strictly. This completes the proof of the theo-

rem. |
One can easily see the following result:

Lemma 2. Let G be a graph with v,v; ¢ E(G). Then EUS(G) <
EUS(G-FUHJJ)
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Theorem 3. Let G be a graph of order n (> 3) with girth g. Then

2v/3n for g =n,
EUS(G) >4 2v3(n—3)+2V19+V13 forg=n—1, (4)
3V190+2(n—4)V3+VT forg<n-—2

with equality if and only if G = C,, (for g = n) or G = Cp py (for
g=n—1)orG=C,4 (for g <n-—2).

Proof. Let m be the number of edges in the graph G. If m > n + 1,
then there exists an edge e € E(G) such that removing e results in a
connected graph G — e with the same girth g. We can iteratively apply
this process-removing an appropriate edge while maintaining connectivity
and girth—until we obtain a graph H of order n with exactly n edges and
girth g. Such a graph H is necessarily unicyclic. By Lemma 2, we then
have:
EUS(G) > EUS(H)

with equality if and only if G = H.

The above result with Theorem 2, we get the result in (4). Moreover,
the equality holds if and only if G = C), (for g = n) or G = C,, ,,—1 (for
g=n—1)or G=C, 4 (for g <n-—2). |

Lemma 3. [10,22] If f(x) is a convex function with a, b > 0, then
f@)=flx—a) > f(x—b) — f(x —b—a) with equality if and only if a and

b are both zero or one of them is zero.

Let K, , denote the graph of order n with p pendant vertices, con-
structed by attaching p pendant vertices to a single vertex of the complete
graph K,_,. In particular, when p = 0, we have K,, , = K,; and when
p=n-—1, K, , =5, where S,, denotes the star graph of order n.

Let n and p be integers with n > p, and let a4, as, ..., a,—p be non-

negative integers satisfying

n—p
E a; =p
i=1
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We define the graph

S(al, as, ..., an,p)

as the graph obtained from the complete graph K,_, by attaching a;
pendant (degree-one) vertices to the i-th vertex of K,,_,, for each i =

1,2, ..., n—p. In particular, forp =0, wehave a1 = ap = -~  =ap—_p, =0
and S(ai, ag, ..., Gn—p) = K,. Forag =p, a2 =a3 =+ =apn_p =0,
S(a1, ag, ..., Gn—p) 2 Ky p. f n—p =1, then S(a1, as, ..., an—p) = Sy,

where S, is a star graph of order n. So we assume that n—p > 2. This class
of graphs is often used in extremal graph theory and in the study of degree-
based topological indices. We now give an upper bound on EUS index for
a class of graphs of order n with p pendant vertices, and characterize the

extremal graphs.

Theorem 4. Let G be a graph of order n with p pendant vertices. Then

EUS(G)§\/§<"§1> (n—p-1)+pVn2—n+1

+(n-p-1)V(n-1)C2n—p-2)+(n-p-12 (5
with equality if and only if G =2 K, ;.

Proof. Since G has n vertices with p pendant vertices, by Lemma 2, one

can easily see that

EUS(G) < EUS(S(a1, az,- .., Gn—p)) (6)
with  equality if and only if G = S(ay, as, ...,
an—p), Where a1, ag,..., a,—p are non-negative integers such that a; +

az + -+ an—p = p. Without loss of generality, we can assume that
@1 = MaXji<k<n—p Ok, that is, a1 > aj for any 1 < k < n — p. First sup-
pose that a1 = p, ag = ... = an—p = 0, then S(as, ag, ..., an—p) = K, p,
and hence

BUS(S(a1, as, ..., an—p)) = ﬁ(”‘§‘1> (n—p-1)+pVnZ—ntl1

+n—p-1DV/(n-1)2n—-p—2)+(n—p—1)2.
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This result with (6), we get the result in (5). Moreover, the equality holds

in () if and only if G = K,, .
Next suppose that a1 < p. Let H = S(ai, ag,..., an—p). Also let
H' = S(a1+1, as,..., ai—1, a; — 1, aiy1,..., Gn—p), where a; > 1. Now,

EUS(H') — EUS(H)

=\/n—p+ta?+(n—p-2+a)?+(n—ptar)(n—p—2+a)

——p-1+a)2 4 (n-p-1+a)?+(—p—1+a) (n—p—1+a)

+(a1+1)\/(n—p+a1)2+n—p+a1+1—a1\/(n—p—1+a1)2+n—p+a1

+(az‘_1)\/(n_p_2+ai)2+n_]3_1+ai_ai\/(n_p_1+ai)2+n_p+ai

n—p
+ > l:\/(”_p+a1)2+(”_[’_1+ak)2+(”_p+al)(n_l7_1+ak)
k=2,k#i

+\/(n—p—2+ai)2+(n—iﬂ—1+ak)2+("—p—2+ai)(n—P—1+ak)

*\/(nfpf1+a1)2+(nfpf1+ak)2+(nfpfl+a1)(nfpf1+ak)

o —p—14a)?+(n—p-1+a )2 +(n—p-1+a)n—p—1+ay|. (7)

Claim 1.

Vi —p+a)2+(n—p—2+a)?+(n—pta)(n—p-2+a;)

>\/(nfpf1+a1)2+(n7p71+ai)2+(n7p71+a1)(n7p71+ai),

Proof of Claim 1. Since a; > a;, we obtain
(n—p+a)?’+(n—-p—2+a)?+(n—p+a)(n—p—2+a;)
=n—-p—1+a)’+2(n—p—14+a)+2+(n—p—1+a)’—2n—p—1+a)
+(n-pta-n-p-1+a)-—(m-pta-1)+Mn-p-1+a)-1

Sn—p—-14+a1)’+n—-p—-14a) +n—p—1+4+a1)(n—p—1+a;).
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From the above, we prove Claim 1.

Claim 2.

(a1+1)\/(n—p+a1)2+n—p+a1+1—a1 \/(n—p—1+a1)2+n—p+a1

tai-Dy/(n-p-2+a) tn-p-1+a—ai\/n-p-1+a)?+n-p+a

> 0.

Proof of Claim 2. Let us consider a function

f(a:):\/(n—p—l—i-x)Q—l-n—p—‘r:c:\/(n—p+x—1/2)2+3/4

=+/(z+1)2 +3/4,

where t =n —p —1/2 > 0. Then we obtain

¢ 3/4
s >0 and f(z)= /

— 0.
(@+0)2+3/4 ((I+t)2+3/4)3/2 -

f(z) =

Thus f(z) is an increasing and convex function. Setting x = a; + 1,
a=1,b=a;+1—a; >0 in Lemma 3, we obtain

flar+1)+f(a; —1) > f(a1)+ f(ai), thatis, f(a1+1)+f(a;i—1)—f(a1)—f(a;) > 0.

Thus we have

\/(n*p+a1)2+nfp+a1+1+\/(n*pf2+ai)2+n*pfl+ai

~Jn—p-1+a)2tn-—ptar—\/(n-p-1+a)2+n-pta
> 0.

Since a1 > a;, using the above result, we obtain

(a1+1)\/(n—p+a1)2+n—p+a1+1—a1\/(n—p—1+a1)2+n—p+a1

tai-Dyn—p-2+a)?+n-p-1+a—ai/m-p-1+a)?+n—pta

=ay [\/(nfp+a1)2+nfp+a1+17\/(n7p71+a1)2+n7p+a1]

+a; [\/(n7p72+a¢)2+n7p71+ai7\/(nfp71+ai)2+nfp+a¢}
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+\/(nfp+a1)2+nfp+a1+1f\/(nfp72+ai)2+nfp71+a¢

>a; [y\/(n—p+a)+n—ptar+1-\/(n—p—1+a)2+n—p+a]

+a; [\/(n—p—2+ai)2+n—p—1+ai—\/(n—p—1+ai)2+n—p+ai]

=a; [\/(n7p+a1)2+nfp+a1+lf\/(nfp71+a1)2+nfp+a1

+\/(nfp72+ai)2+nfpfl+ai7\/(nfp71+ai)2+n7p+ai]

>0.

This proves Claim 2.

Claim 3.
n—p

> {\/(np+a1)2+(np1+ak)2+(np+a1)(np1+ak)
k=2, k#i

+y(n—p—2+a)2+(—p-1+a)2+(n-p—2+a) (n—p—1+a)

—Jn—p—14a)? +m—p—1+a)?+(n-p-1+a)(n—p—1+ar)

*\/(nfpf1+az‘)2+(nfpf1+ak)2+(nfp71+a¢)(nfpfl+ak)
>0.

Proof of Claim 3. Let us consider a function

9(06):\/(n—p—1+m)2+(n—p—1+ak)2+(n—p—1+x)(n—p—1+ak),

:\/(x+51)2+s§+(x+81)82,
where s =n—p—1and ss =n—p—1+ar > 0. Then we obtain

2
J() = o >0,
V(@ +51)? + 55+ (2 +51) 52

and
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0.75 53
g"(z) = %2 > 0.

3/2
((a: +51)2 4+ 3+ (z+51) 32)

Thus g(z) is an increasing and convex function. Setting x = a3 + 1,
a=1,b=a;+1—a; >0 in Lemma 3, we obtain

gla1+1)+g(a; —1) > g(ar) +g(a;), thatis, g(a1+1)+g(a;—1)—g(a1)—g(a;) > 0.

Thus we have

Vo —p+a)?+(m-p-1+ap)?+(n—p+a)(n—p—1+ay)

+yn—p—2+a)?+(n—p—1+a)?+(n—p—2+a;)(n—p—1+a)

*\/(nfp71+a1)2+(nfp71+ak)2+(nfp71+a1)(nfpf1+ak)

—\/(n—p—1+ai)2+(n—p—1+ak)2+(n—p—1+ai)(n—p—1+ak)>0,
that is,
n—p

> [\/(n—p+a1)2+(n—p—1+ak)2+(n—p+a1)(n—p—1+ak-)
k=2,k#i

+\/(n—p—2+ai)2+(n—p—1+ak)2+(n—p—2+ai)(n—p—1+ak)

i —p 1t a2t p—1ta)? tm—p—1ta)(n—p—1+ar)

*\/(nfpf1+a¢)2+(nfpf1+ak)2+(nfp71+ai)(nfpfl+ak)

> 0.

This proves Claim 3.

Using Claims 1, 2 and 3 in (7), we obtain EUS(H') — EUS(H) > 0,
that is, EUS(H') > EUS(H). Using the same transformation several
times (if exists), we obtain

EUS(H) < EUS(H') < --- < EUS(S(p, 0,..., 0)) = EUS(K,,).

The above result with (6), we obtain EUS(G) < EUS(S(a1, az, ...,
an—p)) = EUS(H) < EUS(K, ). This completes the proof of the theo-
rem. ]
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3 Concluding remarks

In this paper, we have identified the unicyclic graphs with fixed order
and prescribed girth that minimize the EUS index. Building on this, we
extended our results to encompass all connected graphs under the same
conditions, determining those that achieve the lowest index values. More-
over, we provided a characterization of connected graphs with a fixed order
and specified number of pendent vertices that maximize the EUS index.
Moreover, we observed that, among all chemical unicyclic graphs, the cycle
graph has the minimum value for the EUS index. These problems were
previously posed as open problems in [24].

However, some key problems remain open: determining the maxi-
mum FUS index and characterizing the extremal graphs among connected
graphs with fixed order and given girth; finding the minimum EUS index
and identifying the extremal graphs when both the order and number of
pendent vertices are specified; and characterizing the maximal chemical

unicyclic graphs for the FUS index.
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