M A I C H MATCH Commun. Math. Comput. Chem. 95 (2026) 885-890

L . . ISSN: 0340-6253
Communications in Mathematical A
and in Computer Chemistry doi: 10.46793/match.95-3.11125

Using Edge Energy to Improve Existing
Bounds for Sombor Index of a Graph

Mohammad Habibi*, Samane Rabizadeh

Department of Mathematics, Tafresh University, Tafresh, 39518-79611,
Iran.

mhabibi@tafreshu.ac.ir, samane.rabizadeh@gmail.com

(Received May 12, 2025)

Abstract

Let G be an arbitrary simple graph. In this paper, we correct
the proof of some stated inequalities between energy and Sombor
index of GG in the existing literature and improve them. Also, we
state a new inequality between energy and the Randi¢ index of G.

1 Introduction

Let G = (V(G), E(G)) be a simple undirected chemical graph, where V(G)
and E(QG) are the vertex set and the edge set of G, respectively. If |E(G)| =
m, then G is called a graph of size m. The maximum and the minimum
degrees of G are denoted by A(G) and §(G), respectively. The adjacency
matriz of G, denoted by A(G), is an n X n matrix whose (i, j)-entry is
1 if v; and v; are adjacent and 0 otherwise. The energy of a graph G
(i.e. the sum of the absolute values of its adjacency eigenvalues) [9,13] is
shown by £(G). According to [6], the Sombor index is defined as SO(G) =
ZwyeE(G) \/d% + d2, where d, and d, are the degree of vertices x and y,
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respectively. The reader can refer to [5], [7], [10], [11] and [12] for more
information on the Sombor index of graphs.

By [3], the energy of the vertex v; of a graph G is given by
E(v;) = Zizl |A(G)]ii fori=1,...,n,

where |A| = (AA*)Y/2 and A is the adjacency matrix of G. In the men-
tioned paper, the authors proved that

Q) = ZUGV(G) E).

So, one can easely see that:

2 Preliminaries

We start this section by stating the following lower bounds for the energy

of a vertex which will be useful in proving the results of the article

Theorem 1. [3, Pro. 4.9] Let G be a reqular graph with at least one edge.

Then Eg(v) > 1.

Theorem 2. [3, Pro. 3.5] Let G be a connected graph with at least one
dy

edge. Then Eq(v) > ——, for all v € V(G). Equality holds if and only

A(G)
if G is isomorphic to complete bipartite graph Kg 4.

Theorem 3. [3, Thm. 3.6] Let G be a graph with at least one edge. Then
Eq(v) > ’/A(fé')’ for allv € V(G).

3 Main results

In recent years, various inequalities between the energy and Sombor index
of graphs have been introduced (see [1], [2], [14], [15], [16], [17] and [18]).
Among the results, Ulker et al. in Theorem 3.1 of [17] proved that

E(G)A}(G) > 50(G),
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for any graph G. Also, in Theorems 3.2, they showed that
E(G)A%(G) = SO(G),

if G is regular. In the proof of these theorems, it is used that the square root
of any positive real number is always smaller than that number. However,
it should be noted that this statement holds if and only if the given number
is greater than one. In the following example, the incorrectness of the proof

of the aforementioned theorems is noticeable.

Example 1. (i) Let G = K 2. Then we have:

dy d
T g2 Y g2
dz + A(G)dl

dd,

d d
z d2—‘r Y d2
. %df;() 2<\/§—— g \/ ©)

zy€E(G)

zy€E(G)

(ii) Let G = K3. Then we get:

y EEd 3 32 V&
d2d2 2 2 dydy
zyeE(GQ) T *Y zyEE(GQ)

Now, we present the modified proof of the mentioned theorems.
Theorem 4. Let G be an arbitrary graph. Then SO(G) < E(G)A3(G).

Proof. 1t is enough to prove the theorem only for connected graphs. Cle-
arly, if G = Ky, then SO(G) = V2 < 2 = £(G)A%*(G). Now, let G # K.
Therefore, G has at least one vertex with degree greater than one. By
Theorem 2 and considering the fact that r +s > v/r2Z + s2 for any positive

integer r and s, we have:

E(G) = Xemsyeno) (géx) i 5;;,))
dy ydy
AG) | AG)

2 Ze:waE(G) d, + d

N——

Ll s 1
A(G) e=zy€E(G) d, dy
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1 T dy +dy
A(f) e=zy€E(G) dacdy

> A3 (G) D e—ayeB(G) (\/di + d%) = ﬁSO(G),

and the result follows. [ |

Theorem 5. Let G be a regular graph. Then SO(G) < £(G)A%(G).

i + dl> and the

desired result is obtained similar to the method stated in the proof of
Theorem 4. |

Proof. By Theorem 1, we have £(G) > 3., cr(q) (

In the following, we will improve the stated bound for regular graphs

and give a result for arbitrary graphs.

Theorem 6. Let G # K5 be a connected graph of size m. Then

SO(G) < £(G)AX(@) — gm AG).

2
Proof. Note that /7 ++/s > /r+s+ 3 for any positive integers r and s

with r + s > 3. Thus, by Theorem 3 we have:

E(G) =2 c—ryer(c) (gcgf) 8(y)

Vi@ | )

2 Y e—ayeE(G) dy dy
X 1
= m Ze zycE(G \/> \/d>
. \F + W
A(G) e=zy€E(G)

1
> AGVAG D e—ayeE(G) (\ﬁ+ Vdy)

1 2
>3 Ay +dy+ =
A(G)VA(G) ie=ayep() ( v 3)

BT d dj+2_m
AG)VAG) =@\ d, T d, T 3A(G)VA®G)
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1 2m
2 2
Z 33(G) Ze=mer@ VT S NG
1 2m
= —=950G)+ ———F——.
A2(G) @ 3A(G)/A(G)
Hence,
SO(G) < £(G)AX(G) — %m\/A(G)
and the proof is complete. |

1

Za;yEE(G) \/TTZI

We finish this paper, by stating the following inequalities between the

Recall that the Randi¢ index [4] is defined as R(G) =
energy and the Randié¢ index of graphs.
Theorem 7. Let G be a graph. Then

5(G)
2 mR(G) < E(G) < 2¢/A(G)R(G) .

Proof. The second inequality holds by [8, Pro. 4]. Also, by the proof of
Theorem 6 we have:

g(G) > # Z M \/dy > 9 @R(G)7
el /A(G) e:myEE(G) \ /dwdy - A(G)
and the proof is complete. |
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