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Abstract

The study of bounds for topological indices based on various
graph parameters, as well as the identification of extremal graphs
where these bounds are achieved, is an active and intriguing area of
research in graph theory. The Euler Sombor index (ESI) is a re-
cently introduced degree-based index with a strong linear relation-
ship to several physicochemical properties of octanes. This work
explores extremal trees of ESI for given graph parameters. First,
we identify the second smallest and second largest values of the
Euler Sombor index in terms of the graph order n. Then, we char-
acterize maximal and minimal quasi-trees for given n employing the
majorization principle. Finally, we identify the extremal trees for
the ESI index for given n and domination number.
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1 Introduction

A topological index is a numerical parameter that characterizes the topol-

ogy of a graph and remains invariant under the graph isomorphism. These

indices play a key role in correlating the chemical structure of molecules

with their chemical reactivity, biological activity, or physical properties

[11, 15, 41]. By providing a quantitative measure of a molecule’s struc-

ture, topological indices are widely used in chemistry, particularly in pre-

dicting molecular behavior and properties, aiding in tasks such as drug

design and materials science through quantitative structure-activity re-

lationships (QSAR) and cheminformatics. In the year 2021 Gutman in-

troduced a new topological index named as the Sombor index [13], that

emerges from the interplay between graph theory and Euclidean geome-

try. This index has garnered substantial attention in fields such as chem-

istry and pharmacology due to its effectiveness in characterizing molecular

structures and predicting biological activity. For a graph G the Sombor

index is described as SO(G) =
∑

uiuj∈E(G)

√
d2ui

(G) + d2uj
(G), where the

notation dui(G) indicates the degree of the vertex ui in G. The Som-

bor index has rapidly gained significant attention from researchers in a

short period. According to Redžepović [35], this index can be used to

predict chemical properties in the field of chemistry with favorable find-

ings. We suggest that readers refer to [4, 5, 9, 10, 13, 17, 19, 20, 27, 28, 30]

and the references therein for further information. In 2024, Gutman [14]

demonstrated that the lengths of the semi-major and semi-minor axes

in an ellipse are equal. Leonard Euler determined the ellipse’s approxi-

mate perimeter as π
√
2(d2ui

(G) + d2uj
(G))(dui

(G) + duj
(G))2. These rela-

tionships led to the proposal of the Euler Sombor index (ESI) of a graph G

as ESI(G) =
∑

uiuj∈E(G)

√
d2ui

(G) + d2uj
(G) + dui

(G)duj
(G). Algebraically,

there is a geometric analogy of Sombor and Euler Sombor indices [14].

Tang et al. [40] conducted an initial analysis of the chemical applicability

of the Euler Sombor index. They established its mathematical proper-

ties and determined the extremal values of this index across all molecular

trees. In addition, they characterized the corresponding extremal graphs,
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providing a comprehensive understanding of the structural implications of

the Euler Sombor index in chemical graph theory. Ren et al. [36] inves-

tigated the maximum values of the Euler–Sombor index for trees, consid-

ering parameters such as matching number, number of pendent vertices,

and diameter. Khanra et al. [25] identified trees with the five smallest

Euler Sombor indices, extremal unicyclic graphs, and classified extremal

chemical and hexagonal graphs based on the Euler Sombor index. Gul

Ozkan [32] determined the extremal values of the Euler Sombor index for

tricyclic graphs. Zhang et al. [43] established extremal bounds of the Euler

Sombor index for molecular trees and explored its correlation and chemi-

cal relevance using various regression models on octane isomers. For more

works in this index, readers are referred to [1,21,31,33,38]. The remainder

of this work is organized as follows. Section 2 presents some preliminary

findings that will be useful for deriving the main results. Trees with the

second minimum and maximum Euler Sombor index are identified in Sec-

tion 3. Section 4 demonstrates the sharp bounds of the Euler Sombor

index for quasi-trees. In Section 5, the maximal and minimal trees are

identified for given n and domination number.

2 Preliminaries

Throughout this paper, we focus only on simple connected graph G =

(V,E) with vertex set V (G) and edge set E(G). The set of all neighbours

of a vertex ui in G is denoted as NG(ui) = {uj ∈ V (G) : uiuj ∈ E(G)}.
The set NG(ui) is called the open neighborhood of ui and NG[ui] =

NG(ui)∪{ui} is the closed neighbourhood of the vertex ui. The degree of ui

in a graph G is denoted by dui(G) or dui , is the the cardinality of NG(ui).

Furthermore, the total number of vertices with degree i is indicated by ℏi.
Vertex of degree one referred to as a leaf, while other vertex attached to

a leaf is referred to as a support. The longest path connecting any two

leaves on a tree is referred to as diameter. If u1u2 · · ·udud+1 represents a

path where the diameter is achieved, we refer to u1u2 · · ·udud+1 as a di-

ametral path in G. We denote the graph obtained from G by deleting the

vertices u1, u2, · · · , ui as G − {u1, u2, · · · , ui} and by removing the edges
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e1, e2, · · · , ei as G − {e1, e2, · · · , ei}, respectively. The maximum vertex

degree in the graph G is represented by ∆(G). As is standard, Pn, Cn and

Sn represent the path, cycle and star with n vertices, respectively. Two

distinct vertices u, v ∈ V (G) are dominated each other if they are adja-

cent in G. Then v is called a dominating vertex of u in G and vice versa.

A subset D ⊆ V (G) is called dominating set if each vertex in V (G)\D is

linked to at least one vertex in D. The minimum dominating set is denoted

by D1. The cardinality of D1 in G is referred as the domination number,

denoted by Ω(G). For some considerable works on this parameter, readers

are refereed to [2,3,12,26,42]. Since each tree T is connected and acyclic,

then for any tree T with n vertices, Ω(T ) = 1 iff T ∼= Sn. In 1962 Ore [34]

proved that Ω(G) ≤ n
2 . After that, in 1985, Fink et al. [12] obtained the

graphs G of n vertex that satisfy Ω(G) = n
2 . Let T (n,Ω) be the set of all

n-vertex trees with given domination number Ω. A graph G is said to be

a quasi-tree if there exist a vertex u ∈ V (G) such that G−u is a tree. The

class of quasi-trees with n vertex is simply denoted as Qn.

Exploring bounds for topological indices in relation to various graph pa-

rameters, along with identifying extremal graphs that achieve these bounds,

is an active and fascinating area of research in graph theory [2,7,8,16,18,

24,42]. In this work, our goal is to characterize extremal trees for the Euler

Sombor index with respect to various graph parameters.

Let us consider a function ℧(x, y) =
√

x2 + y2 + xy, where x, y ≥ 1.

Lemma 1. Let Ψa(x) = ℧(x, a+1)−℧(x, a), with x ≥ 1 and a > 0. Then

Ψa(x) is decreasing in x.

Proof. Here Ψa(x) = ℧(x, a+1)−℧(x, a) =
√
x2 + (a+ 1)2 + x(a+ 1)−√

x2 + a2 + ax. Therefore,

d

dx
Ψa(x) = Ψ

′

a(x) =
2x+ a+ 1

2
√
x2 + (a+ 1)2 + x(a+ 1)

− 2x+ a

2
√
x2 + a2 + ax

.

Since a, x > 0, we start with an evident relation 3x2(1+2a)+3ax(a+1) > 0.

Using this we have,
(
4x2 +4x(a+1)+ (a+1)2

)
(x2 + a2 + ax) +

(
3x2(1 +

2a) + 3ax(a + 1)
)
>

(
4x2 + 4x(a + 1) + (a + 1)2

)
(x2 + a2 + ax), which
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implies that

(2x+ a)2
(
x2 + (a+ 1)2 + x(a+ 1)

)
> (2x+ a+ 1)2(x2 + a2 + ax)

i.e.,
2x+ a√

x2 + a2 + ax
>

2x+ a+ 1√
x2 + (a+ 1)2 + x(a+ 1)

,

from which it immediately follows that Ψ
′

a(x) < 0, ∀x ≥ 1 and for a > 0.

Hence Ψa(x) is decreasing in x.

Lemma 2. If ξa(x) = ℧(x, a) − ℧(x − 1, a), with x ≥ 2 and a > 0, then

ξa(x) is increasing in x.

Proof. We have

ξ
′

a(x) =
2x+ a

2
√
x2 + a2 + ax

− 2(x− 1) + a

2
√
(x− 1)2 + a2 + a(x− 1)

.

Now x ≥ 2 and a > 0 implies 3a2(2x + a − 1) > 0. Using this, one can

easily verify that,

2x+ a√
x2 + a2 + ax

>
2(x− 1) + a√

(x− 1)2 + a2 + a(x− 1)
.

Therefore ξ
′

a(x) > 0, ∀x ≥ 2 and a > 0. Hence ξa(x) is increasing in x.

Lemma 3. Let J (s) = (s − 1)
√
s2 − s+ 1 − (3

√
19 +

√
7 − 6

√
3)s +

9
√
19 +

√
7− 18

√
3. Then J (s) > 0 for s ≥ 5.

Proof. Note that J
′
(s) =

√
s2 − s+ 1 +(s− 1)

2s− 1

2
√
s2 − s+ 1

− (3
√
19+

√
7− 6

√
3). For s ≥ 5, we obtain that

J
′
(s) ≥

√
21 +

18√
21

− 3
√
19−

√
7 + 6

√
3 ≈ 3.1804 > 0.

Hence J (n) ≥ J (5) = 4
√
21− 6

√
19− 4

√
7 + 12

√
3 ≈ 2.3785 > 0.
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Lemma 4. Let us consider a function η(t, t1) as

η(t, t1) =
√

t2 + t+ 1 + (t1 − 1)
(√

t2 + t+ 1−
√
t2 − t+ 1

)
+ (t− t1)

(√
t2 + 2t+ 4−

√
t2 + 3

)
,

where t1 ≥ 2, t ≥ 4 and t1 < t. Then η(t, t1) is increasing for t and t1.

Proof. Here we can write

η(t, t1) =t1

((√
t2 + 3−

√
t2 − t+ 1

)
−
(√

t2 + 2t+ 4−
√
t2 + t+ 1

))
+ t

(√
t2 + 2t+ 4−

√
t2 + 3

)
+
√
t2 − t+ 1.

Therefore, we have

∂η(t, t1)

∂t1
=

(√
t2 + 3−

√
t2 − t+ 1

)
−
(√

t2 + 2t+ 4−
√
t2 + t+ 1

)
.

Using Lemma 1, we obtain
(√

t2 + 3 −
√
t2 − t+ 1

)
−

(√
t2 + 2t+ 4 −√

t2 + t+ 1
)
= Ψ1(t − 1) − Ψ1(t) > 0. Hence η(t, t1) is increasing for

t1.
Again, we get

∂η(t, t1)

∂t
=t1

((
2t

2
√
t2 + 3

−
2t− 1

2
√
t2 − t+ 1

)
−

(
2t+ 2

2
√
t2 + 2t+ 4

−
2t+ 1

2
√
t2 + t+ 1

))
+

(√
t2 + 2t+ 4−

√
t2 + 3

)
+

2t− 1

2
√
t2 − t+ 1

+ t

(
2t+ 2

2
√
t2 + 2t+ 4

−
2t

2
√
t2 + 3

)
(1)

Let

η1(x) =
2x+ 2

2
√
x2 + 2x+ 4

− 2x+ 1

2
√
x2 + x+ 1

.

Then,

η′1(x) =
12(x2 + x+ 1)3/2 − 3(x2 + 2x+ 4)3/2

4(x2 + x+ 1)3/2(x2 + 2x+ 4)
3/2

> 0 for x ≥ 2.

This implies, η1(x) is increasing for x ≥ 2. Hence, η1(t − 1) − η1(t) < 0.
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Using Lemma 2, we have from (1) that

∂η(t, t1)

∂t
=t1

(
η1(t − 1) − η1(t)

)
+

(√
t2 + 2t + 4 −

√
t2 + 3

)

+
2t − 1

2

√
t2 − t + 1

+ t

( 2t + 2

2

√
t2 + 2t + 4

−
2t

2

√
t2 + 3

)

>t

(
η1(t − 1) − η1(t)

)
+

2t − 1

2

√
t2 − t + 1

+ t

( 2t + 2

2

√
t2 + 2t + 4

−
2t

2

√
t2 + 3

)

=
2t2 + t

2

√
t2 + t + 1

−
2t2 − 3t + 1

2

√
t2 − t + 1

.

Let η2(x) =
2x2 + x

2
√
x2 + x+ 1

. Therefore η′2(x) =
4x3 + 6x2 + 9x+ 2

4(x2 + x+ 1)3/2
> 0

for x ≥ 1. This implies that,

∂η(t, t1)

∂t
> η2(t)− η2(t− 1) > 0.

Hence η(t, t1) is incerasing for t.

3 Second minimal and maximal trees for the

Euler Sombor index

Let Tn be the class of trees with n vertices. For any tree T ∈ Tn, an edge

uv ∈ E(T ) is called (a, b)-type if du(T ) = a and dv(T ) = b where a ≥ b.

Now we consider the following subsets of edge set of any tree T ∈ Tn.

A1 ≡ Set of edges of (2, 1) types, A2 ≡ Set of edges of (2, 2) types, A3 ≡
Set of edges of (3, 1) types, A4 ≡ Set of edges of (a1, b1) or (a2, b2) types,

where a1 ≥ 3, b1 ≥ 2, a2 ≥ 4, b2 = 1. If |A1| = p1, |A2| = p2, |A3| = p3

and |A4| = p4, then for any tree T ∈ Tn, we have p1+p2+p3+p4 = n−1.

Now

√
d2ui

(T ) + d2uj
(T ) + dui(G)duj (T )



=
√
7 if uiuj ∈ A1

= 2
√
3 if uiuj ∈ A2

=
√
13 if uiuj ∈ A3

≥
√
19 if uiuj ∈ A4.

Let Tn1,n2,n3
∈ Tn be a tree (see Fig. 1) with a maximum-degree vertex
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... n− 2

R
T2,3,3

Figure 1. The graphs R and T2,3,3.

ui of degree 3, such that removing ui from Tn1,n2,n3
results in three paths

Pn1
, Pn2

, and Pn3
, with lengths n1, n2, and n3, respectively, satisfying

n1 + n2 + n3 = n − 1 and n1 ≥ n2 ≥ n3 ≥ 2. Now, construct Tn,i ∈ Tn

for n ≥ 6 (see Fig. 2), derived from the path Pn−1 : u1u2 · · ·un−2un−1 by

adding a new pendent edge uiun at vertex ui for 2 ≤ i ≤ n− 3.

· · · · · ·
u1 u2 ui un−2un−1

un

· · ·
u2 u3 u4 un−2un−1

u1 un

· · ·
u2 u3 u4

un−2

un−1

u1 un

Tn,i An Bn

Figure 2. The trees Tn,i, An and Bn.

Define An ∈ Tn for n ≥ 7 (see Fig. 2), which is derived from the path

Pn−2 : u2u3 · · ·un−2un−1 by adding a new pendent edge un−2un at vertex

un−2 and another pendent edge u3u1 at vertex u3. Similarly, let Bn ∈ Tn

for n ≥ 7 (see Fig. 2), derived from the path Pn−2 : u2u3 · · ·un−2un−1 by

adding a new pendent edge u3u1 at vertex u3 and another pendent edge

u4un at vertex u4.

R1 R2 R3

Figure 3. The graphs R1, R2 and R3.

Lemma 5. [6] If T ∈ Tn, where T ≇ Pn, then p4 ≥ p1 always holds.
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R4 R5 R6

Figure 4. The graphs R4, R5 and R6.

As demonstrated by Tang et al. [40], for any tree T ∈ Tn, ESI(T ) ≥
ESI(Pn) and ESI(T ) ≤ ESI(Sn), where ESI(T ) = ESI(Pn) ⇔ T ∼= Pn

and ESI(T ) = ESI(Sn) ⇔ T ∼= Sn. In this section, we now identify the

trees with the second minimum and maximum Euler Sombor indices.

Theorem 1. For any T ∈ Tn, (n ≥ 5) with T ≇ Pn, we have

ESI(T ) ≥


√
7 +

√
19 + 2

√
13 for n = 5

2
√
7 + 2

√
19 +

√
13 for n = 6

3
√
7 + 3

√
19 + 2(n− 7)

√
3 for n ≥ 7.

The equality holds iff T ∼= R1 (see Fig. 3) for n = 5, T ∼= R5 (see Fig. 4)

for n = 6 and T ∼= Tn1,n2,n3
for n ≥ 7.

Proof. We have T ≇ Pn. For n = 5, T ∼= R1 or T ∼= K1,4. Thus, we have

ESI(R1) =
√
7 +

√
19 + 2

√
13, ESI(K1,4) = 4

√
21.

Hence one can easily state that ESI(T ) ≥
√
7+

√
19+2

√
13, with equality

holds iff T ∼= R1. If n = 6, T ∼= R2 (see Fig. 3) or T ∼= R3 (see Fig. 3) or

T ∼= R4 (see Fig. 4) or T ∼= R5 (see Fig. 4) or T ∼= K1,5. Now, we have

ESI(R2) = 3
√
3 + 4

√
13, ESI(R3) = 3

√
7 + 3

√
21,

ESI(R4) =
√
7 + 2

√
3 +

√
19 + 2

√
13, ESI(R5) = 2

√
7 + 2

√
19 +

√
13

and ESI(K1,5) = 5
√
31.

Consequently, ESI(T ) ≥ 2
√
7 + 2

√
19 +

√
13, where equality holds iff

T ∼= R5. Now we consider the case for n ≥ 7. In this case ∆ = 3. Here

T ≇ Pn, which implies that p4 ≥ 1.

Let p4 = 1, since ∆ = 3 and n ≥ 7, then there exist only one non pendent
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edge of the type (3, 2). Hence T ∼= Tn,2. Therefore,

ESI(T ) =
√
7 + 2

√
13 +

√
19 + 2(n− 5)

√
3

> 3
√
7 + 3

√
19 + 2(n− 7)

√
3

= ESI(Tn1,n2,n3
),

as
√
13 + 2

√
3 >

√
7 +

√
19. Let p4 = 2. Since ∆ = 3, then there exist

exactly two non pendent edges of the types (3, 2) or (3, 3). If both non

pendent edges are of (3, 2) type, then either T ∼= Tn,i, (3 ≤ i ≤ n− 3) or

T ∼= An. Therefore

ESI(Tn,i) = 2
√
7 +

√
13 + 2

√
19 + 2(n− 6)

√
3

> 3
√
7 + 3

√
19 + 2(n− 7)

√
3

= ESI(Tn1,n2,n3
),

as
√
13 + 2

√
3 >

√
7 +

√
19. We also have

ESI(An) = 2
√
19 + 4

√
13 + 2(n− 7)

√
3

> 3
√
7 + 3

√
19 + 2(n− 7)

√
3

= ESI(Tn1,n2,n3
),

as 4
√
13 > 3

√
7 +

√
19. If both non pendent edges are of (3, 3) type,

then only possiblity is that T ∼= R6 (see Fig. 4). Hence ESI(R6) =

5
√
13 + 6

√
3 > 3

√
7 + 3

√
19 + 2(n− 7)

√
3 = ESI(Tn1,n2,n3).

If one non pendent edge is of (3, 2) type and another is of (3, 3) type, then

T ∼= Bn. Therefore, we obtain

ESI(Bn) =
√
7 + 3

√
13 + 3

√
3 +

√
19 + 2(n− 7)

√
3

> 3
√
7 + 3

√
19 + 2(n− 7)

√
3

= ESI(Tn1,n2,n3
),

as 3
√
13 + 3

√
3 > 2

√
7 + 2

√
19. Now, we consider the case only when

p4 ≥ 3. From Lemma 5, we know that for any tree T ∈ Tn, where T ≇ Pn,
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p4 ≥ p1. Therefore, we assume that p1 ≥ 3. Hence

ESI(T ) =
∑

uiuj∈E(T )

√
d2ui

(T ) + d2uj
(T ) + dui

(T )duj
(T )

≥p1
√
7 + p4

√
19 + 2(n− 1− p1 − p4)

√
3

=p1(
√
7− 2

√
3) + p4(

√
19− 2

√
3) + 2(n− 1)

√
3

≥p1(
√
7− 4

√
3 +

√
19) + 2(n− 1)

√
3

≥3
√
7 + 3

√
19 + 2(n− 7)

√
3

=ESI(Tn1,n2,n3),

as
√
7 +

√
19 > 4

√
3. Here all the equality holds iff p1 = p4 = 3 and the

remaining (n − 7) edges are of the type (2, 2), i.e., T ∼= Tn1,n2,n3 . At last

we assume that p1 ≤ 2. For this case,

ESI(T ) ≥p1
√
7 + p4

√
19 + 2(n− 1− p1 − p4)

√
3

=p1(
√
7− 2

√
3) + p4(

√
19− 2

√
3) + 2(n− 1)

√
3

≥p1(
√
7− 2

√
3) + 3(

√
19− 2

√
3) + 2(n− 1)

√
3

=2(
√
7− 2

√
3) + 3(

√
19− 2

√
3) + 2(n− 1)

√
3

>3
√
7 + 3

√
19 + 2(n− 7)

√
3

=ESI(Tn1,n2,n3),

as p4 ≥ 3 and 12
√
3 > 10

√
3 +

√
7. Hence proved.

Corollary. If T ∈ Tn, (n ≥ 5) where T ≇ Pn, then ESI(T ) > 2(n−1)
√
3.

Proof. Since
√
7+

√
19 > 4

√
3, from Theorem 1, we can easily derive that

ESI(T ) > 2(n− 1)
√
3.

A Double star graph with n vertices is denoted by Ds,t, (s ≥ t ≥ 1)

(see Fig. 5) which is obtained from connecting the center of two stars Ss+1

and St+1. Hence s+ t+ 2 = n.
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...
...s t

Ds,t

...n− 3

Dn−3,1

Figure 5. The graphs Ds,t and Dn−3,1.

Theorem 2. If T ∈ Tn (n ≥ 5) and T ≇ Sn. Then

ESI(T ) ≤
√
7 +

√
(n− 2)2 + 2n+ (n− 3)

√
(n− 2)2 + n− 1,

with equality holds iff T ∼= Dn−3,1 (see Fig. 5).

Proof. Let d be a diameter of T where T ≇ Sn. This implies that d ≥ 3.

First we consider the case when d = 3. For that T ∼= Ds,t where s ≥ t ≥ 1

and s+ t+ 2 = n. If T ∼= Dn−3,1, then the equality of the theorem holds.

Otherwise, T ≇ Dn−3,1. Hence t ≥ 2. Now we obtain

ESI(T ) =s
√
(s+ 1)2 + s+ 2 + t

√
(t+ 1)2 + t+ 2

+
√
(s+ 1)2 + (t+ 1)2 + (s+ 1)(t+ 1)

=(n− t− 2)
√
(n− t− 1)2 + (n− t) + t

√
(t+ 1)2 + t+ 2

+
√
(n− t− 1)2 + (t+ 1)2 + (n− t− 1)(t+ 1).

As t+ 1 ≤ n− t− 1, we have,

ESI(T ) ≤(n− 2)
√
(n− t− 1)2 + (n− t)

+
√
(n− t− 1)2 + (t+ 1)2 + (n− t− 1)(t+ 1). (2)

Let l1(x) =
√
(n− x− 1)2 + (x+ 1)2 + (n− x− 1)(x+ 1), where 2 ≤ x ≤

n−2
2 . Then l′1(x) = 2x−n+2

2
√

(x+1)2−n(x+1)+n2
. So, one can easily verify that

l1(x) is decreasing in

[
2, n−2

2

)
. Hence l1(x) ≤

√
n2 − 3n+ 9. Again, we

consider another function l2(x) = (n − 2)
√

(n− x− 1)2 + (n− x), where
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2 ≤ x ≤ n−2
2 , which immediately implies l2(x) ≤ (n − 2)

√
n2 − 5n+ 7.

Hence from (2), we have

ESI(T ) ≤ (n− 2)
√
n2 − 5n+ 7 +

√
n2 − 3n+ 9.

Claim I:
√
7+

√
n2 − 2n+ 4+(n−3)

√
n2 − 3n+ 3 > (n−2)

√
n2 − 5n+ 7

+
√
n2 − 3n+ 9.

Proof claim I: Let us construct a function

l3(n) =
√
n2 − 2n+ 4−

√
n2 − 3n+ 9 +

√
7 + (n− 3)

√
n2 − 3n+ 3

− (n− 2)
√
n2 − 5n+ 7.

This is easy to say that
√
n2 − 2n+ 4 >

√
n2 − 3n+ 9 for n ≥ 6. There-

fore, the expression within the first parenthesis is always positive. Now,

we have to prove that

√
7 + (n− 3)

√
n2 − 3n+ 3 > (n− 2)

√
n2 − 5n+ 7,

i.e.,

28(n− 3)2(n2 − 3n+ 3) > (n2 − 3n− 6)2,

i.e.,

9n4 − 82n3 + 281n2 − 432n+ 240 > 0.

Let us consider

l4(n) =9n4 − 82n3 + 281n2 − 432n+ 240

=9n3

(
n− 82

9

)
+ 281n

(
n− 432

281

)
+ 240.

Consequently, l4(n) > 0 for n ≥ 10. Using Mathematica one can easily

verify that l4(n) > 0 for 4 ≤ n ≤ 9. This demonstrates that Claim I is

true.
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Hence employing the outcome of Claim I, one can easily obtain that

ESI(T ) ≤ (n− 2)
√

n2 − 5n+ 7 +
√

n2 − 3n+ 9

<
√
7 +

√
(n− 2)2 + 2n+ (n− 3)

√
(n− 2)2 + n− 1

= ESI(Dn−3,1).

Now, we consider the case d ≥ 4. For that case 1 ≤ dui(T ) ≤ n− 3 for any

ui ∈ V (T ) and for any urus ∈ E(T ), dur (T )+dus(T ) ≤ n−1 always holds.

Let u1u2 · · ·udud+1 be a diametral path in T. Then du1(T ) = dud+1
(T ) = 1

and du2(T ) + dud
(T ) ≤ n− 1. Therefore

ESI(T ) =
√

d2u1
(T ) + d2u2

(T ) + du1
(T )du2

(T )

+
√
d2ud

(T ) + d2ud+1
(T ) + dud

(T )dud+1
(T )

+
∑

uiuj∈E(T )
(i,j) ̸=(1,2),(d,d+1)

√
d2ui

(T ) + d2uj
(T ) + dui

(T )duj
(T )

=
√

1 + d2u2
(T ) + du2

(T ) +
√
d2ud

(T ) + 1 + dud
(T )

+
∑

uiuj∈E(T )
(i,j) ̸=(1,2),(d,d+1)

√
d2ui

(T ) + d2uj
(T ) + dui(T )duj (T ). (3)

Let us consider a function f1(x) =
√
1 + x2 + x+

√
(n− x− 1)2 + n− x,

where 1 ≤ x ≤ n− 3. Then

f ′
1(x) =

1

2

(
2x+ 1√
1 + x2 + x

+
1− 2n+ 2x

(n− x− 1)2 + n− x

)
.

Therefore f1(x) is decreasing and increasing in

[
1, n−1

2

)
and

(
n−1
2 , n−3

]
,

respectively. Hence one can easily verify that

f1(x) ≤
√
3 +

√
(n− 2)2 + n− 1 <

√
7 +

√
(n− 2)2 + 2n.
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Therefore√
1 + d2u2

(T ) + du2
(T ) +

√
d2ud

(T ) + 1 + dud
(T )

≤
√

1 + d2u2
(T ) + du2

(T ) +
√

(n− du2
(T )− 1)2 + (n− du2

(T ))

<
√
7 +

√
(n− 2)2 + 2n.

Let f2(x) =
√
x2 + (n− x− 1)2 + x(n− x− 1), where 1 ≤ x ≤ n − 3.

Therefore f2(x) is decreasing and increasing in

[
1, n−1

2

)
and

(
n−1
2 , n −

3

]
, respectively. Thus f2(x) ≤

√
(n− 2)2 + n− 1. Hence for any urus ∈

E(T ),
√

d2ur
(T ) + d2us

(T ) + dur
(T )dus

(T ) ≤
√
(n− 2)2 + n− 1. Using all

these results in (3), we have

ESI(T ) <
√
7 +

√
(n− 2)2 + 2n+ (n− 3)

√
(n− 2)2 + n− 1

=ESI(Dn−3,1).

This completes the proof.

4 Extremum Euler Sombor index of quasi-

trees

Let T be a tree with n vertices, u0v0 ∈ E(T ), which is non pendent and

NT (u0), NT (v0) have no common vertex, where NT (u0) = {v0, u1, u2, · · · ,
up}, NT (v0) = {u0, v1, v2, · · · , vq}, with p, q ≥ 1. Then T ′ is derived from

T by transformation T A (see Fig. 6) such that E(T ′) = E(T ) − {v0vi :
1 ≤ i ≤ q}+ {u0vi : 1 ≤ i ≤ q} with V (T ′) = V (T ).

Lemma 6. Let T be a tree with n vertices and u0v0 be a non pendent

edge in T. Now we obtained a new tree T ′ from T by T A rule. Then

ESI(T ′) > ESI(T ).

Proof. From the given condition du0
(T ) = p+1, dv0(T ) = q+1, du0

(T ′) =

p + q + 1, dv0(T
′) = 1, dui

(T ) = dui
(T ′), 1 ≤ i ≤ p and dvj (T ) =
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...
...

. . .

. . .

T

u0 v0

u1

u2

up

v1
v2

vq

u0 v0

u1u2up

v1v2vq

T ′

Figure 6. The transformation T A : T → T ′.

dvj (T
′), 1 ≤ j ≤ q. Thus, we obtain

ESI(T ′)− ESI(T ) =
∑

uiuj∈E(T ′)

√
d2ui

(T ′) + d2uj
(T ′) + dui(T

′)duj (T
′)

−
∑

uiuj∈E(T )

√
d2ui

(T ) + d2uj
(T ) + dui(T )duj (T )

=

p∑
i=1

(√
(p+ q + 1)2 + d2ui

(T ′) + (p+ q + 1)dui(T
′)

−
√

(p+ 1)2 + d2ui
(T ) + (p+ 1)dui(T )

)
+

q∑
j=1

(√
(p+ q + 1)2 + d2vj (T

′) + (p+ q + 1)dvj (T
′)

−
√

(q + 1)2 + d2vj (T ) + (q + 1)dvj (T )

)
+

√
(p+ q + 1)2 + (p+ q + 2)

−
√

(p+ q + 1)2 + (p+ q + 2)− pq.

Note that dui(T ) = dui(T
′) for 1 ≤ i ≤ p, and dvj (T ) = dvj (T

′) for

1 ≤ j ≤ q. Therefore ESI(T ′) > ESI(T ).

Definition 1. [29] Let X = (x1, x2, · · · , xn) ∈ Rn and Y = (y1, y2, · · · ,
yn) ∈ Rn. Then X ≺ Y if
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k∑
i=1

xi ≤
k∑

i=1

yi and

n∑
i=1

xi =

n∑
i=1

yi,

where 1 ≤ k ≤ n− 1. If X ≺ Y, then X is said to be majorized by Y.

Definition 2. [29] Let X,Y ∈ Rn. Then X ≺w Y if

k∑
i=1

xi ≤
k∑

i=1

yi, k = 1, 2, · · · , n.

Here X is weakly majorized by Y.

Lemma 7. [29] Let X,Y ∈ Rn and f be any convex function. If Y

majorizes X, then

(
f(x1), f(x2), · · · , f(xn)

)
≺w

(
f(y1), f(y2), · · · , f(yn)

)
.

Theorem 3. If G ∈ Qn, then ESI(G) ≥ 2
√
3n, where equality holds iff

G ∼= Cn.

Proof. If G ∼= Cn, then ESI(G) = 2
√
3n, and hence the equality holds.

Now we consider that G ≇ Cn. Since G ∈ Qn, then there must be a vertex

un ∈ V (G) such that T = G− un is a tree with n− 1 vertices. Hence one

can easily verify that dui
(G) ≥ dui

(T ) for 1 ≤ i ≤ n−1, also there must be

a vertex us (s ̸= n) in V (G) such that dus
(G) > dus

(T ). Let the vertex un

be connected with u1, u2, · · · , uk in G. Since G ∈ Qn, then k ≥ 2, where

dun
(G) = k. Therefore

ESI(G) =

k∑
i=1

√
k2 + (dui(T ) + 1)2 + k (dui(T ) + 1)

+
∑

uiuj∈E(T )

√
d2ui

(G) + d2uj
(G) + dui(G)duj (G)

>

k∑
i=1

√
k2 + (dui

(T ) + 1)2 + k (dui
(T ) + 1)

+
∑

uiuj∈E(T )

√
d2ui

(T ) + d2uj
(T ) + dui

(T )duj
(T ). (4)
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Now we consider following two cases.

Case 1. T is a path with n− 1 vertices.

If k = 2, then un is connected with ur and us in Pn−1 such that dur (T ) ≥
dus(T ). Let T1 = G − urun, then T1 ∈ Tn. Again G ≇ Cn, therefore,

dur (T1) = 3 and hence T1 ≇ Pn. Using Corollary 3, we have ESI(T1) >

2(n− 1)
√
3. Hence

ESI(G) =
√

4 + (dus(T1) + 1)2 + 2 (dus(T ) + 1)

+
∑

uiuj∈E(T1)

√
d2ui

(T1) + d2uj
(T1) + dui

(T1)duj
(T1)

> 2
√
3 + 2(n− 1)

√
3 = 2

√
3n.

Now we consider k ≥ 3. Thus ESI(Pn−1) = 2
√
7 + 2(n− 4)

√
3. From (4),

we have

ESI(G) >k
√
19 + 2

√
7 + 2(n− 4)

√
3

≥3
√
19 + 2

√
7 + 2(n− 4)

√
3

>2
√
3n

as 3
√
19 + 2

√
7 > 8

√
3.

Case 2. T ≇ Pn−1.

Using Corollary 3 in (4), we have

ESI(G) >2k
√
3 + 2(n− 2)

√
3

≥4
√
3 + 2(n− 2)

√
3

=2
√
3n.

Hence the proof is completed.

Theorem 4. If G ∈ Qn, then ESI(G) ≤
√
3(n − 1) + 2(n − 2)

√
n2 + 3,

where equality holds iff G ∼= R (see Fig. 1).

Proof. Since G ∈ Qn, then there must be a vertex un ∈ V (G) with
dun

(G) = k such that T = G − un is a tree with n − 1 vertices. It is
clear that T ∈ Tn−1. Let un ui ∈ E(G) for i = 1, 2, · · · , k. Note that



795

2 ≤ k ≤ n− 1. Using Lemma 6, we have

ESI(G) ≤
n−1∑
i=1

√
(n − 1)2 + (dui

(T ) + 1)2 + (n − 1) (dui
(T ) + 1)

+
∑

uiuj∈E(T )

√
(dui

(T ) + 1)2 + (duj
(T ) + 1)2 + (dui

(T ) + 1)(duj
(T ) + 1) (5)

where equality holds iff dun
(G) = n− 1. Since T ∈ Tn−1, for any urus ∈

E(T ), dur
(T ) + dus

(T ) ≤ n− 1 always holds. Hence 1 ≤ dur
, dus

≤ n− 2.

Again√
(dur

(T ) + 1)2 + (dus
(T ) + 1)2 + (dui

(T ) + 1)(duj
(T ) + 1)

≤
√
(dur (T ) + 1)2 + (n− dur (T ))

2 + (dur (T ) + 1)(n− dur (T )).

Let us consider a function g1(t) = t2 + (n − t + 1)2 + t(n − t + 1), where

2 ≤ t ≤ n − 1. Then g1(t) is decreasing and increasing in

[
2, n+1

2

)
and(

n+1
2 , n− 1

]
, respectively. Hence for any urus ∈ E(T ), we derive

√
(dur (T ) + 1)2 + (dus(T ) + 1)2 + (dui(T ) + 1)(duj (T ) + 1)

≤
√

(dur
(T ) + 1)2 + (n− dur

(T ))2 + (dur
(T ) + 1)(n− dur

(T ))

≤
√

n2 + 3.

Therefore, we obtain

∑
uiuj∈E(T )

√
(dui

(T ) + 1)2 + (duj
(T ) + 1)2 + (dui

(T ) + 1)(duj
(T ) + 1)

≤ (n− 2)
√

n2 + 3.

Let us consider another function g2(t) =
√
t2 + (n− 1)2 + (n− 1)t, where

2 ≤ t ≤ n− 1.

One can easily verify that g′′2 (t) =
3(n− 1)2

4
√
t2 + (n− 1)2 + (n− 1)t

> 0 for
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2 ≤ t ≤ n− 1. This implies that g2(t) is a convex function on the defined

interval [2, n−1]. Since T ∈ Tn−1, we have

n−1∑
i=1

(dui
(T )+1) = 2(n−2)+n−1.

Hence using Definition 1, we get

(
du1

(T ) + 1, du2
(T ) + 1, · · · , dun−1

(T ) + 1
)
≺

(
n− 1, 2, 2, . . . , 2︸ ︷︷ ︸

n−2

)
.

Then using Lemma 7, one can easily obtain that

(
g2(du1

(T ) + 1), g2(du2
(T ) + 1), · · · , g2(dun−1

(T ) + 1)
)

≺w

(
g2(n− 1), g2(2), g2(2), . . . , g2(2)︸ ︷︷ ︸

n−2

)
.

Finally by Definition 2, we get

n−1∑
i=1

g2(dui
(T ) + 1) ≤ g2(n− 1) + g2(2) + g2(2), . . .+ g2(2)︸ ︷︷ ︸

n−2

= g2(n− 1) + (n− 2)g2(2)

=
√
3(n− 1) + (n− 2)

√
n2 + 3.

Hence from (5), we have

ESI(G) ≤
√
3(n− 1) + (n− 2)

√
n2 + 3 + (n− 2)

√
n2 + 3

=
√
3(n− 1) + 2(n− 2)

√
n2 + 3

with equality holds iff T ∼= Sn−1 and dun
(G) = n− 1, i.e., iff G ∼= R (see

Fig. 1).
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5 Extremal trees for Euler Sombor index

with fixed domination number

This section contains sharp lower and upper bounds of the Euler Sombor

index for the class of all trees in terms of graph order and domination

number. The extremal trees are also characterized. In figures, dotted

circle surrounding a vertex indicates that the degree of the corresponding

vertex is unknown.

5.1 Lower bound

Let T be a collection of trees with P3k ∈ T , where k ≥ 1. Now we

construct the set T by recursion as follows.

(1) If T ′ ∈ T , with u ∈ V (T ′) such that du(T
′) = 1, then attaching a

path P = u1u2 · · ·u3p to u, we get a new tree T ∈ T .

(2) If T ′ ∈ T with v ∈ D1 of T ′ such that NT ′ (v) = {v1, v2} where

dv1(T
′
) = dv2(T

′
) = 2, then attaching a path P = u1u2 · · ·u3p+1 to

v, we obtain a new tree T ∈ T .

Let T Ω
n represent the set of all trees in T with n vertex and domination

number Ω. For simplicity in the calculations, we take

g(n,Ω) = (3
√
19 +

√
7− 6

√
3)n+ (24

√
3− 9

√
19− 3

√
7)Ω + 2

√
7− 6

√
3.

Lemma 8. If T ∈ T Ω
n , then ESI(T ) = g(n,Ω).

Proof. Since T ∈ T Ω
n , one can easily obtain that ℏ1 + ℏ2 + ℏ3 = n, ℏ1 +

2ℏ2 + 3ℏ3 = 2(n − 1) and ℏ3 +
n− 4ℏ3

3
= Ω. Hence ℏ1 = n − 3Ω + 2,

ℏ2 = 6Ω−n−2 and ℏ3 = n−3Ω. By the definition of Euler Sombor index

and T , we have

ESI(T ) =3ℏ3℧(2, 3) + ℏ1℧(1, 2) + (n− 1− 3ℏ3 − ℏ1)℧(2, 2)

=(3
√
19 +

√
7− 6

√
3)n+ (24

√
3− 9

√
19− 3

√
7)Ω + 2

√
7− 6

√
3

=g(n,Ω).
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Theorem 5. If T ∈ T (n,Ω), then ESI(T ) ≥ g(n,Ω). The equality holds

iff T ∼= T Ω
n .

Proof. To prove the result, we will use mathematical induction on n ≥ 2.

When n = 2 or n = 3, we have ESI(P2) =
√
3 > g(2, 1) = 6

√
3−3

√
19+

√
7

and ESI(P3) = 2
√
7 = g(3, 1). If n = 4, either T is a path or a star. If

T is a path, then ESI(P4) = 2(
√
7 +

√
3) > g(4, 2) = 18

√
3 − 6

√
19.

If T is a star, then ESI(S4) = 3
√
13 > g(4, 1) = 3

√
19 + 3

√
7 − 6

√
3.

Now, we have to prove this result, when n ≥ 5. Let u1u2 · · ·ud+1 be a

diametral path in T and the result is true for any tree with n − 1 ver-

tices. If d = 2, the only possibility is T ∼= Sn and Ω(Sn) = 1. Hence

ESI(Sn) − g(n, 1) = (n − 1)
√
(n− 1)2 + n − (3

√
19 +

√
7 − 6

√
3)n −

18
√
3 + 9

√
19 +

√
7. Using Lemma 3, for n ≥ 5, we have ESI(Sn) >

g(n, 1) and the theorem holds. Now we take d ≥ 3. For this, suppose

du2
(T ) = h, NT (u2) = {u1, u3, x1, x2, · · · , xh−2}, du3

(T ) = k, NT (u3) =

{u2, u4, v1, v2, · · · , vk−2}, where h, k ≥ 2. Here we consider two cases.

· · ·
· · ·

· · ·
u1 u2

u3 u4

ud ud+1u1

x1 x2 xh−2

v1 v2 vk−2

Figure 7. Tree for Case 1.

Case 1. du2
(T ) = h ≥ 3 (see Fig. 7). Note that, dxi

(T ) = 1, ∀i ∈
{1, 2, · · · , h− 2}. We consider T1 = T −u1. Therefore du2

(T1) = h− 1 and

T1 ∈ T (n− 1,Ω). From induction hypothesis, we have

ESI(T ) = ESI(T1) + ℧(h, 1) +
h−2∑
i=1

(
℧(du2

(T ), 1)− ℧(du2
(T1), 1)

)
+ ℧(h, k)− ℧(h− 1, k)
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≥ESI(T1) + ℧(h, 1) + (h− 2)
(
℧(h, 1)− ℧(h− 1, 1)

)
+ ℧(h, k)− ℧(h− 1, k)

≥g(n− 1,Ω) +
√

h2 + 1 + h+ (h− 2)
(√

h2 + 1 + h

−
√
h2 − h+ 1

)
+
√
h2 + k2 + hk −

√
(h− 1)2 + k2 + (h− 1)k.

Case 1.1. h ≥ 4.

Using Lemma 2, we have

ESI(T ) >g(n− 1,Ω) +
√
h2 + 1 + h

+ (h− 2)
(√

h2 + 1 + h−
√

h2 − h+ 1
)

≥g(n− 1,Ω) +
√
21 + 2(

√
21−

√
13)

=g(n,Ω)− (3
√
19 +

√
7− 6

√
3) + 3

√
21− 2

√
13

≈g(n,Ω) + 1.2065

>g(n,Ω).

Case 1.2. h = 3, k ≤ 4.

By Lemma 1, we have

ESI(T ) ≥g(n− 1,Ω) +
√

h2 + 1 + h

+ (h− 2)
(√

h2 + 1 + h−
√
h2 − h+ 1

)
+
√
h2 + 16 + 4h−

√
h2 + 2h+ 13.

Since h = 3, we obtain

ESI(T ) ≥g(n− 1,Ω) +
√
13 + (

√
13−

√
7) +

√
37−

√
28

=g(n,Ω) + 2
√
13− 4

√
7 +

√
37− 3

√
19 + 6

√
3

≈g(n,Ω) + 0.0265

>g(n,Ω).

Case 1.3. h = 3 and k ≥ 5.

In this case, we consider a tree T ′
1 = T −{u1, u2, x1}. Let there exist D1 in
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T s.t u2 ∈ D1 and u3 ∈ D1 or u3 ∈ NT [D1 \ {u2}], then Ω(T ) = Ω(T ′
1) + 1,

du3(T
′
1) = k − 1 and T ′

1 ∈ T (n− 3,Ω− 1). Hence using Lemma 2, we get

ESI(T ) =ESI(T ′
1) + ℧(3, k) + 2℧(3, 1) + ℧(k, du4

)− ℧(k − 1, du4
)

+

k−2∑
i=1

(
℧(k, dvi(T ))− ℧(k − 1, dvi(T

′
1))

)
>ESI(T ′

1) +
√
9 + k2 + 3k + 2

√
13

=g(n− 3,Ω− 1) +
√

9 + k2 + 3k + 2
√
13

=g(n,Ω)− 6
√
3 + 2

√
13 +

√
9 + k2 + 3k

>g(n,Ω)− 6
√
3 + 2

√
13 + 7

≈g(n,Ω) + 3.8188

>g(n,Ω).

Case 2. du2(T ) = 2.

Case 2.1 du3(T ) = k ≥ 3.

Suppose, du4(T ) = t. Now, by case 1, we take dvi(T ) ≤ 2, 1 ≤ i ≤ k − 2.

Consider T2 = T − {u1, u2}. Since there exist D1 in T such that u2 ∈ D1

and u3 ∈ D1 or u3 ∈ NT [D1\{u2}], then Ω(T ) = Ω(T2)+1, du3(T2) = k−1

and T2 ∈ T (n− 2,Ω− 1). Using Lemmas 1 and 2, we have

ESI(T ) = ESI(T2) + ℧(2, k) + ℧(2, 1) + ℧(k, du4
(T ))

− ℧(k − 1, du4
(T2)) +

k−2∑
i=1

(
℧(k, dvi(T ))− ℧(k − 1, dvi(T2))

)
≥g(n− 2,Ω− 1) +

√
4 + k2 + 2k +

√
7 +

√
k2 + t2 + kt

−
√
(k − 1)2 + t2 + (k − 1)t+ (k − 2)

(√
k2 + 4 + 2k −

√
k2 + 3

)
>g(n− 2,Ω− 1) +

√
4 + k2 + 2k +

√
7

+ (k − 2)
(√

k2 + 4 + 2k −
√
k2 + 3

)
≥g(n− 2,Ω− 1) +

√
19 +

√
7 + (

√
19− 2

√
3)
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=g(n,Ω) + 5
√
19 + 2

√
7− 14

√
3

≈g(n,Ω) + 2.8372 > g(n,Ω).

Case 2.2. du3
(T ) = k = 2.

Denote NT (u4) = {u3, u5, z1, z2, · · · , zt−2} and du5
(T ) = s. For 1 ≤ i ≤

t − 2, if z′, z′′ ∈ V (T ) such a way that z′ ∈ NT (zi) and z′′ ∈ NT (z
′),

therefore z′′z′ziu4u5 · · ·ud+1 is a diameter of T. If zi is a support vertex

with dzi(T ) ≥ 3, as in Case 1, we can demonstrate that ESI(T ) > g(n,Ω).

Now we assume that dzi(T ) ≤ 2 for 1 ≤ i ≤ t− 2.

Case 2.2.1 du4
(T ) = t ≥ 3. Suppose T3 = T − {u1, u2, u3}. Then T3 ∈

T (n− 3,Ω− 1) and du4
(T3) = t− 1. Using Lemmas 1 and 2, we have

ESI(T ) =ESI(T3) + ℧(2, t) + ℧(2, 2) + ℧(2, 1) + ℧(t, s)− ℧(t− 1, s)

+

t−2∑
i=1

(
℧(t, dzi(T ))− ℧(t− 1, dzi(T3))

)
≥g(n− 3,Ω− 1) +

√
4 + t2 + 2t+ 2

√
3 +

√
7 +

√
t2 + s2 + ts

−
√
(t− 1)2 + s2 + (t− 1)s+ (t− 2)

(√
t2 + 4 + 2t−

√
t2 + 3

)
>g(n− 3,Ω− 1) +

√
4 + t2 + 2t+ 2

√
3 +

√
7

+ (t− 2)
(√

t2 + 4 + 2t−
√
t2 + 3

)
≥g(n− 3,Ω− 1)+ ≥

√
19 + 2

√
3 +

√
7 + (

√
19− 2

√
3)

=g(n,Ω) + 2
√
19 +

√
7− 6

√
3

≈g(n,Ω) + 0.9712

>g(n,Ω).

Case 2.2.2. du4(T ) = t = 2. We now wish to demonstrate this outcome

in light of weather u4 ∈ D1.

Case 2.2.2.1 There exist D1 with u4 ∈ D1 in T.

Let T4 = T − {u1, u2}. Then T4 ∈ T (n− 2,Ω− 1). Hence

ESI(T ) =ESI(T4) + ℧(2, 2)− ℧(2, 1) + ℧(2, 2) + ℧(2, 1)
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≥g(n− 2,Ω− 1) + 4
√
3 = g(n,Ω) + 3

√
19− 8

√
3 +

√
7

≈g(n,Ω) + 1.866

>g(n,Ω).

Case 2.2.2.2. Suppose u4 ̸∈ D1 in T.

Consider NT (u5) = {u4, w1, w2, · · · , ws−1}, where s ≥ 2.

· · ·

u1 u2 u3 u4 u5

ws−1w2w1

Figure 8. Tree for Case 2.2.2.2..

Case 2.2.2.2.1 du5
(T ) = s = 2 (see Fig. 8). In this case, we set T5 =

T − {u1, u2, u3}. It is clear that T5 ∈ T (n− 3,Ω− 1). Thus

ESI(T ) =ESI(T5) + ℧(2, 2)− ℧(2, 1) + 2℧(2, 2) + ℧(2, 1)

≥g(n− 3,Ω− 1) + 3℧(2, 2)

=g(n− 3,Ω− 1) + 6
√
3

=g(n,Ω).

Where equality holds only if T5 ∈ T Ω−1
n−3 , which gives T ∈ T Ω

n .

Case 2.2.2.2.2 du5(T ) = s ≥ 3.

Case 2.2.2.2.2.1. For each i ∈ {1, 2, · · · , s− 1}, dwi(T ) ≤ 2.

Set T6 = T − {u1, u2, u3, u4}. Hence T6 ∈ T (n− 4,Ω− 1) and du5(T6) =

s− 1. Therefore, using Lemma 2, we have

ESI(T ) =ESI(T6) + ℧(2, s) + 2℧(2, 2) + ℧(2, 1)

+

s−1∑
i=1

(
℧(s, dwi

(T ))− ℧(s− 1, dwi
(T6))

)
≥g(n− 4,Ω− 1) +

√
4 + s2 + st+ 4

√
3 +

√
7

+ (s− 1)
(√

s2 + 4 + 2s−
√
s2 + 3

)
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≥g(n− 4,Ω− 1) +
√
19 + 4

√
3 +

√
7 + 2(

√
19− 2

√
3)

=g(n,Ω).

Equality occurs iff T6 ∈ T Ω−1
n−4 and du5

(T ) = s = 3, dwi
(T ) = 2 for each

i ∈ {1, 2, · · · , s− 1}. This implies T ∼= T Ω
n .

Case 2.2.2.2.2.2 Let ℓ = max{dwi
(T ) : 1 ≤ i ≤ s− 1} ≥ 3.

Without losing generality, we assume that dw1
(T ) = ℓ. Suppose NT (w1) =

{u5, t1, t2, · · · , tℓ−1}. Now dti(T ) ≤ 2 for 1 ≤ i ≤ ℓ− 1. We take two

distinct components T7 with n1 vertices and T8 with n2 vertices in T −
u5w1, containing the vertices u5 and w1, respectively. Then n1 + n2 = n

and Ω(T7) + Ω(T8) = Ω(T ), where du5
(T7) = s − 1 and dw1

(T8) = ℓ − 1.

Using Lemmas 1 and 2, we have

ESI(T ) =ESI(T7) + ESI(T8) + ℧(s, 2) + ℧(s− 1, 2) + ℧(ℓ, s)

+

s−1∑
i=2

(
℧(s, dwi

(T ))− ℧(s− 1, dwi
(T7))

)

+

ℓ−1∑
j=1

(
℧(ℓ, dtj (T ))− ℧(ℓ− 1, dtj (T8))

)

≥g(n,Ω) + 2
√
7− 6

√
3 +

√
s2 + 4 + 2s−

√
s2 + 3

+
√
ℓ2 + s2 + ℓs+ (s− 2)

(√
s2 + ℓ2 −

√
(s− 1)2 + ℓ2

)
+ (ℓ− 1)

(√
ℓ2 + 4 + 2ℓ−

√
ℓ2 + 3

)
>g(n,Ω) + 2

√
7− 6

√
3 +

√
s2 + 4 + 2s−

√
s2 + 3

+
√
ℓ2 + s2 + ℓs+ (ℓ− 1)

(√
ℓ2 + 4 + 2ℓ−

√
ℓ2 + 3

)
≥g(n,Ω) + 2

√
7− 6

√
3 +

√
19− 2

√
3 + 3

√
3 + 2(

√
19− 2

√
3)

≈g(n,Ω) + 2.7797

>g(n,Ω).

Hence the proof is done.
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5.2 Upper bound

Let Tn,Ω ∈ T (n,Ω) be the collection of trees derived from Sn−Ω+1 by

connecting Ω − 1 isolated vertices to it’s Ω − 1 pendent vertices (see Fig.

9).

...
... Ω− 1

T2Ω,Ω

...

... ...
Ω− 1

n− 2Ω + 1

Tn,Ω

Figure 9. The graphs T2Ω,Ω and Tn,Ω.

For simplification, we consider

H (n,Ω) =(n− 2Ω + 1)
√
(n− Ω)2 + 1 + (n− Ω)

+ (Ω− 1)
√
(n− Ω)2 + 4 + 2(n− Ω) + (Ω− 1)

√
7.

Theorem 6. If T ∈ T (n,Ω), then ESI(T ) ≤ H (n,Ω). The equality holds

iff T ∼= Tn,Ω.

Proof. If n = 2 or n = 3, we have ESI(P2) =
√
3 = H (2, 1) and

ESI(P3) = 2
√
7 = H (3, 1). If n = 4, then either T is a path or a

star. If T is a path, then ESI(P4) = 2(
√
7 +

√
3) = H (4, 2). If T

is a star, then ESI(S4) = 3
√
13 = H (4, 1). Now, we have to prove

this result, when n ≥ 5. Let u1u2 · · ·ud+1 be a diametral path in T
and the result is true for any tree with n − 1 vertices. If d = 2, the
only possibility is T ∼= Sn and Ω(Sn) = 1. Hence ESI(Sn) = (n −
1)
√
n2 − n+ 1 = H (n, 1). So, we consider d ≥ 3 and Ω(T ) ≥ 2. Let

us consider du2
(T ) = h, NT (u2) = {u1, u3, x1, x2, · · · , xh−2}, du3

(T ) = k,
NT (u3) = {u2, u4, v1, v2, · · · , vk−2}, where h, k ≥ 2. If T1 = T − u1, then
du2(T1) = h− 1. Now we take into consideration the next two cases.
Case 1. Ω(T1) = Ω(T ).



805

By Lemmas 1, 2, it follows th

ESI(T ) =ESI(T1) + ℧(h, 1) + ℧(h, k) − ℧(h − 1, k) +

h−2∑
i=1

(
℧(h, 1) − ℧(h − 1, 1)

)

≤H (n − 1,Ω) +
√

h2 + 1 + h +
√

h2 + k2 + hk −
√

(h − 1)2 + k2 + k(h − 1)

+ (h − 2)
(√

h2 + 1 + h −
√

h2 − h + 1
)

≤H (n,Ω) −
√

h2 + 3 + (h − 2)
(√

h2 + 1 + h −
√

h2 − h + 1
)

− (n − 2Ω + 1)
(√

(n − Ω)2 + 1 + (n − Ω) −
√

(n − Ω − 1)2 + 1 + (n − Ω − 1)
)

− (Ω − 1)
(√

(n − Ω)2 + 4 + 2(n − Ω) −
√

(n − Ω − 1)2 + 4 + 2(n − Ω − 1)
)

−
√

(n − Ω − 1)2 + 1 + (n − Ω − 1) +
√

h2 + 1 + h +
√

h2 + 4 + 2h.

Since, Ω ≤ n− h+ 2

2
, i.e., h ≤ n− 2Ω + 2, we have

ESI(T ) ≤H (n,Ω) − (n − 2Ω + 1)
(√

(n − Ω)2 + 1 + (n − Ω) −
√

(n − Ω − 1)2 + 1 + (n − Ω − 1)
)

− (Ω − 1)
(√

(n − Ω)2 + 4 + 2(n − Ω) −
√

(n − Ω − 1)2 + 4 + 2(n − Ω − 1)
)

−
√

(n − Ω − 1)2 + 1 + (n − Ω − 1) +

√
(n − 2Ω + 2)2 + 1 + (n − 2Ω + 2)

+

√
(n − 2Ω + 2)2 + 4 + 2(n − 2Ω + 2) −

√
(n − 2Ω + 1)2 + 4 + 2(n − 2Ω + 1)

+ (n − 2Ω)
(√

(n − 2Ω + 2)2 + 1 + (n − 2Ω + 2) −
√

(n − 2Ω + 1)2 + (n − 2Ω + 2)
)
.

If Ω = 2, ESI(T ) ≤ H (n,Ω). The equalities hold iff k = 2 and n = h+2,
which implies that T ∼= Tn,2.
If Ω ≥ 3, we have n − Ω > n − 2Ω + 2. Using Lemma 2, from above we
have

ESI(T ) ≤H (n,Ω) + (n − 2Ω + 1)

((√
(n − 2Ω + 2)2 + 1 + (n − 2Ω + 2)

−
√

(n − 2Ω + 1)2 + 1 + (n − 2Ω + 1)
)
−

(√
(n − Ω)2 + 1 + (n − Ω)

−
√

(n − Ω − 1)2 + 1 + (n − Ω − 1)
))

+ (Ω − 2)
(√

(n − Ω − 1)2 + 4 + 2(n − Ω − 1) −
√

(n − Ω)2 + 4 + 2(n − Ω)
)

+

√
(n − 2Ω + 1)2 + 1 + (n − 2Ω + 1) −

√
(n − Ω − 1)2 + 1 + (n − Ω − 1)

+
(√

(n − 2Ω + 2)2 + 4 + 2(n − 2Ω + 2) −
√

(n − 2Ω + 1)2 + 4 + 2(n − 2Ω + 1)
)

−
(√

(n − Ω)2 + 4 + 2(n − Ω) −
√

(n − Ω − 1)2 + 4 + 2(n − Ω − 1)
)

=H (n,Ω) + (n − 2Ω + 1)

(
ξ1(n − 2Ω + 2) − ξ1(n − Ω)

)
+ (Ω − 2)

(√
(n − Ω − 1)2 + 4 + 2(n − Ω − 1) −

√
(n − Ω)2 + 4 + 2(n − Ω)

)
+

√
(n − 2Ω + 1)2 + 1 + (n − 2Ω + 1) −

√
(n − Ω − 1)2 + 1 + (n − Ω − 1)

+

(
ξ2(n − 2Ω + 2) − ξ2(n − Ω)

)
<H (n,Ω).

Case 2. Ω(T1) = Ω(T )− 1.



806

In this case, we take h = 2. Otherwise u2 ∈ D1 and which gives that
Ω(T1) = Ω(T ). If k = n − Ω, then T ∼= Tn,Ω and the result follows. So,
we consider that k ≤ n− Ω− 1. By Case 1, we presume that dvi(T ) ≤ 2,
1 ≤ i ≤ k−2. If du4(T ) = 1 or u4 is a support vertex with du4(T ) = 2, then
T ∼= Tn,Ω. In other cases, we consider that dv1(T ) = · · · = dvk1

(T ) = 1,

dvk1+1
(T ) = · · · = dvk1+k2

(T ) = 2, where k1 + k2 = k − 2.
Case 2.1. k1 ≥ 2.

Set T2 = T − v1, which gives Ω(T2) = Ω(T ) and du3(T2) = k − 1. Using
Lemmas 1 and 2, we obtain that

ESI(T ) =ESI(T2) + ℧(k, 1) + ℧(k, 2) − ℧(k − 1, 2) + ℧(du4
(T ), k) − ℧(du4

(T2), k − 1)

+ (k1 − 1)(℧(k, 1) − ℧(k − 1, 1)) + k2(℧(k, 2) − ℧(k − 1, 2))

≤H (n − 1,Ω) +

√
k2 + k + 1 + (k1 − 1)(

√
k2 + k + 1 −

√
k2 − k + 1)

+ (k − k1)(

√
k2 + 2k + 4 −

√
k2 + 3)

≤H (n,Ω) − (n − 2Ω + 1)
(√

(n − Ω)2 + 1 + (n − Ω) − (

√
(n − Ω − 1)2 + (n − Ω))

)
− (Ω − 1)

(√
(n − Ω)2 + 4 + 2(n − Ω) −

√
(n − Ω − 1)2 + 4 + 2(n − Ω − 1)

)
−

√
(n − Ω − 1)2 + (n − Ω) +

√
k2 + k + 1 + (k1 − 1)

(√
k2 + k + 1 −

√
k2 − k + 1

)
+ (k − k1)

(√
k2 + 2k + 4 −

√
k2 + 3

)
.

Since, Ω ≤ n− k1 + 1

2
, i.e., k1 ≤ n − 2Ω + 1 and k ≤ n − Ω − 1, using

Lemmas 2 and 4, we get

ESI(T ) ≤H (n,Ω) − (n − 2Ω + 1)
(√

(n − Ω)2 + 1 + (n − Ω) −
√

(n − Ω − 1)2 + (n − Ω)
)

− (Ω − 1)
(√

(n − Ω)2 + 4 + 2(n − Ω) −
√

(n − Ω − 1)2 + 4 + 2(n − Ω − 1)
)

−
√

(n − Ω − 1)2 + (n − Ω) +

√
(n − Ω − 1)2 + (n − Ω)

+ (n − 2Ω)
(√

(n − Ω − 1)2 + (n − Ω) −
√

(n − Ω − 2)2 + (n − Ω − 1)
)

+ (Ω − 2)
(√

(n − Ω − 1)2 + 4 + 2(n − Ω − 1) −
√

(n − Ω − 2)2 + 4 + 2(n − Ω − 2)
)

=H (n,Ω) + (n − 2Ω + 1)

(√
(n − Ω − 1)2 + (n − Ω) −

√
(n − Ω − 2)2 + (n − Ω − 1)

−
(√

(n − Ω)2 + 1 + (n − Ω) −
√

(n − Ω − 1)2 + (n − Ω)
))

+
(√

(n − Ω − 2)2 + (n − Ω − 1) −
√

(n − Ω − 1)2 + (n − Ω)
)

+
(√

(n − Ω − 1)2 + 4 + 2(n − Ω − 1) −
√

(n − Ω)2 + 4 + 2(n − Ω)
)

+ (Ω − 2)

(√
(n − Ω − 1)2 + 4 + 2(n − Ω − 1) −

√
(n − Ω − 2)2 + 4 + 2(n − Ω − 2)

−
(√

(n − Ω)2 + 4 + 2(n − Ω) −
√

(n − Ω − 1)2 + 4 + 2(n − Ω − 1)
))

=H (n,Ω) + (n − 2Ω + 1)
(
ξ1(n − Ω − 1) − ξ1(n − Ω)

)
+

(√
(n − Ω − 2)2 + (n − Ω − 1) −

√
(n − Ω − 1)2 + (n − Ω)

)
+

(√
(n − Ω − 1)2 + 4 + 2(n − Ω − 1) −

√
(n − Ω)2 + 4 + 2(n − Ω)

)
+ (Ω − 2)

(
ξ2(n − Ω − 1) − ξ2(n − Ω)

)
.

This implies that ESI(T ) < H (n,Ω).
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Case 2.2. k1 = 1.

In this case, we consider a tree T3 = T − {u1, u2}.
Therefore T3

∼= T (n− 2,Ω− 1) and du3(T3) = k− 1. Then using Lemmas
1 and 2, we get

ESI(T ) =ESI(T3) + ℧(k, du4
(T )) − ℧(k − 1, du4

(T3)) + ℧(k, dv1
(T )) − ℧(k − 1, dv1

(T3))

+

k−2∑
i=2

(
℧(k, dvi

(T )) − ℧(k − 1, dvi
(T3))

)
+ ℧(k, 2) + ℧(1, 2)

≤H (n − 2,Ω − 1) + (k − 2)
(√

k2 + 4 + 2k −
√

k2 + 3
)

+

√
k2 + k + 1 −

√
k2 − k + 1 +

√
k2 + 4 + 2k +

√
7

≤H (n,Ω) − (n − 2Ω + 1)
(√

(n − Ω)2 + 1 + (n − Ω) −
√

(n − Ω − 1)2 + (n − Ω)
)

− (Ω − 2)
(√

(n − Ω)2 + 4 + 2(n − Ω) −
√

(n − Ω − 1)2 + 4 + 2(n − Ω − 1)
)

−
√

(n − Ω)2 + 4 + 2(n − Ω) −
√

7 +

√
(n − Ω − 1)2 + (n − Ω) +

√
7

+ (n − Ω − 3)
(√

(n − Ω − 1)2 + 4 + 2(n − Ω − 1) −
√

(n − Ω − 2)2 + 4 + 2(n − Ω − 2)
)

−
√

(n − Ω − 2)2 + 1 + (n − Ω − 2) +

√
(n − Ω − 1)2 + 4 + 2(n − Ω − 1)

=H (n,Ω) + (n − 2Ω)

((√
(n − Ω)2 + 4 + 2(n − Ω) −

√
(n − Ω)2 + 1 + (n − Ω)

)
−

(√
(n − Ω − 1)2 + 4 + 2(n − Ω − 1) −

√
(n − Ω − 1)2 + (n − Ω)

))
+ 2

(√
(n − Ω − 1)2 + 4 + 2(n − Ω − 1) −

√
(n − Ω)2 + 4 + 2(n − Ω)

)
+

((√
(n − Ω − 1)2 + (n − Ω) −

√
(n − Ω − 2)2 + 1 + (n − Ω − 2)

)
−

(√
(n − Ω)2 + 1 + (n − Ω)

)
−

√
(n − Ω − 1)2 + (n − Ω)

)
+ (n − Ω − 3)

((√
(n − Ω − 1)2 + 4 + 2(n − Ω − 1)

−
√

(n − Ω − 2)2 + 4 + 2(n − Ω − 2)
)

−
(√

(n − Ω)2 + 4 + 2(n − Ω) −
√

(n − Ω − 1)2 + 4 + 2(n − Ω − 1)
))

=H (n,Ω) + (n − 2Ω)
(
Ψ1(n − Ω) − Ψ1(n − Ω − 1)

)
+ 2

(√
(n − Ω − 1)2 + 4 + 2(n − Ω − 1) −

√
(n − Ω)2 + 4 + 2(n − Ω)

)
+

(
ξ1(n − Ω − 1) − ξ1(n − Ω)

)
+ (n − Ω − 3)

(
ξ2(n − Ω − 1) − ξ2(n − Ω)

)
.

Since k ≤ n−Ω− 1, i.e., n−Ω− 3 ≥ k− 2 ≥ 0, then ESI(T ) < H (n,Ω).

Hence the result is proved.

6 Conclusions

This work explores the extremal properties of the Euler–Sombor index

(ESI) in trees. We determined the second smallest and largest ESI val-

ues for a given order n, characterized maximal and minimal quasi-trees

using majorization, and identified extremal trees with fixed domination

number. We also established sharp bounds for in such classes, specifying
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the structures that attain them.
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