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Abstract

This paper reports the spatiotemporal dynamics of an enzyme-
catalyzed system with no-flux boundary conditions. We demon-
strate that the diffusion-free system has a Hopf bifurcation, gener-
ating stable periodic solutions in the supercritical case and unstable
ones in the subcritical case. For reaction-diffusion system, we ex-
plore and address the instability issue of the periodic solution in the
Turing sense by employing the regular perturbation method. Our
analysis reveals that specific combinations of diffusion coefficients
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can induce Turing instability in periodic solutions. Ultimately, nu-
merical simulations validate these theoretical results and visually
illustrate the spatiotemporal oscillatory behavior of the system.

1 Introduction

Enzyme-catalyzed reactions, as one of the most fundamental chemical pro-
cesses in living organisms, have always been an important topic to study
the various kinetic dynamic behaviors. Differential equations can not only
qualitatively characterize the kinetic properties of enzyme-catalyzed reac-
tions but also reveal the temporal and spatial evolution patterns induced
by the catalytic substrates and products to some extent. As a result,
enzyme-catalyzed reaction systems have received widespread attention.
Recently, an enzyme-catalyzed reaction system has received extensive at-

tention, and this reaction system takes the form (cf. [1,2]):

{ %:afFl(u,v)*FB(u)v (1)

v = B (Fy(u,v) — F3(v)),

where u and v are the concentrations of the substrate S and product P;
Fy(u,v) represents the rate law function of the substrate S and product
P, which satisfies F;(0,v) = 0,0F;/0u > 0 and 9F;/0v > 0 for u > 0
and v > 0; moreover, Fy(v) > 0 and F3(u) > 0 are sink rate functions of
product P and substrate S, respectively; a and § are two positive reaction
control parameters. One can refer to Fig. 1 for the reaction schemes of this
enzyme-catalyzed reaction (see also Refs. [3-5] for this schematic diagram).

Now, let us review some existing dynamical results of system (1). When
B =1,F(u,v) = u™v, F3(v) = v/(v+ 1) and F3(u) = 0, Leng et al. [6]
reported the existence and nonexistence of periodic solutions by the aid of
Poincaré-Bendixson theorem and integral of divergence. When Fj (u,v) =
w™, Fo(v) = v/(v+1) and F3(u) = u, Su [7] classified equilibrium types
and discussed the existence of saddle-node bifurcation, Bogdanov-Takens
bifurcation, and Hopf bifurcation. Taking Fy(u,v) = uv, Fy(v) = v/(v +
1) and F5(u) = u, Atabajgi et al. [8] determined the conditions for the
occurrence of Hopf bifurcation. If F)(u,v) = uv, Fo(v) = v/(v+ 1) and
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Figure 1. Schematic diagram of enzyme-catalyzed reaction system (1).
The enzymatic catalytic reaction process involves two reac-
tants, S and P, and three enzymes (see also Refs. [3-5] for
this schematic diagram).

F5(u) = u/(u+ 1), Zhang et al. [9] studied the saddle-node, transcritical,
pitchfork and Hopf bifurcations. For more specific examples of system (1),
we recommend referring to papers [10-14].

Unlike the existing literature [6-14], we shall set Fj(u,v) = wu3v,
Fy(v) = v/(v+ 1) and F3(u) = 0. Substituting them into (1), we ob-

tain the following enzyme-catalyzed system:

du _ .3
{dt—a usv,

duzﬁ(ugv_ v ) (2)

dt v+1

Clearly, system (2) is a spatially homogeneous enzyme-catalyzed system.
It only reflects the temporal dynamical evolutions of the substrate S and its
product P. However, in many practical cases (e.g., in living cells), enzyme-
catalyzed reaction processes generally interact with each other through dif-
fusion effects, see Refs. [15-18]. In fact, spatial diffusion involved in chem-
ical and biochemical systems has been broadly considered and studied.
In [19], Ko investigates the bifurcation and asymptotic behavior of positive
steady-states of a diffusive version enzyme-catalyzed system, and they an-
alyzed the global bifurcation structure and limiting profiles under varying

parameters. Li et al. in [20] demonstrated that a reaction-diffusion Gierer-
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Meinhardt model with saturated activator production exhibits both super-
critical and subcritical Hopf bifurcations. By virtue of the cross-diffusion
type FitzHugh-Nagumo system, Zhang et al. [21] showed that Turing in-
stability can induce the emergence of spatiotemporal patterns (e.g., stripes
and traveling waves). For more dynamical profiles of the biochemical reac-
tion systems with spatial diffusion, please refer to Refs. [22-24]. Therefore,
inspired by the aforementioned literature, we can extend system (2) to the

following diffusive system:

%’;:dlAu—i—a—u?’v, e, t>0,
%:dgAU—!—b’(ugv—vL), zeQ, t>0,
Gu=%—y, zed, t>0,

U(I’,O) = UO(I) > Oa U(I7O) = UO(QZ) > Oa T e Qa

where d; and ds represent the diffusion rates of the substrate S and prod-
uct P at time ¢t and location x, respectively; A is the classical Laplacian
operator; Q C RV (N > 1) is a bounded region, v is the outward unit nor-
mal vector along the smooth boundary 09; ug(z) and vo(z) describe the
initial concentrations of the substrate S and product P. All parameters,
dy,ds, a and S, involved in system (3) are set to be positive constants.

In light of the diffusion-free system (2) and its reaction-diffusion ver-
sion (3), let us state our main investigations of these two systems. For
system (2), we shall explore the stability and types of the positive equi-
librium. In this fashion, we also yield the emergence conditions of the
Hopf bifurcation around this positive equilibrium. Of course, the super-
critical and subcritical Hopf bifurcations are determined by deducing the
first Lyapunov coefficient. We can obtain that there are stable and unsta-
ble periodic solutions that are acknowledged by the diffusion-free enzyme-
catalyzed system (2). As a consequence, a natural question is that when
the periodic solution is stable for the diffusion-free enzyme-catalyzed sys-
tem (2), how to determine its instability problem in the Turing sense for
the reaction-diffusion system (3)? This is typical Turing instability for
the periodic solution, which resulted from the Hopf bifurcation. We have

to mention that Turing instability of the constant steady states has been
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broadly investigated, for instance, see Refs. [25-28] and the related ref-
erences cited therein. However, few existing works provide a complete
algorithmic framework for the Turing instability issue of the periodic solu-
tion. Clearly, this problem is difficult and creative since it is different from
the Turing instability problem of the constant steady states. Fortunately,
we can yield this desired result by virtue of the Hopf bifurcation theory
and the regular perturbation technique. Our theoretical result illustrates
that the periodic solution of the diffusion-free system (2) will suffer from
the Turing instability corresponding to reaction-diffusion system (3) as the
first derivative of the minimum positive period of the periodic solution is
less than zero.

The structure of this article is arranged as follows: In Sec. 2, we
determine the types, stability, and Hopf bifurcation of (2). In Sec. 3, we
explore the Hopf bifurcation and the Turing instability of (3). In Sec. 4,
we conduct numerical results to verify the theoretical conclusions. Finally,

we end this article with a discussion in Sec. 5.

2 Hopf bifurcation of system (2)

Clearly, system (2) enjoys a unique positive equilibrium, say E,, where
E, = (us,vs) = ((1—04)%, 13(1) for 0 < a < 1. Then the Jacobian

matrix at E, is given by

_ 3a _
Jo(B) = < 308 a(?clv)ﬂ )

As such, we can get the following characteristic equation:

N = To(B)A+ Do(B) = 0, (4)

where Ty(8) = a1 — @) — 22 and Dy(f) = Bal=)® Fyom (4), one has

Ux

\ . _ Tol) = VT — 4Do()
1,2 = e C.

2

Based on the above analysis, we can establish the following.
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Theorem 1. Suppose that 0 < o < 1 holds.
(1) If 0 < B < B1 < Bo < B2, then (u.,v) is a stable node;
(ii) If 0 < B1 < B < Bo < P2, then (u.,vs) is a stable focus;
(iti) If 0 < (1 < Bo < B < B2, then (us,vs) is a unstable focus;
(i) If 0 < B1 < Bo < B2 < B, then (uy,vy) is a unstable node;
(v) If B = Bo, then (us,vs) s a center, where

3 :3(2—a—2\/1—a)

(1—a)u,’ A a(l — a)u.

32—a+2vV1l-a)

a(l — a)u,

60: 7&2:

Proof. By direct computation, we know that

6a(1—a)(2—a)5+ 902 —0
)

* *

T§(B) = 4Do(B) = a*(1 — a)?B* —

has two positive roots 51 and (2. Accordingly, when 0 < 8 < 31 or > (32
is presented, one has Tg(8) — 4Do(B3) > 0. However, if #; < 8 < Bq is
satisfied, there holds T3 (8) — 4Do(3) < 0. Additionally, if 8y = ﬁ
is valid, we can have Tp(B8) = 0. So, when 8 < [y, we have Tp(8) <
To(Bo) = 0; conversely, we have Tp(8) > To(Bo) = 0. Also, note that when
0 < a <1, we find Dy() > 0. Therefore, for (i), if 0 < 8 < 81 < By < B2
is valid, one can deduce that Tp(3) < 0 and T2 (8)—4Do(8) > 0. These two
conclusions imply that (4) possesses a pair of negative real roots. Hence,
(ux,v4) is a stable node. Utilizing similar protocols, we can confirm the
validity of (ii)-(v). This ends the proof.

Theorem 2. Suppose 0 < « < 1, then system (2) undergoes a Hopf
bifurcation when B = By. Besides, if Re(c(Bo)) < 0 (resp. Re(e(Bo)) > 0),
the Hopf bifurcation is supercritical (resp. subcritical) and produces stable

(resp. unstable) periodic solutions, where ¢(By) has been defined in (6).

Proof. When = 8y and 0 < a < 1, we have Ty(8p) = 0 and Dy(5p) >

0. Let A = I(B) £ iw(B) be the roots of (4), where [(8) = L)Q(B) and

/4D (8)—TZ(B) Lo

w(B) = M satisfying 1(8) = 0 and w(Bg) = /Do(Bo) := wo.
This implies that equation (4) has a pair of purely imaginary eigenvalues
A1,2 = Fiwp. In addition, one obtains %Re()\)‘ﬂ 5 = %a(l —a)>0.
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Then, the diffusion-free (2) undergoes the spatially homogeneous Hopf
bifurcation at E, as 8 = By with 0 < o < 1.

In the sequel, to analyze the detailed properties of Hopf bifurcation,
we set & = u — uy and v = v — v,. If we still v and v to designate the

original variables, then system (2) becomes
du u Hu, v,
(g; >=Jo(5)< R )
dt v g (U, v, B)

a3

where

Yu,v,8) =—3a(l —a) u2—3(1 — a)fuv —

-«
—3(1 - a)sudv + 0(4),
g'(u,v, B) =3a(1 — a)7%Bu2 + (1 —a)*Bv? 4+ 3(1 — a)pu

+ 1Oiﬁau3 —(1- a)4,8v3 +3(1 - oz)%/a’u% + 0(4).
: . 1 0
Let us introduce a matrix T = , where we set P(f8) =
< P(B) Q) )

—1a (B + ﬁ) and Q(B) = % Let (u,v)T =T (x1,91)7, then

( & ) _ < 1(B)  —w(p) ) < T >_|_ ( f2(x1, 91, B) >
ra w(B)  1(8) o P, B) )’
where

(1,91, B) =mooz] + miiziys + maoxt + maraiyr + O(4),
92(9317 y1, ) :leol’? +nnxiyr + nozy% + n30$? + ﬂ2133%y1 + mleyf

+ nozyi + O(4),
with

mag = — 3a(l — @) "5 —3P(B)(1 —a)3, my = —3Q(B)(1 — )3,

(&% 1

—3P(B)(1 — )%, ma = —3Q(B)(1 — )7,

m3o = —
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ni1 =3(1 — a)B + 2P(B)(1 — a)>8 + 3P(B)(1 — )3,
na1 =3(1 — )8+ 3P(B)(1 — )5 — 3P(B)*(1 — a)*B,

N =ﬁ[3a(1 —a) 5B+ 3P(B)(1 )8 +3P(B)(1 —a)"F
+P(B)%(1 - a)*8 + 3P(B)*(1 - a)F],
0 =gl g + PO + 3P —a)ls

+3P(B)*(1 — ) — P(B)*(1 — a)*B], noz = Q(B)(1 — )8,
niz = — 3P(B)Q(B)(1 — a)*B, nos = —Q(B)*(1 — a)*B.

Benefiting from Refs. [29-31], the first Lyapunov coefficient is given by:

c(Bo) = '0(7“207”11 —2/r|* — *|7“02| )+ 7317 (6)
where
11 —i( ;c21;cl + i(gfclxl +g§1yl))’
702 —i (fg,czlg,Cl - anzclyl + i(gazclxl - 951211 + 2f$21y1)) )
20 *i(ﬁlzl + 29-"261111 + (92,0, — gzlyl B 2fr21y1))’
To1 :;(fzzlmlzl +gl‘1mlyl Jrgylylyl

2 2
+7’(9211111 +gm1y1y1 T Jrizayr T y1y1y1))'

All the quantities are to be evaluated at (0,0, 8y). We have

1
Re(c(ﬂg)) :T6( 511111 +9%111111 Jrgylylyl)

+ 16w [ 31?;1 I21171 7gmly1 (gzlzl +gy1y1) 311191111]
where
2 _ -2 2 2 2
ESEST 604(1 o a) d = 6P0(1 - a)37 T1y1 3@0(1 - a)d
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P,y =3(1— )Bo + 2Po(1 — )6 + 3Ro(1 — @)1,

« 1
x21x1x1 =-6 |:1—O( + 3-P()(]- - a)s ’ gglylyl = _GQ(%(]- - a)4ﬂ()a
9 2 _2 _2
9212 :@[304(1 —a) 368y +3Py(1 —a)Bo+ 3P (1 —a) 3

+ P31 —a)®By +3P2(1 — a)%], gglyl =2Qo(1 — a)?Bo,
Gy =6 [(1= )3 B0 + Po(1— ) — PR(1— )6 -
According to [32], the Hopf bifurcation is supercritical (resp. subcritical)

and the periodic solution is stable (resp. unstable) if Re(c(5p)) < 0 (resp.
Re(e(Bp)) > 0). This ends the proof.

3 Hopf bifurcation and Turing instability of
system (3)

3.1 Hopf bifurcation and its directions

Define S := {(u,v) € H2([0,In]) x H3([0,I7]) : up = v, = 0, x = 0,In},
where H?([0,ln]) is the standard Sobolev space. Let & = u — u, and
U = v — v, and remove the tildes, the linearized system of (3) at (u.,v)

can be written as follows:

Ju U U
(g)mm+m( >:um< ) (7)
ot v v

dlA 0 —3a a—1
here D — CJoB) = [ L m Cand L
where 0 dA ) 0(8) < 3%3 a(l — )8 ) and L(3)

is a linear operator with domain Dy, := Sc =S ®iS ={a+1ib:a,be S}.

Consider the general solution of system (3) below:

u(z, ) = N Ak keo ﬁx
(U(x,t)>_z<bk)6)\ csl7 (8)
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where \; € C is the temporal spectrum, k is the spatial spectrum, ay, by
are nonzero coefficients for k € Ny :={0,1,2---} and I > 0. Substituting
(8) into (7), we derive

Z(MI—JM))(Z:)cos'fmz(ﬁ), keNy,  (9)
k=0

where
[ Eead” a-
Jk(ﬁ)—< saf o(l-a)f—dy (%) )

Hence, we have the characteristic equation below:
Ae? = Ti(B) Ak + Di(B) = 0, (10)

where

k

18) =1(8) ~ @+ o) ()

Dy (8) = dida (?)4 + |:?:de —a(l— a)/jdl] (;2;)2 + Do(8),

where Tp(8) and Do(3) are defined before.
Theorem 3. Suppose that 0 < o < 1 and spatial scale | is large. Let

(dy + do)R? 3 (di+do)k?
Pr:= a(l — a)l? + 1—a)u, a(l—a)l? + Fo-

System (3) enjoys the Hopf bifurcation when B = By for some 0 < k < k.,

where ky, = {l %J with da > dy and |-] is a floor function.

Proof. If 8 = By, we have Ti(Bx) = 0 for 0 < k < k.. Moreover,

De(Br) > Bo‘dz —a(l- a)ﬁkdl] (1;)2

*

> a(l - a) {(d2 —d)By — ‘W} (k>2 > 0.
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On the other hand, one yields

] =t (B2, = je-a >0

Thus, system (3) undergoes the Hopf bifurcation. The proof is finished.

Theorem 3 explains that there is a Hopf bifurcation that will occur in
PDE system (3) as § = i for 0 < k < k,. Hence, our following task is
determining its direction by virtue of the center manifold reduction and
normal form theory, see Refs. [33,34]. Without loss of generality, we shall

consider the case of 8 = y. Then, we establish the following result.

Theorem 4. Assume that 0 < a < 1 is satisfied. If Re(v1(5o)) < 0 (resp.
Re(v1(Bo)) > 0), then the Hopf bifurcation of system (3) is supercritical
(resp. subcritical), where v1(Bo) has been defined in (14).

Proof. Let & = u — uy, v = v — v, and remove the tildes. In this

manner, system (3) at 8 = Sy can be written as

{ 9l — LH + F(H, Bo), (11)

91 (0,t) = 2L (i, t) = (0,0)7,

where H = (’LL, U)T7 L = L(ﬁ0)7 F(H7B0) = (fl(u,v,ﬁo),gl(u,v,ﬂo))T
with f1 and g! are defined as before. As in [34], F(H, 3y) has the form:

F(H, o) = 3 M(H, H) + oN(H, 1, H) + O H]*)

where for U, V,w € H?([0,1xn]) x H?([0,Ix]), M and N fulfill

MUV) = ( i ) N(U.V.w) = ( NP ) ,

with

M(U, V) = anurvr + arz(uive + ugvy),
My (U, V') = biiuivi + bia(u1v2 + ugvy) + baouava,
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* *
Ny (U, V,w) = ajqurviwy + ajy(urv1ws + ugvawy + ugviwy),

* * *
NQ(U, V, w) = bllulvlwl + b12(u1v1w2 + uivowy + u21)1w1) + b22u27_}2w2

for any U = (U1,U2)Ta V= (Ulav2)T7 w = (wl,wz)T, where

18
a11 = —6a(l—a)75, arp = —3(1—a)f, by = a _2)2,
_1 6o X 1
bi2=9(1—a)73, beo =6(1 — )3, aj; = g M2 = —6(1 — )3,
. T 18 . s
bl = 18a(l — )75, by = — b5y = —18(1 — )3

For 8 = fy, let L* be the corresponding adjoint operator of L. Then

_3a 9
we get L*H = [J3(8o) + D|H, where Jg(8o) = u*l (17:31)“3
o — 3a

In what follows, it is easily check that (L*U,V) = (U, LV) for any
U,V € H2([0,1n]) x H2([0,I7]), where the inner production in H2([0, Ir]) x
H?2([0,17]) is defined as (U, V) = éﬂ U Vdz. Choosing

7T

13 1

¢ ( N e b
52 (a—1)ux + 04—1Z

é-* — gf — a-1 % + (1}§)u*i
& 2wg i

such that L& = iwpé, L*€* = —iwpé*, (£%,€) =1, and (¢*,€) = 0. Using
[34], we have H = 26 + 26 +w, 2z = (€*, H), w = (w1, w)T and

{ u==z+z+w,

v—ﬁ(z—!—z) ~200i(2 — Z) + wa.

Then, system (11) in (z,w) coordinates becomes

Z‘i iwoz + (€, ),
= Lw+ R(z,Z,w),
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where f = F(2€ +2€ +w, By), R(z,7,w) = f — (", )¢ — (€, [)E. We get

F=3 M) + M(€,8)27 + 3 ME D7 +O(2I%, 2] - ], [wl?),
(€, ) =347 M(€,)2 + 247, M€, )2 + 5 (67, ME D)7

F O e
@) =3 € ME0)2 + 3 &, M)+ 5 €, ME D)7

+ O 12|, ),

1 1
R(2,z,w) 2522320 +2zRu + 522302 +O(|2, |21 - Jwl, [w]?),

Some calculations show that Rog = Ry = Rga = (0,0)7. This shows
R(z,z,w) = O(|z|3, |2| - |w], |w|?). It follows from [34] that system (12) has

a center manifold and we can express w as follows:

1 1
w = §z2w20 + z2Zwq1 + 52%}02 +O(|z%).
We can see that %’ = ‘?g‘fl; + %% = Lw + R(z,Z,w). And we have
wy = [2iwg — L7 Ryo = (0,0)", w11 = —L7'Ryy = (0,0)” and woz =
[~2iwo— L] ' Roz = (0,0)”. As a consequence, we get w = O(|z|?). Hence,

system (3) has a center manifold takes the form:

= jwpz + (&7, f) = qwgz + Z ” 217+ 0(]2|Y), (13)

z
dt 2<z+]<3 !

where Co0 = <§*7M(£v§)>acll = <§*7M(€vg)>7co2 = <§*5M(E7E)> and

co1 = (£, N(&,€,€)). From [34], (13) has the Poincaré normal form:

k
= jwpz + 2 Z 73 (Bo)(2Z)?,

Jj=1

dz
dt
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where z is a complex variable, k > 1 and v;(8p) are complex-valued coef-

ficients. Then, we have

caociti | eoa?  len? | em
—_ 14

71 (Bo) =

Therefore, we can get

Re("}/l (50)) = 7%[1&6(020)1111(011) + Im(CQO)Re(CH)} + %Re(621),

wo
where
3« w 1 .
oo = A1+ —As + ( 0 As + A4> i,
Uy a—1 wWo
3o w 1 .
ci1 =B1+ —By+ ( 0 Bs + B4> Z,
Uy a—1 wWo
1 1 1
=-C —C. —C —Cy )i
=gt e <2(a—1) 5 o, 4>Z
with
1 b b 1
Ay = Zay +big, Ag=—2 2 Ay = a1y — Zby,
2 a—1 wg 2
90[2(b22 - 2&12) 3@@11 (1 — Oé)bu
A4 = + )
2(1 — a)u? 2y 2
1 ai2 1
By = - By=—=—  B3=—=b
1 2a11, 2 a_1 3 9 22,
o 9a2(2a12 — b22) 30&((111 — 2b12) (1 — Oé)blg
B4 - + ’
2(a—1)u2 2y 2
9023, wibi, 3aai,

= * b* =
C1=ai +iz, O 20a—1uz  2a—1) " wu,

270%a* 27033 3awgb}
Co — 12 22 22 .
3 wou2 (o — Dwoud (o — 1uy + otz
3a(ay; — 3b3
C4 = —a(allu 12) + (1 — a)le.

Using [35, 36], we can claim that the Hopf bifurcation is supercritical as
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Re(71(Bo)) < 0 and subcritical as Re(y1(8p)) > 0. This ends the proof.

3.2 Turing instability of the positive equilibrium

In this part, our purpose is to explore the Turing instability for F, of
system (3). To this end, benefiting from (¢) and (i7) of Theorem 1, we
always require 0 < 3 < By to hold in the next analysis. Let

. 82 dyk? + Do ()1
Thp = min -

R R

Now, one builds the following.

Theorem 5. Suppose that 0 < a <1 and 0 < 8 < By. Then, system (3)
yields the following conclusions.

(i) Equilibrium E, is locally asymptotically stable if one of the below
conditions is fulfilled:

a(l —a)p <1
da -
a(l —a)s

(b) h? < e

(a)

< (h + 1)2, di < Th, h € No\{O},
(ii) Equilibrium E, is unstable as

1—
(c) h?< O‘(dia)ﬁ < (h+1)% di > 7, h € No\{0}.
2
Proof. Obviously, we have Ty (8) < 0 for any k € Ny. Therefore, the
Turing instability for E, of system (3) depends on the sign of Dy(8). To
explore the sign of Dy (8), we rewrite Dy (8) as

Dy(B) = ((?)2 - W) dyds <I;>2 + %dg (?)2 + Do ().

If the condition (a) is satisfied, then (5)2 - O‘(ld;a)ﬁ > (%)2 —1>0. As

l
such, Di(B) > 3a(1 — a)3ds (%)2 + Do(B) > 0. Therefore, E, is stable.
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Now, if (b) holds, one yields

dy <h2 - (’;)2> <a(l—a)B—ds (’;)2 < ds

Since 1 < ¥ < h, which means that a(1—«a)B —ds (%)2 > dy(h? — (%)
22 4y k?+ Do (8)17
[a(1—a)f—dz(&)*]k2"

(1) o= (52 (1)) 1)
Then, we can get
o= (1) - 2022 s (1) 2 (5) 2o

> dydy (’;)2 K(/;)Q - aa;ﬁ”) . (Oz(l;;x)ﬁ B (;;>2>]

=0.

(h+1)? = (’;)21 .

2)Z

0. And if d; < 73, we have d; < 7, < This gives

As a consequence, E, is stable. In the same way, if the condition (c¢) is
valid, there exists at least one of D1(53), Da(8), - - -, Dp(f) to be negative.
This implies that F, is unstable. The proof is completed.

Remark 1. Theorem 5 shows that neither (a) nor (b) leads to Turing in-

stability. Nevertheless, when (c) is true, F. becomes unstable for system

3a(l—a)?p

wdidy So, this is the condition

(3) at a critical wavenumber k2 =
that leads to Turing instability of E..

3.3 Turing instability of the periodic solution

Theorem 2 suggests that system (2) enjoys a stable periodic solution ow-
ing to a supercritical Hopf bifurcation. Therefore, in this part, we will

introduce a perturbation term on the basis of system (2) and then study
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the stability of such a periodic solution. A perturbed system has the form:

d, 0 Ut B a — udv
(o)) () - (i )oo

where [ is a second-order identity matrix, ¢ is a disturbance parameter

and |o| is sufficiently small. System (15) can be read as follows:

u \ _ 1 [ 14deo 0 o — udv
< U > ~ D(o) ( 0 1+dio ) ( 5@3@_#_1) >7 (16)

where D(o) > 0. The Jacobian matrix of system (16) at E, is

| Ju(B,o) Ji2(B,0)
J(6,0) = ( J21(B,0)  Ja2(B,0) )7
where
1 ng’ 3a o)\la—
In(30) =~ s, = (M),
1+ dio)3e 10)a(l — «
Jo1(B,0) = (_'_D(U;u*ﬂ» Joa(B,0) = d+d D)(U()l )ﬁ

The characteristic equation of J(8,0) can be written as

N —T(B,0)A + D(B,0) =0, (17)
where
To(B) + o (a(l —a)Bdr — i%cb o
T(8,0) = ( ( 5o )) D(B,0) = ]‘;((f)),

where Ty(8) and Dy(8) have been defined before. Obviously, we have
T(8,0) =To(B) and D(B,0) = Do(S) since D(0) = 1. Note that T'(80,0) =
To(Bo) and 95T (8o, 0) = T{(Bo) = a(l — a) # 0 where 9T = g—;’;. Then,
according to the implicit function theorem, there exists a o; > 0 and a
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continuously differentiable function

3(1 + dyo)
(1 —a)(1+dyo)us

Bo:

with o € (—01,071) such that T'(8,,0) = 0. So, equation (17) has a pair of

imaginary eigenvalues XLQ = +i/D(B,,0) at 8 = B, where

DO(BU)

D(o) > 0.

D(Bs,0) =

~ ~

et A := () £ 4w(SB) be the complex characteristic roots of (17), then

18 = "2 5(8) = 2\/AD(B.0) ~ T2(5.0).
When o = 0, we know B, = By and

d .~ d_ ~ 1

e, = %Re()\)‘ﬁzﬁo = a(l—a)>0.

This means that 3, is the Hopf bifurcation point of system (15). According
to [35,37], we can obtain the following.

Lemma 1. Assume that 0 < a < 1. System (2) possesses a stable periodic
solution (uP(t),vP(t)) bifurcating from (u.,v.) at 8 = By, where p > 0 is
the minimum positive period. Then, there exists a oo > 0 such that for
any o € (—oq,02), system (15) has a periodic solution (uP(t,0),vP(t,0))
depending on o, p(o) is its minimum positive period. Moreover, we get

(i) p(o) = p and (uP(t,0),vP(t,0)) — (u”(t) vP(t)), o —0;

(i1) plo) = 8y (14 (LD — Z01) (5-6,))+0((8-52)2),
B8 — By, where

c(Bs) = ﬁ.ﬂg)(ffﬁo(g)’rll(a‘) 2 (o)) — é|r02(0)|2) n 7"212(0)7
(s = @ = %\/4D(ﬁ,a) —T2(8,0).

Proof. Since (i) is a direct subsequence of Theorem 1 in Chapter 14
of [38], we will not elaborate on it further here. Now, we only show the
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validity (#¢) of Lemma 1. Firstly, system (16) can expressed as follows:

Ug i 1 14 dao 0 fH(u,v,B)
() e (0ot (0 ) (D))

9'(u, v, B)
(18)
where J(3,0), f1(u,v, ) and g*(u, v, 3) have been defined before. Define

where

~

_ D)~ InBo) o D))
Plo) = ZD I ()~ - SO0
19 = T2 i(p) = 2 \/aD(B,0) ~ T2(5,0)

Then, by using (u,v)T = T(0)(z2,y2)T, rewriting system (18) as follows

(25 () -
Yot w(B) U Y2 G(z2,y2,8)

where

_1+dso i [ D(@)(B) —Ju(B,0)  D(0)H(B)
Flasy2,8) = 50577 (”’ TeBo) T Tu(Bo) y2”3>’

) D*(0)i(3)
. gt (x D)) — Iu(Bo), DB ﬁ> |

J12(B,0) 27 Ji2(B,0)
Note that when 8 = ,, system (19) can be written as

( T ) _ ( 0 —@() ) ( 1 ) . ( F(a3, 12, 55) )
Yot w(B) 0 Y2 .

G(an Y2, 60)
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Then, according to [34], we have

g

() = 3 (rml)rao) = 2 (@) = Jroalo)l? ) + 247,
with
r11(o) :i(ﬁwm + Fyzyz (Gwzwz + éy2y2))7
ro2(0) :1(ﬁ$2$2 - ﬁyzyz - Qéxzyz + i(éxm - éyzyz + 2ﬁ$2y2))7
r20(0) :%(ﬁ‘mm - ﬁyzyz + Qéxzya + i(éwzxz - éyzyz - 213-%21/2))»
121(0) =5 (Fryaazs + Frayas + Crsans + Coaass +1(Csea,

8
+ szyzyz - Fivzmyz - Fyzyzyz))7

where all variables are evaluated at (8, z2,y2) = (85,0,0). Owing to p(o)
is the minimum period of periodic solution (uP(t,o),vP(t,0)). Then, fol-

lowing page 90 of [34], we get

mwzf”(H(ﬂmm“%”—g%»w—m0+mn

w(fs)

This completes the proof.
When 8 — By, we have the following result.

Theorem 6. p(o) is the minimum positive period defined in Lemma 1.

When [ is sufficiently close to By, we have

p'(0) = Do?ﬁo) (C1(Bo)d1 + C2(Bo)d2) + O(B — Bo),

where

Gu(Po) = VDulf) + a1 - @)

C2(Bo) = v/ Do(Bo) — iy [m(c Oi

(o))
u.  Re(c(Bo))’
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where ¢(By) can be found in (6).

Proof. Differentiating p(c) with respect to o, we can get

Ho) = - 2 _d@B) 2 7(B)tm(c(B,))  @'(Bo) ) d(Bs)
w*(Bs) do w(By) \ W(Bs)Re(c(By))  W(Bs) ) do
O((ﬁ - ﬁa))‘

In the sequel, our main goal is to obtain p '(0). We notice that 8, =

Bo, W(Bs) = w(Bo) = vDo (Bo), Re(c = Re(c(Bo)), Im(c(Bs)) =

Im(c(fo)) and V(8,) = T (ﬁ”) when o = O Where ¢(Bo) is defined in (6).

Firstly, we compute df; ‘ o At = B,, from T(5,0) = 0, we get
o=

T(8,) + o ( (1—a)Byds — ?’O‘d2> ~0. (20)

Differentiating (20) with ¢ and setting o = 0, we can obtain

o _ 1
do lo=0 Té(ﬂ(])

H (o)
T5(Bo)’

(i‘jdg —a(l- oz),Boch) = (21)

where H(fy) = 3¢ “dy — (1 — a)Bod.
Secondly, we need to calculate @' (By). As B tends to S, we have

1
= 5\/41)(5, o) —T2(B,0).
Differentiating @w(3) with 3, we will get

28[3D(ﬂa O-) — T(ﬁr U)aﬁT(ﬁ7 U) )

w(ﬂ): 2\/4D<ﬁ70-)_T2<ﬁ70-)

Owing to we have T'(8,,0) = 0 and 9gD(8,,0) = (

aﬁD(Bov U)

@'(Bo) = @'(Bo)| _ = 4D(By,0) lo=

0 2 Do(Bo)

. Since W(By) = /D(Bs,0), we

o=0

Finally, completing %("&7(6{,))
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have
d_ 1 dD(B,.0)
700 = 5= (23)
Since D(B,,0) = %((i”)), we obtain
dD(By,0)  D'(0) dD(Bs) 1
do N _D2(U)D(ﬂ0) do  D(o)’ (24)
When o = 0, we have D(0) = 1 and
D/(O) _ dD(ﬁa) Y H(BO)
~D20) Dy(Bo) = —(d1 + d2) Do (Bo), o | .= DO(ﬁO)Té(ﬁo)'
(25)
So, by (24) and (25), we can get
dD(Bs, R
(50 o) = (@ +d2)Do(Bo) + Do(ﬂo)Té((gZ;. (26)
From (23) and (26), we obtain
di(s,)| 1 ( oo H(Bo) >
do oo~ 2./Da(d0) DO(BO)Té(ﬁO) (d1 + d2)Do(Bo) o
__X _ H(ﬁo)’%(ﬁo))
=3V (@ )
In light of (21), (22) and (27), we can derive
p(0) = 2% 8B 2m U(Bo)Im(c(Bo)) @' (Bo) \ dBs
w*(Bo) do lo=0  wW(Bo) \ W(Bo)Re(c(Bo))  w(Bo) ) do lo=o
+ O(/B - 50)
_ 7 _ Im(c(Bo))H (Bo) B
= gt (VP + VD)~ S ) 0 @é)
where
Im(c(Bo)) =

1
2 2 2 2 2 2 22
(gzlllzl +ngl’y1’y1 - lezlyl) O) ((gzlzl +gylyl) + (lezl) )

16 16w (B
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1

2 2 2 2 2 2 2 2

+ m(ﬂcwl (forar +292151) = (Gzrer + 9y100) (G101 = vy — 2fx1y1)>
1 2 2 2 2 2 2 \2
96w (fo) (2121 = 202101)" + (Garer = Guron + frr01)”)

with

1
:v21w1y1 = _6Q0(1 - 04)3, gglyﬂh = _6P0Q0(1 B 0&)450,
2 6 [a(Bo+ Fo)

gmlxlxl = @ ﬁ +3PO(]- _a)g(ﬁo'i‘Po) _Pg)(l —0[)460 .

As a result, through direct calculations, we can get

m(c(Bo) _ (1-a)?Fi+d—a)fa+(1-u)fs

Re(c(Bo)) 12¢/a(l —a)F 4 ’

(29)

where

F1=120(27a — 5) — wup® — 36u.6°,
Fa=24a(60” — 11a + 3u.), F3=108a(20° — 3o + 3u. — 2),
Fa=9((1-a)5 —(1—0a)3) —6a(l—a)s(4—3a)—150° + 130 — da + 3,

with

1 =100(1 — a)~3 = 6(1 — )5 + 12a(1 — )3,
) :a%(l - oz)_%(2 —a)—az(l- a)_é(2 —a)— a%(l —a)78.

Substituting (29) into (28), we can get the following expression

P (0) = —— (C1(Bo)ds + C2(Bo)da) + O(B — Bo).

Dy (5o)
where
- Im(c(Bo))
€1(Bo) = vDolfo) + a1 =)o s
¢2(Bo) = v/ Do(Bo) — ?Ta Imgzg EB

The proof is concluded.
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Theorem 7. If p’(0) < 0, that is (1(Bo)d1 + C2(Bo)d2 < 0. Then the peri-

odic solution (uP(t),vP(t)) of system (2) will undergoes Turing instability.

Proof. At (uP(t),vP(t)), local linearized system of (3) has the form:

O D Au 0 + P U ’
O 0 Av v
where D = diag(d;, d3) and

vy — [ 3O ~(uP (1))
e (3(“7"(75))211”(75)6 (<up<t>>3—<vm%+nz>ﬁ>'

Let €, and n,,(z) be the eigenvalue and characteristic function of —A in
domain € respectively, where n € No\{0}. Setting (u,v)T = (m(t),n(t))T

Yoo o Entin(), we have

m'(t) \ _ m(t) v m(t)
( () )- QD( n(t) )+J (t)( () ), (30)

where p = ¢, > 0 for n € Ng\{0}. When diffusion is absent, the system

(30) can be written as

m'(t) \ _ ., m(t)
(70) 070 w

Let ®(t) as the fundamental solution matrix of (31) and ®(0) = I,
where I is 2 x 2 identity matrix. Assume k; are the eigenvalues of ®(p)

and let (p;,q;)T be the corresponding characteristic function. We have

@(p)(p’_'>:m<p’_'>, i=1,2, (32)
qi q;

where k;(i = 1,2) is the Floquet multiplier of (31). Define

(Z0) o ("), e
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<Ai(0)><pi>, i=1,2. (34)
Y:(0) qi

Clearly, one has

Without loss of generality, we may suppose x; = 1. Since (u”(t),vP(t))
is stable for system (2), so the Floquet multiplier ko satisfy |ka| < 1,
see [33,37]. Let ®(¢, o) is the fundamental solution matrix of (30), namely

atq)(tv Q) = _QD(b(ta Q) + Jp(t)(I)(t, Q)'

Clearly, we find ®(¢,0) = ®(t) and ®(0, o) = I. Let n:(0) and (P;(0), Q:(0))”
are the eigenvalues and corresponding eigenfunctions of ®(p, ¢) such that

¢mm<5g>=m@<5g), i—L2  (30)

where 1;(0) (i = 1, 2) represents the Floquet multipliers of (30). We assume
7i(0) = k1 and (Pi(0),Qi(0))" = (pi; ¢i)". Define

Ki(t7 Q) o PZ(Q) i—=
(n@m>’®“@<@@>’ =tz 6D

By employing ®(0, o) = I and (36), we have
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Particulary, by (33), (34), (35) and (37), we get

( 5’(@0 ) — B(t,0) ( P;(0) ) — o) ( Di )
T5(t,0) Qi(0) %

From the definition of (A1(¢, 0), T1(t, 0))T in (37), we find

Ohhi(t,0) \ Ai(t, ) » Ai(t, 0)
(@nwm>9D<nw@>+J@<Tw@>' 10
Differentiating (40) with ¢ at o = 0, we have
Fphi(t,0) ) A1 (1) » A1,(t,0)
< 9 Y 1,(t,0) > = ( T (t) ) ) ( T1,(t,0) ) 4D
where 9,1 (t, 0) = A1,(¢,0), 9,T1(t,0) = T1,(t,0). Besides, from (36) to

(38), we can deduce
Ai(p.o) \ _ Pie) |\ _ A1(0, 0)
(rmw>‘@mm<@@>‘m@<nmm>' 1)
Differentiating both sides of (42) with respect to g, we can get
Klg(pv Q) o K1(0, Q) Kll)(oa Q)
(Tﬂnm>‘“”<nmm>+m@<rwmm>
By using (39) and note that 1;(0) = k1 = 1, when ¢ = 0, we have
Kl@(pv O) o Kl(o) Klg(ovo)
(nmm>‘m@<1m)+<nmm>' )

Using Lemma 1, (u? (¢, 0),vP(t,0)) is the periodic solution of (15), namely

(I+0D) ( Ot (£, 0) ) - ( o = (Wt 0) (e, o) > (44)

=

R

P (t, o) B(uP(t,o))3vP(t,0) — UZ(Z(ZSTJ)A
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Differentiating (44) with o and setting o = 0, we obtain

Opub (t,0) '\ B A1 (1) » ub(t,0)
< Ay (t,0) ) =D ( Ti(t) ) 770 < vE(t,0) )’ (45)

where 9,uP(t,0) = uP(t,0), d,vP(¢,0) = vE(t,0), d;uP(t,0) = Ay(t) and

< uP(t, o) ) _ < uP(t +p(o),0) ) (46)
vP(t, o) vP(t +p(o),0)

Differentiating (46) about o and evaluating at o = 0 and ¢ = 0, we get

ug(p, O) . Kl (O) U'g (Oa 0)
( 2 (p,0) ) -0 ( 7,0 ) y ( 2(0,0) ) oW
where u?(t,0) = uP(t), vP(¢,0) = vP(¢t) and p(0) = p.
By utilizing (41), (43), (45) and (47), we can derive

Oih1o(t,0) \ [ Owub(t,0) — Ap(t,0) \ [ ub(t,0)
0 Y1,(t,0) B,vP(t,0) T1,(t,0) vE(t,0)

and

Define
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Consequently, (48) and (49) equivalent to the following form

d A1 (0
ﬁwwzﬂwwu»ww—wmw4#@+ﬂm»<“§>.<w>
Due to (A1(0), Y1(0))T and (A2(0), T2(0))? are linearly independent, there
exist constants k; and ko such that for any (o1, ¢2)T € R?, there is

1) _ A1 (0) A4(0)
<@>‘“<L@>+“<n@>' G

Let W(t) = ®(¢)(p1,92)T be the general solution of W'(t) = JP(¢)¥(t).
Then, substituting (51) into (50), we can find 7'(0) 4+ p’(0) = 0. Therefore,
if p'(0) < 0, we have 7'(0) > 0. By using [37], we know (u?(t),vP(t))
become unstable, that is the periodic solution (uP(t),vP(t)) of system (2)

undergoes the Turing instability. The proof is finished.

(a) a=0.2, 8=0.2 (b) a=102, =09

Figure 2. Phase portraits of enzyme-catalyzed system (2). (a) Ex =
(0.9283,0.2500) is a stable node for a = 0.2, 8 = 0.2; (b)
E. = (0.9283,0.2500) is a stable focus for o = 0.2, § = 0.9.

4 Numerical simulations

In this section, we are committed to checking our previous theoretical
analysis by utilizing the numerical approach.

When the parameters are selected as « = 0.2 and § = 0.2, we will
have By = 4.0396, 51 = 0.2251 and (B = 72.4871. Thereby, condition
0 < B < pB1 < By < Pgis always satisfied. According to Theorem 1,
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E, = (0.9283,0.2500) of system (2) is a stable node, as shown in Fig.
2(a). When we fix the parameters o = 0.2 and 8 = 0.9, we can conclude
that 0 < 81 < B < Bo < P2. So, E, = (0.9283,0.2500) of system (2) is
a stable focus, see Fig. 2(b). In short, Fig. 2 illustrates the theoretical

validity of Theorem 1.

(a) =02, B =4.05 (b) o= 0.25, 8 =4.43

Figure 3. Supercritical Hopf bifurcation happens to system (2). (a)
a=0.2 and 8 = 4.05; (b) @ = 0.25 and 3 = 4.43.

In what follows, let us construct the stable periodic solution, which
is induced by a supercritical type Hopf bifurcation based on Theorem 2.
Choosing o = 0.2 and 8 = 4.05, we can calculate that u, = 0.9238,
ve = 0.2500, By = 4.0396 < 8 and Re(c(By)) = —0.0677 < 0. This implies
that the system (2) admits a supercritical Hopf bifurcation and generates
stable periodic solutions. This judgment can be confirmed by Fig. 3(a).
On the other hand, taking o = 0.25 and 8 = 4.43, we can get u, = 0.9086,
v, = 0.3333, B = 4.4026 < 8 and Re(c(By)) = —0.3697 < 0. Benefiting
from Theorem 2, the direction of Hopf bifurcation is supercritical, and the
bifurcating periodic solutions are stable, as illustrated in Fig. 3(b).

For the enzyme-catalyzed system (3), we choose the spatial length
control parameter [ = 3. Now, when o« = 0.28, § = 5.1, d1 = 0.5
and do = 3.0, we can obtain F, = (0.8963,0.3889), 5, = 4.6488 and
Re(y1(Bo) = —9.0642 < 0. Therefore, according to Theorem 4, we can
claim that the Hopf bifurcation of system (3) is supercritical. It has formed
a stable and uniform oscillation in time, see Figs. 4(a) and 4(b), respec-
tively. Namely, when the diffusion term is added, although the concentra-
tions of reactants S and P fluctuate unstably over a short period of time,

these two reactants can oscillate stably as time progresses, refer to Fig.
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4(c). However, these two substances always uniformly distribute in space,
see Fig. 4(d), where the initial conditions are ug(z) = 0.8963 — 0.01 cos 2
and vo(z) = 0.3889 — 0.01 cos 2.

(c) (d)

Figure 4. When | = 3, a = 0.28, 8§ = 5.1, d1 = 0.5 and d2 = 3.0,
the enzyme-catalyzed system (3) admits the stable periodic
solutions due to the supercritical Hopf bifurcation, where
ug(z) = 0.8963—0.01 cos 2z and vo(x) = 0.3889—0.01 cos 2z.

If we take a = 0.63, 5 = 10.8, d; = 1.25 and dy = 0.25, it is easy to
calculate E, = (0.7179,1.7027), 5o = 11.2941 and 7, = —0.1440. So, the
conditions 8 < By and d; > 7, of Theorem 5 are satisfied. This shows
the stable E, of system (2) becomes unstable for system (3). Accordingly,
Turing instability happens, as illustrated in Figs. 5(a) and 5(b). Thereby,
if the diffusion term is presented and the Turing instability emerges, two
reactants change from the previous uniform spatial distribution to an un-
even one, while the temporal distributions of these two substances are
uniform, see Figs. 5(c) and 5(d), where initial conditions are set to be
ug(z) = 0.7179 — 0.03 cos z and vo(x) = 1.7027 — 0.03 cos x.
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Figure 5. When [l = 3, a = 0.63, 8 = 10.8, d1 = 1.25 and dg = 0.25,
system (3) admits Turing instability with uo(z) = 0.7179 —
0.03 cosz and vg(z) = 1.7027 — 0.03 cos x.

Now, we fix a = 0.15, § = 3.72, d; = 3.5 and dy = 0.1, we can read-
ily obtain £y = 3.7259. Under these parameters, we can further yield
E. = (0.9473,0.1765), ¢1(Bo)d1 + ¢2(Bo)d2 = —21.3109 < 0 and 3 < fo.
Therefore, according to Theorem 7, it can be concluded that the periodic
solution (uP(t),vP(t)) of system (3) will undergo Turing instability so that
there are spatially nonhomogeneous periodic solution that occurs in the
enzyme-catalyzed system (3), as shown in Figs. 6(a) and 6(b). This repre-
sents the coupling of spatiotemporal non-uniform periodic oscillations, see
Figs. 6(c) and 6(d) for the time series and space series diagrams, where
ug(x) = 0.9473 — 0.01 cos 22 and vo(z) = 0.1765 — 0.01 cos 2.
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Figure 6. When [ =3, a = 0.15, § = 3.72, d1 = 3.5, and d2 = 0.1, the
periodic solution suffers from Turing instability with ug(z) =
0.9473 — 0.01 cos 2z and vg(z) = 0.1765 — 0.01 cos 2z.

5 Conclusions

We investigate the Hopf bifurcation and Turing instability of an enzyme-
catalyzed system. Theorem 1 determines the stability of F, and fully
characterizes its dynamical types within specific parameter ranges. Our
results illustrate that this equilibrium is a stable/unstable focus or node
and center. In Theorem 2, we determine the directions of the Hopf bifur-
cation via the first Lyapunov coefficient approach. For enzyme-catalyzed
system (3), we first explore the spatially inhomogeneous Hopf bifurcation
and its natural property by the aid of normal form theory, as described
in Theorems 3 and 4, respectively. After that, we are able to research
the existence of the Turing instability for the positive equilibrium and the
periodic solution, see Theorem 5 and Theorem 7, respectively. Clearly,
the most difficult problem is how to determine the Turing instability of
the periodic solution. In this work, we can completely address this prob-

lem by employing Hopf bifurcation theory and the regular perturbation
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method. Our theoretical result shows that if p'(0) < 0 is satisfied, the

periodic solution will become unstable in the Turing sense. Of course, we

employ numerical experiments to check the validity of these theoretical
conclusions. In short, we successfully explored the existence and detailed
properties of the Hopf bifurcation and Turing instability. This paper may
provide a methodology to investigate the complicated dynamical profiles

of such an enzyme-catalyzed system.
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