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Abstract

We present numerical models for predicting five key electronic
properties of zinc sulfide (ZnS) nanoclusters: binding energy per
ZnS unit, static dipole polarizability, HOMO-LUMO gap, verti-
cal ionization potential, and chemical hardness. These models em-
ploy four graph-based topological indices (Wiener, hyper-Wiener,
second-order connectivity, and Szeged) alongside cluster size n. The
models offer substantially reduced estimation errors and strong pre-
dictive performance. The results demonstrate that numerical mod-
els provide efficient routes for estimating Zn.S nanocluster proper-
ties, facilitating rapid screening and guiding experimental efforts.

1 Introduction

Atomic clusters (which are finite assemblies of atoms) exhibit structural
and electronic properties that occupy a unique regime between discrete
molecules and extended solids. They often adopt configurations that have
no direct analogue in bulk materials; for instance, covalent clusters can
form hollow cage geometries such as the Cgg fullerene, and ionic clusters

may only partially mimic the bulk crystal lattice depending on their size
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and stoichiometry. These size-dependent structural motifs give rise to
novel physical and chemical behaviors, positioning clusters as both subjects
of fundamental study and candidates for technological applications such
as catalysis, sensing, and nanoelectronics [26].

A key hurdle in cluster science is elucidating how their physicochemi-
cal properties change as a function of size. As Jena and Castleman point
out, clusters pose fundamental questions such as ”at what size does a
metal exhibit metallic behavior?”—or more broadly, ”when do clusters be-
gin to reproduce bulk characteristics?” [26]. Empirically, properties like
stability, electronic gap, and reactivity do not scale monotonically with
size or composition but can display non-intuitive trends. Although clus-
ter attributes must eventually approach their bulk limits, the transition is
complex: finite clusters often exhibit properties that, while related to bulk
values, remain distinctly different, and there is no straightforward theo-
retical framework to predict bulk parameters directly from small-cluster
data [1]. Consequently, constructing reliable predictive models that cap-
ture these size-dependent behaviors is essential.

Zinc sulfide (Zn.S) nanoclusters vividly illustrate the challenges of size-
dependent property prediction. As a wide-bandgap I1—V I semiconductor
(bulk band gap = 3.6 — 3.7¢V), ZnS underpins numerous optoelectronic
technologies, including UV-emitting diodes and photonic devices. At the
nanoscale, ZnS clusters have found applications in electroluminescent dis-
plays, solar energy harvesting, and photocatalysis, while their high surface
area and tunable band structure also make them attractive for chemical
and biosensing platforms. The ability to tailor ZnS’s electronic and op-
tical responses through cluster size (a result of quantum confinement and
surface effects) lies at the heart of these applications and compels the devel-
opment of theoretical frameworks capable of accurately predicting cluster
properties across varied sizes [27].

Graph theory provides a rigorous framework for abstracting molecular
and cluster architectures into mathematical objects. In this approach, each
atom corresponds to a vertex and each chemical bond to an edge, yield-
ing a connected graph that captures the essence of the structure without

requiring precise spatial coordinates. Originating with Euler’s work on
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polyhedra, this representation has become indispensable in chemistry and
materials science for its ability to translate complex bonding patterns into
computable quantities. Among these are topological indices (graph invari-
ants such as the Wiener and hyper-Wiener indices) that distill the entire
network geometry into single numerical values. These indices have long
been employed in QSPR and QSAR studies to link molecular topology
with physicochemical behaviors, enabling efficient prediction and ranking
of properties ranging from reactivity to biological activity [27,28].

Topological indices are particularly attractive because they condense
complex structural information into single numerical values that often cor-
relate strongly with macroscopic properties. For instance, the Wiener in-
dex and its distance-based generalizations have historically been applied
to predict boiling points, thermodynamic stabilities, and other bulk char-
acteristics of organic compounds. In the nanocluster domain, these in-
dices naturally encode both size and connectivity, making them promising
descriptors for cluster energetics and electronic behavior [27]. Building
on this concept, in [1] it was demonstrated that four distance-based in-
dices (specifically, the Wiener, hyper-Wiener, second-order connectivity,
and Szeged measures) could reliably model a variety of electronic proper-
ties of ZnS clusters, thereby validating the extension of graph-theoretic
tools to nanoscale systems.

In this work, we propose more accurate models for predicting ZnS
cluster properties based on a graph-theoretic approach and, alternatively,
on cluster size n alone. The paper is organized as follows. In Section
2, we introduce the four selected topological indices (the Wiener index
(W), hyper-Wiener index (WW), second-order connectivity index (>X),
and Szeged index (Sz)), together with the five target properties (binding
energy per ZnS unit, mean static dipole polarizability, HOMO-LUMO
gap, vertical ionization potential, and chemical hardness). Section 3 de-
velops and evaluates several numerical modeling approaches that use these
indices and the cluster size n to predict ZnS nanocluster properties. We
compare each model’s performance against the original power-law fits of

Mohajeri et al. [1] to identify the most accurate and robust predictors.
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2 'Topological descriptors and cluster prop-

erties

Graph-based topological indices have long been employed as molecular
descriptors that link structural features to physicochemical and biological
properties. To date, over a thousand distinct topological indices have been
introduced in the literature [3-9]. In this study, however, we restrict our
focus to four key indices (Wiener, hyper-Wiener, second-order connectiv-
ity, and Szeged) for the purpose of property estimation. Throughout this
section, G denotes a simple, undirected molecular graph.

The Wiener index (W) is a foundational topological descriptor intro-
duced by Harry Wiener in 1947. It quantifies molecular structure by sum-
ming the shortest-path distances between all pairs of vertices in a molecular

graph. Formally, it is expressed as

W(G) = Z d(U‘?U)v

{uv}CV(G)

where V(G) represents the set of its vertices, and d(u,v) is the shortest-
path distance between vertices u and v. A higher Wiener index typically
indicates a molecule with a more extended or branched structure [10,11].

Milan Randi¢ extended the concept of the Wiener index by introducing
the hyper-Wiener index (WW), which incorporates not only the shortest-
path distances but also their squares, thereby emphasizing the influence
of long-range vertex separations within a graph [12,13]. This enhanced

sensitivity to structural variation is captured mathematically as

WWG) =5 S (o) + ([ 0)).
{u,v}CV(G)

The second-order connectivity index, denoted as 2X, quantifies the
branching of G by summing over all induced Ps subgraphs (also called
2-paths). An induced P3 subgraph on three distinct vertices {u,v,w} C
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V(G) is one in which wv and vw are edges in G, and u # w. Formally,

1
SICENp e —
{u,v,w}CV(G) d(u)d(v)d(w)

uv, vwe E(G)

where d(u) represents the degree of vertex w in G and E(G) is the edge
set of the graph. This topological descriptor is a specific instance of the
general m-connectivity index [14-16].

The Szeged index (Sz) extends the concept of the Wiener index by
accounting for how vertices are distributed with respect to each edge in
the graph. For each edge e = wwv, the values n,(e) and n,(e) represent
the number of vertices that are closer to vertex u than to v, and vice

versa [11,17,18]. The index is given by

Sa(G) = Y mule) mule).

e=uveE(G)

In [1], these four topological indices were calculated for each (ZnS),
nanocluster graph. As structure-based descriptors, they encapsulate essen-
tial information about molecular geometry and connectivity while bypass-
ing the need for explicit atomic-level details. This abstraction makes them
particularly effective for predicting various physicochemical properties of
nanoclusters.

The average binding energy per Zn.S unit, BE(n), provides a measure
of cluster stability and is defined as

nE(ZnS) — E((ZnS),)

3

BE(n) = -
where E((ZnS),) is the total electronic energy of the n-unit cluster and
E(ZnS) is the energy of a single ZnS monomer. In practice, both quan-
tities are obtained from electronic-structure calculations, such as density
functional theory. Physically, a larger BE(n) indicates that each Zn.S pair
is more strongly bound within the cluster. Chemically, BE(n) is analogous
to the cohesive energy per formula unit, representing the energy required

to dissociate the cluster into isolated monomers. As such, BE(n) serves
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as a direct indicator of the cluster’s resistance to fragmentation [1,25].

The static dipole polarizability < « > quantifies the extent to which a
cluster’s electron cloud deforms in response to a uniform external electric
field. It is given by the average of the diagonal elements of the polarizability
tensor:

1
<a>= §(a” + ayy + zz),

where «a;; are the tensor’s principal components. In practice, < a > is
computed using finite-field or linear-response techniques within electronic-
structure methods. Physically, a larger value of < « > signifies a more
easily deformable electron density, which has implications for intermolec-
ular interactions, optical properties, and chemical reactivity [19].

The HOMO-LUMO gap (A) is defined as the energy difference between
the highest occupied and lowest unoccupied molecular orbitals of the neu-
tral cluster, evaluated at its ground-state geometry. In Kohn-Sham density
functional theory, A is most often approximated by the difference in Kohn-
Sham orbital energies ey o —emomo- Alternatively, it can be obtained
from total-energy differences via A = E(N + 1) + E(N — 1) — 2E(N),
although this is less common in practice. The magnitude of A serves as
a primary indicator of electronic behavior: a large gap is characteristic of
insulating, chemically inert systems, whereas a small gap signals metallic
or highly reactive character. Physically, A corresponds to the onset of
optical absorption and thus influences the color and photophysical proper-
ties of the cluster, and it also enters directly into the definition of chemical
hardness [20, 21,23, 24].

The vertical ionization potential (VIP or simply IP) is the energy
required to remove an electron from the neutral cluster without allowing

its geometry to relax. It is defined as
VIP = E* — E°,

where E1 and E° are the total energies of the cationic and neutral species,
respectively, both evaluated at the geometry of the neutral cluster. VIP
quantifies how strongly electrons are bound within the cluster—a larger

VIP implies more tightly held electrons. It can also be interpreted as
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a measure of the cluster’s tendency to lose a valence electron, and thus
reflects its electronic stability [1,21].

In density-functional theory, the chemical hardness 7 is rigorously de-
fined as half the second derivative of the ground-state energy E with re-
spect to electron number N at constant geometry. In practical applica-

tions, 7 is approximated by the finite-difference expression
1
N~ §(VIP — FEA),

where VIP and EA denote the vertical ionization potential and electron
affinity, respectively. Chemical hardness measures the resistance of a sys-
tem’s electron density to deformation: a hard species (large 1) is reluctant
to undergo charge transfer and tends to be chemically inert, whereas a soft
species (small 1) is more polarizable and reactive. This concept forms the
basis of the hard-soft acid-base (HSAB) principle [20-22].

3 Predictive numerical models and interpre-

tation of the results

In [1], the authors calculated four distance-based topological indices for
(ZnS), clusters (n = 3,...,10) and computed five key electronic proper-
ties using DFT at the B3LYP/6-31+G(d) level. To extend their structural
analysis to larger clusters (n = 11,...,15), they invoked Euler’s theorem
(linking the number of faces, edges, and vertices in any simple closed poly-
hedron) to construct plausible cage graphs and calculate the corresponding
indices.

The full dataset of topological descriptors and electronic properties
appears in Table 1. For vertical ionization potentials and HOMO-LUMO
gaps covering n = 3,...,15, we adopt the results of Burnin et al. [2],
summarized in Table lc.

Mohajeri et al. [1] established power-law regressions of the form

y=aTlI’ (1)
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Table 1. Topological indices and electronic properties for (ZnS)y

(a) Topological indices for (b) Electronic  properties (c) Electronic  properties
(ZnS)yn clusters with for (ZnS), clusters for (ZnS), clusters
n=3,...,15 with n = 3,...,10 with n = 3,...,15

n W  WW Sz 2X n <a> (A% V) BE®)(eV) n  VIP(eV) Af(eV)
3 27 42 30 2121 319733 3750 2860 3 8.86 419
4 64 120 144 2.828 : ?ﬁz’f ;2"1 ;8:? 4 8.53 4.49
125 275 320 3535 5o 3 3.65 3.084 5
S i am o w0 oom 0 W amm o aw VR
7 43258 3281 3.191 - -
7 215 380 1384  8.083 S 10001 a5 3310 7 8.46 3.82
8 304 608 1872 9.238 9 54.636 3.255 3.403 8 8.40 4.06
9 411 858 3318 10.392 10 61.285 3.175 3.410 9 8.38 4.16
10 536 1151 4758  11.547 10 8.26 4.04
11 685 1529 5814  12.702 11 8.29 4.17
12 864 2526 8712 13.856 12 8.47 4.52
13 1050 2033 10594 15.011 13 8.25 4.19
14 1268 3132 13486 16.166 14 8.27 4.23
15 1515 3879 16328 17.321 15 8.29 4.41

Table 2. Coefficients a and exponents b for each property-index pair
withn=3,...,10

w WW Sz 2X
a b a b a b a b

<a>Y3 17711 0127 1.7893 0.112 2.4260 0.187 2.0947 0.073
BE(n) 2.3554  0.060 2.3732  0.052 2.7254  0.089 2.5448 0.034
n/n 6.3397 -0.476 2.4566 -0.173 2.0386 -0.728 3.4559 -0.278
VIP~!/n 0.1442 -0.394 0.0554 -0.170 0.0557 -0.597 0.0866 -0.229
A~l/n 02829 -0.385 0.2786  -0.342 0.1071  -0.560 0.1686 -0.221

TI

linking various cluster properties (specifically, the cube root of the mean
polarizability (< a >!/3), the binding energy per ZnS unit (BE(n)),
the chemical hardness per unit (n/n), the inverse vertical ionization po-
tential per unit (VIP~!/n), and the inverse HOMO-LUMO gap per unit
(A~1/n)) to each topological index (T'I). The coefficients a and exponents
b for each property-index pair are listed in Table 2.

By applying a log-space transformation, they demonstrated strong cor-
relations between the topological indices and cluster properties, and their
power-law regressions provided good fits for (ZnS),, clusters. However, we
can introduce alternative modeling approaches that achieve higher accu-
racy and reliably predict trends as cluster size increases.

In this section, we assess several alternative models (developed through
numerical methods) to identify functional relationships that more reliably

predict cluster properties from both topological indices and cluster size n.
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Our analysis is based on the data compiled in Table 1, represented as the
set {(T'IL;,y;)}icr. Here, TI; denotes the i*" topological index (selected
from the Wiener, hyper-Wiener, second-order connectivity, or Szeged de-
scriptors) or, in some cases, the cluster size n. The corresponding y; rep-
resents the i*" property, chosen from < a >'/3, BE(n), n/n, VIP~!/n,
or A=l/n.

We construct models using the dataset and evaluate their performance
based on Mean Absolute Error (MAE), in order to determine which model
most accurately estimates and predicts the properties of (Zn.S),, nanoclus-

ters from their topological indices or from the cluster size n.

3.1 Prediction by extrapolation

In this framework, we begin by fitting extrapolation-based models to the
subset indexed by I.;trq, in order to derive candidate predictive functions.
Let I..¢rq denote the index set of cluster sizes used for extrapolation,

defined separately for each group of target properties as follows:

1. For < a >3 n/n, and BE(n), we set
Iextra - {3, ey 9}
2. For VIP~!/n and A~ /n, we set

Iextra = {3, ey ].0}

Each model is then evaluated on the full dataset using Mean Absolute
Error (MAE) to assess its accuracy relative to the power-law regressions
proposed by [1]. Ounly the top-performing extrapolation methods (those
yielding the lowest error values) are presented in detail. Additionally, we
model each property directly as a function of n, enabling trend estimation
without the added complexity of computing topological indices. We also
describe the mathematical foundations of these extrapolation techniques

and provide illustrative implementations using Python’s SciPy library.
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3.1.1 Piecewise linear and piecewise exponential

A piecewise linear model approximates the target function by connecting
each adjacent pair of points with a straight segment and extending the
end segments beyond the data range. Given ordered topological indices
{(TL,y:)}¥,, where TI; < --- < TIy.

Fori=1,...,N — 1, we define

Y2 — Y1 .
—— (TI-TI fTI<TI
yl+TIg—T11( 1), 1 < 1,
Yi+1 — Yi .
= i+ ————(TI-TI;), fTI € [TI;, TI;4],
f(TI) Y +Tli+1—TI,»( ) i € +1]
YN —YN-1 .
—— (TI -T1I fTI>TIy.
yN+TIN—TIN,1( N), i >TlIy

A piecewise exponential model fits an exponential curve to each adja-
cent pair of data points and extends those curves beyond the endpoints for
extrapolation. Specifically, for each interval [T'I;, T1;11] with correspond-
ing values (T'I;,y;) and (TI;1+1,yi+1), we define

f(TI) =y;exp(\(TI -TIL)), TI€[TI;,TI4],
and enforce the boundary conditions
f(TL) =y, f(Tlit1) = yisa.
Solving these yields the local rate parameter

1 Yit1
)\i - 1 ’
Tl — 11, n( Vi )

which requires y; > 0 and y;411 > 0. For extrapolation, the same formula

is applied to the first and last segments, giving the full definition:

Y1 exp()\l(TI — le))a TI § TIl,
F(TT) = § yiexp(\(TT = TL)), TI € [T1;, TIitq],
YN exp()\N_l(TI — TIN>), TI Z T’IN7

for - = 1,...,N — 1. Here, each \; governs the exponential growth or
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decay rate on its interval: ); > 0 produces an increasing curve, while

Ai < 0 yields a decreasing curve, ensuring both continuity and a locally

exponential behavior.

® Extra
® Restofdata
— aTl*b

Piecewise Exponential
—— Piecewise Linear

Delta™ {-1}/n

o Extra
® Restof data
— aTl"b
Piecewise Exponential
—— Piecewise Linear

0 2000 4000 6000 8000 10000 12000 14000 16000

Szeged Descriptors Index

2 4 6 8 10 12 14 16 18

Second-Order Connectivity Index

o Exra
® Restofdata
— aTib

Piecewise Exponential
— Piecewise Linear

o Exra
® Restofdata
— aT"b

Piecewise Exponential
— Piecewise Linear

Delta”{-1}/n

1000 1500 2000 2500 1000 1200 1400

Hyper-Wiener Index

3000 3500 4000 0 200 400 600 800

Wiener Index

o Extra

® Restof data

—— Piecewise Exponential
Piecewise Linear

Delta~{-1}/n

Figure 1. Comparison of piecewise linear and piecewise exponential
extrapolations against power-law model for A~ /n. The five
panels display results for the four topological indices and the
direct n-based trend.

We apply both piecewise linear and piecewise exponential extrapola-
tions to the data specified by I..¢rq, using interpld from SciPy’s inter-
polate module. The resulting MAE values, together with those from the
model proposed by [1] (with parameters a and b listed in Table 2), are
presented in Table 3, which also includes the MAE for the direct size-
based model. These results demonstrate that the piecewise approaches
offer strong alternatives to the power-law regressions and are capable of
estimating properties using only the cluster size n. As an example, Fig-
ure 1 illustrates the extrapolated trends in comparison with the regression

predictions for A= /n.

3.1.2 Radial basis function

Radial Basis Function (RBF) extrapolation is a powerful numerical method

used to approximate multivariate functions based on scattered data. Given
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Table 3. Computed MAE for the piecewise linear model (Epy,), piece-
wise exponential model (Epg), and power-law model (Ejy)

w WWwW Sz 2x n
Ey Ep,  Epp Ey Epr.  Epp Ey Ep.  Epp Ey Ep,  Epp Ep.  Epp
VIP~'/n  0.0005 0.0008 0.0003 0.0047  0.0011  0.0005 0.0009  0.0008  0.0004 0.0015  0.0002  0.0001 0.0002  0.0001
A~'/n 0.0011 0.0010 0.0004 0.0016  0.0014  0.0006 0.0027  0.0011  0.0005 0.0051  0.0003  0.0006 0.0003  0.0006
<a>Y% 00092 0.0010 0.0018 0.0512  0.0011  0.0019 0.0409  0.0019  0.0013 0.0899  0.0018  0.0012 0.0018  0.0012
BE(n)  0.0310 0.0083 0.0085 0.0427  0.0084  0.0085 0.0309  0.0070  0.0071 0.0479  0.0070  0.0072 0.0070  0.0071
n/n 0.0347  0.0020  0.0010 0.3088  0.0021  0.0010 0.0286  0.0009  0.0001 0.0392  0.0009  0.0001 0.0009  0.0001

TI

data points {(T'I;,y;)}¥,, the RBF model takes the form
N
FID) = wi(r), r=|TI-TIL]|,
i=1

where w; € R are weights to be determined, ®(r) is a radial basis function
depending only on the distance r. In this study, we focus on two common

kernels:

1. Multiquadric

2. Inverse Multiquadric

where € > 0 is a shape parameter that can be tuned for optimal predictive
performance.

We require that
f(TIl):yZ, i:17...,N,

which yields the linear system
N
ZU%CI)OTIJ—TIZ |):y]7 ]:1,,N
i=1

In matrix form, this becomes Qw = y, where Q;; = ®(| TI;, — T, |),
w = (wg,...,wy)T, and y = (y1,...,yn)?. Solving the linear system

Quw = y yields the weights w. Once the weights w; are computed, the
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function f(7TI) can be evaluated for any T'I (inside or outside the range),

thereby enabling extrapolation beyond the original data domain.

o Extra ® Extra
@ Restof data ® Restofdata
0.06 —— Inverse Multiquadric — Inverse Multiquadric

Delta”{-1}/n

2 4 6 8 10 12 14 16 18 2 4 6 8 10 12 14 16 18
Second-Order Connectivity Index ‘Second-Order Connectivity Index

® Extra o Extra
® Restofdata 501 ® Restofdata
— Multiquadric — Multiquadric

2 4 6 8 10 12 14 16 18 2 4 6 8 10 12 14 16 18
Second-Order Connectivty Index Second-Order Connectivity Index

12 o Extra
® Restofdata
— Inverse Multiquadric

10
Second-Order Connectivity Index

Figure 2. RBF models (multiquadric or inverse multiquadric) for pre-
dicting properties using the second-order connectivity index

We implement RBF extrapolation on the data specified by I..t, using
SciPy’s RBF class. Selecting an appropriate shape parameter ¢ is crucial
for performance. For instance, setting € = 2.3 when extrapolating prop-
erties based on the second-order connectivity index yields an excellent fit,
as illustrated in Figure 2.

Moreover, our results show that RBF extrapolation with the same ¢ =
2.3, applied directly to cluster size n, also performs effectively (Figure 3).
The corresponding MAE values for the n-based RBF model are provided
in Table 4.

3.2 Prediction by curve fitting

The power-law model proposed by [1] generally performs good; however,
in some cases, the provided coeflicient a and exponent b lead to increased
error and reduced accuracy. To address this issue, we re-estimated the
parameters a and b using a curve fitting approach.

They used data for n = 3,...,10 in their model. We applied the curve



Delta~{-1}/n

0.02

<Alpha>~{(1/3}

fitting approach over the same range and observed improved accuracy. Mo-
tivated by this, we aimed to develop a more general predictive model and
therefore performed curve fitting on the entire dataset, since the original
model shows its performance in prediction. We also found that a power-

law relationship holds for cluster size n, so we estimated the corresponding

® Extra
® Restofdata
— Inverse Multiquadric

VIPA {1}/

® Extra
@ Restof data
— Inverse Multiquadric

4 6 8 10 12 1

4 6 8 10 12 14

o Extra
® Restof data
— Multiquadric

o Extra
® Restof data

.54 — Multiquadric

o Exra
® Restofdata
— Inverse Multiquadric

Figure 3.

RBF models (multiquadric or inverse multiquadric) for pre-

dicting properties based on cluster size n

Table 4. Computed MAE for the RBF multiquadratic model
(FrBrym) and the RBF inverse multiquadratic model
(ErBFIM)

TI "
Erprv ErBrRIM
<a>Y3 0.0188 -
BE(n) 0.0002 -
n/n - 0.0012
VIP'/n — 0.0002
A=Y /n — 0.0003

parameters a and b.

Given data {(TI;,y:)} Y,

the power-law model can be linearized by
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taking natural logarithms:
In(y;) = In(a) + bIn(T'L;) + &,
where ¢; denotes the residual error. Let
u; = In(T), v;=I(y;), «a=In(a).

We then solve the least squares problem

N
min Y (v; — (a + buy))>.

a,b 4
i=1

The optimal parameters have closed-form solutions:

N
> (ui — @) (v; — v)
b= . a=17v—bi,
Z(Ui—ﬂ)z

where @ and ¥ are the sample means of {u;} and {v;}, respectively, and

a = exp(a).

R ® Data

008 o bae
t — 2t — a7
| aTI"b (Curve Fitting) 0.03 aTI"b (Curve Fitting)
e

o 2000 4000 6000 8000 10000 12000 14000 16000 2 a 5 10 12 14 16 18
Szeged Descriptors Index ‘Second-Order Connectivity Index
~ 0.04
® Data @ * Data
— aTp

a TI~b(Curve Fitting)

o o
g
0%
’
0
g7
VIPA{-1}in
-
P
[
v
]

. .
0.01 - - - - 0.01 —— -
o 500 1000 1500 2000 2500 3000 3500 4000 ) 200 a00 600 800 1000 1200 1400
Hyper-Wiener Index Wiener Index
* Data

— aTI™b(Curve Fitting)

Figure 4. Comparison of curve fitting model against power-law model
for VIP~1/n. The five panels display results for the four
topological indices and the direct n-based trend.
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The estimated parameters for both the topological indices and the clus-
ter size n are provided in Table 5, and their corresponding MAE values,
compared to the original model, are listed in Table 6. As an illustra-
tive example, Figure 4 compares the two power-law models for VIP~!/n,
highlighting the improvement achieved by the curve-fitting approach.

Table 5. Coefficients a and exponents b of curve-fitted power-law model
for (ZnS)n clusters with n =3,...,15

w ww Sz 2X n
a b a b a b a b a b

<a>Y3 17711 0.1269 1.7763  0.1131 2.0946  0.0731 2.4262  0.1872 1.9560  0.3026
BE(n) 2.3532  0.0597 2.3426  0.0543 2.5428  0.0346 2.7237  0.0891 2.4628  0.1430
n/n 6.3374 -0.4757 6.4315 -0.4288 3.4548 -0.2776 2.0379 -0.7279 4.4794 -1.1489
VIP™'/n  0.1455 -0.3965 0.1402  -0.3482 0.0989 -0.2527 0.0636 -0.6928 0.1106  -0.9677
AY/n 0.3203  -0.4127 0.3071  -0.3618 0.2105 -0.2607 0.1306 -0.7043 0.2380 -1.0012

TI

Table 6. Computed MAE for power-law model (Fj;) and the curve-
fitted power-law model (Ecr)

7 T 2
I w WW Sz X n
En Ecr Eyn Ecr En Ecr En Ecr Ecr
VIp-! /n 0.0005  0.0005 0.0047  0.0005 0.0009  0.0008 0.0015 0.0011 0.0001

A~Y/n 0.0011  0.0009 0.0016  0.0011 0.0027  0.0025 0.0051  0.0039 0.0015
<a>Y3 00092 0.0093 0.0512  0.0336 0.0409  0.0402 0.0899  0.0899 0.0257
BE(n) 0.0310  0.0311 0.0427  0.0189 0.0309  0.0285 0.0479  0.0483 0.0283
n/n 0.0347  0.0349 0.3088  0.0271 0.0286  0.0285 0.0392  0.0392 0.0109

4 Conclusions

We examined four graph-based topological indices and five key electronic
properties of ZnS nanoclusters. Subsequently, we proposed and evaluated
several numerical models, including re-parameterized power-law regres-
sions, piecewise and radial basis function extrapolations. These models
outperformed the original power-law model in predicting and estimating
cluster properties. To reduce computational cost, we also developed mod-
els based solely on cluster size n, eliminating the need for topological in-
dex calculations. For instance, we demonstrated that a simple power-law
model based on n reliably reproduces target properties with minimal com-

putational overhead. Overall, our results indicate that these numerical
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approaches offer efficient and accurate alternatives for estimating and pre-

dicting Zn.S cluster properties.
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