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Abstract

In this paper a computationally efficient solution is proposed
for the reachable sequence computation problem in the context of
sub and superconservative discrete state Chemical Reaction Net-
work (CRN) subclasses. It is shown that a minimal-length reachable
state transition sequence and reaction vector sequence can be deter-
mined in polynomial time, assuming that the reachability relation
holds. A constructive proof is provided in which a computational
procedure is composed to find a reachable state transition sequence,
provided a pair of initial and target states. In the studied subclasses
of discrete state CRNSs it is known that the reachability problem — as
a decision problem — can be decided in polynomial time by solving
a Linear Program formulated by means of the CRN state equation.
Leveraging the LP relaxation, the constructed procedure formulates
the computational problem of feasible sequence calculation by iter-
atively solving Linear Programs related to the decision problem of
CRN reachability.
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1 Introduction

Formal models of Chemical Reaction Networks (CRNs) serve as a funda-
mental mathematical framework for modeling and analyzing the dynamic
behavior and structural properties of a diverse range of networked systems,
including classical chemical and biochemical processes, gene regulatory
networks, protein-protein interactions, population dynamics, epidemiolog-
ical systems and synthetic biological circuits [1-3,18,20]. In scenarios
where the interacting species are assumed to be well-mixed and present
in large molecular counts in the environment, their dynamical behavior
can be modeled using Ordinary Differential Equations (ODEs) of continu-
ous variables [2,3]. These continuous-state models can effectively capture
the dynamical behavior of homogeneous systems; however, they are often
inadequate when the molecular counts are low (e.g. in the order of mag-
nitude of 100 molecules per species). Under such conditions, stochastic
effects become significant, necessitating the use of discrete-state models to
accurately describe the dynamics [4,11]. The formal mathematical model
of these discrete-state systems is referred to as discrete Chemical Reaction
Networks (d-CRNs).

The relationship between the structural properties and dynamical be-
havior of CRNs is a commonly studied field of mathematical and com-
putational chemistry. In the case of continuous-state CRNs, it is proven
that the same set of ODEs might be realized by structurally different reac-
tion networks [7,8]. The structural non-uniqueness implies that identical
dynamical behavior can emerge from different interaction topologies. In
the case of d-CRNs, reachability plays an important role in the analysis
of qualitative behavior. Provided a pair of initial and target states, the
reachability problem determines whether the target state can be reached
from the given initial state via a finite sequence of reactions (state transi-
tions) [13,14]. The reachability relation is determined by the stoichiometry
and the reaction network structure and is independent of the specific reac-
tion rates (propensities) in the integro-differential equations governing the
discrete system’s dynamics. The reachability analysis provides a founda-

tion for investigating system dynamics, including the study of extinction
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events where the count of a particular species irreversibly drops to zero.
Extinction events are proven to be determined by the structural properties
of the underlying network [9,10, 14].

The reachability problem also has significant implications for the de-
sign and implementation of synthetic biological circuits. In particular,
the gate implementability problem, which seeks to construct reaction net-
works capable of realizing specific logical functions, can be reformulated
as a reachability problem [16]. This reformulation enables the system-
atic design of d-CRNs that emulate Boolean logic gates through carefully
engineered chemical reactions.

A central focus in the analysis of d-CRN reachability is the computa-
tion of reachable sequences, which returns a specific sequence of reactions
driving the d-CRN from a prescribed initial state to the target. These
computations are essential for elucidating certain dynamic behaviors, such
as extinction, and have practical applications in the design of synthetic
biological systems [17]. For instance, identifying reachable sequences of
minimum length enables the prediction and control of state transitions,
which is critical for ensuring robustness in synthetic circuits.

In this paper the reachability problem of d-CRNs is studied. We pro-
vide a computational procedure based on which a minimum length reach-
able state transition sequence can be computed. Provided a pair of initial
and target states, it is shown that a reachable state transition sequence
of minimum length can be determined in polynomial time in the studied
subclasses of d-CRNs. The constructed computational procedure provides
theoretical guarantee for reachable sequence computation in well-defined

sub-classes of sub-and superconservative reaction network structures.

2 Preliminaries

2.1 Mathematical notations

This section summarizes the formal mathematical notations used in the

paper.



the set of real numbers,

the set of integer numbers,

the set of natural numbers including 0,

empty set,

the set of non-negative k-dimensional from the set P,
the set of matrices from a set A of n rows and m columns,
the transpose of the matrix A,

a vector of dimension [ with ones at each entry,

a matrix of dimension (I x k) with zero entries,

the entry of M with row index ¢ and column index j,
element-wise comparison of the vectors X and Y,
concatenation operator,

command that terminates a loop at any iteration

Table 1. Mathematical Notations

2.2 Discrete state chemical reaction networks

This section discusses the mathematical preliminaries and formal defini-

tions with respect to discrete state Chemical Reaction Networks. Defini-

tions and notations follow our previous work with respect to the study

of the reachability decision problem in sub-and superconservative d-CRNs

[13,14].

Definition 1. [13,14] A Chemical Reaction Network on a discrete state
space (d-CRN) of [ reactions, m complexes and n species is defined by
triplet V' = (S,C, R).

S defines the set of species:

3:{5i|i:1,...n}. (1)

C defines the set of complexes:

n

C:{yjzzaji8i|8i68, OéjiEZZO, 1=1,...n, j:lm} (2)

i=1

R gives the set of reactions:
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R = {Tk: = Ysource(ry) 7 Yproduct(ry,) | Ysource(ry)s Yproduct(ry) € C, k= 17 ol

(3)

In the sequel we assume a fixed ordering of the species, complexes and
reaction.

The integer oj; encodes the stoichiometric coefficient of the species
s; € S in the complex ¢; € C.

For any reaction r € R, we introduce the notation r = ysource(r) —
Yproduct(r) Where Ysource(r) and Yproduct(r) denote the source complex and
the product complex, respectively.

For the complex y; € C j =1, ... m, we employ the following vector

representation:

yj = [Oéjl Oljz e Oéjn ]T. (4.)

Leveraging the above notation, the reaction vector r;; € Z%, represen-

tation is used for each r € R as follow:

Tijg = Y5~ Yss (5)

with ¢; € C and y; € C. Throughout the paper we employ 7 to denote
both the £’th reaction of R and its reaction vector representation.

A d-CRN N can be equivalently represented as a directed graph G =
Gn(V,E), where the vertices correspond to the complexes, and the di-
rected edges represent the reactions. In this representation, edges originate
from the source complex and terminate at the product complex of the cor-
responding reaction. Formally, for a d-CRN N = (S,C,R), the reaction
graph is defined as Gy = Gar(V, E), where V = C and E = R. Further-
more, for each reaction 7 € R, expressed as r = y; — y;, there exists a
unique edge e € F such that e originates from the vertex corresponding to
y; and points to the vertex associated with y;.

Throughout the paper the terms structure and topology are used in-
terchangeably to refer to the reaction network graph G of a d-CRN N.
Note that G = G is unique with respect to a reaction network N.
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We assume that there is no loop reaction in G, that is there is no
r € R for which y = ¢ — ¢ for some ¢ € C. In addition, isolated complexes
are not allowed, that is there is no complex y € C for which there is no
reaction r € R with y = source(r) or y = target(r).

Now we introduce the tools and mathematical framework for the alge-

braic representation of d-CRNs.

Definition 2. [13,14] For a d-CRN N = (S,C,R) the stoichiometric

matrix Ty € Z™* is defined as follows:

Ty=[r172 ... 1. (6)

In addition, We use the notation Fj(/ as follows:

Iy =, - 7, (7)

where y,fk denotes the vector representation of the product complex of
the reaction 7, [ ]; is the stoichiometric coefficient of the s;.

Equivalently, I'y, is used as follows:

Iy =00 - ¥l (8)

where 7, is the vector representation of the source complex of r, € R.

Then for any A the following matrix equation holds

Ly =T} —Ty. 9)

Note that the stoichiometric matrix encodes the net species count
change in teh reactions, in particular, [I'];; determines the net species

count change of s; € S in the reaction r; € R.

Definition 3. [13,14] For a d-CRN WV, the state vector X € ZY, is defined
so that [X]; denotes the molecular multiplicity (count) of the ith species

in state X, formally:

[X]i:Si‘}ZZm fori=1, ... n, s €8. (10)
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Now we introduce the state equation of d-CRNs which is used to al-
gebraically describe the state transitions or equivalently the firing of the

reactions.

Definition 4. [13,14] Let us consider a state vector Xo € Z%, the state

transitions of the d-CRN are governed by the discrete state equation:

X/:X0+FNC, (11)

where X’ € Z% is a state vector and ¢ € leo encodes the occurrences
of the reactions along a state transition sequence from X to X’. Formally,
[c]x encodes the number of times the k’th reaction fired along a state

transition sequence from X, to X’.

Definition 5. [13,14] Let us consider a d-CRN N = (§,C, R) of n species,

m complexes and [ reactions.

1. A complex y € C is said to be charged at a state X € Z%, if X = 7,
where 7 is the vector representation of y. A reaction r € R is said

to be charged at a state X if its source complex is charged.

2. A reaction vector sequence o, is an ordered set of reactions o, =
Tur(l) «-- Tug(v) With v € Z>1 and vz is an index function mapping
the index k£ € N to the index of the respective reaction, given a fixed

ordering of the reactions in R.

3. A state X; € Z2, reacts to the state Xy € Z%, with respect to N,
if there exists a reaction 7 € R so that X; 4+ = X5. The following
notation is employed: X; —ar Xo.

4. A state (transition) sequence ox is an ordered sequence of states
ox =X1... Xy withv € Z>; sothat X; = X, fori=1, ... v—1.

5. Consider two states, Xy, X' € Z2,. We say that X’ can be reached
(reachable) from the state X (XO_ ~nr X'), if there exists a sequence
states ox = X, (1y... Xy for which X,y = Xo, X,y = X’ and
forall X € ox, X = 0".
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6. Consider two states, Xo, X' € Z%,. It is said that the state X' is
coverable from the state Xy, if there exists a state X e VA for which

the reachability relation holds Xy ~»as X and the following relation
is satisfied X’ = X.

7. A species s € S is said to be a catalyzer with respect to a reaction

reRifr=s+s — s+ so for some s1, s €S, 51 # So.

For a transition sequence ox = Xg... X,, Xp is called the initial state,
X, = X' is the target state and X; for i = 1,...v — 1 are called transition
states. A state transition sequence oy is called admissible if X > 0™ for
all X € ox. The definition of reachability is restricted to admissible state

transition sequences.

Let us consider a d-CRN N = (§,C,R) and a pair of states X, X' €
2% The reachability relation Xo ~n X " requires the following necessary

condition:

Xo+Tye=X', ceZi,. (12)

That is the existence of a non-negative integer ¢ € Zl>0 to the state
equation is a necessary condition to the reachability relati(:n.

However, the existence of such a non-negative integer solution ¢ does
not, in general, guarantee that the reachability relation holds [15].

In this work, we utilize results on d-CRN reachability obtained for
specific subclasses of reaction network structures (topologies). For these
subclasses, the reachability problem, formulated as a decision problem,
has been shown to be equivalent to the existence of a non-negative integer
solution to the d-CRN state equation [13,14].

Next we introduce the definitions of sub-and superconservativity.

Definition 6. [13,14] Let us consider a d-CRN N = (S,C,R) with 'y €
Z"*!. N is said to be subconservative (superconservative), if there exists
z € RL, for which 2 TTy < 0M¢! (27T > 01%0).

Definition 7. [13,14] Let us consider a d-CRN N = (S,C,R) with Ty €
Z"*'. N is called superconservative, if there exists a vector z € Rl>0 for
which 2 T\ > 0%,
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Definition 8. [13,14] A d-CRN N = (S,C,R), with a stoichiometric
matrix Ty € Z™*, is defined as conservative if there exists a vector z €
RL , such that the condition

ZTF_/\[ _ 01><l
is satisfied.

In the contexts subconservativity, superconservaitvity and conservativ-
ity, the vector z is called conservation vector.

Subconservativity and superconservativity are topological (structural)
properties of discrete-state chemical reaction networks, they are deter-
mined by the reaction vectors that constitute the stoichiometric matrix.
The subclass of conservative network structures (topologies) within d-
CRNs represents a special case of sub- and superconservativity. In these
networks, for any initial state X € Z%, all reachable states lie within an

at most (n — 1)-dimensional hyperplane.

Example 1. Two d-CRNs with sub-and superconservative property are
depicted in Figure 1. Sub-and superconservative networks can be trans-
formed to each other by reversing the signs of the entries in their stoichio-
metric matrices. By changing the signs of the entries in a stoichiometric
matrix one can revere the direction of the reactions in a reaction network

graph Gur.

In the sequel, we make use of the definition of totally unimodular ma-
trices [19]:

Definition 9. [13,14] A matrix A is totally unimodular if each sub-
determinant of A is 0, +1, or —1.

We note that in a totally unimodular matrix all the entries are 0 or
+1.

Totally unimodular matrices has particular importance in mathemati-
cal optimization. Let us consider an Integer Linear Program (ILP) of the

form:
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-1 0 O

0o 0 O
I'n=|(-1 0 0
1 -1 -1

1 0

1 0 0

0o 0 0
=11 0 0
-1 1 1

0 -1 0

(b)

Figure 1. A pair of a sub-and superconservative d-CRNs. The reaction
network graphs can be transformed to each other by revers-
ing the signs of the entries of the stoichiometric matrix. a)
subconservative d-CRN. b) superconservative d-CRN.

min, {a "z}

subject to
ILP (13)
Ax <b

T €L

It is known that if the coefficient matrix A in Eq. (13) is totally uni-
modular and b is an integer vector, then by relaxing the integer constraint
on the decision variable vector x, the resulting linear program provides
optimal solution for the ILP [19].

The following proposition provides condition on the coefficient matrix

to be totally unimodular:

Proposition 1. A matrixz A is totally unimodular, if there are no more
than two non-zero entries in each column and the rows can be partitioned

mto two sets 11 and ly so that:

1. if a column has two non-zero entries with the same sign, then they

are in different partitions, l; and ls;
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2. if a column has two non-zero entries of different signs, then they are

in the same partition, either l1 or ls.

If A € ZF*P is a totally unimodular matrix and I € ZP*P is an identity
matrix, then it can be easily shown that the following block matrix is

totally unimodular:

(14)

3 Overview of d-CRN reachability

In this section we review the relevant d-CRN reachability results from the
scientific literature. In general, the d-CRN reachability problem is NP-
hard and may require additional conditions to solve. As shown in [13,14],
for d-CRNs with stoichiometric matrices satisfying total unimodularity,
the NP-hard reachability decision problem can be transformed into an LP
feasibility problem. This transformation hinges on the structural proper-

ties of the reaction network, particularly when:

1. Each reaction modifies at most one species.
2. The reaction network is sub-or superconservative.

3. The stoichiometric matrix Iy contains entries only in the set {0, £1}.

In the above case, the integer feasibility of the state equation implies
actual reachability, enabling polynomial-time decision making.

The function M = M(I'") is extensively used in the next sections
[12,13]:

M) =maa{[T ]y s j=1,.. 1}, i=l..n (15

Note that for any state X € Z%,, the relation X = M(I'y,) indicates
that each r € R reaction is charged at X.

The following proposition is extensively used in the main result of the

paper.
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Proposition 2. [14] Consider a subconservative or superconservative d-
CRN N = (S,C,R) with stoichiometric matriz T'nr € {—1,0,1}"*! and
Iy € {0,1}"! and C = SU{0}. Let us assume that for each r € R,
S i <1and >, [5)i = 1. Let us consider two arbitrary states,
Xo, X" € Z%, so that Xo = M, X" = M where M = M(I'") is defined
by Eq. (15). Then the reachability relation Xo ~>n X' can be decided in

polynomial time.

Proposition 2 provides a constructive proof in which it is shown that
the polynomial relaxation makes use of the discrete state equation of the
d-CRN. Since the stoichiometric matrix of the specified sub-and supercon-
servative d-CRN subclasses are shown to be totally unimodular, it follows
that the the discrete state equation (Eq. (12)) based IP can be relaxed to

be a Linear Program.

4 Main results

This section discusses the main result of the paper. Making use of the
relaxed time complexity result for reachability analysis in Proposition 2,
we prove that the reachable sequence computation problem has polynomial
time complexity. A constructive proof is given in which a computational
procedure is discussed for reachable state transition sequence computation.

The constructed algorithm is of polynomial time complexity.

Proposition 3. Let us consider a subconservative or superconservative
d-CRN N = (S,C,R) with stoichiometric matriz T'yr € {—1,0,1}"*! and
Iy € {0,1}"*" and C = SU{0}. Let us assume that for each r € R,
i [t <1and >, [5)i = 1. Let us consider two arbitrary states,
Xo, X' € 2%, so that Xo = M, X" = M where M = M(I'") is defined by
Eq. (15). Assuming Xo ~~xn X', an admissible state transition sequence
ox = XoX1 ... X' (and reaction sequence o) can be determined in

polynomial time.

Proof. Constructive.
A constructive proof is provided in which an algorithm is composed

for computing a feasible ox state transition sequence and o, reaction se-
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quence. First a set of auxiliary procedures is introduced. Next the al-
gorithm ComputeReachableSequence is introduced for computing a
pair of feasible sequences for ox and o, so that the reachability relation
Xo ~n X' is satisfied. Finally, theoretical guarantees are provided for the
correctness of ComputeReachableSequence .

In the algorithm ComputeReachableSequence , the following sub-

procedures are employed:

DecideReachability (Xg, X', N): decides the reachability problem
of Xg ~x X'. Provided the assumptions of the Proposition with respect
to the d-CRN N, the reachability relation can be decided in polynomial
time based on the following Linear Program [13,14]:

min.{a"c}

subject to
LPDecideReachability (16)
The=X' — X,

CERZEO

Note that a € ZL is arbitrary with finite entries. In the Linear Pro-
gram of Eq. (16) ¢ denotes the vector of decision variables. The existence of
a feasible solution of the LP implies that the reachability relation Xy ~~ X'
holds for some reaction vector sequence o, and [c]; encodes the number of
occurrence of r; € Rin o, fori =1, ... [.

Since I'ps is unimodular, Proposition 2 guarantees that feasibility of
LPpecideReachability implies that the reachability relation holds and it can
be decided in polynomial time.

The procedure returns a tuple (d, 7@) where d is a boolean variable.
d = TRUE if and only if the reachability relation Xy ~»a X’ holds,
otherwise d = FALSE.

For d =TRUE, R is a multiset of the reactions so that there exists a
o, ordering of the reactions in R for which an admissible oy = Xo ... X’
state transition sequence can be realized.

For d = FALSE, R = 0.
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DecideConstReachability (X,, X/, N, R): it decides the reacha-
bility problem of Xy ~»x X', given the constraint that the multiset R
prescribes the firing reactions with their respective multiplicities. Note
that R does not prescribe the order of the reactions, but a multiset of the
reactions so that for each r € 7@, the multiplicity of r in R equals to the
number of times r fires. The procedure decides the reachability problem

by means of the following Linear Program:

min.{a"c}
subject to
LPDecideConstReachability F/\[C =X - XO (17)

Ic=¢

ceRL,

where I € Z'! is an identity matrix, and ¢ € Z' encodes the multiplic-
ities of the reactions in R, provided the fixed ordering of the reactions in

R:

. . 1T
¢ = [count(rl,R) count(ra, R) ... count(rl,R)} (18)

where count(r;, 7@) denotes the multiplicity of r; in the multiset R for
i=1, ... 1. a€Z.,is arbitrary with finite entries in the LP of Eq. (17).

The procedure returns a boolean variable d so that d = TRUF if and
only if the reachability relation Xy ~r X' is satisfied, given a constrained
set of reactions R, otherwise d = FALSE.

d =TRUFE if and only if there exists a o, ordering of the reactions in
the multiset R for which an admissible ox = Xo ... X' state transition

sequence can be realized.

The pseudo-code for computing a feasible state transition sequence o x

and reaction sequence o, can be given as follows:
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Algorithm 1 ComputeReachableSequence (X, X', V)

1 (d, 7%) < DecideReachability(Xg, X', N)
2: if d = TRUFE then

3: L+ 22:1 count(r;, R)

4: Xewrrentn < Xo

5: ox < Xo

6: Oy < @

7: fori=1 ... Ldo

8: for r € set(R) do

9: Rcandidate <~ R/T
10: Xeandidate < Xcurrent + T .
11: d + DecideConstReachability (X candidates X s N's Reandidate)
12: if d = TRUE then
13: R« Rcandidate

14: Xcurrent <~ Xcandidate

15: ox « 0x ® Xeurrent

16: Op 0, DT

17: BREAK

18: end if

19: end for
20: end for
21: return (ox,0,)
22: else
23: return () //Reachability does not hold.
24: end if

Now we prove that the procedure ComputeReachableSequence is

well defined, that is it finds an admissible state transition sequence o, =

XoX1

... X’ in polynomial time in the number of species (dimensionality

of the state space) of the d-CRN. There are 2 cases.

1. If the reachability relation does not hold, then the procedure returns

() after the execution of DecideReachability (X, X', V). The un-

reachability can be decided in polynomial time.

. If the reachability relation holds, then

DecideReachability ( Xy, X', V) returns a multiset R in polyno-
mial time. R contains the reactions firing along an admissible ox =

Xo ... X' state transition sequence. As R is a multiset, it contains
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the reactions with their respective multiplicities (number of occur-

rences) along ox.

Assuming that X ~~, X’ holds, the procedure has L number of
iterations where L denotes the number of firings of all the reactions
in R. In each iteration, a reaction r is extracted from R and the

sequences ox and o, are extended.

Now we show by induction that for each 1 < i < L, there exists an

r € R for which the procedure

DecideConstReachability( X candidate, X N, ﬁcandidate) (19)

returns d = TRUFE boolean response, provided that ﬁcandidate =
R/r.

Induction

(a) i=1
DecideConstReachability solves the Linear Program described

by Eq (17). The constraints of the LP can be formulated as

follows:

FN - X' — Keurrent
e e

If Ty is totally unimodular, then it follows that the following

block matrix is totally unimodular:

[F;V] (21)

The unimodularity of the block matrix in Eq. (21) implies that
the optimal solution ¢ € R satisfying Eq. (20) in the LP (17)
must be an integer Vectori

For Xcurrent = Xo the reachability relation Xo ~»r,, X’ holds.
Then it follows that Jr € R for which Xeandidate ~T v X' with

Xcandidate = Xecurrent +7 and the reachability can be realized by
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a reaction sequence o, so that o, is an ordered sequence of the
reactions of the multiset ﬁcandidate = 7@/7“ Then the Linear
Program of Eq. (17) in DecideConstReachability is solved in
polynomial time with the input (Xeyrrent, X', N, ﬁcandidam).

In the LP the constraint set of Eq. (20) can be decomposed as

follows:

FNC =X - Xcandidate (22)
The=é (23)

The optimal solution ¢ € ]Rl>0 of the LP is proven to be integer
and it satisfies Eqgs. (22) and (23). (22) implies that the reacha-
bility relation holds. (23) implies that ¢ encodes the multiset R
and there exists a o, ordering of the reactions so that it drives

the system from X .qndidate to X'.

For i = 1, the multiset R is updated so that R = ﬁcandidate,
this way the following equation holds: |7@| =L-1.

inductive assumption i = k

Let us assume that for i = k there exists an r € R for which
the procedure DecideConstReachability returns d = TRUE,
given that ﬁcandidate = 7@/7“ Let us assume that by setting
R = ﬁcandidate, we have that |7A€| =L —k.

Fori=k+1

Let us consider R and Xcurrent at iteration ¢ = k+1. It is given
by the inductive assumption for ¢ = k that X yrrent ~n X'
holds with an ordered sequence of the reactions in the multi-
set R. The reachability relation X,y,rent ~n X' implies that
there exists 7 € R for which X andidate ~ A~ X’ holds with
Xeandidate = Xeurrent + 7 and the entries of Reandidate = R/T
can be ordered in a reaction sequence o, so that it defines an

admissible state transition sequence o, = Xcondidate --- X .
Then LP of Eq. (17) in DecideConstReachability with parame-
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ters (X

candidate, X! N Rown dsaer ) is satisfied. The constraint ma-
b 9 b canardate

trix (21) in the LP is totally unimodular, this way the optimal

solution ¢ € RL, is integer.

The procedure sets R = Reandidate, hence we have that |7A3| =
L—(i—1).

The inductive proof guarantees that the iterative procedure con-
sumes all the reactions of the multiset R so that in each iteration a
suitable r € R is identified. The number of reactions in the multi-
set R is monotonously decreasing along the iterations. Hence it is
proven that all the L reactions of R are consumed in L number of

iterative steps.

It is proven that for each i, X.urrent ~>n X’'. Then we have that
for i = L, Xewrrent ~n X' with R = {r} before the update on R.
Then we have that Xeyrrent +7 = X'. |

Remark. We note the following points with respect to Proposition 3 and

its proof:

1. The proof is constructive, an algorithm is provided for determining

an admissble state transition sequence ox and reaction sequence o;..

. The constructed proof shows that the proposed procedure is of poly-

nomial time complexity. Under the conditions of Proposition 3, the
procedures DecideReachability and DecideConstReachability
have polynomial time complexity with respect to the state space di-
mensionality n which is equialent to the number of species. This way,
given a pair of initial and target states, the time complexity of the
reachable sequence computation algorithm is calculated as follows:
(1 +L- |R|> - P(n), where L is the total number of reactions with
multiplicities that are executed, |R| denotes the number of reactions
in the d-CRN and P(n) is a polynomial function with n = |S]|.

Proposition 4. Let us consider a subconservative or superconservative
d-CRN N = (S,C,R) with stoichiometric matriz T'yr € {—1,0,1}"*! and
Iy € {0,1}"! and C = SU{0}. Let us assume that for each r € R,
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St Tl <land Yi [y )i = 1. Let us consider two arbitrary states,
Xo, X' € Z%, so that Xo = M, X" = M where M = M(I'") is defined
by Eq. (15). Assuming Xo ~>n X', a shortest (minimal-length) state
transition sequence ox = XoX1 ... X' (and reaction sequence o,.) can be

determined in polynomial time.

Proof. Algorithm 1 provides a reaction vector sequence and state transi-
tion sequence from Xy to X’ in polynomial time. Let us assume that the
procedures DecideReachability and DecideConstReachability are
configured so that the vectors a € ZL of Eqs. (16) and (17) satisfy

the following equation

a=1"% (24)

Then the Linear Program defined by Eq.(16) returns a decision vector
c € le for which the sum of the entries is minimized. That is ¢ encodes
the reactions incorporated in a minimal-length reaction vector sequence.
Then Algorithm 1 returns an admissible reaction vector sequence from the
multiset of reactions provided by c¢. This way a minimal-length reaction

vector sequence is determined in polynomial time. |

5 Example and performance evaluation

The computational experiments were performed on a workstation contain-
ing 12 Intel i7-8750H vCPUs (2.20GHz, 7.6 GiB). In the implementation
we used Python 3.10 and the Gurobi optimization package [21].

To illustrate the algorithm, we apply it to a monomolecular conserva-
tive reaction network described in [20]. In Fig. 2 the respective d-CRN
is depicted. The network has a totally unimodular stoichiometric matrix,
ensuring that our assumptions for polynomial-time computability are sat-
isfied. We note that the same example was used in our previous papers
analyzing the reachability decision problem of d-CRNs [13,14]. The asso-

ciated stochiometric matrix is given by Eq. (25).
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Figure 2. A conservative d-CRN of a monomolecular reaction network.
The d-CRN has totally unimodular stoichometric matrix. It
satisfies the conditions of Proposition 3, this way a reachable
state transition sequence can be computed in polynomial
time.
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(25)

In order to demonstrate the power of Proposition 3, the following com-

putational experiment was executed. We iterated from ¢ = 10 to i = 500.

For each i, 20 state transition sequences ox with initial state X, were gen-

erated so that |ox| = i. Note that the sequences were generated randomly,

it was not necessary to apply the Gillespie or other related stochastic simu-

lation algorithm, since we needed only feasible random reaction sequences.

The following value of Xy was assumed in the experiment:

T
Xo = (100 100 100 100 100 100 100 100 100 100 100 100 100 100| . (26)

For each ox generated, we took the last state Xiaget Of the sequence.

Making use of the reachable sequence computation algorithm provided in

the proof of Proposition 3, we determined a state transition sequence 7x =
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Xo ... Xtarget- For each execution of the reachable sequence computation
algorithm, we measured its execution time. The average execution time is

depicted in Figure 3.

Performance of the reachable sequence computation algorithm

s’

~
)

[
v

Average execution time[sec]
o =
& 5

(=4
o

2‘0 7‘0 12‘0 l“ID 22‘0 2"!0 BéD 37"0 4é0 4"/0
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Figure 3. Average execution time [sec] of the reachable sequence com-
putation algorithm provided in the constructive proof of
Proposition 3.

6 Summary

In this paper the reachability analysis of sub-and superconservative d-
CRN subclasses were studied. Leveraging on existing results of CRNs with
totally unimodular stoichiometric matrix, we proved that — under struc-
tural (reaction network topology related) conditions — a reachable state
transition sequence (and reaction vector sequence) can be determined in
polynomial time. The results are provided with a constructive proof incor-
porating a polynomial time algorithm. The computational power of the
proposed method was demonstrated on a computational example. Note
that in the case of general d-CRN reaction network structures, the reach-
ability decision problem is NP-hard, which might make the reachability
calculation and reaction sequence calculation practically untreatable for
high state space dimensionality [14].

The practical importance of Proposition 3 is that for well-defined sub-

and superconservative d-CRN subclasses, the problem of reachable se-
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quence computation can be solved in polynomial time. This can support
the analysis of various practical problems, such as extinction events in
(bio)chemical reaction networks, logical gate design in synthetic biology

and verification analysis in discrete event systems.
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