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Abstract

In the study of the structure-dependency of the total m-electron
from 1972, it is pointed out that it depends on the sums 3>, _,, d(v)?
and >\, d(v)®, where d(v) is the degree of a vertex v in the un-
derlying molecular graph G. The first sum 3 d(v)?, which was
named the first Zagreb index, is one of the most investigated graph-
based topological index. The second sum Y, d(v) has been al-
most completely neglected except for its potential involvement in
the study of the first Zagreb index and the zeroth-order general
Randi¢ index. This second sum was named the forgotten index or
F-index in short. In this paper, we investigate some properties of
the F-index with respect to some new graph transformations, which
are used to characterize all extremal graphs having the maximum
F-index in the set G, ., of all connected graphs of order n and size
m.
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1 Introduction

In this paper we are concerned with simple undirected connected graphs.
Let G = (V, E) be a graph with vertex set V(G) = {v1,v2,...,v,} and
edge set F(G). Denote by |[V(G)| = n and |E(G)| = m the number
of vertices and edges of G, respectively. We may assume that d(vy) >
d(vg) > -+ > d(vy). Then, the degree sequence of G is the non-increasing
degree sequence (d(v1),d(v2), -+ ,d(v,)). We denote by d; = d(v;) the
degree of vertex v; for ¢ = 1,2,...,n. For vertices u,v € V(G), if u is
adjacent to v, then u ~ v, if u is not adjacent to v, we write u ¢ v. For
e & E(G), let G+ e be a graph which is obtained from G by adding a new
edge e. For e € E(G), let G — e be a graph which is obtained from G by
deleting the edge e.

Let Gy, be the set of all connected graphs of n vertices and m edges.
Let K,,, S, K,, be the complete graph of order n, the star of order n, and
the graph consisting n isolated vertices, respectively. Let H; and Hy be
two disjoint graphs. Denote by Hy U Hy the disjoint union of H; and Hs,
where V(H; U Hy) = V(H,) UV (Hz) and E(H; U Hy) = E(Hy) U E(H,).
Denote by Hi V Hs be the join of Hy and Hs, obtained by adding all
edges between H; and Ha, i.e., V(H; V Hy) = V(H;) U V(Hs), while the
edge set of Hy V Hy consists of E(H;) U E(Hs) and edge {uv}, for every
u € V(Hy),v € V(Hs).

Topological indices play a significant role in mathematical chemistry,
especially in the QSPR/QSAS assessments [20]. Topological indices based
on vertex degrees are widely used for characterizing molecular graphs,
establishing relationships between structure and properties of molecules,
predicting biological activities of chemical compounds, and yielding many
chemical applications.

The first Zagreb index M;(G) and the second Zagreb index Ms(G) are

defined as follows:

My(G)= ) )= > (du)+d)),

v, €V(Q) weE(G)
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= > du
weE(G)
The quantity M; was first considered in 1972 [12], whereas Ms was in
1975 [15]. These are the oldest and most thoroughly examined vertex-
degree-based topological indices. Details of their theory and applications
can be found in the surveys [4-6,13,30] and references therein.
Various generalizations of the Zagreb indices have been proposed. Li

and Zheng [23] introduced the first general Zagreb index. It is defined as

G) =) d*(v)
veG
where « is an arbitrary real number. It is also known as the general
zeroth-order Randié¢ index [17,22] and variable first Zagreb index [27].

In the study of structure-dependency of the total w-electron energy,
the Zagreb index is the most studied topological index. However, there is
another crucial term for the study of this energy, which did not attract
any attention at all. Furtula and Gutman [10] introduced this topological
index as the forgotten topological index, or the forgotten index, or the F-

index for simplicity, which is defined as the sum of cubes of vertex degrees

of G:
Z d®(v;) = Z (d*(u) + d*(v)).
v, €V(G) weB(G)

If o = 3, the first general Zagreb index M, (G) equals the forgotten in-
dex. For the entropy and acentric factor, Furtula and Gutman [10] showed
that the F-index of molecular graphs can be used to predict some chemical
properties of molecular structure, and presented several upper and lower
bounds for the F-index. De et al. [9] discovered that the F-index of molec-
ular graphs performs better than the Zagreb index in some applications.
Che and Chen [8] obtained lower and upper bounds for the F-index in
terms of graph irregularity, graph size, and maximum/minimum vertex
degrees. Abdo et al. [1] obtained the extremal trees with respect to the
F-index. Akhter et al. [3] and Jahanbani [18] determined the extremal
graphs with respect to the F-index among the classes of unicyclic graphs

and bicyclic graphs, respectively. Jahanbani et. al. [19] presented sharp
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upper bounds for the F-index of bicyclic graphs in terms of the order and
maximum degree.
Let G, ., be the set of all simple connected graphs of order n and size

m. In 2021, Tomescu [32] posed the following conjecture.

Conjecture 1.1. If G € G, ,, is a connected graph with n > 6, n —
1<m< %(”;1) and m = nk — (k'QH) +a, where 1 < k < n-—1 and
0<a<n-—k-—1, then

F(G)<k(n—12+ak+1)*+(n—k—a—1k*+ (k+a)’.

Given two integers n < m, let k be the largest integer such that m —
n+1> Zf;lli and Ei.:li—i—(n— 1)+ a=m. Let
I B (I(}CU(’I’L—]C—1)}(1)\/‘[(17 for a = 0;
o (KaV (Kpa 1 UK)U(n—k—1)K;)V K, fora>D0.

Let k' be the largest integer such that m > Ziil(n —4)and @ = m —
Zf;l(n —1i). We also define Sy, = Kiy V (Sap1U(n—a—k —1)Ky).
Note that if m = n(n—1)/2, then S,, ,,, = K,,. For example, Lg ¢ and Sg g
are depicted in Figure 1, where k=3, a=1; k' =2, a=0.

\>/6 W
(a) Le.o (b) Se,9

Figure 1. Ly m and Spm withn =6, m =9

In Section 2, we introduce some known results that are useful for our
work. In Section 3, we present several new graph transformations that
keep the F-index non-increasing. In Section 4, we prove all extremal graphs

having the maximum F-index in the set of all connected graphs of order n

n—1

and size m are Sy, forn—1 <m < i( 5

), which supports the statement

of Conjecture 1.1.
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2 Preliminaries

A graph G = (V, E) is called a threshold graph if G is {2K5, Cy, Py }-free.
Threshold graphs have a beautiful structure and possess many important
mathematical properties such as being the extreme cases of certain graph
properties (see [11,31]). For more information of threshold graphs, one

can see the monograph [26].

Lemma 2.1. [31] Let G = (V, E) be an undirected graph with degree
sequence (dq,ds,...,d,). The following statements are equivalent:

(i). G is a threshold graph;

(#i). G can be constructed from the one-vertex graph by repeatedly adding
an isolated vertex or a universal ( or dominating ) vertex ( a vertex adjacent
to every other vertex );

(i1). every three distinct vertices 4, j, k of G satisfy: if d; > d; and jk is

an edge, then ik is an edge.

Lemma 2.2. [16, Theorem 6.1] Any threshold graph is uniquely defined

by its degree sequence.

Let D = (dy,ds,...,d,) be a non-increasing integer sequence with
all elements being integers. The Ferrers matrix (or Ferrers diagram; see
e.g. [26, p62]) of D is a n X n matrix F of o’s, ¢'s and, +'s such that

* all the diagonal entries and no others are +;

* for each ¢, ¢ € [n], the number of e’s contained in the ith row is d;;

* the symbols e’s in each row are to the left.

In fact, the Ferrers matrix F'R(G) of a threshold graph G is the adja-
cency matrix of such a graph if we consider the symbol o and + as the digit
0, and the symbol e as the digit 1, then the Ferrers matrix of a threshold
graph is symmetrical (see Figure 2 as an example and Figure 3 as a coun-
terexample). We only concern and describe the entries below the diagonal

of the Ferrers matrix.

Lemma 2.3. [32] Let x > y > 1. If the function f(z) is strictly convex,
then f(z+1)+ f(y—1) > f(z) + f(y); else if the function f(x) is strictly
concave, then f(z+ 1)+ f(y — 1) < f(z) + f(y)-
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(b) Se,0

(a) Ferrer matrix of Sg 9

Figure 2. The Ferrers matrix of a threshold graph is symmetrical

4+ e e e e @

e + e e e O 3 4
SO 1%2
e e o -+ o o

e e o o -+ o W
e @ o o o +H+

(b) Ge,9

(a) Ferrer matrix of Gg,9

Figure 3. The Ferrers matrix of a non-threshold graph is asymmetrical

Abrego et al. [2] showed the following.

Lemma 2.4. [2] If @« < 0 or @ > 1, then all extremal graphs which
maximize M, (G) must be threshold graphs; if 0 < o < 1, then all extremal
graphs which minimizes M, (G) must be threshold graphs. In particular,

all extremal graph having maximum value F(G) are threshold graphs.

Let G*y,m be the set of all connected threshold graphs of n vertices
and m edges. By Lemma 2.4,

Hence we focus our attention on the set of the threshold graphs to char-
acterize all extremal graphs which have the maximum F-index.

3 Transformations

In this section, we focus on threshold graphs. First, we introduce some

graphic transformations and related properties, which will be used to prove
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our main results.

Definition 1. Let d = (dy, ..., d,) be a non-increasing degree sequence of
a threshold graph G. Suppose that there are four integers 1 < ¢,7,p,q <n
withg <j,j+1l<i—c,andi<psuchthatdy_.=---=d;=p+1-1,
die = =di=j—1,dj = - =djyy =i—c—2,dy = - =
dpy1 = q, where [ > 0 and ¢ > 0. If the non-increasing degree sequence
d = (dy,...,d,) of athreshold graph G’ is the same as the degree sequence
of Gexcept dj = -+ =dy, =p—2,dj_, = =d, =j+1 d; =
o=diy =i-landd, = - =d ,, =q—c—1, then we say G’ is
obtained from G through a transformation (from G to G’) with respect to
(¢,7,5,p; 1+ 1,c+1).

For example, there are three concrete transformations from Sy 23 to
G 23 with respect to (3,4,8,9;1,2), from S7 12 to L7 12 with respect to
(2,3,5,6;2,1), and from Sg 22 to Lg 22 with respect to (3,4, 7,8;1,2) which
are depicted in Table 1, 2 and 3 respectively.

Table 1. Transformation from Sg23 to Gg23 with respect to
(3,4,8,9;1,2)

e O o o o o o .+
®© 6 0o 0 0 0 L o
.....+.'
®© 6 0o 0 0 0 L o
.....+..

:

OOOO+....
O 0 0 4 0 @ @ o o
OO+OOO...
O+OOOO...
+OOOOO...
........+
H

O....+...
OOOO+....
OOO+O....
O O 4 O O @ o o o
O+OOO....
+ 0 0 0 0 0 0 O e

O|O0|C|e @& | o o o

Table 2. Transformation from S712 to Lrzi12 with respect to
(2,3,5,6;2,1)

o|le o o

O O 4+ O O e o

o o L o o

O O 4 o o o o

® & 6 o o o |
o o o o o | o
O O|OC|} © o o
O 4 O 0 O e o
+OOOO..
......_l_
OO...+.
OO.+‘..
0 4 © O O O e
4+ 0 0 0 0 O e

o O
o O
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Table 3. Transformation from Sg22 to Lg 22 with respect to

(3,4,7,8;2,2)
—+ ° ° ° ° ° ° ° ) —+ ° ° ° ) ° ° ° °
° —+ ° ° ° ° ° ° ) ° + ° ° ° ° ° o o
° ° =+ ° ° ° ° ° ° ° ° —+ ° ° ° ° o o
° ° ° —+ ° o o o o ° ° ° + ° ° ° o o
° ° ° ° + o o o o = ° ° ° ° + ° ° o o
° ° ° o o + o o o ° ° ° ° ° + o o o
. ° . o o o + o o . . . . . o + o o
° ° ° o o o o + o ° o o o o o o + o
° ° ° o o o o o + ° o o o o o o o =+

Table 4. The differences of the degrees of G and G’ in the transforma-
tion from G to G’ with respect to (g, j, ¢, p;l + 1,c+ 1)

The subscript « . . 1 lize ; o
of the degree d 9=6C 49 |7 -7 JERRE 2

The degree d

of G p+1—1 i—c—2 j—1 q
The d dg . .
eofgc;?ee p—2 i —1 741 qg—c—1

If there is a transformation from G to G’ with respect to (q, j,i,p; 1 +
1,¢+ 1), it is easy to see that the differences of the degrees of G and G’
as depicted in Table 4.

Furthermore, let FR(G) = (fz,y)nxn and FR(G') = (fa/ 4’ )nxn be two
Ferrers matrices of G and G’ respectively. Then the corresponding entries
of FR(G) = (fz,y)nxn and FR(G') = (fu’ 4/ )nxn are the same except the

following entries:

P ifi—c<x<i, j<y<j+l
z,y o, if p<x<p+1l, q-—c<y<q;

and
) oe ifi—e<x<i j<y<j+]
Jarar { o, fp<x<p+l, q-—c<y<q
Theorem 3.1. Let G’ be obtained from G € G}, ,, through a transforma-
tion with respect to (q,7,%,p;l+1,c+1) , where ¢ < j,j+1<i—c, i <p,
1>0,¢>0. Ifi+j <p+gq, then F(G) > F(G).

Proof. Let s=p—i—1,r=j—i+c+l+1landt=4i+4+j—p—q. Then
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§>0,7r>0,t<0,s+t>0andi>2c+1l+r+s+t+4. Hence

Ny o= F(G) — F(G")
= [PU+D)+ e+ -+ e+ DU+p—1)° +(1+1) (—c+1i-2)%
“e+DGE+HDP+ e+ 1) @-2°+ (G —1)°(+ 1)+ (+1) (—c+q—1)%]

= 3¢31 + 3¢® + 6¢21% + 3c21r + 9¢c31s + 9¢21t + 18¢%1 + 3c3r

+9¢%s 4+ 9¢2t 4+ 12¢% + 3¢l® 4 3cl?r 4 9¢l?s + 6¢l?t + 18¢l?

+6¢lrs + 6clrt + 12clr + 6cls? + 6¢lst + 30cls + 3clt? + 30clt + 30cl
+6¢rs 4 6ert + 9er 4 6¢s® + 6est + 21es 4 3et? + 24ct + 15¢
—i (6clt + 6¢t + 6t + 6t) + 31° + 31%r
+91%s + 61%t + 121% + 6lrs + 6lrt + 9lr + 6ls> + 6lst + 211s + 31t>
4211t + 151 + 615 + 61t + 67 + 652 + 65t + 125 + 3t% + 15t + 6

Y

3¢31 + 3¢ + 6¢%12 + 3¢%Ir + 9¢1s 4+ 18¢%1 4 3¢2r + 9¢%s + 1262
+3cl® + 3cl®r + 9¢l®s + 18¢l® + 6¢lrs + 12¢lr + 6¢ls® + 30cls
+30cl + 6¢rs 4 9er + 6¢s? + 21es + 15¢ + 313 + 31%r + 91%s + 1212
+6lrs 4+ 9lr + 6152 + 211s 4 151 4 615 + 67 + 652 4 125

—t (3cl + 3¢+ 31+ 3) — t (3¢ + 3¢® + 12¢l + 12¢ + 91 + 9) + 6.

Let ¢(t) = —t2 (3cl + 3¢ + 31+ 3) —t (3¢*L + 3¢* + 12cl + 12¢ + 91+ 9). Tt
is easy to see that ¢(t) > max{p(0), p(—s)} for —s <t < 0. Hence

Ar > 331+ 3¢ 4 6212 + 3cPIr + 9¢%s + 18¢%1 + 3¢%r + 9¢%s + 1262
+3cl® + 3cl®r + 9cl®s + 18¢cl® + 6clrs + 12clr + 6¢ls? 4 30cls
+30cl + 6¢rs + 9er + 6¢s” + 21es + 15¢ + 31° + 31°r + 91%s + 1212
+61rs + 9lr + 61s® + 21ls + 150 + 6rs + 67 + 65> + 125
+ max{p(0),p(—s)} +6 > 0.

Thus the proof is complete. [ |

Remark 1. If ¢t = i+ j —p —¢q > 0, then F(G) — F(G’') might be
negative. For example, Lg 11 can be obtained from Sg 1, with respect to
(2,4,5,6,1,1) and F'(Se,11) — F(Le,11) < 0, which is depicted in Table 5.

Corollary 3.2. Let G’ be the graph obtained from G € G*,, ,,, by trans-
formation (q, j,i,p;1+1,1). I i4+j—p—q < 0, then G’ is not an extremal

graph having the maximum F-index in the set Gy, ;.
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Table 5. Transformation(2,4,5,6,1,1) from Se,11 to Le,11 witht =1

F(Sﬁy]l) = 376=> F(Lﬁrll) = 382

O+O...

JrOOO..
OJr....
JrOOOO.

Corollary 3.3. Let G’ be the graph obtained from G € G*,, ,,, by trans-
formation (g, j,i,p;1,¢+1). If i+j—p—q < 0, then G’ is not an extremal

graph having the maximum F-index in the set Gy, ,,.

Definition 2. Let G € G*,, ,,, be a connected threshold graph with non-
increasing degree sequence d = (dy,...,dy). Let dp, = dp, ao = |[{i: d; =
dno HIs bo = |{¢ : di = dpy + 1}||, co = min{d; —dp, —1:d; —dp, —1 > 0},
0o = no + dyn, + 1. Generally, assume that ay_1, bg—1, cx—1 and ni_; are
defined. Let ny = ng—1 — ag—1 — bg—1, ar = ||{i : d; = dn, }||, b = ||[{i :
d; = dyn, + 1}, ek = min{d; — d,, —1:d; > dy, + 1}, 0 = np +dp,, + 1.
Clearly, ¢y = dy, ., — dn,, — 1.

For example, there is a graph Gi3 56 with ng = 13, ag = 1, by = 1,
co=3and n; =11, a3y =1, by =0, ¢; = 2, which is depicted in Table 6.

Now we present an algorithm which determines whether a threshold
graph G can be obtained from another graph H by a transformation de-
picted in Corollary 3.2, or 3.3.
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Algorithm 1: Determine an (n, m)-graph G with degree sequence
d = (di,...,dy) can or cannot be obtained from a graph H by

the transformation depicted in Corollary 3.2, or 3.3

Data: a graph G € G, m,
Result: Determine the a (n,m)-graph G with degree sequence
d = (di,...,d,) can or cannot be obtained from another graph
H by a transformation depicted in Corollaries 3.2, or 3.3.
1 Set do =dn,a=ao=|{i:d; =do}||, b="bo =||{i:di =do+ 1},
ngo=mn,n1=ng—a—b,c=co=dn, —dn, —1;
2 while (<1 andni >do) or (b>1andni >do+1) do
3 if c<a+ b then
4 Output G can be obtained from a graph by the transformation
depicted in Corollary 3.2, or 3.3;

5 End;

6 else

7 Set do = dn,, a=||{i:di =do}||, b= ||{i:di =do+ 1},
no=mni, N1 =n0—a—>b,c=dn, —dn, —1;

8 if blo=0andb>0anda+b>co+1)or (bo>0andb=20

anda+b>co—1) or (bo=0andb=0and a+b>co) or
(bo >0 and b >0 and a + b > co) then

9 Output G can be obtained from a graph by the
transformation depicted in Corollaries 3.2, or 3.3;

10 End;

11 else

12 Set co =c¢,bp=b;
13 end

14 end

15 end

16 Output G can not be obtained from a graph by the transformation

depicted in Corollary 3.2, or 3.3;

In order to prove the correctness of the above algorithm, let

¢ . nk—ak—bk—dnk—l, if bk>1;
b nk—ak—bk—dnk, if kaO or bk=1

for k=0,1,2,....
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Table 6. G13,56

® &6 06 06 0 0 0 0 0 0 0o o
...........+.
O.........+..
OO.......+‘..
OO......+....
OO..‘..+.....
O 0O OC e @ @ | © 0 ¢ o o o
O 0O OC e @ L © & 0 ¢ o o o
O 0O OC e L e @ & 0 ¢ o o o
OOO+.........
OO+OOOO......
O+OOOOOOOO...
+OOOOOOOOOO..

Lemma 3.4. For G € G*, ,,, m > n — 1, assume G is the extremal graph
in G*,, ;m with the maximum F-index, k is a positive integer, then

(7). If ¢, > 0, then ¢ > ax + by;

(i). If ¢ > 0, then

ck +1> ags1 + b+, if by=0 and bx41 > 0;
cg — 1> ags1 +bgr1, if by >0 and bygy =0;
Cr > Qg1 + b4, others.

(iii). Tf ¢y, > 0, then O, > Op_1 + 2 > 0 + 2k.

Proof. (i).

By Definition 2, ngy1 = ng —ap, — by and ¢, = d
Obviously, if by = 0 or by = 1, d
that dy,,, < ngq1 for by > 1. If d
By Definition 2, we have dp,,,+1 < dy, +1. So dp, +1 > ngq1, a

—d,, — 1.

< ng41. It remains to show

Nht1
Mgt
nes1 = Mkt1, then dnk+1+1 > Ngt1-
contradiction. So we have dy, , < ngpi1. If ap + by > ¢, then there
exists a graph G1 € G, m, G can be obtained from G; by transfor-
mation (dy, + 1,dn,,,
t=dpyy =L+ 1+ — (g —ap + 1+ dpy +1) = dpy,y — dny — 1+
Nkg4+1 — Nk + ak —1= Ck - by < ¢ —ar — by < 0, by Theorem 3.1,
F(G1) > F(G), a contradiction.

1+ 1,ngr1,ne — ag + 1;ZA, 1), 1= min(ck, ag),
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(ZZ) Clearly (277 > 1, Af41 > 1.
o bk =0:

— bgy1 =0
If ¢, < agy1+biy1, then we have G1 € Gy, 1y, G can be obtained
from G by transformation (dn, +¢, dn,_,,nk41, k41 +151,€),
¢ =min(cg,apq1) = ko t = dpyy F0pp1— (dpy FCHnp1+1) =
¢y — ¢ <0, by Theorem 3.1, F(Gy) > F(G), a contradiction.

— bgy1 > 0:
If e, +1 < apy1 + b1, then we have Gy € G, ,,, G can be
obtained from G by transformation (d,, +¢,dp,,, +1, k41 —
aps1,nps1 +1;1,¢), ¢ = min(cg, bpg1), t = dpy ) + 14 npy1 —
a1 — (dn, +C4+npr1+1) = g +1—¢—agy1 < 0, by Theorem
3.1, F(G1) > F(G), a contradiction.

e b >0:

— b1 =10:
If ¢, — 1 < agy1 + bgy1, then we have Gy € G, ,,, G can be ob-
tained from G by transformation (d,, +¢+1,dy, |, k41, k41
+1;1,¢), ¢ = min(cy — Lap1) = cp — 1, t = dp,, + Npg1 —
(dn, +¢+1+ng1+1) =c, —¢—1 <0, by Theorem 3.1,
F(G1) > F(G), a contradiction.

— b1 > 0O
If ¢ < ag41 + bi41, then we have Gy € G, ., G can be ob-
tained from G by transformation (dy, +¢+1,dp, ., +1, 041 —
aps1,Ner1 + 1;1,6), ¢ = min(cg, beg1), t = dpy ) + 14+ npyr —
a1 — (dn, +é+14+npp1+1) = ¢, — é—agy1 <0, by Theorem
3.1, F(Gy) > F(G), a contradiction.

(iii). Clearly, ngi1+dn,,, > ng+dp, +1, then 011 > 0 +1. So we have
Ok+1 > Ok + 2. By repeating this inequality, we obtain 0,11 > 6o +2k. ®

Corollary 3.5. Let G € G,, ,,, with degree sequence d = (ds, . ..,d,) have

the maximum F-index in G, ,,,. If the entry (x,y) of the Ferrers matrix
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FR(G) = (fs,y) with x > y satisfies y > 3, fy, = ®, fay14-1 = O,
fac+1,y = o and faj7y+1 =oor+,thenz+y>n+d, +2.

4 Main results

In this section, using graph transformations, we characterize all extremal
graphs having the maximum F-index in the set of all connected graphs of

order n with size m for some n and m.

Theorem 4.1. Let n —1 <m < 2n — 3. If G € G, ;, has the maximum
F-index in Gy, m, then G = S, . Moreover, the degree sequence of G is
(n—1,d2,2,2,...,2,1,...,1).

Proof. Let the non-increasing degree sequence of the extremal graph G is
(di,...,dn) with dy > do > ... > d,. If G # S, m, then i := max{x :
dy > 2} > d;. Let !l = d; —2 and p = min{z : d, = 1}, then by
n—1<m<2n—3, we have t < p—1and !l < n —p+ 1. Moreover,
dp = 2 for i < k < p, do = p— 2. Hence there is a threshold graph
G’, G can be obtained from G’ by a transformation (2,3,4,p;1,1) with
t=3+i—2—p=1i+1—p<0. By Theorem 3.1, we have F(G’") > F(G),

which is a contradiction. So the assertion holds. [ ]
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Table 7. Transformations on G13,22

F(S13,22) = 3544

4 3178

4 2692

| 2458

_37

it is easy to see that each threshold graph can be obtained from S, ,, by

fn=13and m=22withn—-1<m <2n

Remark 2. For example,

transformations with respect to (g, j,4,p,l + 1,¢+ 1) (see Table 7).
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Theorem 4.2. Let n and m be two integers where 2n — 3 < m < 3n — 6.
If G € Gy with degree sequence d = (di,...,d,) has the maximum
F-index, then G = S, ., except (n,m) = (6, 11).

Proof. Let a=||{i:d; =1}|| >0,b=|{i:d; =2}| >0, ¢ = min{d; — 3 :
di —3>0,i >3} >0. By m < 3n—6, we have 2a + b > ¢(c + 1)/2.
Clearly, by Corollary 3.2, if a4+b > c¢+1, a > 0, then there exists a threshold
graph G € Gy, i, such that G can be obtained from G by a transformation
(2,3+¢ — I+ l,n—a—-bn—a+ 1,l~,1)7 where | = min(a, ¢), which is
a contradiction. If a + b > ¢ and a = 0, then there exists a threshold
graph G; € G, and G can be obtained from G; by a transformation
3,4,n—a—bn—a—>b+ 1,7,1), where [ = min(b,¢) = ¢, which is a
contradiction. Hence a +b < ¢+ 1 and b < ¢. Therefore a + c+ 1 >
2a + b+ > c(c+1)/2, which implies that ¢ < 1/2 + /(8a + 9)/4. So

a—1<c—b<c<1/24++/(8a+9)/4, (1)
which implies that 0 < a < 5.

e a = 0. It is easy to see that the assertion holds by similar proof of
Theorem 4.1.

e a=1. By (1), 0 < ¢ < 2.56, which implies that either ¢ = 1 or ¢ = 2.
If ¢ =1, then (n,m) = (6,11) and F(Ss,11) < F(Le11)- If ¢ = 2,
then b =1 and (n,m) = (8,18). It is easy to see that S,, ., has the

maximum F-index in Gg 5.
e a = 2,3. The proof is similar to Case a = 1.

e a > 4. Then ¢ > 3. On the other hand, by (1), ¢ < 3.7, which is a
contradiction. n

Theorem 4.3. Let n,m be two integers with 3n — 6 < m < 4n — 10. If
G € Gnm, with degree sequence d = (dy,...,d,), has the maximum F-
index in G, 4,, then G = S, 1., except for (n,m) = (7, 16), (7,17), (8,22).

We skip the proof here. The argument is similar to that of Theorem
4.2. By Theorem 4.1, 4.2, 4.3, we have the following result.
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Corollary 4.4. Let n, m be two integers with m = nk — @ + a, where
n>6,1<k<3and1<a<n—-—k—-1 If G€G,,y,, then

382, if n=6,m=11;
842, if n=7,m=16;
F(G) < 940, if n=7,m=17;
1640, if n=8,m=22.

k(n—1)%+a(k+1)>+(n—k—a—1)k3+(k+a)®, otherwise.

Theorem 4.5. Let k,n, m be three positive integers with kn—k(k+1)/2 <
m < (k+1)n — (k+ 2)(k +1)/2, where 7 = | GEZDEVIREZI0HY | g
n > 2(t + k). If a threshold graph G has the maximum F-index in G, 1,
then G = Sy, .

Proof. Let a :=||{i:d;, =1}|| >0,

] 0 if dyye <k +1;
I minfdi—k—1:di—k—1>0}. if dipo>k+ 1.

o dpo<k+1:
If Gisnot Sy, let g=min{z :d, <n—1}, ¢=dg+2, j=k+1,
it =d; + 1. Clearly, i +j — p — ¢ < 0, by Corollary 3.3, G is not the
extremal graph, a contradiction.

o dk+2 >k+1:

If G is not Sy, 1, then g +k — 1 > a since G is an extremal graph.
Further, we have g + kK — 2 > a. Obviously kn — k(k + 1)/2 <
m < (k+1)n—(k+2)(k+1)/2, so ka > %, it follows that

k(g +k—2) > g(g2+1), we have g < 7 = (2k—1)+\/(Qk—21)2+4(2k2_4k)).
It can be easily observed that n < 2(7 + k), a contradiction. [ ]

The relation between the parameters k, 7 and the order of the graph
n is shown in Table 8.

Before introducing our last theorem, we state a simple lemma.

Lemma 4.6. Let G € G*, ,, a = ||{i : d; = d,}||, if d, = 1, then the

maximum size of G is

un::nilJr(n—a—Q)(n—a—l).
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Table 8. The relation of k, 7 and n

k T n

1 0 2

2 3 10
3 6 18
4 8 24
5 11 | 32
6 14 | 40
7 17 | 48
8 19 | 54
9 22 | 62
10 | 25 | 70

Now, let

{";3, if n is odd;
Zp =

if n is even.

Letting a = z, in Lemma 4.6, we have

2 . .
o ren—e +§”_9, if n is odd;
Hn =

2 p— . .
%, if n is even.

Theorem 4.7. Let n,m be two positive integers with m < pu,. If a
threshold graph G in G, ,,, has the maximum F-index, then G = S,, ,,,, and
any threshold graph can be obtained from S, ,, by some transformations

depicted in Section 3.

Proof. Assume that G in G, ,, has the maximum F-index, By Lemma 3.4
and Corollary 3.5, the entries (z,y) of FR(G) with z > y, y > 3 and
4y > n + 3 are described as follows: f; , =, fo41,y—1 =0, foq1,y =0
and fz 441 =0 or +.

Denote d’ =d, ,a=max{i:d; = d'}, 7 =min{i: d; = d'}. Clearly

2Zn+2p —1<n+2,d <z, We consider the following two cases.

o |[{i:di=d —1}|| =0. Since a+d > n+ 3, we have a +d >
22z,, which implies that @ — z, > 2z, — d’. By Lemma 3.4, we have

d > a— z,. Obviously |[{(z,y) : foy = 0z > y,y > d,z <
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bl < (@ y) : foy = 02 >y y <d\i> zp}l, then m > pp, a

contradiction.

o [{i:di=d —1}|| >0. Let o’ = ||{i : d; = d' — 1}||, then a + o’ +
d—-1>n+3,s0a+ad —z, >z, —d + 1. It is easy to see that
{2, y) 2 fay =02 >y,y > dw <z}l < [{(2,9) : fay = o2 >
y,y <d — 1,2 > z,}||. Then m > u,, a contradiction.

Therefore, the proof is completed. [ ]

5 Concluding remarks

In addition to the results established in this paper, we also list some com-
putational results. They should help us to gain some insights regarding the
quality of the bounds obtained in the previous sections. It is worth noting
that, if n < 11, the results in Theorem 4.7 is better than Conjecture 1.1.
For example, see Table 9.

For small n, such as 6 < n < 16, through computer search, we consider
all connected threshold graphs in G*;, ,, to find all extremal graph with
maximum F-index. For example, see Table 12 for the case of n = 12. For
fixedn, if m =n,n+1,n+2, "("2_1) -1, "(”2_1) -2, "("2_1) —3, all extremal
graphs which attain maximum F-index are S, ,,. For n < 12, all extremal

graphs are either Sy, ,, or Ly, m,, but for n > 12, extremal graphs may not
be S, m or Ly ,,. With the help of computer, the known results for the

case 6 < n < 16 are summarized in Tables 10 and 11.
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Table 9. Comparation of the upper bound of m in Theore
Conjecture 1.1

n | Theorem 4.7: p, | Conjecture 1.1
6 8 5
7 12 7
8 13 10
9 18 14
10 19 18
11 25 22
12 26 27
13 33 33
14 34 39
15 42 45
16 43 52
17 52 60
18 53 68
19 63 76

m 4.7 and

Table 10. The minimum size m of G which has the maximum F-index

and G isn’t Sn,m

n | m | degree sequence F-index

6 11 | 5,4,4,4,4,1 382

7 16 | 6,5,5,5,5,5,1 842

8 22 17,6,6,6,6,6,6,1 1640

9 28 | 8,7,7,7,7,7,6,6,1 2660

10 136 19,8,8,8,8,8,8,7,7,1 4488

111441 10,9,9,9,9,9,9,8,8, 7,1 6742

12149 | 11,11,9,9,9,9,9,9,9,9, 2,2 8510

13 [ 59 | 12, 12, 10, 10, 10, 10, 10, 10, 10, 10, 10, 2, 2 12472

14 | 68 | 13, 11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 1, 1 16840

15 | 79 | 14, 12, 12, 12, 12, 12, 12, 12, 12, 12, 12, 11, 11, 1, 1 22688

16 | 93 | 15, 13, 13, 13, 13, 13, 13, 13, 13, 13, 13, 13, 13, 13, 1, 1 | 31938
Table 11. Extremal graph with maximal F-index

n Sn,m Lnm Other

6 m # 11 m=11

7 m # 16,17 m = 16,17

8 m # 22,23,24 m=22,23,24

9 m < 28 or m > 32 28<m <32

10 m < 36 or m > 41 36 <m <41

11 m < 44 or m > 51 44 <m <51

12 | m <49 or m > 62 or m = 50,51,52 54 <m <62 m=49,53

13 m < 59 or m > 74 or m = 62,63 65 <m <74 m = 59, 60,61, 64

14 m < 68 or m > 87 or m=70 m = 68,69,74,75 or 77 < m < 87 m="71,72,73,76

15 m <79 or m > 101 m ="79,80,81,87,88 or 90 < m < 101 m=82,83,84,85,86,89

16 m < 93 or m > 116 m = 93,94,100,101,102 or 104 < m < 116 | m=95,96,97,98,99,103
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Table 12. Extremal graph with maximal F-index when n = 12

degree sequence

n m Extremal graph F-index
12 12 11,2,2,1,1,1,1,1,1,1, 1, 1 Sn,m 1356
12 13 11,3,2,2,1,1,1,1,1,1, 1, 1 Sn,m 1382
12 14 11,4,2,2,2,1,1,1,1, 1, 1, 1 Sn,m 1426
12 15 11,5,2,2,2,2,1,1,1,1, 1, 1 Sn,m 1494
12 16 11,6,2,2,2,2,2,1,1,1, 1, 1 Sn,m 1592
12 17 11,7,2,2,2,2,2,2,1,1, 1, 1 Sn,m 1726
12 18 11,8,2,2,2,2,2,2,2, 1,1, 1 Sn.,m 1902
12 19 11,9,2,2,2,2,2,2,2,2, 1, 1 Sn,m 2126
12 20 11, 10, 2, 2, 2, 2, 2, 2, 2, 2, 2, 1 Sn,m 2404
12 21 11, 11, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2 Sn.m 2742
12 22 11, 11, 3, 3, 2, 2, 2, 2, 2, 2, 2, 2 Sn,m 2780
12 23 11, 11, 4, 3, 3, 2, 2, 2, 2, 2, 2, 2 Sn,m 2836
12 24 11, 11, 5, 3, 3, 3, 2, 2, 2, 2, 2, 2 Sn,m 2916
12 25 11, 11, 6, 3, 3, 3, 3, 2, 2, 2, 2, 2 Sn,m 3026
12 26 11,11, 7,3, 3,3,3,3,2,2,2,2 Sn.m 3172
12 27 11, 11, 8, 3, 3, 3, 3, 3, 3, 2, 2, 2 Sn,m 3360
12 28 11,11, 9, 3, 3, 3, 3, 3, 3, 3, 2, 2 Sn,m 3596
12 29 11, 11, 10, 3, 3, 3, 3, 3, 3, 3, 3, 2 Sn,m 3886
12 30 11, 11, 11, 3, 3, 3, 3, 3, 3, 3, 3, 3 Sn,m 4236
12 31 11, 11, 11, 4, 4, 3, 3, 3, 3, 3, 3, 3 Sn.m 4310
12 32 11, 11, 11, 5, 4, 4, 3, 3, 3, 3, 3, 3 Sn,m 4408
12 33 11, 11, 11, 6, 4, 4, 4, 3, 3, 3, 3, 3 Sn,m 4536
12 34 11, 11, 11, 7, 4, 4, 4, 4, 3, 3, 3, 3 Sn,m 4700
12 35 11, 11, 11, 8, 4, 4, 4, 4, 4, 3, 3, 3 Sn,m 4906
12 36 11, 11, 11, 9, 4, 4, 4, 4, 4, 4, 3, 3 Sn,m 5160
12 37 11, 11, 11, 10, 4, 4, 4, 4, 4, 4, 4, 3 Sn,m 5468
12 38 11, 11, 11, 11, 4, 4, 4,4, 4, 4, 4, 4 Sn,m 5836
12 39 11, 11, 11, 11, 5, 5, 4, 4, 4, 4, 4, 4 Sn,m 5958
12 | 40 11, 11, 11, 11, 6, 5, 5, 4, 4, 4, 4, 4 Sn,m 6110
12 | 41 11, 11, 11, 11, 7, 5, 5, 5, 4, 4, 4, 4 Sn,m 6298
12 | 42 11, 11, 11, 11, 8, 5, 5, 5, 5, 4, 4, 4 Sn,m 6528
12 | 43 11, 11, 11, 11, 9, 5, 5, 5, 5, 5, 4, 4 Sn,m 6806
12 | 44 11, 11, 11, 11, 10, 5, 5, 5, 5, 5, 5, 4 Sn,m 7138
12 | 45 11, 11, 11, 11, 11, 5, 5, 5, 5, 5, 5, 5 Sn,m 7530
12 | 46 11, 11, 11, 11, 11, 6, 6, 5, 5, 5, 5, 5 Sn,m 7712
12 | a7 11, 11, 11, 11, 11, 7, 6, 6, 5, 5, 5, 5 Sn,m 7930
12 | 48 11, 11, 11, 11, 11, 8, 6, 6, 6, 5, 5, 5 Sn,m 8190
12 49 11, 11,9, 9,9,9,9,9,9,9, 2, 2 Other 8510
12 50 11, 11, 11, 11, 11, 10, 6, 6, 6, 6, 6, 5 Sn,m 8860
12 51 11, 11, 11, 11, 11, 11, 6, 6, 6, 6, 6, 6 Sn,m 9282
12 52 11, 11, 11, 11, 11, 11, 7, 7, 6, 6, 6, 6 Sn,m 9536
12 53 11, 10, 10, 10, 10, 10, 10, 10, 8, 8, 8, 1 Other 9868
12 54 11, 10, 10, 10, 10, 10, 10, 10, 9, 9, 8, 1 Lyn,m 10302
12 55 11, 10, 10, 10, 10, 10, 10, 10, 10, 9, 9, 1 Ln,m 10790
12 56 11, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 1 Lon,m 11332
12 57 11, 11, 10, 10, 10, 10, 10, 10, 10, 10, 10, 2 Ly, m 11670
12 58 11, 11, 11, 10, 10, 10, 10, 10, 10, 10, 10, 3 Lyn,m 12020
12 59 11, 11, 11, 11, 10, 10, 10, 10, 10, 10, 10, 4 Ln,m 12388
12 60 11, 11, 11, 11, 11, 10, 10, 10, 10, 10, 10, 5 Lon,m 12780
12 61 11, 11, 11, 11, 11, 11, 10, 10, 10, 10, 10, 6 Lo, m 13202
12 62 11, 11, 11, 11, 11, 11, 11, 10, 10, 10, 10, 7 Ly,m 13660
12 63 11, 11, 11, 11, 11, 11, 11, 11, 11, 9, 9, 9 Sn,m 14166
12 64 11, 11, 11, 11, 11, 11, 11, 11, 11, 10, 10, 9 Sn,m 14708
12 65 11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 10, 10 Sn,m 15310
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