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Abstract

We consider chemical graphs that are defined as connected gra-
phs of maximum degree at most 3.We characterize the extremal
ones, that is, those that maximize or minimize 33 degree-based topo-
logical indices. This study shows that five graph families are suf-
ficient to characterize the extremal chemical graphs of 29 of these
33 indices. In other words, the extremal properties of this set of
degree-based topological indices vary very little.

1 Introduction

Chemical graphs provide a powerful tool for modeling molecular structures.

These graphs, where vertices represent atoms and edges represent bonds,

*Corresponding author.


https://doi.org/10.46793/match.95-1.00125

194

allow researchers to investigate various chemical and physical properties
of molecules through graph-theoretical concepts.

According to Patrick Fowler [21]: “The definition of chemical graphs
that is useful depends on context. Two definitions appropriate to different
kinds of carbon framework can be found in the literature. The graphs that
can be regarded as skeletons of saturated hydrocarbons (such as alkanes),
are connected and have maximum degree A at most 4. If instead the in-
terest is in (unsaturated) conjugated 7 systems, such as alkenes, polyenes,
benzenoids, and fullerenes, the maximum degree should be at most 3, since
a conjugated carbon atom participates in at most three single bonds.”

In this paper, we focus on the second definition of chemical graphs
(where the maximum degree is at most 3) and explore the bounds on
topological indices of such graphs. A topological index, or molecular de-
scriptor, is a graph invariant used to study specific physicochemical prop-
erties of molecules. Among the most well-known indices is the Randié
index, introduced by Milan Randié¢ [38] in 1975, which has been widely
used in quantitative structure-activity relationship (QSAR) and quantita-
tive structure-property relationship (QSPR) studies. Its value Ra(G) for
a chemical graph G is defined as

where d(v) is the degree of vertex v. This is an example of so-called degree-
based topological index, that is an index computed from the sum of the
weights of the edges, each edge vw having a weight defined by a formula
using the degrees of v and w.

As stated by Ivan Gutman [24], “Countless topological indices have
been and are being proposed so far, in many cases without any examination
if these correlate with any of the various physical properties, chemical
reactivity or biological activity. To use a mild expression, today we have
far too many such descriptors, and there seems to lack a firm criterion to
stop or slow down their proliferation.”

In this paper, we consider 33 degree-based topological indices that we

found in the literature (see Section 2) and whose extremal properties have
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given rise to scientific publications [1-5,7-17, 19, 20, 22, 23, 26, 27, 29-35,

37,39-45]. In the same spirit as Gutman’s words, we can wonder whether

these indices are very different from each other. We provide a partial
answer by analyzing the extremal properties of these indices. We use the
word “partial” for several reasons. First, we are only interested in the
extremal properties of topological indices and it could therefore be that
various indices are distinguished by other properties of interest to chemists.
Second, we only deal with chemical graphs of maximum degree at most
3. Finally, the list of topological indices studied in this article is not
exhaustive, although we have tried to consider the most cited and studied
in the scientific literature. Our conclusions will be clear: five families of
chemical graphs are sufficient to characterize the vast majority of extremal
chemical graphs of degree-based topological indices.

Let G = (V, E) be a graph of order n = |V| and size m = |E|. The
maximum degree of a graph G is denoted A(G). An edge with endpoints
uw and v of degree d(u) = i and d(v) = j is called an (i,7)-edge and is
denoted uv. We denote z;; the number of (4, j)-edges in G while n; is the
number of vertices in G of degree i. In what follows, K,,, P,, and C,, denote
the complete graph of order n, the path of order n and the cycle of order
n, respectively.

In the next section, we give a precise definition of the chemical graphs
considered in this paper and we give the list of 33 topological indices whose
extremal properties are analyzed. Section 3 is dedicated to defining five
families of chemical graphs which are sufficient to characterize the extremal
graphs for a large majority of degree-based topological indices. Tools used
in our proofs are given in Section 4, and a characterization of extremal

chemical graphs for the 33 topological indices is given in Section 5.

2 Preliminaries

As mentioned in the previous section, we are interested in connected graphs
of maximum degree at most 3. To avoid border effects, we will not consider
small or dense graphs which have only few possible z;; values. This is now

explained in detail.
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There are only 10 connected graphs of order n with 1 < n < 4, Six
of them, namely Ki,Ks,K3, Ky, P3 and the diamond (K4 minus an edge),
are the only ones having their order and size. They therefore maximize
and minimize any topological index of their order and size. The two pairs
(n,m) with n < 4 that have different chemical graphs of order n and size
m are P4 and the star with 3 branches for (n,m) = (4,3) and C4 and a
triangle plus a pending vertex for (n,m) = (4,4). By restricting ourselves
to connected graphs of maximum degree at most 3, it is not difficult to
show that there are 10 such graphs of order n = 5 and 29 ones of order
n = 6. These can be obtained using PHOEG [18], House of Graphs [6]
or Nauty’s geng [36]. Hence, given any topological index, it is easy to
determine which chemical graph of order n < 6 has maximum or minimum
value. From now on, we will therefore only consider connected graphs G
of order at least 7, which implies 21; = 0 and 2 < A(G) < 3.

Definition 1. A degree-based topological index is any function f of the

form

[ (@12, 213, T2z, T23, ¥33) = C12212 + 13213 + C22T22 + C23T23 + 33733,
where every c;; s a real number.

By abuse of notation, for a graph G, we will write f(G) instead of
f(z12, 13, T22, T23, T33), where x;; is the number of (4, j)-edges in G. For
example, the Randié index (see Section 1) is the degree-based topological

. . 1
index with ¢;; = ok

Let’s focus now on dense graphs. Since we restrict ourselves to graphs
G of maximum degree at most 3, the size m of such graphs is at most ‘37"

if m =32 then x33 =m (G is 3-regular); if m = 321 then 223 = 2 and

3n—2
2

e r13=1and z33 =m — 1;
3 33 ;

r33 =m —2;if m= , then there are three possible cases:

e o3 =4 and x33 =m — 4;

e o =1, 293 =2 and x33 =m — 3.

3n—2
2

topological index f, it is not difficult to determine the z;; values of the

Hence, given a pair (n,m) with m >

, and given any degree-based

connected graphs of order n, size m and maximum degree at most 3 which

maximize or minimize f.
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From now on, when we talk about chemical graphs, we assume that we
are not in the above extreme cases (i.e., very small or very dense graphs).
More precisely, here is the definition of the chemical graphs studied in this
paper.

Definition 2. A chemical graph is a connected graph of order n > 7, size

m < # and maximum degree at most 3.

It is important to specify here that although the results that we demon-
strate are valid for chemical graphs as defined above, it is possible that

these results are also valid for some connected graphs of maximum degree

3n—3
s,
We found in the literature 33 degree-based topological indices. They

at most 3 and of order n < 7 or size m >

are described in Table 1. Most of them, namely 28, appear in [25], the
exceptions being ABSC which appears in [5], AG-GA, which appears in [42]
and InZagrebl, InZagreb2 and InZagreb3 which can be found in [39]. We
are interested in the extremal properties of these indices. More precisely,
given a topological index f, we aim to characterize the chemical graphs
that maximize f and those that minimize f. For the 33 indices of Table 1,
this gives potentially 66 families of chemical graphs. As will be shown, 5
families (instead of 58) are sufficient to characterize the extremal chemical

graphs of 29 of the 33 topological indices.

Definition 3. Given a degree-based topological index f defined by c;; val-
ues, its complement denoted f is the degree-based topological index defined

by —c;; values.

Determining chemical graphs with the minimum value for f is thus
equivalent to determining chemical graphs with the mazimum value for
f. In the subsequent proofs, we always aim to maximize the value of a

topological index in Table 1 or its complement.

Definition 4. A chemical graph G is extremal for a degree-based topolog-
ical index f if it mazimizes f or f over all chemical graphs of the same

order and size as G.



Table 1. 33 Degree-based topological indices

Name Short name Cij
Atom-bond connectivity index ABC \/ ”1.7]72
Atom-bond sum-connectivity ABSC “;frgz
index

Albertson index Albertson [t — 7]
Arithmetic-geometric index AG QZ:;ZLJ
Difference between AG and GA AG-GA 21\7;% — 21‘4{?
Extended index Extended %(% + 1)
Forgotten index Forgotten i+ 52
Geometric-arithmetic index GA if?
First Gourava index Gouraval i+j+ij
Second Gourava index Gourava2 (1 +7)ij
First hyper-Gourava index hGouraval (i + § +1i5)*
Second hyper-Gourava index hGourava2 ((i + 5)ij)?
i(;‘;(()it;iava sum-connectivity GouravaSC ﬁ
Gourava product-connectivity GouravaPC 17 (3 + 7)
index

Harmonic index Harmonic %
Inverse degree index InvDeg 7242
Inverse sum of degree index InvSumDeg %
Randié¢ index Randié¢ \/%
Reciprocal Randi¢ index rRandi¢ Vi
Sigma index Sigma (i —4)2
Sombor index Sombor V12 + 52
Reduced Sombor index rSombor ViE-1)2+ (G —1)2
Sum connectivity index SumConn 1.1 =
Reciprocal sum connectivity rSumConn 1+
index

First Zagreb index Zagrebl i+7
Second Zagreb index Zagreb2 ij
Augmented Zagreb index aZagreb (5 jj?; 5 )3
First hyper-Zagreb index hZagrebl (i +4)2
Second hyper-Zagreb index hZagreb2 (i5)?
Nat. log. of the mult. sum InZagrebl In(i + j)
Zagreb index

Nat. log. of the first mult. InZagreb2 2(1nl@ + lnjm)
Zagreb index

Nat. log. of the second mult. InZagreb3 In(¢) + In(y)
Zagreb index

Modified first Zagreb index mZagreb i3 4578
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3 Five families of chemical graphs

A chemical graph is characterized by five ;; values, namely, 212, 213, Z22,

93 and x33. We therefore have:

ny = T2 + T13 1

T12 + 2x22 + To3

Nno 2

2
13 + T23 + 2733

(1)
(2)
ns 3 (3)
(4)
(5)

4
5

4 5 2
n=n;+ng+ng= 51312 + §$13 + T22 + 69023 + 35633

m = T2 + 13 + Toz + To3 + T33.

We now define five families Fy, F5, F3, Fy and F5 of chemical graphs. As
will be shown, these are sufficient to characterize the extremal chemical
graphs of 29 topological indices. Fo illustration, examples of chemical

graphs belonging to these families are given in Figure 1.

[(m=1.6)] [m=a.0)]  [(m=(1.8)] [(nmy=1.9)] [(m=3.D)] [(rm=8.8)] [(nm)=8.9)] [(nm)=(8.10)]
belongs to belongs to belon gs to belon sm belon gs to belonu to belongs to belongs to belonu to belon gs to
Fy, Fy, Fs Fy, Fy, Fs Fy, Fy, Fs Fy, Fy, Fs
belongs to belongs to belon gs to belon gs to belon gs to belonu to belongs to belongs to belongs to belongs to

£y L Fi.F3 Fy, F3 Fi. k3 Fy, 3
belongs to belongs to belongs to belongs to belongs to
Fy Fs Fs Fy, Fs Fy Fs

Figure 1. Examples of chemical graphs or order n€{7,8} and size
m<n+2 belonging to at least one of the families Fy, ..., F5.

Definition 5. F} is the set of chemical graphs with the following numbers

zij of (i, j)-edges:

T12 Z13 Z22 Z23 Z33

0 w 0 0 w if n if even

0 3n—2m—1 0 ) 4m—3n—3 an Zf odd
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Definition 6. F5 is the set of chemical graphs with the following numbers

xi; of (i,7)-edges:

T12 | X13 T22 Z23 33
2 0 m — 2 0 0
0 0 m 0 0
0 0 m—5 4 1
0 0 3n—2m-—1 2 3m—3n—1

ifm=n—1
ifm=n
ifm=n+1

: 3n—3
zfn+1<m§”T

Definition 7. Fj is the set of chemical graphs with the following numbers
x;j of (i,7)-edges:

T12 x13 T22 x23 33
0 3n—2m 0 0 4m—3n
1 3n—22m—3 0 1 47)’L—§)7L—1

if n if even

if n if odd

Definition 8. F} is the set of chemical graphs with the following numbers

x;j of (i,7)-edges:

T12 | T13 T22 23 33
0 m—2 0 0
0 6n —bdm | 6m — 6n 0
0 0 0 6n —4m | 5m — 6n

fm=n-—1
: 6n
zfn§m<?
-r 6n 3n—3
if 2+ <m <

Definition 9. Fj is the set of chemical graphs with the following numbers

x;; of (4,7)-edges:

T12 | T13 T22 To3 33
2 0 m—2 0 0 ifm=n—1

0 0 m 0 0 ifm=n

’ ’ moo 6 0 fm=n+1

0 0 | m—5 4 1

0 0 a 6n—4m—2a | bm—6n+a ifn+1<m§%

where a is any integer such that max{0,6n—5m} < a < 3n—2m — 1 when
n+l<m < %

It is not difficult to show that for every z;; values of the five families

defined above, there is at least one chemical graph having x;; (¢, j)-edges.
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This can be proved in several ways. The first approach is to use the nec-
essary and sufficient conditions provided in Hansen et al. [28] for the exis-
tence of a simple connected graph with given x;; values. These conditions

for chemical graphs can be written as follows:

33 < w if ng =1,2 or 3, (6)

Zag < % if ng =1 or 2, (7)

ZTo3 < Mang ifng=1or2andn3=1, (8)

Tog > 0(na) +d(n3) — 1, 9)

Ta3 + X33 > n3 + 6(n2) — 1, (10)

Top + x93 > no +6(n3) — 1, (11)

Tog + Toz + 33 > N2 +ng — 1. (12)

where

1 ifz>1
6(:1:):{ if o> 1,

0 otherwise.

Condition (12) is equivalent to m — x12 — 13 > n — 12 — T13 — 1,

which is equivalent to m > n — 1. In summary, given a pair (n,m) of
3n—3
2

integers such that n > 7andn—1<m < , and given x;; values that
satisfy conditions (1)-(5), we can state that there is a chemical graph of
order n and size m with x;; (i, j)-edges if and only if conditions (6)-(11)
are satisfied. This is now illustrated with family Fj.

Given z;; values as in Definition 5, Equations (1), (2) and (3) give

3n—2m—(n mod 2)

ny = p) )
ny =mn mod 2,

_ 2m—n—(n mod 2)
n3 - f.

Clearly, n = ny +ns+ng and m = w12+ 13+ T2z +T23 + 33, which means
that conditions (1)-(5) are satisfied. Let’s now prove that Constraints (6)-
(11) are also satisfied. Note first that n > 7 implies m > n — 1 > 6. Since

3ns = m + x33, we have ng > 2.

e If ng = 2 then 6 = m + w33 > 6 + x33 implies z33 < lzw;

if n3 = 3, then 9 = m + x33 > 6 + 33 implies z33 < 3 = %
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Hence, Constraint (6) is satisfied.
e Since x99 =0 < % for no = 1 and 2, Constraint (7) is satisfied.
e As mentioned above, ng > 2 which implies that there is no Con-
straint (8).
e If n is even, then xo3 = ny = d(ny) = 0. Therefore,
— x93 =0 > d(n2) +d(nz) — 1;
— Since m > n — 1, we have 2x33 = 4m — 3n > m — 3. Hence,
m — 3+ x33 < 3x33 which implies x93 + £33 = 233 > %3373 =
ny —1=mn3+d(n) — 1;
— Too + 23 > ng + d(nz) — 1.
Hence, Constraints (9)-(11) are satisfied.
e If n is odd, then, x93 = 2 and ny = d(ny) = 1. Therefore,
— x93 =2 > d(na) +d(ng) — 1.
— Since m > n — 1, we have 2x33 = 4m — 3n — 3 > m — 6. Hence,
m—6+x33 < 3x33 which implies x93 +x33 = 2+x33 > % =
n3 =ng + d(na) — 1.
— Xog + 223 =2 > ng +d(ng) — 1.
Hence, Constraints (9)-(11) are satisfied.

Another way of proving that a chemical graph exists for given z;; values
is to give an explicit construction for such a graph. For family Fj, for
an even order n > 7 and for m > n, one can for example consider the
following construction (a similar one can be given for odd values of n and
form=n-—1):

1. Construct a cycle on vertices vi,ve,...,vpm-n, with edges v;v;i1

1<i<m-—7%5—1)and (G——
2. Add a matching with the m — n edges ViU 2mon (I1<i<m-—n).
Let W be the set of endpoints of these edges.

3. For each v; ¢ W, add a pending vertex w; adjacent to v;.

The resulting graph belongs to Fj. Indeed, every v; has degree 3 and
every w; has degree 1. We thus have x15 = x95 = x93 = 0. Moreover,
zi3=m— 2 — |W| =320 and z33 =m — 2 + |W| = 4m3n,

In summary, it is tedious but easy to check that given z;; values of
one of the five graph families defined above, there is at least one chemical

graph with z;; (i, j)-edges. Therefore, from now on, we assume that this
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is true for the five families Fi,. .., F5.

4 Tools used to characterize extremal chem-
ical graphs

Given a set of x;; values, we consider transformations which generate x;;

values having specific properties.

Definition 10. Let A = (aj2,a13,a92,as3,a33) be a vector with integer

coefficients.

e Given any integer k, the (A, k)-transform of a vector (x12, 213, Z22,
T23,733) s the vector (¥, T3, Thy, To3, T43) such that x3; = x;; +
kaij.

e We say that A is (n,m)-preserving if it satisfies the two following

equations:
3 4 5 2
5012 + 3013 + a2 + G723 + 3083 = 0; (13)
a12 + a3 + asz + azz +azz = 0. (14)

The idea behind these definitions is that if (25, 213, Ths, Ths, T53) is the
(A, k)-transform of (x12, 213,22, X23,x33) and if A is (n,m)-preserving,
then

3 4 ) 2 3, ’ ’ ’ 2,
§$12+§$13+$22+6$23+§$33 = §$12+§$13+$22+6$23+§x33 and

/ / ’ / /
T12 + 213 + Tog + Tag + X33 = X9 + T3 + Loy + To3 + T33.

Hence, the values of n and m derived from Equations (4) and (5) are
the same, whether calculated using z;; or z; values.

Let G be a chemical graph of order n and size m that maximizes the
value of a topological index f over all chemical graphs of same order and

same size as G. We now study the impact on the z;; values of G if some
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of the four following values are strictly positive:

Vi =c13 —co2 + min (cg; — cg;) + min (35 — c25),
=1 7=2,3

=14

Vo = ¢13 — c12 + min (cg; — ¢34),
1=2,3

Vi =coo — 13+ min_ (cg; — ¢3;) + min (co5 — ¢35),
1=1,2,3 7j=2,3

Vi =2co2 —c12 — 23 + 2 .H%ig?) (c2; — €34).
1= 1<

Lemma 1. Let f be a degree-based topological index such that Vi > 0. A
chemical graph G that mazximizes [ over all chemical graphs of the same

order and size as G has no (2,2)-edge.

Proof. Assume G contains an edge uv with both endpoints of degree 2.

e If v and v have no common neighbor, then let x be the second neigh-
bor of u and let y be the second neighbor of v. At least one of x, vy,
say vy, has degree at least two, else G has order 4. We can then obtain
a chemical graph G’ by replacing uz by vz. Let ¢ € {1,2,3} be the
degree of x and j € {2, 3} the degree of y. The graph G’ contradicts

the maximality of GG since
F(G') = f(G)+ecis—cant(e3i—ci) +(esj—c25) = f(G)+ Vi > f(G).

e If v and v have a common neighbor w, then w has degree 3, else G
has order n = 3. Also, the third neighbor = of w has degree at least
two, else G has order n = 4.

— If = has degree 2, then let y be its second neighbor and let
i € {1,2, 3} be the degree of y. We can obtain a chemical graph
G’ by replacing uv by vz. Then G’ contradicts the maximality

of G since

F(G")

J(G) 4 c13 — c22 + (c3i — c2i) + (€33 — c23)
> f(G)+ Vi > f(G).

— If « has degree 3, then let y and z be the two other neighbors of
z. We can obtain a chemical graph G’ by replacing zy and xz

by uy and vz. Then G’ contradicts the maximality of G since

F(G') = f(G)+c13—caa+2(caz —c23) > f(G)+ V1 > f(G). WA
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Lemma 2. Let f be a degree-based topological index such that Vi > 0 and
Vo > 0. A chemical graph G that mazimizes f over all chemical graphs of
the same order and size as G has no (1,2)-edge and no (2,2)-edge.

Proof. We already know from Lemma 1 that G has no (2,2)-edge. Let uv
be an edge in G with u of degree 1 and v of degree 2. Let w be the second
neighbor of v. Note that w has degree 3, else G has order n = 3. Let « and
y be the two other neighbors of w. At least one of them, say = has degree
i > 2, else G has order n = 5. We can obtain a chemical graph G’ by
replacing uv and wx by uw and vz. Then G’ contradicts the maximality

of G since
F(G") = f(G) + c13 — c12 + (c2s — ¢35) > f(G) + Va > f(G). [ ]

Lemma 3. Let f be a degree-based topological index such that V3 > 0. A
chemical graph G that maximizes f over all chemical graphs of the same

order and size as G has no (1,3)-edge.

Proof. Let uv be an edge with u of degree 1 and v of degree 3, and let z
and y be the two other neighbors of v. At least one of x and y, say y has
degree at least two, else G has order n = 4. We can then obtain a chemical
graph G’ by replacing vy by uy. Let ¢ be the degree of z and j the degree

of y. Then G’ contradicts the maximality of G since
(@) = f(G) +coo—crs+ (c2i —c3i) + (c25 —¢35) 2 f(G)+ Vs > f(G). A

Lemma 4. Let f be a degree-based topological index such that Vy > 0. If a
chemical graph G mazimizes f over all chemical graphs of the same order
and size as G then either m =n—1 and G is P, or m > n and G has no
(1,2)-edge.

Proof. Let uv be an edge with u of degree 1 and v of degree 2. If G is
not P,,, then there is a vertex w of degree 3 in G such that v and w are
linked by a chain in which all internal vertices have degree 2 in G. Let x
and y be the two neighbors of w that are not on the chain. We can obtain
a chemical graph G’ by replacing wx by ux. Let ¢ be the degree of z and
j the degree of y. Then G’ contradicts the maximality of G since

F(G")=f(G)+2co2—cra—caz+(cai—cai)+(caj—c35) > f(G)+Vy>f(G). W
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5 Characterization of extremal graphs

We first characterize the extremal graphs of 29 of the 33 degree-based

topological indices of Table 1. The proofs involve the following values:

Vs = c13 — 4ca3 + 3c33,
Ve = ca2 — 2c23 + ¢33,
Vi = c12 — c13 — c23 + ¢33,

Vs = —2c12 + 3c13 — 2¢93 + c33.

5.1 Five graph families for 29 topological indices

We first show that the chemical graphs in F; maximize all degree-based

topological indices such that V7, V5 and V5 are strictly positive.

Theorem 5. Let f be a degree-based topological index such that Vi > 0,
Vo >0 and V5 > 0. A chemical graph G mazximizes f over all chemical
graphs of the same order and size as G if and only if G € F}.

Proof. Let G be a chemical graph of order n, size m and with z,; (4, j)-
edges. Assume that it maximizes f over all chemical graphs of order n and
size m. As shown in Lemma 2, V3 > 0 and V5 > 0 imply 212 = x99 = 0.
Hence, 2ns = x23, which means that xo3 is even.

If x93 < 2 then ny = n mod 2 (since the number n; + ng of odd degree
vertices is even), which implies z33 = 2(n mod 2). Equations (4) and

Am—3n— d2 .
and z33 = 2m=3n 32(n mod 2) ' \which

(5) then give z13 = w
means that G belongs to F.

If 293 > 4, then consider the vector A = (0, 1,0, —4, 3) associated with
Vs and let (', 273, 25, 253, 53) be the (A, | #22])-transform of (212, 213,
Zog, Ta3, T3z). We then have iy = 24y = 0 and x5 < 2. Since A is
(n, m)-preserving, we conclude as above that x5 = Sn=2m—(n mod32) ,q

2
Thy = 4m73”*32(” mod ) Tet G’ be a graph in F; having exactly Ty

(4, j)-edges. The maximality of G is contradicted by G’ since

F(G') = f(@ho, T3, Tho, T3, T53) = f(G) + V5| 52| > f(G). u
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Theorem 6. Let f be a degree-based topological index such that Vi > 0,
Vi >0 and V5 > 0. A chemical graph G mazimizes f over all chemical
graphs of the same order and size as G if and only if G € Fy.

Proof. Let G be a chemical graph of order n, size m and with z;; (¢, 7)-
edges. Assume that it maximizes f over all chemical graphs of order n and
size m. As shown by Lemmas 3 and 4, V53 > 0 and V4 > 0 imply G = P,
or n; = 0. Hence, if m =n — 1, then G = P,, (since trees have vertices of
degree 1), which means that 12 = 2, £os = m —2 and G € F5. So assume

n<<m< 3"2_3, which implies that n; = 0 and x93 is even.

e If m = n, Equations (4) and (5) give xa35 = w33 = 0, which implies
Too = m and G € Fy.
e If m = n+ 1, Equations (4) and (5) give 23 + 2233 = 6, which
implies ng = 2 and x33 < 1. Hence, there are only two possibilities:
— x99 =m — 6, x93 = 6,233 = 0, or
— Tog =m — 5, o3 = 4,233 = 1.
Since coo—2c23+c33=Vs > 0, the second solution has a larger value,
which implies GEF5.
e If n+1<m< 222 and x93 = 2, then Equations (4) and (5) give

Too = 3n — 2m — 1 and z33 = 3m — 3n — 1, which implies G € F5.
So assume x93 > 4, consider the vector A = (0,0,1,—2, 1) associated
with Vs and let (2, 23, 2hy, Ths, ¥53) be the (A, £23=2)-transform
of (212, %13, T2, 23, x33). Hence, 2}y = 2)3 = 0 and zf3 = 2. Since
A is (n, m)-preserving, we conclude as above that x5y = 3n —2m —1
and z43 = 3m—3n—1. Consider any chemical graph G’ in F, having
exactly xj; (i,j)-edges. The maximality of G is contradicted by G’

since

f(G') = f(ahg, 273, Tho, T3, T53) = f(G) + VG(MST_Q) > f(G). u

Corollary 7. Fy U Fy is the set of extremal chemical graphs for the
18 degree-based topological indices ABSC, AG, AG-GA, Extended, GA,
GouravaSC, Harmonic, Randié, Sombor, rSombor, SumConn, rSumConn

and InZagrebl.

Proof. 1t is easy to check that
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e V1, V5 and Vs are strictly positive for ABSC, AG, AG-GA, Extended,
rSumConn, Sombor, rSombor, InZagrebl, GA, GouravaSC,

Harmonic, Randi¢ and SumConn, which implies that Fj is the set
of chemical graphs which maximize ABSC, AG, AG-GA, Extended,
rSumConn, Sombor, rSombor, InZagrebl and minimize GA,
GouravaSC, Harmonic, Randi¢ and SumConn.

o V3,V and Vj are strictly positive for ABSC, AG, AG-GA, Extended,
Sombor, rSombor, rSumConn, InZagrebl, GA, GouravaSC, Har-

monic,Randi¢ and SumConn, which implies that F5 is the set of
chemical graphs which minimize ABSC, AG, AG-GA, Extended,
Sombor, rSombor, rSumConn, InZagrebl and maximize GA,

GouravaSC, Harmonic, Randi¢ and SumConn. |

We now characterize the degree-based topological indices f for which

the chemical graphs in F3 and F; maximize f.

Theorem 8. Let f be a degree-based topological index such that V1>0,
V6>0, Vz>0 and Vg>0. A chemical graph G mazimizes f over all graphs
of the same order and size as G if and only if G € Fj.

Proof. Let G be a chemical graph of order n, size m and with z;; (7,7)-
edges. Assume that it maximizes f over all chemical graphs of order n
and size m. As shown by Lemma 1, V3 > 0 implies x5 = 0. Let W33 be
the set of vertices of degree 2 in G with two neighbors of degree 3, and let
W13 be the set of vertices of degree 2 in G with one neighbor of degree 1

and the other of degree 3. Since n > 3, we have ny = |Was| 4+ [Wis|.
e If no =0, then x99 = @92 = x93 = 0 and Equations (4) and (5) give
T3 = w and x33 = @, which implies that G belongs to F3.

e If ny =1, then let v be the vertex of degree 2 in G.
— if v € Wi3 then z12 = a3 = 1,290 = 0 and Equations (4) and
(5) give x13 = dm=3n-1,

— if v € W33 then z15 = 299 = 0,293 = 2 and Equations (4) and

(5) give w13 = 32=2m=1 and ggy = dm=3n=3

3n—2m—3 —
S=5m== and w33 =

Since c19 — ¢13 — co3 + ¢33 = V7 > 0, the first case has a larger value
f(@), which implies that G belongs to F3.
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e If no > 1, then the two neighbors of each vertex in W33 are adjacent.
Indeed, if a vertex v € W33 has two non-adjacent neighbors u; and
ug, then consider any other vertex w of degree 2 and let ug be one
of its neighbors: by replacing vuy, vug, wus by vw, vus and uyus, we

get a chemical graph G’ which contradicts the maximality of G since
F(G) = f(G) + cag — 2¢03 + 33 = f(G) + Vi > f(Q).

Let us now show that |Ws3| < 1. Assume by contradiction that W3
contains at least two vertices vy and wvs. Since n > 4, there are two
non-adjacent vertices u; and wy such that u; is adjacent to v; but
not to wvo, while us is adjacent to vo but not to v;. Let w; be the
second neighbor of v, and let G’ be the chemical graph obtained
from G by replacing viw; and vous by vius and vow;. Then G’ has
ng > 1 vertices of degree 2 and one of them, namely vy, has two
non-adjacent neighbors uj,uy of degree 3. We have shown above
that this implies that G’ does not maximize f while f(G') = f(G),
a contradiction.
Hence, |W33| < 1, which implies |[Wi3| > 1. So let v be a vertex in
Wis, let u be another vertex of degree 2, let w be the neighbor of v
of degree 1, and let G’ be the chemical graph obtained from G by
replacing vw by uw:
— if u € Wis then f(G') = f(G) — 2c12 + 3c13 — 2c03 + c33 =
f(G)+ Vs > f(G);
— if u € Ws3 then f(G') = f(G) — c12 + 2¢13 — 3ca3 + 2¢33 =
F(G)+ V7 + Vs > f(Q).
In both cases, G’ contradicts the maximality of G. |

Theorem 9. Let f be a degree-based topological index such that V3>0,
Vi>0 and V5<0. A chemical graph G mazimizes f over all graphs of the

same order and size as G if and only if G € Fy.

Proof. Let G be a chemical graph of order n, size m and with x;; (¢, 7)-
edges. Assume that it maximizes f over all chemical graphs of order n and
size m. As shown by Lemmas 3 and 4, V3 > 0 and V; > 0 imply G = P,

or n; = 0. Hence, if m = n — 1, then G = P,,, which means that x5 = 2,
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Too = m — 2 and G € Fy. So assume m > n — 1, which implies ny = 0.
Equations (4) and (5) give xog = 6n —4m — 2z and x33 = 5m — 6n + 2a.
Hence, z32 > max{0,6n — 5m}.

e If x99 = 0, then x93 = 6n — 4m, x33 = 5m — 6n and G € Fy.

e If x99 = 6n — 5m > 0, then x93 = 6m — 6n, 33 = 0 and G € Fy.

o If z9o > 0 and x99 # 6n—5m, then x33 > 0. Consider the vector A =
(0,0,—-1,2,—1) associated with —Vg and let (5, z]3, Ths, Ths, Ths)
be the (A4, min{xzqs, x99 — 6n + 5m})-transform of (z12, z13, T22, T23,
x33). Hence, by = max{0,6n — 5m} and x}, = zf3 = 0. Since A
is (n, m)-preserving we conclude as above that there is a chemical
graph G’ in Fy having exactly x7; (4,j)-edges. Then G’ contradicts

the maximality of G since

f(G/):f(.I‘/12, 1‘/13, .13/22, $/23, 1‘53)

=f(G)—Vs min{xas, xo2—6n+5m}>f(G). ]

Corollary 10. F5U Fy is the set of extremal chemical graphs for the 10
degree-based topological indices Gouraval, Gourava2, hGouraval,
hGourava2, GouravaPC, InvSumDeg, rRandié, Zagreb2, hZagrebl, hZa-
greb2.

Proof. 1t is easy to check that

o V1>0, V>0, Vz>0 and Vg>0 for Gouraval, Gourava2, hGouraval,
hGourava2, GouravaPC, InvSumDeg, rRandi¢, Zagreb2, hZagrebl,
hZagreb2, which implies that Fj is the set of chemical graphs which
maximize these topological indices.

o 15>0,V4;>0 and Vg<0 for Gouraval, Gourava2, hGouraval,
hGourava2, GouravaPC, InvSumDeg, rRandié¢, Zagreb2, hZagrebl,
hZagreb2, which implies that Fj is the set of chemical graphs which

minimize the 10 topological indices. |

Note that Fy U F3 is the set of chemical graphs with z;; (i, j)-edges
such that
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T12 x13 T22 | T23 33
0 | 222 | 0 | 0 | 2232 |ifnifeven
1 3n—22m—3 0 1 4m—23n—1 ) .
a1 PR if n is odd

Theorem 11. Let f be a degree-based topological index such that V1 >0,
V5>0 and V7=0. A chemical graph G maximizes f over all graphs of the
same order and size as G if and only if G € Fy U Fj.

Proof. Let G be a chemical graph of order n, size m and with z;; (¢, 7)-
edges. Assume that it maximizes f over all chemical graphs of order n and
size m. Note that the two possibilities for the x;; values when n is odd
give the same value f(G) since c12 — ¢13 — o3 + ¢33 = V7 = 0. As shown
by Lemma 1, Vi > 0 implies x93 = 0. Moreover, n > 3 implies x12 < x23,
and z12 and xs3 have the same parity.
1. If 215 = 0 then, as shown in Theorem 5, G € Fy, else there is a graph
G’ € Iy so that f(G') > f(G).
2. If x150 = 1 then
— if wp3 = 1 then Equations (4) and (5) give z13 = 22=21=3 and

‘1’”_2&, which implies that G belongs to Fj.

I33 =
— if x93 > 3, then consider the vector A = (—1,2,0,—3,2) asso-
ciated with V5—V7 and let (25, )3, Ths, Ths, T53) be the (A4, 1)-
transform of (219, %13, T22, Ta3, 233). Note that aj, = 24, =0
and A is (n,m)-preserving. Hence, we have shown in case 1.
that there is a graph G’ € F; which contradicts the maximality

of G since

f(G/) > f(37/12733/13a95/22a 37/2375553)
=f

(@) + Vs —Vz = f(G)+ V5 > f(G).

3. If z12 > 2 then xo3 > 212 > 2. Consider the vector A = (—2,3,0, —2,
1) associated with Vs —2V7 and let (25, )3, ¥hq, Ths, 253) be the (A,
| 42 |)-transform of (212, 13, T22, T23, 233). Since x|y = x5, = 0 and

Ais (n, m)-preserving, we have shown in case 1. that there is a graph
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G’ € F; which contradicts the maximality of G since

J(Q) 2 [(@ha 25, 2. ¥hy, w5a) = J(G) + | 57| (Va—2V7)

= 1(O) + [ Vs> 1(C). u

Theorem 12. Let f be a degree-based topological index such that V3>0,
V4>0 and V5=0. A chemical graph G mazimizes f over all graphs of the
same order and size as G if and only if G € F5.

Proof. Let G be a chemical graph of order n, size m and with x;; (4, j)-
edges. Assume that it maximizes f over all chemical graphs of order n
and size m. Note first that the two possibilities for the z;; values when
m = n + 1 have the same value f(G) since caa — 2¢a3 + ¢33 = Vs = 0. For
the same reason, all solutions for n +1 <m < % have the same value.

As shown by Lemmas 3 and 4, V5 > 0 and V4 > 0 imply G = P,, or

ny = 0. Hence, if m = n — 1, then G = P,,, which means that x5 = 2,

3n—3
2

Tog =m—2and G € F5. So assume n < m < , which implies that
n, = 0 and x93 is even.

o If m = n, Equations (4) and (5) give xo3 = w33 = 0 and za3 = m,
which implies G € F5.

e If m = n+ 1, Equations (4) and (5) give 23 + 2233 = 6, which
implies ng = 2 and x33 < 1. Hence, there are only two possibilities:

— x99 =m — 6, x93 = 6,233 = 0, or
— Tgg = m — 5, Taz = 4,233 = 1,
and both imply G € F5.

o If n+ 1<m<3%=3 then zs3 > 2 and Equations (4) and (5) give
Tog = a, Toz = 6n — 4m — 2a and x33 = d5m — 6n + a. Since x33 > 0
and a3 > 2, we have max{0,6n — 5m} < a < 3n — 2m — 1, which
implies G € F5. |

Corollary 13. Fy U F3U Fj5 is the set of extremal chemical graphs for the
topological indices Forgotten, InvDeg, Zagrebl, InZagreb2, InZagreb3 and
mZagreb.

Proof. 1t is easy to check that
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e V1>0, V5>0 and V7=0 for Forgotten, InvDeg, Zagrebl, InZagreb2,
InZagreb3 and mZagreb which implies that Fy U F3 is the set of
chemical graphs which maximize Forgotten, InvDeg, Zagrebl and
mZagreb and minimize InZagreb2.

e V53>0,V,>0 and Vg=0 for Forgotten, InvDeg, Zagrebl, InZagreb2,

InZagreb3 and mZagreb, which implies that Fy is the set of chemical
graphs which minimize Forgotten, InvDeg, Zagrebl, mZagreb and

maximize InZagreb2. |

5.2 Additional families of extremal chemical graphs

As proved in the previous section, the five families F, ..., F5 are sufficient
to characterize all extremal graphs of 29 topological indices. However,
some degree-based topological indices have extremal chemical graphs that
do not belong to any of the five families. We give here four examples. More
precisely, we characterize the extremal chemical graphs of the topological
indices ABC, Albertson, Sigma, and aZagreb. For this purpose, we define
new families Fg, ..., F1; of chemical graphs characterized by x;; values.
Here again, as explained in Section 3, it is easy to check that given z;;
values of one of the graph families, there is at least one chemical graph
with x;; (¢,7)-edges. Examples of chemical graphs belonging to at least
one of the families Fg, ..., Fy1, but to none of the families FY,..., F5 are

given in figure 2.

Definition 11. Fj is the set of chemical graphs with the following numbers
x;5 of (i,7)-edges:

Ti2 | T13 | T22 Z23 33
0 a 0 6n —4m —4a | bm —6n + 3a

where a is any integer such that max{0, [$252™M]} < o < [3n2m |

Theorem 14. Let f be a degree-based topological index such that V1 >0,
Vo>0 and Vs=0. A chemical graph G mazimizes f over all graphs of the

same order and size as G if and only if G € Fg.

Proof. Let G be a chemical graph of order n, size m and with x;; (¢,7)-

edges. Assume that it maximizes f over all chemical graphs of order n
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[(nm=1.6)] [m=1.D)] [0m=08)] [(m=.9] [(m=@.D)] [(m=88)] [(nm=8.9)] [(rm)=@.10)

hEELnE oW

belongs to
Iy
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belongs to

belongs to

Fe, o, Fig

2.

belongs to belongs to
Fio Fe, Fo, Fio
belongs to

Fii

beluugs to

1 %33

belongs to

belongs to
Fe, Fo, Fio

belongs to belongs to belongs to
Fio Fe Fo, F1o Fy, Fy

belongs to belongs to
i F

Figure 2. Examples of chemical graphs or order ne{7,8} and size
m<n-+2 belonging to at least one of the families Fg,..., F11
but to none of the families Fy,..., F5.

and size m. As shown in Lemma 2, V; > 0 and Vo > 0 imply x5 =
x92 = 0. Hence, it follows from Equations (4) and (5) that z13 = a,
T93 = 6n — 4m — 4a and x33 = 5m — 6n + 3a. Since x93 > 0 and x33 > 0,
we have max{0, [£2551} < g < [3252™ | All possible solutions with the

various values of a have the same value since ¢13—4cao3+3c33 = V5 =0. W

Definition 12. F7; is the set of chemical graphs with the following numbers
x;j of (4,7)-edges:

T12|T13 22 T23 33

210 m—2 0 0 ifm=n-—1

01]0 m 0 0 ifm=n

010 5 4 1

110 -7 3 3 ifm=n+1
(n>8)] 210 m—9 2 5

0|0 |3n—2m—1| 2 |3m—3n—1] .

ifn+ 1<m§¥
110 [3n—2m—-3| 1 |3m—3n+1

Theorem 15. Let f be a degree-based topological index such that V3>0,
V>0 and Vs+V7=2V%.
of the same order and size as G if and only if G € Fr.

A chemical graph G mazximizes f over all graphs
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Proof. Let G be a chemical graph of order n, size m and with x;; (¢, 7)-
edges. Assume that it maximizes f over all chemical graphs of order n
and size m. Note that the three possible cases for m = n + 1 have the
same value since c19 — 2¢90 — o3 + 2¢33 = V5 + V7 — 2V = 0. For the same
reason, the two possibilities for n +1 < m < % have the same value.

As shown by Lemma 3, V3 > 0 implies z13 = 0. In what follows, for
two integer a and b such that (a,b) # (212, z23), we say that G is (a,b)-
dominated if a < 12, b—a < x93 — 12, and there is a chemical graph of or-
der n and size m which has a (1,2)-edges, b (2, 3)-edges, and no (1, 3)-edge.
In such a case consider the (n,m)-preserving vector A = (0,0,1,—2,1)
associated with Vg and let (25, 23, 2hy, Ths, Th3) be the (A, Lzs=r2ta=b)
transform of (12,13, 22, T23,T33). We thus have z13 = 2}, and xb; =
12 +b—a. Let A = (-1,0,3,—1,—1) be the (n,m)-preserving vec-
tor associated with 3Vg — Vs — V7 and let (zfy, 25, 259, 255, 245) be the
(A’ z12 — a)-transform of (25, )5, The, Ths, 253). We now have z7;, = a
and 755 = b. Let G’ be a graph with z}; (i, j)-edges. Note that if z12 = a,
then w93 — x12 +a — b > 0. Hence, G’ contradicts the maximality of G
since 3V — V5 — V7 = V5 > 0 and

F(GN)=f(a7y, 273, ¥, T3, 053) = f (29, T3, Tag, To3, T33) + (212 — a) Vs

=1(6) + (BEIEEIE0 4 (1 — )V > F(C).

Let us now analyze the possible values for m and use Equations (4)
and (5) to derive x;; values.

e If m = n — 1, then assume w93 > 0. It follows that 3 < z15 < wa3.
Hence, x12 = 293 = 3, else G is (3, 3)-dominated. We therefore have
oo =m — 6 and x33 = 0 and f(P,) — f(G) = —c12 + 4cag — 3ca3 =
4V — Vs — V7 = 2V > 0, which contradicts the maximality of G.
Hence x93 = 0 which implies G = P,, € F7.

e if m = n, then x15 = x93 = 0, else G is (0,0)-dominated. We
therefore have 9o = m and x33 = 0 which implies G = C,, € F7.

e If m=n+1, then

— if x15 = 0, then x93 > 4. Hence, z23 = 4 else G is (0,4)-

dominated. We therefore have x990 = m — 5 and x33 = 1, mean-
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ing that G € Fr.

— if x19 = 1, then zo35 > 3. Hence, x93 = 3 else G is (1, 3)-
dominated. We therefore have x9o = m — 7 and x33 = 3, mean-

ing that G € F7.

— if x19 = 2, then x93 > 2. Hence, wo3 = 2 else G is (2,2)-

dominated. We therefore have x990 = m —9 and x33 = 5, mean-

ing that G € F7.

— if 219 > 2, then x93 > 2, which means that G is (2,2)-domina-

ted, which contradicts the maximality of G.

° Ifn+1<m§%then
— if &9 = 0, then za3 > 2. Hence, x93 = 2, else G is (0,2)-

dominated. We therefore have x99 = 3n — 2m — 1 and z33 =

3m — 3n — 1, meaning that G € F7.

— if 19 = 1, then x93 > 1. Hence, x93 = 1, else G is (1,1)-

dominated. We therefore have x99 = 3n — 2m — 3 and 33 =

3m — 3n + 1, meaning that G € F7.

— if x19 > 2, then xe3 > 2. Hence, G is (1, 1)-dominated, which

contradicts the maximality of G.

Corollary 16. Fg U F7 is the set of extremal chemical graphs for the

topological index Sigma.

Proof. Tt is easy to check that V3 > 0, Vo > 0 and V5 = 0 for Sigma, while
V3 >0, Vg >0 and Vs + V7 = 2V5 for Sigma, which means that Fg is

the set of chemical graphs which maximize Sigma, while F7 is the set of

chemical graphs which minimize Sigma.

Definition 13. Fg is the set of chemical graphs with the following numbers
x;5 of (4,7)-edges:

Ti2  |Ti3| X22 23 33

2 0| m-— 0 0

3 0| m-— 3 0

2 0| m-— 4 1

1 0 1 3 3
) O R e [

ifm+1=nec{7,8,9}

if m=mnec{7,8}
ifn=7and m=38

otherwise
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Theorem 17. Let f be a degree-based topological index such that V3>0,
V>0 and Vs+V;=4Vy. A chemical graph G maximizes f over all graphs
of the same order and size as G if and only if G € Fg.

Proof. Let G be a chemical graph of order n, size m and with a;; (¢, 7)-
edges. Assume that it maximizes f over all chemical graphs of order n and
size m. As shown by Lemma 3, V3 > 0 implies 13 = 0.

If m+1=ne€ {789}, then there are only two possibilities: either
T1o = 2 and 299 = m — 2, or 12 = 3, Tog = 3 and 9o = m — 6.
Since c13 — 4cog + 3coz = V5 + V7 — 4V = 0, we deduce that both cases
correspond to an optimal graph G that belongs to Fg. We now assume
m>norm-+1=mn>10.

If ng=0,then G=P, and m+1=n>100or G=C, and n = m.
e If m+ 1 =mn > 10, then the graph G’ with z10 = x93 = 4,233 = 1
and xeo = m — 9 has value f(G') = f(G) 4 2c12 — Teaa + 4caz + ¢33 =
f(G) +2V5 +2V7 — TVs = f(G) + Vs > 0, which contradicts the
maximality of G.

e If n = m, then the graph G’ with x15 = 2,293 = 4, 233 = 1 and
292 = m — 7 has value f(G') = f(GQ) + 2c12 — Teaa + 4cas + ¢33 =
f(G) +2V5s +2V7 — 7Vs = f(G) + Vs > 0, which contradicts the
maximality of G.

If ng > 0, then consider the following 4 cases:

e If m =n =7, then there are only two possibilities: either z15 = 2,
To3 = 4 and x33 = 1, or 212 = 1, 293 = 3 and x99 = 3. Since
c12 + co3 + ¢33 — 3coa = V5 + V7 — 3V = Vi > 0, we deduce that the
first solution is the best, which means that G € Fg.

e If m = n = 8, then there are only three possibilities: either 1, = 2,
Tog = 1, 203 = 4 and x33 = 1, or 15 = 1, x93 = 3 and z92 = 4,
or x12 = 2 and x93 = 6. As in the previous case, the first solution
is better than the second. Also, since coo — 2¢o3 + ¢33 = Vg > 0,
we deduce that the first solution is better than the third one, which
implies G € Fs.

e If n =7 and m = 8, there are four possibilities:

— T9o = 2 and x93 = 6;

— T22 :37 Io3 =4 and X33 :1;
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— 212 =1, x93 = 5 and x33 = 2;

— T12 = T2 = 1, x93 = 233 = 3.
The fourth is better than the first since cio — ca2 — 3¢a3 + 3c33 =
Vs + Ve — Vg = 3V > 0. It is better than the second since c¢1o —
2099 — o3 + 2c33 = V5 + V7 — 2V = 2V > 0. It is better than the
third since cos — 2¢o3 + ¢33 = V5 > 0. Hence, G € Fg.
For the remaining case where n € {7,8,9} and m > 9, or n > 10,
consider the two (n, m)-preserving vectors A = (0,0,1,—2,1) and
A" = (1,0,-3,1,1) associated with Vg and V5 + V7 — 3V, respec-
tively. Let (xq, 23, 25y, Th3, x33) be the (A, #225512)-transform of
(12, %13, XT22, T23, 33). Note that zi, = zh3 and zi3 = 0. Let
(x5, a5, x5y, 243, 243) be the (A’, | %22 |)-transform of (2, @3, 5y,
xhe, xhs). Note that x5 = 0, 27y = 245 and 24, < 2. Equations

[22=2m | and

(4) and (5) then give x4, = m mod 3, x5 = a4, =

afy = [50n ).

Consider any graph G’ in Fy with x;’j (i, j)-edges.
We then have

(G = f(G) + w% + L%J(V5 + V7 — 3V)

= 1@+ (BT 4 | T2y,

If 293 — x12 > 0, or 293 — x12 = 0 and w9y = xhy > 2,then f(G') >
f(@), which contradicts the maximality of G. Hence, we can choose
G’ equal to G, which implies G € Fy. [ ]

Definition 14. Fy is the set of chemical graphs with the following numbers
x;j of (i,7)-edges:

T12 Z13 L22 23 Z33
—5 2 d —6n—4(2 d .
0 6n m+(3m mod 3) 0 8m—6n (3m mod 3) 2m mod 3 an _ 1§m§ 6n5+2
0

0 0 6n —4m 5m — 6m Zf%ﬁmg#

Theorem 18. Let f be a degree-based topological index such that V1>0,
Vo>0 and V5<0. A chemical graph G mazimizes f over all graphs of the

same order and size as G if and only if G € Fy.
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Proof. Let G be a chemical graph of order n, size m and with x;; (¢, 7)-
edges. Assume that it maximizes f over all chemical graphs of order n and
size m. As shown by Lemma 2, V; > 0 and V5 > 0 imply 12 = 292 = 0.
o If £33 < 2, Equations (4) and (5) give z33 = (2m mod 3), z13 =
6n_5m+(§m mod 3) ond ZTog = 8m_6n_4(32m mod 3) - Gince x13 > 0, we
have 6n — 5m > —2, which implies G € Fy.
o If x33 > 3 then

— if 215 = 0, Equations (4) and (5) give xg3 = 6n — 4m and

r33 = dm — 6n. Since x33 > 3, we have m > 6”—;3, which
implies G € Fy.

— if 213>0, consider the (n, m)-preserving vector A=(0, 1,0, —4, 3)
associated with Vs, let a = min{z3, %22}, and let (295, 273,
Tho, Tha, xhy) be the (A, —a)-transform of (z12, T13, T2, T23,
x33). Then either x4y < 2, or 243 > 3 and 213 = 0. In both
cases, we have seen that there is a graph G’ € Fy with sc;j (4,7)-
edges. We therefore have f(G') = f(G) — aVs > f(G), which

contradicts the maximality of G. |

Corollary 19. Fg U Fy is the set of extremal chemical graphs for the
topological index ABC.

Proof. 1t is easy to check that V3 > 0, V5 > 0 and V5 + V7 = 4Vj for ABC,
while V7 > 0, V5 > 0 and V5 < 0 for ABC, which means that Fy is the set
of chemical graphs which minimize ABC, while Fy is the set of chemical

graphs which maximize ABC. |

Theorem 20. A chemical graph G maximizes the f=aZagreb topological
index over all graphs of the same order and size as G if and only if GEFg,
except in two cases where the x;; values of G are as follows: if n=7 and
m=8 then ri19=x13=x23=1, oo = 0 and x33=5; if n=8 and m=8 then
T10=x23=2, x13=1, To5 = 0 and x33=3.

Proof. The aZagreb topological index is defined by c;;=(; +Zj]72 )3 (see Table

1). Let G be a chemical graph of order n, size m and with x;; (4, j)-edges.

Assume that it maximizes f over all chemical graphs of order n and size

m.



220

Consider the three (n, m)-preserving vectors Aj, Ay, A3 associated with
the three following strictly positive values Wy, Wy, W3:

L] Alz(l, —1, 0, —1, 1) is associated with W12012—613—623+033%8.01;
o Ay=(1,—1,—1,1,0) is associated with Wa=c12—c15—Ca2+Ca3/24.62;
o A3=(2,-3,0,2,—1) is associated with Ws=2c12—3c13+2c23 — c337210.48.

Let

o (z1y,715,03,,235,233) be the (A, max {0, min{z3, 225212} })-transfo-
rm of (z12, 13, T2z, 23, 33);

o (225,235,135, 235, 73;) be the (Az, min{zl,, xi,})-transf f (o1
125 T13, T22, T23; L33 25 T13, Tag s )-transiorm oI (Tjg,
1,1 .1 1.

Ti3, T3, Ta3, T33); ,
3 .3 .3 .3 .3 x 2,2 2

o (z7q, 73, 739, T53, T33) be the (As, |52 ])-transform of (z1y, 213, 759,

2 2
T33, T33)-

Note that if 225 > 0, then 23, = 0 and 2%, = 23,, which implies z3; > 0,
else G has order n < 6. We then have xi’g < 2 and if x% = 0, then
235 = 235 and 23, = 0. There are therefore only 3 possible cases for which
we can derive the z; values using Equations (4) and (5):

(1) if 23, = 0, then G € Fy. Indeed the proof of Theorem 17 uses the
fact that V3 > 0 only to show that x15 = 0, and it is easy to check
that Vg > 0 and V5 4+ V7 = 4V5 for the aZagreb topological index.
Therefore,

— if 13 = 0, then all z;; values are equal to the xfj values and as
in Theorem 17, we conclude that G € Fg;

— if 13 > 0, then as in Theorem 17, we know that there exists
a graph G’ € Fy of order n and size m which contradicts the

maximality of G since

f(G/) Zf(xi’Q,xi’;;, x32’$§37x§3)

—f(G)+ max {o, min{z13, “3;“2}} W

2
. T
+ mm{x%?ﬂ m%Q}WT" L%J W3

>f(G).
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(2) if 235 = 1, 29, = 23; and 23,=0, then Equations (4) and (5)
give 23, = 235 = 32=2m=2 apd 23, = Tm=0nH " which implies

m mod 3 = 2.
(3) if 33 = 2, 23, = x3; and 23,=0, then Equations (4) and (5)
give 23y, = 133 = W and 735 = W, which implies
m mod 3 = 1.
Let us analyze the situation according to the value of m mod 3:
e if m mod 3 =0 then G € F3 (since we are in Case (1));
e if m mod 3 =1, then
— if m > 10 or m 4+ 1 = n = 8, then Case (1) is better than Case
(3) since c12 — 2¢13 + Coo + co3 — ¢33 &~ 5.85 > 0. Hence, G € Fs.
—if m = n = 7, then Case (1) is better than Case (3) since
c12 — 2¢13 + 3ca3 — 2c33 ~ 2.46 > 0. Hence G € Fg.
e if m mod 3 =2,
— if m > 11 or m +1 = n = 9 then Case (1) is better than Case
(2) since —cy3 + 2¢92 — ¢33 & 1.23 > 0. Hence G € F.
— if m = 8 and n € {7,8} then Case (2) is better than Case (1)
since c13 — 2 — 2¢23+2c33 =~ 2.15 > 0. Moreover, the z;; values
of G are equal to the x?j values else the graph G’ with :c?j (4,7)-
edges is such that f(G') > f(G). Hence, x12 = x13 = x93 = 1
and z33 =5 if n =7 and z12 = 203 = 2, 13 = 1 and x33 = 3 if
n = 8. |

Definition 15. Fyq is the set of chemical graphs with the following num-
bers x;; of (i,7)-edges:

T12 13 T22 T23 33
0 6n55m 0 8m;6n 0 ifn—1< mg% and m mod 3=0
0 |Sn=fm=llq |8m=0n=2|  ( |ifp - 1<m < =2 and m mod 3=1
0 6n—53m+1 0 8m—§n—4 1 ifn—1<m < 6”5—2 and m mod 3=2
o 0 |1|m-1 0 |ifm =02
0 0 0 6n—4m5m—6nif%"§m§%

Theorem 21. A chemical graph G minimizes the f=aZagreb topological

index over all graphs of the same order and size as G if and only if G € Fig.
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Proof. As in the previous theorem, we have cij:(i:]—,j_Q):;. Let G be a
chemical graph of order n, size m and with x;; (7, j)-edges. Assume that
it minimizes f over all chemical graphs of order n and size m. Note that
G # P, since for n = m — 1, the chemical graph G’ with 27, =1, 25 = 2,
xhs = 1 and zhy, = m — 4 would have value f(G') = f(G) — c12 + 2¢13 —
2¢92 + o3 = f(G) —9.25. Hence, x12 < 2a3.

Consider the five (n, m)-preserving vectors A, As, A, Ay, A5 associ-
ated with the five following strictly negative values Wy, Wy, W3, Wy, Wi:

e A;=(—1,1,1,—-1,0) is associated with W1=—cj24c13+co0—co3=—4.62;
e A>=(0,1,—2,0,1) is associated with Wy = ¢13 — 2¢92 + ¢33 = —1.23;

o A3=(0,—1,0,4,—3) is associated with W3=—c13+4co3—3c3372—5.54;

e A;=(0,0,—1,2,—1) is associated with Wy=—cas+2c23—c33~—3.39;

o As5=(0,—1,1,2,—2) is associated with Ws=—ci13+ca2+2c23—2c332—2.15.
Let

o (v1y, 715, 23y, 215, 235) be the (Ay,z12)-transform of (z12,713,%22,%23,
r33); )

o (21y, 215,235,233, 233) be the (Ag, | “22])-transform of (21y,215,%3,,23s,
33); )

o (23,5, 235, 235, 235, 235) be the (A3, min{ L%J,ﬁ?’})—transform of (2,
x%?ﬂ x%%x%:ﬁ]’%é});

o (214,715, 755, Tas, ¥33) be the (Ag, min{x3,, 235 })-transform of (235,235,
3o, 133, z§3); s

o (235,295,735, 735, 733) be the (A5, min{zi,, | %2 ]})-transform of (7%,

4 .4 4 4
T, T, Togz, T33)-

We then have 25, = 0,23, < 1, 295 = 0 or 233 < 1, and 73, + 735 < 1.
There are therefore only 5 possible cases for which we can derive the 3:15]-
values using Equations (4) and (5):

o if 25, = 25, = 0 and 2%, > 1, then 2%, = $2=5™ and 3, = 8m—6n
22 33 13 ) 13 3 23

which implies 6n — 5m > 3 and m mod 3 = 0;
o if 23, = 1,233 = 0 and 2% > 1, then 2%y = 2=2"=L1 and 23, =

W’ which implies 6n — 5m > 4 and m mod 3 = 1;
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6n—5m-+1
3

o if 25, = 0,233 = 1 and 29; > 1, then z3; = and x3; =

8m—6n—4
3

e if 23, = 23, = 0 and 23, > 0, then 3; = 5m—6n and 23, = 6n—4m,

, which implies 6n — 5m > 2 and m mod 3 = 2;

which implies 6n — 5m < 0;
o if 23, = 1 and 29, = z3; = 0, then 233 = 5m — 6n + 1 and 23, =

6n — 4m — 2, which implies 6n — 5m = 1.

Hence all possible x?j values correspond to those in Fig. So, let G’ be a

graph with a:?j (4, j)-edges. We have

1 2
F(@) =F(G) + wraWi + | 22 |Ws + min{ [ Z2 |, a3} Wy

+ mln{x%’z, sc§3}W4 + mln{$%37 L%J W,

If G does not belong to Fig then at least one of the five values x12,
1 2 . 4
%22 | min{[ 8 |, 215}, min{a3,, 235} and min{afy, [ %52 |} is strictly pos-

itive, which implies f(G') < f(G), a contradiction. |

Definition 16. Family Fy1 is obtained from Fio by adding the following

possible values:

Z12 T13 Z22 Z23 Z33

1 6n—5m—4 0 8m—6n+1 0

3 3 ifn—lﬁmﬁ% and m mod 3 =1
6n—5m+2 8m—6n—8
0 2 0 < 2
0 1 0| m=3 |2 |ifm= "0t

Theorem 22. A chemical graph G maximizes the f=Albertson topological

index over all graphs of the same order and size as G if and only if G € F11.

Proof. The Albertson topological index is defined by ¢;; = |i—j| (see Table
1). Let G be a chemical graph of order n, size m and with x;; (4, j)-edges.
Assume that it maximizes f over all chemical graphs of order n and size
m. Note that the two possible cases for m = % have the same value
since ¢13 — co9 — 2¢23 + 2c33 = 0. Also, the case in Fig for m < % and
m mod 3 = 1 has the same value as the two new possibilities in F}; since

C12 — €13 — Co2 + Co3 = €13 — Ca2 — 2C23 + 2¢33 = 0. Moreover, G # P, since
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for n = m — 1, the chemical graph G’ with {5, =1, {3 =2, 243 = 1 and
xhy = m — 4 would have value f(G') = f(G) — c12 + 2¢13 — 2¢92 + 23 =
f(G) + 4. Hence, x12 < z23.

Consider the five following (n,m)-preserving vectors Aj, Ag, Az, Ay, As,
AGI

o Ay =(-2,3,0,—-2,1) is associated with —2¢12 + 3¢13 — 2¢a3 + ¢33 = 2;
° AQ—(—l 2,—1,-1,1) is associated with —c19+2¢13—ca0—Caz+c33=2;
e A3 =(0,1,-2, O 1) is associated with ¢15 — 2¢90 + ¢33 = 2;

o A, = (0, —1) is associated with —cag 4+ 2co3 — ¢33 = 2;

o As = (— 1 1 0 1 1) is associated with —c19 + ¢13 + ca3 — ¢33 = 2;

e Ag =(0,—1,0,4,—3) is associated with —c15 + 4cag — 333 = 2.

Let

11
o (21,215, 2d,, 25 21s) be the (A, | 32 |)-transform of (z12, x13, 29,
T3, T33);
o (225,235,035, 235, 73;) be the (A, min{xi,,xi,})-transform of (x}
125 <¥13> 22> 23533 2 125 %22 12
1
i3y T30, T3, T33);
3 .3 .3 .3 2 .2
o (23y, 285, 23y, 033, 235) be the (As, [ %22 J) transform of (z2,, 225, 23,
2 2.
T3, T33);
4 .4 4 4 4 s 3 3 3
o (27y,X73, T30, T53,x35) be the (Ag, min{x3,, x34})-transform of (x7,,
3 .3 .3 3.
T3, Loy, Ta3, T33);
o (235,295,135, 255,233) be the (As, min{xi,, z35})-transform of (zf
125 13> *+221 23533 55 12533 12
4 .4 o4 4.
L135 T2, L23; 1‘33), 5
6 6 .6 6 .6 o f5| B
o (275,273,739, 733, 233) be the (Ag, min{xys, [ =52 |})-transform of (23,
5 .5 .5 .5
Thg, T3g, T3z, T3z)-
We then have 2§, 4125, < 1, min{z9,, 253} =0, min{z$,, 2$;}=0, and 2§, =
0 or 255 < 2. Hence, there are 6 possible cases for which we can derive the

x - values using Equations (4) and (5):

o if 28, = 0, 25, = 1 and 2§; = 0, then 29; = 76"_%"“1 and 2§, =
W, which implies 6n — 5m > 1 and m mod 3 = 1;

o if 2§, = 1,23, = 0 and z8; = 0, then 2§y = 2=3m=1 and 2§; =
Sm=ntl which implies 6n — 5m > 4 and m mod 3 = 1;

o if 2%, = 25, = 283 = 0 then 25; = 6n — 4m and 2§; = 5m — 6n, which

implies 6n — 5m < 0;



o if 2§, = 25, = 285 = 0 and 2f5 > 1, then 2§y = 5255 and 2§; =
787”3?6”, which implies 6n — 5m > 3 and m mod 3 = 0;

o if 2§, = 25, = 0, 25, = 1 and 2%; > 1, then 2§; = Mgm-ﬁ-l and
2§ = 8m=0n=4 "which implies 6n — 5m > 2 and m mod 3 = 2;

o if 2§, = 28, = 0, 2§ = 2 and 2f; > 1, then 29; = G"Lsm” and
x5 = w, which implies 6n — 5m > 1 and m mod 3 = 1.

Hence all possible x?j values correspond to those in Fi;. So, let G’ be a

graph with a:?j (4, j)-edges. We have

F(&) =f(G)+2 (|52 [+ min{al, 2b} )

2 5
2 (12 1 minfaty )+ minfly o)+ minfaly, 1521 )
If G does not belong to Fi; then at least one of the six values [#2],
2
min{xb? 3%2}’ I_%Jv min{x%% l‘§3}, min{x%% 37%3}7 min{as%, %J} is stri-
ctly positive, which implies f(G’) > f(G), a contradiction. [ ]

Definition 17. Fis is the set of chemical graphs with the following num-
bers x;; of (i,7)-edges:

12 |13 Z22 x23 33
210 m—2 0 0 ifm=n—1
010 m 0 0 ifm=n

(n>8)| 210 m—9 2 5
1|1 m—8 1 5
110 m—7 3 3 ifm=n+1
01 m—6 2 3
01]0 m—>5 4 1
0|0 |3n—2m—1| 2 [3m—3n—1] . _

zfn+1<m§%

110 (3n—2m—-3] 1 |3m—3n+1

Theorem 23. A chemical graph G minimizes the f=Albertson topological

index over all graphs of the same order and size as G if and only if G € Fis.

Proof. As in the previous theorem, we have ¢;; = |i — j|. Let G be a

chemical graph of order n, size m and with x;; (¢, j)-edges. Assume that it
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minimizes f over all chemical graphs of order n and size m. If m =n —1,
then G = P,, since f(P,,) = 2 while f(G) > 6 if n3 > 0. Also, if m = n,
then G = C,, since f(C,) = 0 while f(G) > 0if n; +n3 >0 and m < 2.

Hence, in these cases, we have G € Fis.

Assume now m > n + 1. We thus have x15 < 223 and f(G) is an even

3n

number at least equal to 2 (since m < =t). To reach value 2, there are

2

only three possibilities:

if z13 = 1 and x12 = x93 = 0, then x95 = 0 and Equations (4) and

(5) give x99 = 3n — 2m — 2 and x33 = 3m — 3n + 1 which implies

__ 3n—2
m= "3

, a contradiction.

if 12 = xo3 = 1 and z13 = 0, then Equations (4) and (5) give

Too = 3n —2m — 3 and w33 = 3m — 3n + 1, which impliesm > n+1

na((na—l)))
2

(else z33 = 4 and ng = 3 imply 233 =4 > 3 = and

G € Fis.
if x12 = 0, 223 = 2 and z13 = 0, then Equations (4) and (5) give
Too = 3n —2m — 1 and x33 = 3m — 3n — 1, which impliesm > n+1

n3((7’;3—1)))

(else z33 = 1 and ng = 1 imply 233 = 1 > 0 = and

G e Flg.

Hence, if m > n + 1 then G € Fj5. The remaining case is m = n + 1 for

which f(G) > 4. There are only six possibilities to reach the minimum

value 4:

if 10 = x93 = 2 and x13 = 0, then x99 = m — 9 and z33 = 5.

if 10 = 203 = 1 and x13 = 1, then 295 = m — 8 and x33 = 5.

if z10 =1, x93 = 3 and z13 = 0, then oo = m — 7 and x33 = 3.

if 210 =0, x93 =2 and z13 = 1, then 9o = m — 6 and x33 = 3.

if 210 =0, x93 =4 and z13 = 0, then 9o = m — 5 and x33 = 1.

if 19 = 93 = 0 and x13 = 2, then x99 = 0 and z33 = m — 2, which

implies n = 6.

Since G is of order n > 7, we have G € Fis. |
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6 Conclusion

Many topological indices have been proposed to study the chemical prop-
erties of molecules, and many papers focus on extremal graphs for these
indices, each paper dealing with a particular index. We have shown that
many of these topological indices have the same extremal properties in
the sense that the chemical graphs that maximize or minimize the values
of these indices are often the same. Thus, for example, for 29 of these
indices, one might expect 58 classes of extremal chemical graphs, while
5 families are sufficient to describe them all. Also, for another example,

3n—2m _ 4m—3n
5=, T33 = —5= and

chemical graphs of even order n for which x5 =
213 = Tog = xoz = 0 are extremal for 29 topological indices (since these
graphs belong to Fy N F3).

Most of the characterizations we have given for extremal graphs are
based on a set of 8 values Vi, ..., Vs. If new topological indices are pro-
posed, it is therefore easy to check whether they have the same extremal
properties of the indices studied in this paper. Note that some degree-
based topological indices that we have not analyzed in this paper do not
have any of the stated properties that allow us to characterize their ex-
tremal chemical graphs. For example, the reduced reciprocal Randi¢ index
(rrRandi¢) mentioned in [27] and defined by ¢;; = /(i — 1)(j — 1) is such
that V1, V5, V3 and Vj are strictly negative. An analysis similar to those
performed in Section 5 easily shows that the set of extremal chemical
graphs of order n > 10 for the aZagreb index is strictly contained in that
for rrRandié.

As Ivan Gutman pointed out [24], “today we have far too many topo-
logical indices, and there seems to lack a firm criterion to stop or slow
down their proliferation”. We believe we have provided a tool to quickly
test whether a new topological index has the same extremal properties as

many existing indices.
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