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Abstract

The concept of Gutman index Gut (G) of a connected graph G
was introduced in 1994. The Steiner distance in a graph, intro-
duced by Chartrand et al. in 1989, is a natural generalization of
the concept of classical graph distance. The Steiner Gutman k-
index SGuty (G) introduced by Mao et al. in 2018, is defined by
SGut (G) = ZSQV(G),\S|:I€ [Hves da (’U)] dg (S), where dg (S) is
the Steiner distance of S and d¢ (v) is the degree of v in G. In this
paper, we obtained the relations between Steiner Gutman k-index
and Gutman index, Wiener index and Steiner Wiener k-index of
trees with k = 3, 4.

1 Introduction

All graphs in this paper are undirected, finite, connected and simple. We
refer to [2] for graph theoretical notation and terminology not described
here. Let G be a graph with n vertices and m edges. Its vertex set is
V(G) = {v1,va,...,v,} and its edge set E(G). For a vertex v; € V (G),
the degree of v; in graph G, denoted by dg (v;), is the number of edges

of G incident with v;. The minimum vertex degree is denoted by § and
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the maximum by A. If the vertices v; and v; are adjacent, then the
edge connecting them is labeled by e;;. If G is a connected graph and
u,v € V (G), then the distance between u and v, denoted d¢g (u,v), is the
length of a shortest path connecting v and v.

In graph theory applied to chemical problems, a large number of molec-
ular structure descriptors, so-called ”topological indices”, has been stud-
ied [25]. Many of these descriptors are defined in terms of vertex degrees;
see [4,14,25]. Equally many of these descriptors are in terms of distance
between vertices; see [25,26]. These are also several degree-and-distance-
based topological indices; see [9-12,15].

In [15], the Gutman indez of a graph G is defined as

Gut(G)= Y [de(w)da(v)]da(u,v),
{u,v}CV(G)

where dg (u) is the degree of vertex u € V(G), and dg (u, v) is the distance
between the vertices u,v € V(G). For more details on Gutman index, we
refer to [6,10,13,25].

The Steiner distance of a graph, introduced by Chartrand et al. in
1989, is a natural and nice generalization of the concept of classical graph
distance. For a graph G = (V, E) and a set S CV, an S-Steiner tree or a
Steiner tree connecting S (or simply, an S-tree ) is a subgraph H = (V' E’)
of G that is a tree with S C V’. The Steiner distance dg (S) among
the vertices of S (or simply the distance of S) is the minimum size of a
connected subgraph of G such that S C V (H). It is clear that H must
be a tree, and if |S| = k, then d (S) > k — 1. For more details on Steiner
distance, we refer to [1,3,5,7,8,24].

The Wiener index W (G) of a connected graph G, introduced by Wiener
in 1947, is defined as W (G) = > ¢, ,yev(e) de (u,v), where dg (u,v) is
the distance between the vertices u and v in G [17]. As a generalization of
Wiener index, the the Steiner Wiener k-index or k-center Steiner Wiener
index SWy, (G) of a connected graph G was introduced by Li et al. in [17]:

SWe(G) = > da(S).
SCV(G),|S|=k
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It is clear that for a connected graph G of order n,
SWy (G) =W (G), SW1(G) =0, SW,, (G) =n—1.

For more details on the Steiner Wiener index, we refer to [17-21].
Mao et al. [23] generalize the concept of Gutman index by Steiner
distance. The Steiner Gutman k-index SGuty (G) of G is defined by

SGuty (G)= Y

SCV(G),|S|=k

11 de (U)] da (S).

veS

The degree distance of a graph G is defined as

DD(G)= Y [do(u)+dg (v)]dg (u,v).
{u,v}CV(G)

And Gutman [23] generalized the concept of degree distance by Steiner
degree distance. The k-center Steiner degree distance SDDy (G) of G is
defined by

de (S).

SDD (G)= ) lch(w

SCV(G),|S|=k Lves

For more details on the Steiner degree distance, we refer to [23].

Mao et al. obtained the exact values of the Steiner Gutman k-index
of the complete graphs, complete bipartite graph, path and star. When
G is a connected graph, especially when it is a tree, Mao et al. also get
the expression of SGuty (G) for k = n,n — 1. And get sharp lower and
upper bounds for SGuty (G) in terms of degree, or both order and size,
or order. And comparison between SD Dy, (G) and SGuty (G) of graphs is

given. And some results as following.

Proposition 1.1. [23] Let K,, be the complete graph of order n, and let
k be an integer such that 2 < k < n. Then

SGuty (K,) = (1) (n—1)* (k—1).
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Proposition 1.2. [23] Let K, be the complete bipartite graph of order
a+0b(1 <a<b), and let k be an integer such that 2 <k < a+b. Then

kat (i) +ho* (0)+(k—1) 22, (3) (L)%™ 1< k<q,

x

SGutk (Ko=) ka* (k-1 S0, (D (LI ifa< ks
(k=1)>_, (;) (kic)bzakﬂ ifb <k<a+b.

Corollary 1.1. [23] Let S,, be the star of order n(n > 3), and let k be an
integer such that 2 < k <n. Then

SGuty (Sp) = (kn — 2k +1) (Z:}) (n—1).

Proposition 1.3. /23] Let P, be the path of order m, and let k be an
integer such that 2 < k <n —2. Then

SGuty, (P,) = 2" (k—1) (1) +2" 2 (n — 1) (323).
Proposition 1.4. [23] Let G be a connected graph of order n, and let k
be an integer such that 2 < k <n. Then

55 (1) (k= 1) < SGuty (G) < A* (k= 1) (31}

Moreover, the bounds are sharp.

Theorem 1.1. [23] Let G be a connected graph n vertices and m edges,
and let k be an integer such that 2 < k <n. Then
2m(k—1) (}=1) if6>2,

om\ " 1\ k
(n=1) <k> (i) = SCuti (G) 2 (k—1)(7) ifo=1

Moreover, the upper and lower bounds are sharp.

In this paper, we obtained the relations between Steiner Gutman k-
index and Gutman index , Wiener index and Steiner Wiener k-index of
trees with k = 3, 4.
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2 Main results

We defined the k-Steiner Gutman Transmission sgx (G,v) of a vertex v €

V(G),

sgr. (G, v) = > [H de (u)] de (S).

SCV(G),|S|=k,veS Lues

Let T be a tree of order n and label the vertices of T by vy, va, ..., Uy.

Then when k = 3, we have
SGuty (T) L i s (T, v;)
u = - Vi) .
k 3 - 9k )
And we defined the k-Steiner Gutman generalized Transmission

sgr (G, v1,v2,...,0)

of vertices set {v1,va,...,v:} CV (G),

sgk (G, v1,v2,...,0) = Z [H dg (u)| da (S).
SCV(G),|S|=k,{v1,v2,...,v: }CS LueS
We can get
1
SGuty (T) = Z sk (T, Vigy Vigs - -+, Vi, ) -

(1) 1<i1 <ig<...<i¢<n
Theorem 2.1. If T be a tree of order n(n > 3), then

n —

2

A(n—2)

2Gut (T) < SGuts (T') < 5

Gut (T).

Proof. Let T be a tree of order n(n >3). Then for any 3 vertices
{u,v,w} CV (T), we have

dr (u,0,w) = % (dr (w,0) + dr (u,w) + dr (v, w)).

So we can get
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Z dr (v1) dr (v2) dr (v;) dr (v1, V2, v;)

[\

*ZdT v1) dr (v2) dr (v1,v2) + dr (v1) dr (vi) dr (v1,0;)

(v2) dr (vi) dr (v2,vi)]

(TL — 3) dT (’Ul) dT (’UQ) dT (1}1, 1}2) + Z dT (’Ul) dT (1}1) dT (U1, Ui)

=2

dr
é
2
+ Z dr (v2) dr (v;) dr (ve, v;)
i=3
A
2

[(n —4) dr (v1) dr (v2) dr (v1,v2) + sg2 (T, v1) + 592 (T, v2)] .

> " dr (v1) dr (vs) dp (v;) dr (01, v3,v;)
i=4

< ?;[dT (v1) dr (v3) dr (v1,v3) + dr (v1) dr (Vi) dr (v1, v;)

+ dr (v3) dr (v;) dr (v3, ;)]

= % (Tl — 3) dT (’Ul) dT (1)3) dT (1}1, ’03) + Z dT (Ul) dT (1}1) dT (7]1, ’Ui)

1=4

-+ Z dT (U3) dT (Ui) dT <U3a Ui)

= 5 [(n — 5) dr ('1)1) dr (U3) dr (’Uh ’Ug) + 592 (T, ’U1) + S92 (T, 7)3)
—dr (v1) dp (v2) dp (v1,v2) — dr (v2) dr (vs) dr (v2,v3)]
S %[(’ﬂ — 4) dT (’Ul) dT (’03) dT (Ul, ’Ug) + 592 (T, 1)1) =+ Sg2 (T, 113)]

—drp (v1) dr (v2) dp (v3) dr (vi,v2,v3) .
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dr (v1) dr (vn—1) dr (vn) dr (V1, Vn—1,Vn)
< Sldr (00) dr (0 1) dr (01,00 ) + dr (00) dr (v0) - (01, 02)
+ dr (Vn—1) dr (Un) dr (Vn—1, vn)]

== %[(n — 4) dT (Ul) dT (’Unfl) dT (’Ul,Un,1> — (n — 5) dT (’Ul) dT (Unfl)

n—1

dr (v1,0n-1) + sg3 (T, v1) + 593 (T, vn-1) — Y _ dr (v1) dr (v;) d (v1, 0;)
1=2
n—2

— Z dr (Uz) dr (/Unfl) dr (Uiv vnfl)]

i=1
<[(n—=4)dr (v1)dr (Vp—1) dr (v1,Vn-1) + 592 (T, v1) + 592 (T, vy —1)]
—dp (v1) dr (v2) dp (Vp—1) dp (v1,v2, V1) — dr (V1) dp (v3) d7 (Vn—1)

dr (v1,v3,0p-1) — ... — dg (v1) dp (Vp—2) dr (Vn—1) d7 (V1,Vp—2,Vn—1) .

Summing the above we can get

n—1 n

sgs (T,v1) =Y > dr (v1) dr (v) dr (v;) dr (v1, 05, 0:)

=2 i=j+1

= Z dr (v1) dr (v2) dr (v;) dp (v, v2,0;)
=3

+ Z dr (Ul) dr (1}3) dr (Uz) dr (1)1, U3, vi)
=4

+...+dr (Ul) dr (’Un_1) dr (’Un) dp (U17 Un—1, Un)

[(n —4) dr (v1) dr (v5) dr (v1,05) + 892 (V1) + 592 (V)]

- dr (v1) dr (vi) dr (vj) dr (v1, V%, V)
=2 k=2

j
< (n—3)Asgs (T,v1) + AGut (T) — sg3 (T, v1) .
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So

An-3 A
sg3 (T, v1) < %sgg(ﬂ vy) + §Gut (T).

And we have

SGuts (T %ngg T, v;)
g;{A( ) Gut (T) + =2 Gut (T)
:A(”Q_ ) Gut (1)

By the same way, we can get:
n—2

So

-2
5 Gut (T) < SGuts (T) <
The proof is completed. |

Corollary 2.1. [15,27] For a tree T of order n, we have
Gut(T)=4W(T)—(2n—-1)(n—1).

Corollary 2.2. For a tree T of order n, we have
2(n-2)W (T)-Er 0N (2) GGy (T) < 20(n-2) W (T) -2 (n2),

Proof. It is immediate from the theorem and corollary above. |

Theorem 2.2. [17] For a tree T of order n, we have

SWs (T) =

Corollary 2.3. For a tree T of order n, we have

4SW5(T) — Ern=D(=2) < GGt (T) < AASW3(T) — 22n=D=Dn=2)

Proof. It is immediate from the Theorem 2.2 and corollary 2.2. ]
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By proving Theorem 2.1, we can obtain the next theorem:

Theorem 2.3. If T be a tree of order n(n > 4), then

SGuty (T) < %2 (n—2)(n—3)Gut(T).

Proof. Let T be a tree of order n(n >4). Then for any 4 vertices
{’U,, v, T, y} cV (T)7 we have dr (S) < %(dT(U,U) + dT(uax) + dT(U,y) +
dr(v,z) + dr(v,y) + dr(x,y)). So we can get

n

> " dr (v1) dr (v2) dr (vs) dr (v;) dr (01, v2, 03, v;)

=4

|
~
Il
W~

1 (v3) dr (v2,v3) + dr (v1) dr (v;) dp (v1, v;)
1 (vi) dr (v2,v;) + dr (v3) dr (v;) dr (v3,v;)]

= ?[(n = 5)dr (v1) dr (v2) dr (vi,v2)+H(n — 5) dr (v1) dr (v3) dr (v1p3)

+ (n —5)dr (v2) dr (v3) dr (v2,v3)+592 (Tyv1)+ 3892 (T, v2) + sg2 (T,v3)].

n

Z dr (v1) dr (v2) dr (v4) dr (v;) dp (v1, V2, V4, v;)

=5

Z[dT (1)1) dT (’02) dT (’U17 ’02) + dT (1)1) dT (’04) dT (7}1, ’U4)
i=5

|

dr (vy) dr (vo,v4) + dr (v1) dp (v;) dr (v1,v;)
dr (v;) dr (v2,v;) + dr (va) dr (v;) dr (v4, ;)]

= —[(n—=5)dr (v1) dr (v2) dr (v1v2)+(n — 5) dp (v1) dr (v4) dp (v1,v4)

+ (n —5)dr (v2) dr (v4) dr (v2vs) + 892 (T, v1) + 892 (T, v2) + sg2 (T, v4)
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< %2[(71 = 5)dr (v1) dr (v2) dr (v1v2) + (n = 5) dr (v1) dr (va) dr (v1,v4)
+ (n = 5) dr (v2) dr (v4) dr (v2v4) + 592 (T, v1) + sg2 (T, v2) + 592 (T, v4)]
—dr (v1) dr (v2) dr (v4) dr (v;) dr (v1, V2, V4, 0;) -

dr (’U1) dr (U2) dr (Un—l) dr (Un) dr (1)1, V2,Un-1, U")

< %[(n = 5)dr (v1) dr (v2) dr (viv2) + (n = 5) dr (v1) dr (vn-1)
dr (’017’0n71) + (n — 5) dr (’Uz) dr (’Un71) dr (vgvn,1) + 592 (T7 1)1)
+ 892 (T, v2) + 592 (T, vn—1) — (n — 6) dr (v1) dr (v2) dr (V1V2)

— (n — 6) dT (111) dT (’Unfl)dT (1)1,’[)”71) — (n — 6) dT (Uz)dT (vnfl)

dT (’Ug’l}n_1) — i dT (’U1) dT (’Ul) dT (1)1,1)1') — i dT (UQ) dT (111) dT (’1)27 ’Ui)

n—2

- Z dr (v;) dr (vn—1) dr (vi, vn-1)]

< %[( —5)dr (v1) dr (v2) dr (v1v2) + (n = 5) dr (v1) dr (vn-1)
dr (v1,n—1)+(n — 5) dr (v2) dr (Vn—1) dr (Vavn—1)+5sg2 (T, v1) + sg2 (T,v2)

n—2

+ sg2 (T, Un—1)} - Z dr (1)1) dr (UQ) dr (Ul) dr (Un_1) dr (U1, V2, Vi, ’Un_1) .

=3

Summing the above we can get
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sga (T, v1,v2) = i Z dr (v1) dr (v2) dr () dr (i) dr (01, V2,05, vi)
J=3 i=j+1
< %[(n —5) (n — 3)dp (v1) dr (v2) d (v1, v2)
+(n—5) i: dr (v1) dr (vi) dr (vi,vi) + (n = 4) sg2 (T, v1)
j=3
(0= 5) 3 dp (02)dp (0 i (12, 0) + (n = 4) 392 (T, v3)
=3

+Y 595 (T,v5) — 592 (T, v)]
j=3
n—2 n—1
- Z Z dr (v1) dr (v2) dr (vj) dr (vi) dr (v1, V2,05, v;)
=3 i=j+1
A2

?[(n —5) (n—3)dr (v1) dr (v2) dr (v1v2)

n—1

+ (n — 5) Z dr (’Ul) dr (1}1) dr (Ul, Ui) + (’I’L — 5) ELep) (T, ’01)
7j=3
n—1

+ (n — 5) Z dr (’Ug) dr (Uz) dr (Uz, Ui) + (n — 5) Eyep) (T7 ’Ug)
=3
+ 2Gut (T) — 592 (T, vy,)]

— n

1
— Z Z dT (’Ul) dT (7)2) dT (’Uj) dT (1}1) dT (Ul, V2, ’Uj, ’Ui)

j=3i=j+1
+ i dr (Ul) dr (’Uz) dr ('Uz) dr (vn) dr (Ulv va, ;, 'Un)
i=3
= %Q[W —3) (n—4)dr (v1) dr (v2) dr (v1,v2) + 2Gut (T)
+(n—4) Z_: dr (v1) dr (v;) dr (v1,v;) + z_: dr (vg) dr (v;) dr (va, v;)
=3 i=3

+ (n —4) (sg2 (T, v1)+5g2 (T, v2))+(n — v4) dr (v1) d7 (v5) dr (V1,07)
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+ (n —4) dr (v2) dr (v) d7 (v2,v0)] — 594 (T, v1,v2)
A32 [(n - 4) (n — 5) dr (’Ul) dr (’U2> dr (Ul, 1}2) + 2Gut (T)

+2(n—4)(sg2 (T,v1) + sg2 (T,v2))] — sg4 (T, v1,v2) .
So

sg4 (T, v1,v2)
< %2[(” —4) (n = 5)dr (v1) dr (v2) dr (v1,v2)

+2(n—4)(sg2 (T,v1) + s92 (T, v2)) + 2Gut (T)].

And we have

SGuty (T)
1 n—1 n
=5 Z 594 (T, v;,v5)
i=1 j=i+1
1 A2 n—1 n
< 6[F Z Z dT Uz dT ’U] dT(vz ’U])
i=1 j=i+1
AQ n (n— 1) Az
+ ? (n—1) ngg (T, v;) TGUt (1)
=1
1 A2 2A2
= 6[? (n—4) (n—5)Gut(T)+T(n—4) (n—1)Gut (T)
n(n—1)A2

The proof is completed.



137

Corollary 2.4. For a tree T of order n(n > 4), we have

2A2 A?
SGuty (T) < T(n —2)(n-=3)W (T)—?(n —1Dn-=2)n-3)2n—-1).
Proof. It is immediate from the Theorem 2.3 and corollary 2.1.
|
Corollary 2.5. For a tree T of order n(n > 4), we have
4A? A?
SGuty (T) < T(n—?))SWg(T)—?(n—1)(n—2)(n—3)(2n—1).
Proof. It is immediate from the Theorem 2.2 and corollary 2.5. |

We get a conjecture at last.
Conjecture 1. If T be a tree of order n(n >k > 4), then

2Ak—2

SGuty, (T) < m

m—k+1)(n—k+2)Gut(T).
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