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Abstract
Let G be a simple graph with vertex set V(G) = {v1, v2,..., vn}
and edge set F(G), where |V(G)| = n and |E(G)| = m. Molecular
descriptors play a significant role in quantitative studies of structure-
property and structure-activity relationships. One of the popular
degree-based topological indices, the Sombor index (SO), is a chem-
ically useful descriptor. The Sombor index of a graph G is defined

as
soc) = Y Jere,

viv; EE(G)

where d; is the degree of the vertex v; € V(G). The Sombor ma-
trix of G, denoted by SM(G), is defined as the n X n matrix whose
(4, 4)-entry is , /d? +d3 if viv; € E(G), and 0 otherwise. Let the
eigenvalues of the Sombor matrix SM(G) be o1 > g2 > -+ > op.
Very recently, Rabizadeh, Habibi and Gutman [Some notes on
Sombor index of graphs, MATCH Commun. Math. Com-
put. Chem. 93 (2025) 853-859] proposed a conjecture about
the Sombor index of graphs, stated as follows:
(a)

m|on| = —mo, > SO(G).
(b) If G is connected, then the equality in (a) holds if and only if G
is a complete graph. In the general case, equality holds if and only
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if G consists of mutually isomorphic complete graphs and some (or
no) isolated vertices. In this paper, we provide a complete solution
to the above conjecture.

1 Introduction

In this paper we only consider simple graphs. Let G be a graph with vertex
set V(G) = {v1, va,..., v} and edge set E(G), where |V(G)| = n and
|E(G)| = m. For any vertex v; € V(G), let Ng(v;) be the set of neighbors
of v; in G. The degree of a vertex v;, denoted by d;, is the cardinality of
Ng(v;). We write v;u; € E(G) when the vertices v; and v; are adjacent.
Any additional notations and terminology related to graph theory used in

this paper can be found in [2].

A topological descriptor is a numerical measure that captures the topol-
ogy of a molecule. These descriptors are widely used to predict the physico-
chemical and biological properties of molecules in quantitative structure-
property relationship (QSPR) and quantitative structure-activity relation-
ship (QSAR) studies [22,23]. Over time, numerous degree-based topologi-
cal descriptors have been proposed and extensively studied by researchers
[3,4,14,15]. Recently, a new degree-based molecular structure descriptor,
known as the Sombor index, was introduced. Denoted by SO(G), it is
defined as [17]:

SO=80(G)= > \Jd+d, (1)
te)

’Ui’U]‘GE

where d; is the degree of vertex v;. Fundamental mathematical properties
of the Sombor index, such as lower and upper bounds, have been studied
extensively (see, [1,5,6,8-11,13,14,17,24]). This index was inspired by
the geometric interpretation of the degree radius of an edge v;v;, which

represents the distance from the origin to the ordered pair (d;, d;).

The adjacency matrix A(G) of a graph G is a (0, 1)-square matrix of
order n x n, where the (4, j)-entry is 1 if v;v; € E(G), and 0 otherwise.

The multi-set of eigenvalues of A(G) is known as the spectrum of G. Since
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A(QG) is real and symmetric, its eigenvalues are real and can be ordered
as A1 > Ay > -+ > \,. The mathematical properties, particularly the
extremal problems and bounds, of the eigenvalues of the adjacency matrix
have been studied, see [7,12,19]. The Sombor matrix of a graph G, denoted
by SM(G) = (8ij)nxn, is defined as:

\/m if VU4 S E(G)a

0 otherwise,

sij =

where d; is the degree of vertex v;. Evidently, this matrix is also real
and symmetric. We denote its eigenvalues by o;’s and order them as
01 > 09 > -+ > o,. The largest eigenvalue o1 of SM(G) is called the
“Sombor spectral radius” of G, and o, is the least eigenvalue of SM(G).
Various paper on spectral properties of Sombor matrix, like properties
of Sombor eigenvalues, Sombor spectral radius and others can be found
in 16,18, 20].

The complete graphs of order n is denoted by K,,. Denote by Hy U Ho,

the union of two graphs H; = (V4, Ey) and Hs = (Va, F3). The union is
a graph H = (V, E), where V=V, UV, and FE = FE;UFE;.

Very recently, Rabizadeh, Habibi and Gutman [19] proposed a conjec-

ture about the Sombor index of graphs, stated as follows:

Conjecture 1. [19]

(a)
m|op| = —moy, > SO(G).

(b) If G is connected, then the equality in (a) holds if and only if G is a
complete graph. In the general case, equality holds if and only if G consists

of mutually isomorphic complete graphs and some (or no) isolated vertices.

In this paper, we provide a complete solution to the above conjecture.
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2 Main Result

In this section, we confirm Conjecture 1. To achieve this, we first estab-

lish the following result:

Lemma 1. [21] Let B be a p X p symmetric matriz and let By be its
leading k x k submatriz. Then, fori=1,2,... k,

Pp—i+1(B) < pr—it1(Br) < pr—it1(B) (2)

where p;(B) is the i-th greatest eigenvalue of B.

Theorem 1. Let G be a graph of order n with m edges. Then
m|on(G)| = —mon(G) = SO(G) (3)

with equality holding if and only if G = r K, U (n —rs) Ky, where r (> 1)

and s (> 1) are positive integers.

Proof. f m =0, then G 2 n Ky, 0,(G) =0 and m =0 = SO(G). Hence
the equality holds in (3). Otherwise, m > 0. Let v; and ve be vertices in
G such that v1ve € E(G) and

a2+ d2 = d? + d2.
/41 +d3 Uwf;gg((@ \ a4y + dg

VB a2 < \Jd o+ a3

for any edge viv, € E(G), that is,

SOG) =Y A+ <m\/d}+d} (4)
(@)

v EE

Then we have

with equality if and only if \/d} +d? = \/d? + d3 for any edge vyvy €
E(G).

Setting p=mn, i =1 and k£ = 2 in Lemma 1, we obtain

on(G) = pu(SM(G)) < p2(SMa),
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where SM, is the leading 2 x 2 submatrix of SM(G) and pa(SMs) is the

smallest eigenvalue of SMs. Since vivy € E(G), the smallest eigenvalue

p2(SMy) satisfies
—p V&2 + d3
V3 +d3 —p

pa(SMy) = —/d2 + d2.

:07

that is,

Thus we have

on(G) < —\/d? +d} < —%(G),
that is, m |0, (G)| = —m o, (G) > SO(G). (5)

The first part of the proof is done.

Suppose that equality holds in (3) with m > 0. Then all inequalities
in the above argument must be equalities. In particular, from the equality

in (4), we get

\/di +d? = \/df +d2 for any edge vyv, € E(G).

Therefore SM(G) = \/d? + d3 A(G) and hence 0,,(G) = A\, (G) \/d3 + d3.
From the equality in (5), we obtain

on(G) = —y/d3 + d3.

From the above results, we get A\, (G) = —1.

First we assume that G is a connected graph. If G =& K,, then
on(G) = —(n — 1)v2, SO(G) = ”("7\3)2 and hence the equality holds
in (3). Otherwise, G 2 K,,. Then P5 is an induced subgraph of G. Setting

t=1and k = 3 in Lemma 1, we obtain

A (@) = M (A(G)) < A3(P3) = —vV2 < —1 = A\ (G),
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a contradiction.

Next we assume that G is disconnected. Let H; (1 < i < r) be the i-th
connected component in G with n; vertices and m; (> 0) edges such that

mi > meg > --- > m, > 0. Thus we have
GngLJHQU-'-UHTU(TL—nl—7’L2—-~-—nr)K1.

Since m; > 0(1 < ¢ <r), by Lemma 1, one can easily see that A, (H;) <

—1. Thus we have

Hence A\, (H;) = —1 for 1 <4 < r. Since H; (1 < i < r) is connected,

from the above, we have H; = K,,,. For 1 <7 <r, we have
(n; —1)V2=/d? +d2 for any edge vyv, € E(H;),

that is, ny = ng = --- = n, = s, (say). Hence G = r K, U (n — rs) K1,

where 7 (> 1) and s (> 2) are positive integers.

Conversely, let G = r K U (n — rs) Ky, where r (> 1) and s (> 2) are
(

positive integers. Then 0,,(G) = —v2(s — 1), m = w and SO(G) =
%. Then m|o,(G)] = —mo,(G) = SO(G). This completes the
proof of the theorem. |
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