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Abstract

The general Sombor index of a graph G, denoted by SO (G), is
recently defined as:

S0.@) = 3 (dc(vi)2+da(vj)2)“’

v;v; €EE(G)

where d¢ (v;) represents the degree of vertex v;, and a is an arbitrary
real number. This study focuses on identifying extremal trees for
the general Sombor index within the class of n-vertex trees with
maximum degree A. We analyze the general Sombor index across
various intervals of a. Specifically, for « > 1 and a € [-1,0),
we determine the trees that maximize the general Sombor index.
Moreover, for o < 0 and « > 0, we identify the trees that minimize
the general Sombor index SO,. Finally, the characterization of
extremal trees for SO, in the remaining intervals of a remains an
open problem and presents a promising direction for future research.
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1 Introduction

Let G = (V, E) be a simple undirected graph, where V(G) and E(G)
represent the vertex set and edge set of the graph G, respectively. The
order and size of the graph, denoted by n(G) (or simply n) and m(G) (or
simply m), correspond to the number of vertices and edges in G. For a
vertex v; € V(G), the degree of v; is denoted by dg(v;) (or simply d;),
and the set of vertices adjacent to v; is denoted by Ng(v;) (or simply N;).
The maximum degree of a vertex in G is denoted by A(G) (or A). A
tree is a connected acyclic graph of order n, commonly referred to as an
n-vertex tree. Additionally, the path graph and star graph of order n are
denoted by P, and S, respectively. Denote by T (n,A) the collection of
all n-vertex trees with maximum degree A. The path P, is the unique

element of 7 (n,2), and the star S,, is the unique element of 7 (n,n — 1).

Molecular descriptors play a crucial role in mathematical chemistry,
particularly in QSPR /QSAR studies. Among these, the degree-based
topological indices hold a special place. Recently, Gutman [17] introduced
a new degree-based topological index grounded in geometric principles,

known as the Sombor index, defined as:

S0(G) = S \Jdo(wi)? +da(vy)?,
v;v; EE(G)

where dg(v;) is the degree of the vertex v; in G. This index has gained sig-
nificant attention, sparking extensive research into its mathematical prop-
erties [3-12, 18,19, 22,24, 26,27, 29, 30, 36, 38-41] and its applications in
chemistry [14, 23, 26, 35].

In the literature, the Randi¢ index [2] and the sum-connectivity in-
dex [42] are widely popular in mathematical chemistry. Building on these
indices, researchers have introduced the general Randi¢ index and the gen-
eral sum-connectivity index for graphs, offering a more versatile approach
to studying graph structures and their chemical applications. Motivated

by the above, Zhong and Hu [20] proposed the general Sombor index,
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defined as:

504G = Y (dalw)? +dov;)?)
v;v; EE(G)

where « is a real number. For a = 0, SOy(G) equals the number of
edges m in graph G. For a tree T with n vertices, SOy(T") is given by
n — 1. Consequently, it is customary to require that « be non-zero. When
o= %, SO% represents the standard Sombor index, while for a = 1, SO,

corresponds to the forgotten index, denoted as F' [15].

Very recently, Dehgardi and Azari [13] studied on the lower bounds of
geometric Sombor index for trees and unicyclic graphs, and also the ex-
tremal trees and unicyclic graphs that achieve the lower bound are charac-
terized. Zhong and Hu [20] explored the maximum general Sombor index
of unicyclic graphs with a specified diameter for the range 0 < a < 1.
Maiteryi et al. [28] identified both the maximum and minimum general
Sombor index among trees with a fixed number of pendant vertices when
0 < a < 1. This line of inquiry highlights a significant research focus:
characterizing extremal graphs for degree-based topological indices under
various parameters. A particular emphasis has been placed on trees within
the class T (n, A), where extensive studies have characterized these struc-
tures for various indices. Notably, the general sum-connectivity index and
the general Randi¢ index have been investigated across different intervals
of v see [1,21,32-34,37] and [25,37], respectively. Inspired by these works,

this paper addresses the following extremal problem:

Problem 1. Characterize the extremal trees within 7 (n, A) for the gen-
eral Sombor index SO,. Specifically:

e For @ > 1 and a € [—1,0), identify the trees that maximize the SO,

index.

e For a < 0 and a > 0, determine the trees that minimize the SO,

index.

Zhou et al. [41] solved Problem 1 for o = %, focusing on minimizing

the SO, index. We address Problem 1 by analyzing a across different
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intervals, each exhibiting distinct behavior.
The structure of the paper is as follows: Section 2 introduces key con-
cepts and relevant lemmas, Section 3 presents the main results pertaining

to Problem 1, and Section 4 concludes the paper.

2 Preliminaries and supporting lemmas

This section introduces the key terms, notation, and lemmas used through-
out the paper. A d-vertex of a graph G is a vertex with degree d. Specif-
ically, a 1-vertex is called a pendant vertex (or a leaf) and the edge
incident to a 1-vertex is referred to as a pendant edge. If v;v; € E(G),
then G — v;v; denotes the subgraph of G obtained by deleting the edge
v;v;; similarly, G + v;v; denotes the graph obtained from G by adding
the edge v;v; if it is not already in E(G). If v; € V(G), then G — v; (or
G\{v;}) denotes the subgraph of G obtained by deleting the vertex v; and
all edges incident to it. A pendant path in a graph G is a path where one
end vertex has degree 1, the other end vertex has degree at least 3, and
all internal vertices (if any) have degree 2. The length of a pendant path
is the number of edges it contains. The distance between vertices v; and
vj in G, denoted by dg(v;, v;), is the length of the shortest path connect-
ing them. The degree sequence of a graph G, denoted by D(G), is the
sequence of vertex degrees in G listed in non-increasing order. Formally,
D(G) = (dy,da,...,d,), where d; represents the degree of the i-th vertex
andd; >dy > --->d,.

Let n;(G) (or n;) be the number of vertices of degree ¢ and e;;(G) (or
ei;) the number of edges between vertices of degrees ¢ and j. The following

system of equations holds for any graph G:

A
znz(G) =2€”(G)+Z€”(G) (1)
i=1
=
for each i, where i € {1,2,...,A}. For additional notations and termi-

nologies, we refer to [16].

A tree is said to be starlike if exactly one of its vertices has degree
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greater than two. By S(a1,as,...,aa) we denote the starlike tree which

has a vertex v; of degree A > 3 and which has the property
S(a1,az,...,aa) —v1 = Py, UP, U...UP,,.

This tree has a1 + as + -+ aa + 1 = n vertices and assumed that a; >
ag > -+ > ap > 1. We say that the starlike tree S(a1,as,...,aa) has A
branches, the lengths of which are ay, as, ..., aa respectively. In particular,
for A=n-—1, S(a1,az,...,aa) = S,. To formulate our results, we define

the following four trees:

® Sa n—a: The double star graph formed by attaching A — 1 pendant
vertices to one vertex of the path P, and n — A — 1 pendant vertices
to the other vertex of P, (see, Fig. 1 (a)).

e B, an: The broom graph constructed from S(aq,aq,...,aa) by at-
taching A — 1 pendant vertices to one end of the path P,,_a41 (see,

Fig. 1 (b)).

o T, A (for n <2A): A tree derived from S(a1,as,...,aa) by attach-
ing a pendant vertex to each of the n — A — 1 pendant vertices of the
star Sat1 (see, Fig. 1 (¢)).

e Ta: A tree formed from S(a1,as,...,an) by attaching A pendant
paths to a single vertex, with each pendant path having a length of
at least 2 (see, Fig. 1 (d)).

. Pn—A+1

(a) Sa,n—a (b) Bn.a
2A —n + 1{

(c) Tn,a

Figure 1. The Trees SA n—A, Bn,A, Th,A and Th.



830

We now present several lemmas that will be frequently applied in the
subsequent section. The following lemma is straightforward and can be

easily derived.

Lemma 1. For any x > 0, ¢ > d > 0 and real number «, consider the
function
O(z) = (22 + )™ — (2% + d*)°.

(1) If « <0 or a > 1, then ®(x) strictly increases.
(13) If 0 < a < 1, then ®(x) strictly decreases.

Lemma 2. Ifx > 0 and a > 1, then the function
f@) =o [(@+12+1) = @@+ 1)) + @@+ 1)

strictly increases.

Proof. We obtain

a a—1
fl(a) = ((x T1)2 4 1) (1) Qm[((x T1)2 1) (z +1)
—x(z? + 1)0‘_1} + 2za(z? + 1)1,
Since a > 1, it follows that ((:1: +1)2 + 1)a > (22 4+ 1), (z+1) ((x +
-1

1)% + 1)@ > z(22 + 1) and 2za(z? +1)*"! > 0. Thus f'(z) > 0
and hence f(x) is strictly increasing on « > 0 and « > 1. |
Lemma 3. If p>0,t>2 and z > 1, then

@) (@+02+02) + (=102 +p2) > 202+,

(i) ((t +1)2 4 1) +(t—2) ((t —1)2+ 1) > 9t —1) (2 +1)°.

Proof. (i) Let us consider a function

t+1)2+p2\"  [((t—1)2+p*\"
g(m):<252+p2 + TEa , t>2,p>0and x> 1.
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Then we have

J() = ((t+1)2+p2>"’” I ((t+1)2+p2> N ((t—1)2+p2)7”

tQ +p2 tQ +p2 t2 _|_p2
X In W
2 +p2 :

and

X <ln (W))Q > 0.

Thus g(z) is strictly convex for t > 2, p > 0 and = > 1. We have ¢g(0) = 2
and ¢g(1) =2 (1+ ! ) > 2. Hence g(z) > 2fort >2,p>0and z > 1,

2 4p?
that is, ((t+ 12 +p%) + (= 12+ %) > 2 + 7).
(#t) Similarly, we consider

t (E+D)2+1\" =2/t -1)2+1\"
h = t > 2 and 1.
() t1< t2+1 ) +t1( t2+1 P samde

Then

bt (12417 E+1)2+1\\> t—2
h(x)_t—1< 241 S G| i

T 2
(t—1)2+1 (t—1)2+1
— In | ———— 0.
X ( 241 "\ e ”
Thus h(x) is strictly convex for ¢ > 2 and « > 1. We have h(0) = 2

and h(l) = m[%z(t — 1) +4(2t — 1)]. One can easily check that
h(1) > 2, that is,

202 (t — 1) +4(2t — 1) > 2(t — 1)(£* + 1),

that is, ¢ > 2, which is always true. Thus h(z) > 2 for z > 1. So
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x x

t((t +1)2+ 1) +(t— 2)((t —1)2+ 1) > 2(t— 1)(2 + 1)7.
This completes the proof. |
Lemma 4. If x is any real number, then
(1) 3-8"—2-13" — 5% <0 forxz >0,
(i) 2-8% —5% —20% < 0 forx >0,
(4i7) 3-8% —2-13 =5 >0 for —1.5 <z <0,
(iv) 2-8% —5% =20 >0 for —1 <z <0.

Proof. Let us consider a function

=o(2) o (3 s
o=+ (2) »(5) ()
(3 (- () Q) (o)

Thus f(z) is strictly convex for any real number x. We have f(—1) < 3 and
£(0) = 3. Hence f(z) > f(0) = 3 for any x > 0, that is, 3-8* —2-13" —5% <
0 for x > 0, which gives (7). Moreover, we have f(—1.5) < 3 and f(0) = 3.
Since f(x) is strictly convex, we obtain f(z) < 3 for —1.5 < 2 < 0. This
gives 3-8% —2-13* — 5% > 0 for —1.5 < x < 0 and we obtain the result in

(iid).

Similarly, we consider

o= (2) +(2)

Then we have

and
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Then

=) (- ) 6 (- 0))

Thus g(x) is strictly convex for any real number z. We have g(—1) =2 =
¢(0). Hence g(z) > ¢g(0) = 2 for any x > 0, that is, 2- 8" — 5% — 207 < 0
for > 0, which gives (i7). Moreover, we obtain g(z) < 2 for —1 <z < 0.
Thus, it holds 2 - 8% — 5% — 20% > 0 for —1 < x < 0. Hence we obtain the
result in (¢v). This completes the proof. |

We now discuss certain graph transformations that can either increase
or decrease the generalized Sombor index of a graph. When the graph
under consideration is clear, we will use d,, and N,, in place of dg(v;)
and Ng(v;), respectively. In diagrams, a dotted circle around a vertex
v; € V(G) indicates that d,, > 1.

Lemma 5. For a graph G, let w,u € V(G) with dg(w) > dg(u) > 2. Sup-
pose wwy, uug € E(G), where wy is a 1-vertez, Ng(uo)\{v} = {u1,...,ue}
(¢ > 1) and ug is not on the w — u path (see, Fig. 2). Define Gy as the
graph obtained from G by removing the edges {uous, ..., ugue} and adding
the edges {wouy, ..., woue}.

(1) If a <0 or a > 1, then SOL(G1) > SOL(G),

(i) If0 < o < 1, then SOL(G1) < SOL(G).

Figure 2. Two graphs G and G1.

Proof. Note that wg and ug are the only vertices whose degrees are dif-
ferent in G and G;. We have dg, (uo) = dg(up) — ¢ = 1 and dg, (wo) =
de(wp) + € = £+ 1. Therefore
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50u(G1) = 504(G) = ((L+1)* +d2)" = (1+d2)" + (1 +d2)° o
. 2
— <(£+ 12+ dﬁ) .

(7) If @« < 0 or @ > 1, then using Lemma 1 () with dy, > d,, (2) becomes
S80,(G1) — SOL(G) > 0.

(#4) Similarly, for 0 < « < 1, using Lemma 1 (%) with d,, > dy, (2)

becomes
S0OL(G1) — SOL(G) < 0.

This completes the proof of the lemma. |

Lemma 6. For a graph G, let w,u € V(G) with dg(w) > dg(u) >
2. Suppose wwg,uug € E(G), where ug is a 1-verter, Ng(wo)\{w} =
{wi,...,we} (£ > 1) and wy is not on the w—u path (see, Fig. 3). Define
G2 as the graph obtained from G by removing the edges {wown, ..., wowe}
and adding the edges {uows, ..., ugwe}.

(i) If a <0 or a > 1, then SO,(G2) < SOL(G).

(i) If 0 < a < 1, then SO, (G2) > SOL(G).

Figure 3. Two graphs G and Ga.

Proof. Note that dg, (wo) = 1, dg,(ug) = £+ 1 and dg, (v) = dg(v) for all
v € V(G)\{wo, ug}. Thus
8504 (G2) = SO(G) = ((£+1)* + di)“ — (42 + (1+d2)°

~ (124 dfﬂ)“. )
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(7) If @« < 0 or @ > 1, then using Lemma 1 (i) (with d,, > d,), we obtain
S0,(G2) — SO, (G) <.

(#4) For 0 < @ < 1, using Lemma 1 (i7) (with d, > dy), (3) becomes
S0,(G2) — SOL(G) > 0.

This completes the proof of the result. |

Lemma 7. Consider the graph Q. with s >t > 2, as illustrated in Fig.
4. If a > 1, then we have SO (Qs,t) < SO0 (Qst1,0-1)-

Figure 4. The graph Qs ¢.

Proof. Let w be a p-vertex in ()5 ;. Then we obtain:

SO0.(Qst1,t-1) — SO(Qs,t)
zs((s +1)% + l)a —(s=1)(s*+1)>+ ((8 +1)? —I—pz)a — (s> +pH)”
+(t-2)((t- 1)2+1)°‘ — (=) )+ (-2 +p?)

— (t* + pH)°.

[0

To begin with, note that for o = 1, the expression SOu(Qst+1,4-1) —
80,(Qs,+) simplifies to 3(s? — t2) + 3(s + t) (with s > ¢ > 2) and is
positive. Moving on to a > 1, while keeping in mind s > t > 2, we have:
SO&(Qerl,tfl) - SO&(Qs,t)
=5 {((5 +1)2 4 1) — (8% + 1)‘“} + (s + 1)* + ((5 +1)2 +p2>

— (4 = - D)@+ + (-2 (-2 +1)



836

+ (=12 +p2)" = ()
Utilizing Lemmas 1 (7), 2 and 3, it follows that
SO0a(Qs+1,t-1) — SOa(Qs,t)
>t((t+1)7+1)" = (= DE+ 1) = (2 +p)+ (¢ + 17 +p°)
-2 -D?+1) = - DE + )+ (-1 +p) — (@ +)°
=t(t+ 102 +1)" + -2 (- 1?+1)" —2¢ - 1)@ +1)°
+ ((t +1)? +p2)a + ((t —1)? +p2)a —2(t* +p*)* > 0.

Thus the proof is done. |

3 Main results

In this section we focus on the extremal graphs of SO, (T') in the class of
T(n,A) for A > 3.

Theorem 1. Let T € T(n,A) be a tree of order n and A > 3. Then
(i) for o> 0,

SOL(T) > SO, (5(a1,a2, . ,aA)> (4)

with equality if and only if T = S(a1,az,...,aa),
(#7) for -1 < a <0,

SOL(T) < SO, (S(al,az, . ,aA)) (5)

with equality if and only if T = S(a1,az,...,aa).

Proof. f T = S(ay,as,...,aa), then the equalities in (4) and (5) hold.
Otherwise, T' 2 S(a1,az,...,aa). Then T contains at least two vertices of
degree greater than 2. Without loss of generality, we can assume that w
is a A-vertex, and w is the farthest vertex from w with degree p > 3. Let
Nr(u) = {u1,ug,...,u,}, where u, is a vertex adjacent to w lies on the

u — w path (the vertices u, and w may coincide). Since u is the furthest
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vertex from w with degree p (> 3), the vertex u has p — 1 pendant paths
with dr(u;) € {1,2} for j =1,2,...,p— 1. Without loss of generality, we
can assume that dp(u1) < dp(ug) < -+ < dp(up—1) < dr(up). We now
distinguish three cases in (7) and (#4):
(1) Case 1: dr(u1) =dp(uz) = - =dp(up—1) = 1.

Then we can obtain a tree 71 € T (n,A) from T by deleting the edges
UUg, ..., utp—1 and adding the new edges uiusg,ugus, ..., up_2up—1, that
is,

Ty =T — {uug, uus, ..., utp_1} + {uruz, ugus, . . ., Up—2Up_1}.

Now we have dr(u) = p, dr(u;) =1 for j € {1,...,p — 2}, dp,(u) = 2,
dr,(u;) = 2 for j € {1,...,p — 2}, dr(up) = dr,(up) = dy, and the
degrees of other vertices remain the same in 7" and T;. One can easily see
that E(T7 — {uuq, uiug, uous, . .., Up_otp_1,uty}) = E(T\{u}). Thus we

obtain

SOuT) = Y (@) +dnv)?) +(dn (w)* +4)°
zy€E(T\{u})
+ 37 (4 () + dr (w541)?)” + (dr ()? + iy (ur)?)”
— Z (dT(x)2+dT(y)2)a +(p—2)8™ +5°
zy€E(T\{u})

+ (dp, (up)? + 4)°

and

S0.(T)

= Y (@ +drw?) + S (drw? +dr(w)?)”
zyeE(T\{u}) uj €NT (u)

> (@ dr@?) + - DEP )+ (P,
zyeE(T\{u})
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From the above two results, we obtain

SOL(T1) = SOL(T) = (4+d; )* — (p* +d2 )™ + (p— 2)[8* — (p* +1)°]
+5% = (" + )"

Since p > 3 and « > 0, it follows that
S0, (T1) — SOL(T) <0, thatis, SOL(T) > SO (T1).

Case 2: When u is adjacent to at least one pendant vertex but not more
than p — 2 pendant vertices.

Without loss of generality, we can assume that u; is a pendant vertex
and ug is a vertex of degree 2, both of which are adjacent to v in T'. Let
v1 (# uy) be a pendant vertex connected to u on a pendant path that
includes ug, and let vy be adjacent to v; (where vo may coincide with us).
Define Ty € T (n, A) as the graph obtained from T by deleting the edge uu
and adding the new edge viuy. Thus we have dr, (vy) = 2, dp,(u) =p—1,

and the degrees of other vertices remain the same in 7" and T5. Then

SOL(T3) — SOL(T) = 5% — (1 + p*)* + 8> — 5~
p «
Z[( 2+ ) - 0P+ 2,)°].
Since p > 3 and « > 0, it follows that
SOL(T5) — SOL(T) <0, thatis, SOL(T) > SOL(T?).

Case 3: dr(u1) =dp(uz) = -+ = dr(up—1) = 2.

In this case we transform the tree T into T3 € T (n,A) by replacing
the p — 1 pendant paths of length at least 2 from u with a single pendant
path of length at least 2(p — 1). Thus we have dr(u) = p, dr, (u) = 2, the
degrees of p—2 pendant vertices that are connected to u on pendant paths

in T becomes 2 in T3, and the degrees of other vertices remain the same
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in T and T3. Thus we obtain

SO.(T3) = SOL(T) = (4+d2 )* — (p° + di, )™ + (2p — 3)8"
—(p-1)P*+4)~ - (p—2)5
<(2p—3)8* —(p—D(P*+4)* — (p—2)5 (6)

asp > 3. For p =3 and « > 0, by Lemma 4 (¢), from the above, we obtain
SOL(T5) —SOL(T) < 3-8 —2-13% = 5% < 0.
Otherwise, p > 4 and « > 0, from (6), we obtain

SO (Ty) = SOL(T) < (p—1)[2-8% = 5° — (p* +4)°]
<(p—1)[2-8* —5* —20°] <0

as 8% > 5% and by Lemma 4 (i7). Thus SO, (T) > SO (T5).

After applying the Cases 1— 3, we obtain a tree T € T (n,A). If T’ =
S(ai,azg,...,an), then we are done. Otherwise, 77 2 S(aj,az,...,an).
Then T” contains two vertices of degree greater than 2. Using the above
three cases we obtain T” € T(n,A) from T'. If T" = S(a1,az,...,an),
then we are done. Otherwise, continuing the same procedure, finally, we

obtain
SOLT) > SOLT') > SOLT") > - > SO, (S(al, as,. .., aA)).

(7) Cases 1 and 2 follow similarly from the proof of (i) (and are there-
fore omitted). We now proceed to discuss Case 3. In this case we have
dr(ui) = dr(ug) = -+ = dr(up—1) = 2. Using the same transformation

mentioned in Case 3 of (i), we obtain

SO0u(Ts) = SOL(T) = (4+d2, )* — (p* +d5, )™ + (2p — 3)8%
—(p-1)P*+ 4~ - (p—2)5°
>(2p—3)8* —(p— (P> +4)* — (p—2)5" (7)
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as p>3. Forp=3and —1 < a <0, by Lemma 4 (4i7), (7) becomes
SOL(Ts) — SOL(T) > 3-8 —2-13% — 5% > 0.
Otherwise, p > 4 and —1 < a < 0, from (7), we obtain

SOL(Ts) — SOL(T) > (p—1)[2-8* — 5% — (p* 4 4)°]
> (p—1)[2-8% —5% —20%] >0

as 5% > 8% and by Lemma 4 (iv). Thus SO, (T) < SO, (T3).

By using the same arguments as given in (), we obtain
SOL(T) < SOL(T') < SOLT") < -+ < SO, (S(al, as, ..., aA)).

This completes the proof of the theorem. |

Proposition 2. Let S(ay,as,...,an) € T(n,A) be a star-like tree of order
n and A > 3.
(1) If 0 < o < 1, then

SO (S(ar, a2, . aa))
(n= A= 1) [5% + (A2 £4)7] + (28 —n +1)(A2 4 1)°
A2 |24,

v

A[(A2+4)°‘+5°‘} +(n—2A-1)8" if3< A< |25t

with equality if and only if S(ay,as,...,an) = Ty A for A > [2£2], and
S(ar,az,...,an) = Ta for 3< A < |51
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(i) If -1 < a < 0, then

S(’)a<S(a1,a2,...,aA))
(n—A=1) [57+ (A7 +4)°| + QA —n+1)(A2 +1)°
ifA > [ ],

IN

A [(A2+4)a+5a] F(n—2A—1)8 f3<A< |2

with equality if and only if S(a1,az2,...,aa) = Tya for A > |22, and
S(a1,az,...,an) = Ta for 3 <A< [25H].

Proof. It S(a1,az,...,aa) = T, A or S(aj,asz,...,an) = Ta, then the
equality holds in (¢) and (#). Otherwise, T, oA 2 S(a1,a2,...,aa) &
TA. Then S(a1,as,...,aa) has a pendant path of length at least 3 and a

pendant vertex adjacent to the maximum degree vertex.
Transformation I: S(aj,as,...,an) = 11,

where T7 is a star-like tree obtained from S(a1, aq,...,aa) by replacing the
pendant path of length 1 with a pendant path of length 2, and a pendant
path of length ¢ (> 3) with a pendant path of length £ —1. Then we obtain

SOL(T)) — SO, (S(al, as, ..., aA)) — (A2 4 4) — (A2 4 1) 4+ 5% — 8%,
(8)

(i) Setting ¢ = 2, d = 1 in Lemma 1 (i), it follows that ®(A) = (A2 +
4) — (A2 +1)* < 8% — 5% = $(2) as 0 < a < 1. Using this result in (8),
we obtain SO, (S(al, as, ..., aA)> > SO,(T}).

First we assume that A > |[2#2|. Thus we have n < 2A, that is,
ny+n9 +1 <2A = 2n; as Tj is a star-like tree of order n. Thus we have
ngo < ni. From this, we conclude that star-like tree T; contains a pendant
vertex adjacent to the maximum degree vertex. If Ty = T, A, then we are
done. Otherwise, T7 2 T;, . Then T} contains a pendant path of length
£ > 3. Using the same Transformation I, we obtain star-like tree To
from star-like tree T;. Similarly, we get SO, (T1) > SO, (T2). Continuing
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the same procedure, finally, we obtain

SO, (S(al,ag, o ,aA)) > SO(T1) > SOL(Ty) > -+ > SOu(Tpa),
where

8O0a(Tna) = (n— A =1) [5°+ (A2 +4)°| + (28 = n+1)(A% + 1)°.

Next we assume that 3 < A < {%J Thus we have nq1 +no +1 =
n>2A+1=2ny + 1, that is, no > ny. If no = nq, then T3 = Th.
Otherwise, ny > n; + 1. Then star-like tree 77 has a path of length at
least 3. For T1 = T, we are done. Now we suppose that T7 2 Ta. Then
T: has a pendant vertex adjacent to the maximum degree vertex. Using
the same Transformation I, we obtain star-like tree T4 from star-like
tree Ty. Similarly, we get SO, (T1) > SO4(T’3). Continuing the same

procedure, finally, we obtain
SO, (S(al, as,..., aA)) > SOL(T1) > SOLT's) > -+ > SOL(Th),
where
SO0a(Ta) = A (A2 +4)* +5°| + (n — 24 — 18",

(ii) Setting ¢ = 2, d = 1 in Lemma 1 (i), it follows that ®(A) = (A? +
4) — (A2 4+1)* > 8% —5% = §(2) as —1 < a < 0. Using this result in (8),
we obtain SO, (S(al, as, ..., aA)> < 80,(TY).

For A > |zl |, by using the same arguments as given in the proof of

(), we obtain

SO, (S(al, as, ... 7%)) < 8OL(T1) < 8OG(Ts) < -+ < SOL(Ts.n).

For3 <A< L%J , by using the same arguments as given in the proof

of (i), we obtain

SO, (S(al, as,..., aA)) < 8OLT1) < SOL(Ts) < -+ < SOL(Tn).
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Thus the proof is complete. |

Corollary 1. Let S(ay,as,...,an) € T(n,A) be a star-like tree of order
n and A > 3.

(i) If S(ay,aq9,...,aa) with minimum SO, for 0 < a < 1 contains a
pendant path of length 1, then it does not contain a pendant path longer
than 2.

(i) If S(ay,aq,...,aa) with mazimum SO, for —1 < a < 0 contains a
pendant path of length 1, then it does not contain a pendant path longer
than 2.

The next theorem directly follows from Theorem 1 and Proposition 2.

Theorem 3. Let T € T(n,A) be a tree of order n and A > 3.
(1) If 0 < e < 1, then

(n—A—l)[ + (A% +4)° ] +(2A —n+1)(AZ+1)°

SOL(T) > if A> =,

A [(A2+4)a+5w} F(n—2A-1)8 f3<A< |25
with equality if and only if T = T, A for A > |282], and T =2 Ta for
3<a< |25,

(i) If -1 < a < 0, then

(anq)[ + (A% +4)° } +(2A —n+1)(AZ +1)°

SOL(T) < if A==,

A7+ 9o +50 ]+ (n—2a- 18" if3<A< |25

with equality if and only if T =2 T, A for A > |282|, and T =2 Ta for
3 < A < Ln 1J

Theorem 4. Let T € T(n,A) be a tree of order n and 3 < A <n—2. If
a > 1, then

SOL(T) > (A =1)(A%+1)* + (A% +4)* + (n — A — 2)8~ + 5
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with equality if and only if T = By, A.
Proof. First we prove the following result:

Claim 1.

5Oa(Slar,az,. . aa)) = (A = (A2 +1)* + (A2 +4)°

+(n— A —2)8" +5° (9)

with equality if and only if S(a1,as,...,aa) = By .

Proof of Claim 1. If S(a1,az,...,aa) = By a, then we obtain
SO, (S(a,az,...,an)) = (A=1)(AZ4+1)* + (A% +4)* +(n— A —2)8% + 5%

and hence the equality holds in (9). Otherwise, S(a1,asg,...,aa) 2 B A.
Then S(a1,as,...,aa) contains at least two pendant paths of length ¢; > 2
and ¢ > 2, respectively. Let T} be a star-like tree derived from S(ay, as,
...,aa) by replacing the pendant path of length ¢; > 2 with a pendant
path of length 1, and the pendant path of length 5 > 2 with a pendant
path of length ¢; + /5 — 1. Then we obtain

SOL(T1) = SO (S(a1, a2, an)) = (A2 +1)* — (A 4+ 4)°
(10)
+ 8% — 5.

Setting ¢ = 2, d = 1 in Lemma 1 (i), it follows that ®(A) = (A% + 4)® —
(AZ4+1)* > 8% — 5% = ®(2) as a > 1. Using this result in (10), we obtain
SO, (S(al, ag, ..., aA)) > S80,(Ty). If Th = By, A, then the inequality in
(9) holds strictly. Otherwise, Ty 2 B, a. Then T; contains at least two
pendant paths of length greater than 1. Using the above transformation
we obtain star-like tree 7T, from star-like tree 7;. Similarly, we obtain
SOL(T1) > SO, (T3). By continuing the same procedure for a sufficient

number of times, finally, we obtain

SO, (S(al, as, ..., aA)) > SOL(T1) > SOL(Ts) > -+ > SOu(Bn.a),
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where
SO4(Bp,a) = (A = 1)(A? + D)% + (A% +4)% + (n — A — 2)8% 457,

which gives the Claim 1.

By Theorem 1(7), we obtain SO (T) > SO, (S(al, as,... ,aA)) with
equality if and ounly if T2 S(ay,as,...,aa). This result with Claim 1,
we get the lower bound on SO, (T). Moreover, the equality holds if and
only if T'= B, A. |

We now focus on establishing the lower and upper bounds for trees in
T (n,A) with respect to the SO, index for @ < 0 and « > 1, respectively.
Note that the following result, which is useful for determining the bounds

we are focusing on:

Proposition 5. Let T € T(n,A) be a tree. If A > [%], then the mazi-

mum degree verter w is adjacent to at least one pendant vertex.

Proof. Assume to the contrary that there is no pendant vertex adjacent

to the maximum degree vertex w. This implies that every neighbor of

w is adjacent to at least one vertex other than w. Consequently, w, its

A neighbors, and the vertices adjacent to these A neighbors (excluding

w) account for at least 2A + 1 vertices. However, this contradicts the
n

condition that A > {ﬂ Therefore, we conclude that w must have at

least one pendant neighbor. |

Theorem 6. Let T € T(n,A) be a tree of order n and 3 < [%] <AL
n—2. Ifa>1, then

SOL(T) < (A= 1)(A2+1)" +(n—A-1)((n— A2+ 1)a
+ ((n —A)?+ A2> .
Equality occurs if and only if T =2 SA n—a.

Proof. Let T € T(n,A) be a tree with 3 < [%1 < A < n — 2 such that
SO0, (T") is maximum for o« > 1. Let w € V(T’) be a A-vertex, where
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n

A > [%] > 3. According to Proposition 5, let wy be a pendant vertex

adjacent to w. We now proceed with the following claims:

Claim 2. Each non-pendant neighbor of w has w as its only non-pendant

neighbor.

Proof of Claim 2. Suppose, for the sake of contradiction, that there exists

a non-pendant neighbor w of w which has another non-pendant neighbor

ug distinet from w in 7”. Let Np/(uo)\{u} = {u1,...,ue}, where £ > 1.
n

Since T" contains at least A pendant vertices and A > [51, it follows

that dp(u) <n—A—-1< |%] -1 < A = dp(w). We can construct
a tree Ty € T(n,A) by deleting the edges uguy, ..., uous and adding the
new edges wouy,. .., wowe in T7. By Lemma 5, it follows that SO, (T7) >
80O, (T"), which contradicts as SO, (T”) is maximum. This proves the

Claim 2.
Claim 3. The vertex w has a unique non-pendant neighbor.

Proof of Claim 3. Assume to the contrary that w; with degree s > 2 and
wy, with degree t > 2 are the neighboring vertices of w in 7”. Without loss
of generality, assume that s > ¢. According to Claim 2, both Ny (w;)
and Np/(wp) include only one non-pendant neighbor, which is w. This
implies that 7" = Qs (see, Fig. 4). By Lemma 7, it follows that

SOQ(T/) = SOa(Qs,t) < SOOL(Q5+1,t71) << SO&(Qs+t71,1)~

Furthermore, taking into account the inequality (s—1)+(t—1)+(A+1) <n
and the assumption A > [£], it follows that s+t—1<n—A < || < A.
Thus Qs+i—1,1 € T(n, A) with SO, (Qsti-1,1) > SOL(T"), contradicting
the maximality of SO, (T"). Therefore, w must have a unique non-pendant
neighbor. This proves the Claim 3.

Hence the Claims 2 and 3 together imply that 7" is isomorphic to
SAn—a. By direct calculations, we get

SO0a(San-a) = (A=1)(A2+1)% + (n—=A-1)((n-A) +1)"

+(m—AF+Aﬁ7
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Thus the result is established.

IN

Theorem 7. Let T € T(n,A) be a tree with order n and 3 < |
n—2. If a <0, then

L'ISA

n
2

SOQUW2(A—1XA2+UQ+(anAJ)«n—AF+yY

+(m—AF+Aﬂ
with equality if and only if T =2 SA p—a.

Proof. Let T' € T(n,A) be a tree with 3 < [%W < A < n — 2 such that
SO, (T') is minimum for « < 0. Let w € V(T”) be a A-vertex, where
A > 3. According to Proposition 5, let w’ be a pendant vertex adjacent

to w. We now proceed with the following claims:
Claim 4. The vertex w has a unique non-pendant neighbor.

Proof of Claim 4. Let u be a non-pendant vertex adjacent to a pendant
vertex up in T”. Suppose, contrary to the claim, that w has at least two
non-pendant neighbors. This implies the existence of at least one non-
pendant vertex wg € Np+(w) such that wy does not lie on the w — u path
(the vertices v and w may adjacent). Let Ny (wo)\{w} = {w1,...,we},
where £ > 1. Since T” contains at least A pendant vertices and A > {%]7
it follows that dr(u) <n—A—-1<[2] -1 <A = dp(w). We can
construct a tree 77 € T, A by deleting the edges wowi,...,wow, and
adding the new edge wowsi,...,upwe in T'. By applying Lemma 6, we
obtain that SO, (T1) < SO, (T"). This contradicts the assumption that
SO0, (T") is minimum. This proves the Claim 4.

From Claim 4, T’ — w contains only one non-trivial component. We

denote this unique non-trivial component of T/ — w as X.
Claim 5. The component X of T — w is a star.

Proof of Claim 5. Suppose, for the sake of contradiction, that there exist
at least one non-pendant edge uu’ € E(T') (where u and v’ are distinct
from w) such that dr(w,u) is as large as possible, and u has only one
non-pendant neighbor u'. Let dp/(u) = ¢t > 2 and dp(v') = s > 2. Let
U1, Usg, ..., u—1 be the all pendant neighbors of u. We now define a tree
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Ty € T(n,A) by removing the edges uuy,...,uu;—; and adding the new
edges u'uy,...,u'us—1 in T”. Note that dr, (u) = 1, dp, (v') = s+t —1 and
dr,(v;) = dp/(v;) = dy, for all v; € V(T')\{u,u'}. Then

SOL(T') — SOu(T)
=(t- D[+ = (1++t- 1)2)a] ~((s+t-17+ 1)a + (82 +12)°

+ Y @ = (B =)
v ENpr (u')\{u}

Since @ < 0 and 1+t < 1+ (s + ¢ — 1)2, it follows that (1 + ¢?)® >
(1 +(s+t— 1)2) . Similarly, (d? + s%)® > (d? + (s +t — 1)?)2, and
(s2+12)> > ((s+t—1)2+1> ((s+t—1)2+1 > s2+12 that is, st+1 > s+t,
which is true as s > 2, t > 2). Therefore SOL(T") > SO, (Tz), which
contradicts the assumption that SO, (T”) is minimum. This proves the
Claim 5.

Thus from Claims 4 and 5, it follows that 7" is isomorphic to Sa n—a.

Direct calculations yield

SOu(Sam-a)=(A-1)(A2+1)% + (n—A-1)((n—A¢+1)"

+((n—-ay+ AQ)“.

This completes the proof of the theorem. |

4 Concluding remarks

Within this work, we identified the trees that maximize the SO, index for
—1 < a<0and a > 1, as well as those that minimize the SO, index for
a < 0 and o > 0. We also characterized the pertinent extremal trees.
By Theorem 1, the tree S(a1, as,...,aa) € T(n,A) minimizes the SO,,
index for @ > 0 with degree sequence (A,2,...,2,1,...,1). Specifically,
X X
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for « =1 we have SO; = F. So

F(S(al,ag,...,aA)> = Z (d%b—‘v‘di)
viv;€E(S(a1,az,...,an))
= > di = A%+8n—T7A-38.
v €V (S(a1,a2,...,an))

To maximize SOy = F = Y, ) dy,(T), a tree with degrees = and

y (where z < y) yields a smaller SO; than one with degrees x — 1 and

y + 1. Among trees with given n and (%1 < A < n—2, a tree with

the degree sequence (A,n — A, 1,...,1) maximizes SO; = F, represented
——

n—2
uniquely by Sa n—a. The following table summarizes our main results.

and highlights key findings for future study.

o Maximizes SO, Minimizes SO,

Tha if =1 <a <0 and
(=00,0) | |2 <A<n—1

Taif 3<A < |25

San—na if

3<[2]<A<n-2

T if [ 2] <A<n—1

(0,1) ?
Taif 3< A< |25
Sahaz,...,aA if

{1} | Sam-aif3<[3]<A<n-2 ( )
3<A<n—-1

IN

n—2|B,aif3<A<n—-2

(L,o) | Sam—aif3<[2] <A

Table 1. Trees mazimize and minimize the SO index in T (n,A) for
different intervals of «.

The characterization of extremal trees for SO, index in the remaining
intervals of & remains an open problem and presents a promising direction

for future research.
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