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Abstract
The atom-bond sum-connectivity (ABSC') index of a graph G is
defined as ABSC(G) = z(G) Gutdu=2 where d, and d rep-
uveE

resent the degrees of u and v in G, respectively. In this paper, we
give some sharp bounds for the ABSC index in terms of the first
Zagreb index, the harmonic index, the sum-connectivity index, the
minimum and maximum degrees, the clique number, and the chro-
matic number. We also find a lower bounds for the ABSC index of
trees with given number of vertices and maximum degree.

1 Introduction

In chemical graph theory, vertices correspond to atoms, and edges cor-
respond to bonds in a molecule. Using graphs, one can capture essential
features of molecular structures and explore how they affect various chem-

ical properties and behaviors [5,8]. In graph-theoretical terms, a number
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represents graph’s structure is called a topological index. To measure the
degree of branching of saturated hydrocarbons, in 1975 Randi¢ introduced
the Randi¢ (R) index [28]. For a graph G the Randi¢ index is defined as:

RG) = Y — (1)

weE(G) dudy

where d,, and d, represent the degrees of u and v in G, respectively.
Estrada et al. [15] modified the Randi¢ index by taking into considera-
tion not only the degrees of the end-vertices of the edges, but also the de-
grees of the edges by introducing the atom-bond connectivity (ABC') index
of graphs. This parameter was studied in the papers [1,6,9,12-14,17,19,22].
The ABC index of a graph G is defined as:
ABC(G) = dutdy =2 2
(@) M;E:(G) » (2)

A probabilistic interpretation of the ABC index is given in [14]. It indicates
that the terms defining this index represent the probability of visiting a
nearest neighbor edge from one side or the other of a given edge in a graph.

On the other side, Zhou et al. [31] modified the Randi¢ index by re-
placing d,d, with d,, + d,, in the formula (1), and named this new index
the sum-connectivity index. For a graph G, the sum-connectivity (SC)

index is defined as:

SC@G) = Y T (3)

weEE(G)
By amalgamating the core idea of the atom-bond connectivity index
and sum-connectivity index, Ali et al. [2,3] proposed the atom-bond sum-
connectivity (ABSC') index of graphs. The ABSC index of a graph G is

defined as:
dy, +dy, — 2

ABSC(G) = i

weE(G)

(4)



807

The formula (4) can also be written as:

ABSC(G):= > ’/quidv' (5)

weE(G)

Several authors have been attracted towards the ABSC index in the last
few years for example [4,10,11,21,23,25-27,30]. All these papers are
related to extreme bounds for the ABSC index of graphs.

Let T,, be the set of trees with n vertices and 7,, o be the set of trees
with n vertices and maximum degree A. Denote by P, and S,, the path
and star with n vertices, respectively. A pendent vertex in a graph is a
vertex with degree one. A pendent vertex in a tree is also called a leave.
A stem is a vertex adjacent to a pendent vertex. A strong stem is a stem
adjacent to at least two pendent vertices. An end-stem is a stem whose all
neighbors, except at most one, are pendent vertices. A vertex’s progenitor
(parent vertex) in a rooted tree is the vertex connected to it along the
path to the root. The term cligue number of a graph G refers to the
number of vertices in a largest clique (the set of vertices with all pairs
adjacent) and it is denoted as a(G). The chromatic number of a graph
G is the least number of colors required to color all of its vertices while
ensuring that no two neighboring vertices receive the same color. This
number is represented by the symbol x(G). For convenience, we will use

I(uww) = /1 — ﬁ. Some significant results that will assist us in proving
our primary findings are provided below.

Lemma 1. ([2]) Letn >4 and T € T,,. Then ABSC(T) > ABSC(P,),
the equality holds if and only if T = P,.

A well-known inequality, the Diaz-Metcalf inequality, was first pub-
lished in [24].

Lemma 2. ([24]) Let a; and b;, where i = 1,2,...,n, be real numbers
such that Aa; < b; < Ba; for eachi=1,2,...,n with0 < A < B. Then

(A—f—B)iaibi > Zn:bf —l—Aan:a?,
=1 =1 =1
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the equality holds if and only if either b; = Aa; or b; = Ba; for each

i=1,2,....n.

Lemma 3. ( [20]) Let a and b be real numbers such that a > b > 0. Then
Vva—b>\/a— /b, the equality holds if and only if a =b or b= 0.

Lemma 4. ( [29]) Let G be a connected K i1-free graph of order n and

2
m§<11>‘n,
q 2

the equality holds if and only if G is a complete q-partite graph in which

having m edges. Then

all classes are of equal cardinality.

For a graph G, the harmonic (H) index is defined as [16]:

HG) = Y du2 . (6)

uwveE(G)

Lemma 5. ( [7]) Let G be a simple graph with chromatic number x(G)
and harmonic index H(G). Then x(G) < 2H(G), the equality holds if
and only if G is a complete graph possibly with some additional isolated

vertices.

The remainder of this paper is organized as follows: In Section 2, we
obtain certain lower bounds for the ABSC index of graphs, specifically
the least ABSC index of trees with a given maximum degree. In Section
3, we give some upper bounds for the ABSC index of graphs. In Section

4, we conclude our paper.

2 Lower bounds for the ABSC index of
graphs

In this section, we will find lower bounds for the atom-bond sum-

connectivity index of graphs.
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Theorem 1. Let G be a connected graph with m edges, maximum degree

A and minimum degree §. Then

6—1 A—-1
< < a—7
m A < ABSC(G) <m 5

the equality holds if and only if G is a regular graph.

Proof. For uwv € E(G), we have

dy, +d, —2 1
_ dy +dy —2.
\/ 4ot dy \/du d, N

It follows from

V206 1) <Vdy+d, —2<2(A-1)

and
1 1 1
< <=
VoA = Vd,+d, — V26
Thus,
0—1 A—-1
— < < _
m A < ABSC(G) <m 5

Since § = A only holds when G is a regular graph and vice versa, the

equalities only hold when G is a regular graph. |

The first Zagreb (M;) index [18] of a graph G is defined as:

My(G)i= > (du+dy). (7)

weEE(G)

Theorem 2. Let G be a connected graph with m edges, maximum degree

A and minimum degree 6 > 2. Then

Mi(G) +2+/6A(6 — 1)(A = 1)H(G) — 2m

ABSC(G) >
2 (\/5(5 “D) +J/AA= 1))

(8)

the equality holds if and only if G is a regular graph.
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Proof. We know that

V20— 1) < Vd, +d, —2 < /2(A -

\ 7 id V20,/2(6 = 1) < dy +dy —2 < 1d\/ﬂ\/2(A—1),
d

1
< —-2< —1).
,/d +d 20/0(6 —1) < Vdy +d, —2 < du+dv2 A(A—1)

Setting 24/0(8 — 1) as A, 24/A(A—1) as B, ﬁ as a; and

Vvd, +d, — 2 as b;, by Lemma 2 we have

ABSC(G
> Ny +dy -
uwweE(G)

26— 1) +2/A(A - (
uwveE(G)

2,/5(6 — 1) + 2/A(A — Vit de = )

[ ) (du+dv—2)+(4\/6(5—1)\/A(A—1)>< 2 d@)]

weE(G) weE(G)

- 2/6(6 — 1) +2/A(A-1)

H(G) —2m
2(VoG - 1)+ VAR -T)) '

This completes the proof. |

Theorem 3. Let G be a graph with n vertices and m edges. Then
ABSC(G) >m — V2 5C(G), (9)

the equality holds if and only if G = $ K (n is even).

Proof. By Lemma 3, we have

ABSC(G) = > ,/d +d Ny +d, —2

w€EE(G)
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Y

3 (VT d, - V2)
w€EE(G)

—ZZF

weE(G) weE(G)

= m—V25C(G),

where the equality holds if and only if G = % K (n is even). This completes
the proof. |

Corollary. Let G be a graph with n vertices, m edges and minimum degree
6. Then

ABSC(G) > m (1 - %) ,

the equality holds if and only if G = S Ks(n is even).

Proof. Since

sC (10)

Z\/mf

wveE(G)
from Theorem 3, we get the required result. Moreover the equality holds

in (10) if and only if G = § K(n is even). ]

Now we will find the minimum value of the ABSC index of T' € Ty, A
We apply some transformations to streamline the problem of minimizing
the ABSC' index of T' € T, o. From this point on, we assume that T is
a rooted tree with root r and that r is a vertex with maximum degree A
and N(r) ={ry1,re,...,Ta}.

Theorem 4. Letn >5 and T € T, a. Then we have

ABSC(T) >

A(\/AIH+\/2)+§(TL—2A—1), A< ol
(DB s

Before we prove Theorem 4, we need to prove a few supporting results.
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Figure 1. The trees T' and T in the proof of Lemma 6.

Lemma 6. Let T € T, A be a rooted tree and r be the root vertex of T
with dr(r) = A. If there is an end-stem with degree at least three other
than the root vertex v in T, then there exists a tree T* with |V (T*)| =n
and A(T*) = A, such that ABSC(T) > ABSC(T™).

Proof. Let u # r be an end-stem of T with dr(u) =t > 3. Suppose
that v is the parent vertex of u and N(u) = {v,u1,us,...,us—1}. Let
Q = {uv,uui,uug, ..., uu—1} and T* = T — {uug,uusg, ..., uu_2} +
{urug, ugus, ..., ut—sus—1}. Then [V(T*)] = n and A(T*) = A, thus

we have

ABSC(T) = Y I(w)+ Y I(uv)
[1°29) uvEN
2 2
[1-29)
2
LR AT
and
ABSC(T*) = Z I(uv) + 1—#—#(15—2)@/1— 2
o gh) 2+ dT(’U) 2+2
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Now using dr(u) =t > 3, we get

ABSC(T) — ABSC(T*) > \/1 _ L(v) _ \/1 2

3 3
1- =2 . J1-—=2 <o,
+\/ t+1 \/ 511 Y

Figure 2. The trees T" and T in the proof of Lemma 7.

Lemma 7. Let T € T, A be a rooted tree and r is the root vertexr of T
with dp(r) = A. If there is a stem with degree at least three other than
the root vertex r in T, then there exists a tree T* with |V(T*)| = n and
A(T*) = A, such that ABSC(T) > ABSC(T™).

Proof. Let w # r be a stem of T with dp(u) = ¢ > 3 and N(u) =
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{v,u1,us,...,us—1} where vertex u; is the parent of v and v is a pendent
vertex in T. If v is an end-stem, then by Lemma 6, the conclusion holds.
Thus we can assume that u is a stem, but not an end-stem. Let rr; € E(T)
and T; be the component of T — rr; containing r;. Let z; € V(T;) be one
pendent vertex with maximum distance from 7; in T; and vertex z is a
parent of z;. If dp(z) > 3, then by Lemma 6, we can obtain a contra-
diction. Thus dr(z) = 2. Let Q = {zz;, uv, uuy, uus,...,uu;_1} and
T* =T —uv +vz;. Then |V(T*)| = n and A(T*) = A, thus we have

ABSC(T) = Z I(uv) + Z I(uv)

uv g uv€eQ
2 2
= Z I(uv)—l—\/l——i—\/l—
= 1+t 1+2
t—1

and

2 2
ABSC(T*) = > I(uv)+\/1—2+2+\/1—1+2

[I1-29)

t—1 9
l1—-——
+ ; dT(ui)—i—t—l

Now using dr(u) =t > 3, we get

ABSC(T) — ABSC(T*) = \/1_2_\/1_2

1+1¢ 242
t—1
2
1—
+ Z dp(u;) +1t
i=1

— 1—-——>0.
Z dT(ui)—i-t—l >0

i=1
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Figure 3. The trees T" and T in the proof of Lemma 8.

Lemma 8. Let T' € T, A be a rooted tree and r be the root vertex of T
with dp(r) = A. If there is a vertex with degree at least three other than
the root vertex r in T, then there exists a tree T* with |V(T*)| = n and

A(T*) = A, such that ABSC(T) > ABSC(T™).

Proof. Let w # r be a vertex with dp(u) = t > 3 such that dp(u,r)
is as large as possible. Assume N(u) = {uf,ud,...,uf_1,u:}, and w,
is the parent of vertex u. Let rr; € E(T) and T; be the component
of T — rr; containing r;. Suppose that the path udu; ... ui is the longest
path in T} starting from u? where i = 1,2,1...,¢—1. Further suppose that
g; € V(T;) is a pendent vertex such that dr, (r;,¢;) is maximum. Let ¢ be
the parent of vertex ¢;. Now we can suppose that ¢; ¢ {ulll, e ,ui‘_’f}.
By Lemmas 6 and 7 and that dp(u,r) is as large as possible, dr(q) = 2
and all descendants of u except pendent vertices, have degree two. We

distinguish three cases:
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Case 1. t = 3.
Let T* =T — uuf + ¢;ul. Then we have |V (T*)| =n and A(T*) = A.

Let Q = {qiq,uu?,uug,uug}. Then we have

ABSC(T) = Y I(w)+ Y I(w)

uvgQ uv €
2 2
= Zl(uv)+\/1——|—\/1—
g 342 342
+ 1 2 +4/1 2
and
ABSC(T*) = Zl(uv)+\/l—2+\/l—2
N 242 2+2
[1-29)
/ 2 / 2
+ l—-——F—+ /1 — ——.
2—|—dT(U3) 2+2
Thus,
ABSC’(T)ABSC(T*)>2\/12+\/l23\/12>0
3+2 241 2+2 '
Case 2. t = 4.

Let T* =T — uuf + ¢;ul. Then we have |V (T*)| =n and A(T*) = A.

Let Q = {qiq7 wud, uul, vul, uU4}. Then we have

ABSC(T) = Y I(w)+ > I(uw)

uv g uv€EQ

2 2
= 1 34/1— —— 1—-—
2 Iwn) +3y 172 T\ T T dr(u)
uvgQ
.z
2+1
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and
ABSC(T") = Y I(uv)+2\/1—7+ \/ 1= 2 L o2
g 3+2 3+2 3+dT(’LL4)
Thus,
ABSC(T) — ABSC(T*) > 3\/1 _ 2 —2\/1 __2 \/1 _ 2
1+2 342 2+1
2
— 24/1— m >0
Case 3. t > 5.
For ¢t > 5, we consider further two cases, ql- #* u?’l and ¢; = ut -1. First
we consider ¢; # ul"]. Let Q = {uuo whiubi Tt [ 1<i<t-— 1}U{qzq, (T
Let T* = T—{uu?, uug, l... ,uut_l}—k{ulqi, u2ul1 7u3u2 20 ut 1“? 22}

Then we have |V(T*)| = n and A(T*) = A. Thus we have

ABSC(T) = Y Iw)+ Y I(w)

[I-39) uve
2 2
= ) I(w)+ t—1)\/1—+\/1 ——
2+1
uvgQ

t—11/1—7 /1

ABSC(T*) = > I(u )+(t_1)\/1_2+\/ 2

(t=1)\/1— 5=+ /1 -
* 2+2 1+dTu,
1 2
SR . > 5.
\/;-‘r 1= \/5}>O,f0rt5

Now suppose that ¢; = ut T Let T =T — {wud, wul, 1. .. uuld_y} +

and

Thus,

ABSC(T) — ABSC(T*) > (t — 1)
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{u9g;, ubrud, uzud, 1. .. uff Sud 5} Then |V(T*)| = n and A(T*) = A.
LetQ:{qu ubiul 1|1<z<t—1}u{uut} Then we have

[ K2

ABSC(T) = Y I(w)+ > I(w)
uvgQ uvEN
= > I(uv)+(t—1),/1—i+(t—1) P
1+2 t+2
[L=29)
A
t —+ dT(Ut)
and

ABSC(T*) = > I(u )+(t—2)\/1—2+\/1 1i2

[1-29)

t—11/1—7 “
* 2+2+ 2+dTUt
Thus,

ABSC(T) — ABSC(T*) > (t—2) <\/g_ \/g>
(t—1) (m—ﬁ) >0, for t > 5.

This completes the proof. |

A spider is a tree with only one vertex whose degree is greater than
two and that vertex is called the central vertex of the spider. A leg in
a spider is a path from the vertex with maximum degree to one pendent

vertex.

Lemma 9. Let T be a spider with n vertices and k > 3 legs. If there is a
leg of length larger than two and a leg of length one. Then there exists a
spider T with k legs and n vertices such that ABSC(T') > ABSC(T™).

Proof. Let T be a spider and r be the central vertex and root of T. Also,
we let Nr(r) = {r1,ro,...,rt}. Without loosing the generality, we can
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suppose that rpy1ys. ...y is the most longest leg of spider T'. Consider a
set Q@ ={rr,yiyi—1,y1—2yi—1}. Let T* =T — y;y;-1 + r1y;. Then we have

ABSC(T) = Y I(w)+ > I(w)

uv g uveQ
2 2 2
uvgQ
and
2 2 2
AB T = I 1—— 1—— 1——.
o= & a1 g - -
Thus,

ABSC(T) — ABSC(T*)

Y/ N -
k+1 k+2 242
/ 2
- 1-— for k > 3.
1+2>O, or k>3

This completes the proof. |

Now we can prove Theorem 4 by using the above lemmas.

Proof of Theorem 4. Let T* € T, Ao (n > 5) and ABSC(T*) =
min {ABSC(T) | T € Tp,a, n > 5}. Let r be the root of T* with AT* =
A. If A =2, then T 2 P,. By Lemma 1, the conclusion holds. We
may suppose A > 3. By our choice of T* as minimum of ABSC(T), we
conclude from Lemmas 6, 7 and 8 that T is a spider having central vertex
r. Further we have two cases now:

Case 1. All legs of T™ have length at least two.

It is obvious A < 251, thus

2 2
ABSC(T") = AJ1— -2 a1 2
SOT”) \/ A+2+\/ 142

+ (n—2A—-1)4/1 - ——
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A(\/AT_’_Q—F\/g)—‘r\f(n—QA—l).

Case 2. All legs of T* have length at most 2.

From Case 1, we can suppose that T has at least one leg of length 1.
If T* is a star graph then the result will be obvious, so suppose that T*
is not a star graph. Then the number of leaves in Np«(r) are 2A +1 —n

and we have:

ABSC(T) = (2A—n+1)/1— (n—A—1)4/1— %

A A+
+ (n— 1)4/1 2
1
/ A 1 A—-1
= (n—A-1) < 3) (2A —n+1) ATTD
which completes our arguments. |

3 Upper bounds for the ABSC index of
graphs

In this section, we will consider some upper bounds for the atom-bond

sum-connectivity index of graphs.

Theorem 5. Let G be a connected graph having n vertices, m edges,

mazimum degree A, minimum degree §, and clique number o. Then

2 _ _
ABSC(G) < ™ fa D Aé L (11)

the equality holds if and only if G is a complete a-partite graph in which

all classes are of equal cardinality.

Proof. We know that

S e

uveE(G)
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since G has a clique number «, so G is K,1-free graph. By Lemma 4, we
get
< n?(a—1) 7

- 2c
so from the above arguments we get our required result. Suppose that the
equality holds in (11). We can conclude that G is a complete a-partite
graph in which all the classes are of equal cardinality.

Conversely, if G is a complete a-partite graph in which all the classes

are of equal cardinality, then

n?(a—1) [A-1

ABSC(G) = — -

which completes our arguments. |

Lemma 10. ( [2]) Let G be a graph with m egdes. Then

ABSC(G) < /m (m — H(G)), (12)

the equality holds if and only if either m = 0 or there is a fized number k'
such that dy, + d, = k' for every edge uv € E(G).

Theorem 6. Let G be a simple graph with m edges and chromatic number
X(G). Then
x(G)

2m ’

ABSC(G) < my/1—

the equality holds if and only if G is a complete graph possibly with the

some additional isolated vertices.

Proof. By Lemmas 5 and 10, we have

X(@) _ m®—(ABSC(G))’

2 - m ’
(ABSC(G))® < m?— mXQ(G),
X(G)

ABSC(G) < myf1— 220

This completes the proof. |
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4 Conclusions

In this paper, we first presented some lower bounds for the ABSC
index of graphs especially for the trees with given maximum degree. Then
we gave some upper bounds for the ABSC index of graphs. We found
sharp bounds in terms of different graph parameters such as the first Za-
greb index, the harmonic index, the sum-connectivity index, the minimum
and maximum degrees, the clique number, and the chromatic number. The
problem of finding the maximum ABSC index of trees with given maxi-
mum degree and characterizing the extremal trees remain to be resolved

in the future.
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