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Editor’s note
This paper was created in 2021, but not published until now. Since then,
major progress happened in the theory of Sombor-type topological in-
dices. It is remarkable that the present author anticipated many aspects
of the theory that emerged in the meantime: exponential and multiplica-
tive Sombor-type indices, elliptic Sombor index, etc. Some other variants
of the Sombor index are put forward here, that so far eluded the attention
of colleagues. For these reasons, the present paper is both interesting as a
historic document, and a motivation for further studies.

Abstract

The Sombor-type indices, recently introduced by Gutman, are
novel the vertex-degree-based topological indices. Based on these,
we study the Sombor-type indices and other new vertex-degree-
based topological indices for butterfly networks, augmented but-
terfly networks, enhanced butterfly networks, Benes networks, mesh
derived networks and the Optical Transpose Interconnection System
(OTIS) networks, which provide a new kind of prediction indices for
these networks.
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1 Introduction

Cheminformatics is a new interdiscipline composed of chemistry, mathe-

matics and information science, which contributes a major role in the field

of chemical sciences by implementing graph theory to mathematical mod-

eling of chemical occurrence. In cheminformatics study, the topological

indices play a significant role in predicting the biological activities and

properties of chemical compounds due to the fact that the numerical char-

acteristics of topological indices reflect certain physico-chemical properties

of chemical compounds, such as boiling point, acentric factor, stability,

strain energy etc. A large number of topological indices have been studied

in the models of Quantitative structure-activity relationships (QSAR) and

structure-property relationships (QSPR), such as Wiener index, Randić

index, Zagreb index, ABC index and so on.

LetG be a simple undirected connected graph with vertex set V (G) and

edge set E(G). Denote by dv and d the degree of vertex v and the average

vertex degree of the graph G, respectively. In cheminformatics, several

dozens of vertex-degree-based topological indices have been introduced

and extensively studied [31]. Their general formula is

DBI(G) =
∑

uv∈E(G)

f(du, dv),

where f(du, dv) is a function of du and dv.

In 1972, the first and second Zagreb indices of a graph G, introduced

by Gutman and Trinajstić [17], are respectively defined as

M1(G) =
∑

uv∈E(G)

(du + dv) =
∑

v∈V (G)

d2v and M2(G) =
∑

uv∈E(G)

dudv,

which characterize the degree of branching in molecular carbon-atom skele-

ton and are regarded as powerful molecular structure-descriptors [5, 31].

Moreover, many mathematical properties such as lower and upper bounds

involving other important graphical invariants are studied extensively and

deeply [3].

In 2021, the Sombor-type indices of a graph G are respectively defined
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as

SO(G) =
∑

uv∈E(G)

√
d2u + d2v,

SOred(G) =
∑

uv∈E(G)

√
(du − 1)2 + (dv − 1)2,

SOavg(G) =
∑

uv∈E(G)

√
(du − d)2 + (dv − d)2,

which are the novel vertex-degree-based topological indices proposed by

Gutman [14]. Recently, researches showed that the Sombor-type indices

play an important role in theoretical chemistry. Deng et al. [12] showed

that the Sombor index can help to predict these physico-chemical prop-

erties of octane isomers and confirmed suitability of the Sombor index in

QSPR analysis. Redžepović [28] showed that the Sombor index may be

used successfully on modeling thermodynamic properties of compounds

due to the fact that the Sombor index has satisfactory prediction potential

in modeling entropy and enthalpy of vaporization of alkanes. And statisti-

cal data indicate that the reduced Sombor index preforms with slightly bet-

ter predictive potential. In addition, much work has been done to study the

extremal graph according to the Sombor-type indices, we refer the reader

to [2,6,13,22] and the references therein. On the other hand, the Sombor-

type indices have been an interesting topic in mathematical literature and

have been studied extensively, one may refer to [7, 8, 11, 23, 27, 30, 32] and

the references therein.

Let K = {(i, j) ∈ N × N : 1 ≤ i ≤ j ≤ n − 1} and mi, j(G) be

the number of edges in G joining vertices of degree i and j. Then the

vertex-degree-based topological index is defined for any set of numbers

{φi, j}(i, j)∈K as

φ(G) =
∑

(i, j)∈K

mi, j(G)φi, j .

If φi, j = i + j, φi, j = ij and φi, j =
√
i2 + j2, then we recover the first

Zagreb index, the second Zagreb index and Sombor index, respectively.

The discrimination ability of topological indices is an important aspect in

the study of topological indices [9,10,20]. In view of this, the exponential
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of a vertex-degree-based topological index was introduced in [29]. Inspired

by this, the Estrada-Sombor-type indices are defined as

eSO(G) =
∑

uv∈E(G)

e
√

d2u+d2v =
∑

(i, j)∈K

mi, j(G)e
√

i2+j2 ,

eSOred(G) =
∑

uv∈E(G)

e
√

(du−1)2+(dv−1)2 =
∑

(i, j)∈K

mi, j(G)e
√

(i−1)2+(j−1)2 ,

eSOavg(G) =
∑

uv∈E(G)

e
√

(du−d)2+(dv−d)2 =
∑

(i, j)∈K

mi, j(G)e
√

(i−d)2+(j−d)2 .

Since many quantities in the network science are often expressed in log-

arithmic form, we propose the logarithmic of a vertex-degree-based topo-

logical index as follows:

lnDBI(G) =
∑

uv∈E(G)

ln f(du, dv) = ln
∏

uv∈E(G)

f(du, dv)

= ln
∏

(i, j)∈K

mi, j(G)φi, j ,

where f(du, dv) > 0 is a function of du and dv. In fact, it’s just a change of

form on the multiplicative topological indices [15]. For a connected graph

G with n ≥ 3 vertices, we put forward the logarithmic of Sombor-type

indices as follows:

ln(SO(G)) =
∑

uv∈E(G)

ln
√
d2u + d2v = ln

∏
uv∈E(G)

√
d2u + d2v,

ln(SOred(G)) =
∑

uv∈E(G)

ln
√
(du − 1)2 + (dv − 1)2

= ln
∏

uv∈E(G)

√
(du − 1)2 + (dv − 1)2.

Gutman [16], Das et al. [8], Milovanović et al. [27] and Wang et al.

[32] gave the many mathematical relations between the Sombor index and

the first and second Zagreb indices. In order to better predict, we mix

the first and second Zagreb indices and the Sombor-type indices together,

and propose some new vertex-degree-based topological indices, called the



705

Zagreb-Sombor-type indices, as follows:

ZSO1(G) =
∑

uv∈E(G)

(√
d2u + d2v + du + dv

)
=

∑
(i, j)∈K

mi, j(G)
(√

i2 + j2 + i+ j
)
,

ZSO2(G) =
∑

uv∈E(G)

(√
d2u + d2v − du − dv

)
=

∑
(i, j)∈K

mi, j(G)
(√

i2 + j2 − i− j
)
,

ZSO3(G) =
∑

uv∈E(G)

(du + dv)
√

d2u + d2v

=
∑

(i, j)∈K

mi, j(G)(i+ j)
√
i2 + j2,

ZSO4(G) =
∑

uv∈E(G)

√
d2u + d2v

du + dv

=
∑

(i, j)∈K

mi, j(G)

√
i2 + j2

i+ j
,

MSO1(G) =
∑

uv∈E(G)

(√
d2u + d2v + dudv

)
=

∑
(i, j)∈K

mi, j(G)
(√

i2 + j2 + ij
)
,

MSO2(G) =
∑

uv∈E(G)

(√
d2u + d2v − dudv

)
=

∑
(i, j)∈K

mi, j(G)
(√

i2 + j2 − ij
)
,

MSO3(G) =
∑

uv∈E(G)

dudv
√
d2u + d2v

=
∑

(i, j)∈K

mi, j(G)ij
√
i2 + j2,

MSO4(G) =
∑

uv∈E(G)

√
d2u + d2v
dudv
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=
∑

(i, j)∈K

mi, j(G)

√
i2 + j2

ij
,

where MSO4(G) is called the first Banhatti-Sombor index introduced by

Kulli [21]. In [26], we established the mathematical relations between the

first Banhatti-Sombor index and some other well-known vertex-degree-

based topological indices.

The generalization of topological index is a trend of mathematical

chemistry. In 1998, Bollobás and Erdős [4] studied the general Randić

index of a graph G as follows:

Rp =
∑

uv∈E(G)

(dudv)
p,

where p is a real number. In 2005, the first general Zagreb index of a graph

G was introduced by Li and Zhao [25] and is defined as

Zp =
∑

v∈V (G)

dp =
∑

uv∈E(G)

(dp−1
u + dp−1

v ),

where p is a real number. According to Gutman, Sombor-type indices

are the Euclidean metric of degrees. Meanwhile, he proposed to use other

distance function [16]. Beyond the Euclidean metric, Réti et al. [30] defined

the p-Sombor index as

SOp(G) =
∑

uv∈E(G)

(dpu + dpv)
1
p ,

where p ̸= 0. Motivated by the above work, for any real p ̸= 0, the general

Zagreb-Sombor-type indices are defined as

GZSO1(G) =
∑

uv∈E(G)

(
(dpu + dpv)

1/p + dp−1
u + dp−1

v

)
,

GZSO2(G) =
∑

uv∈E(G)

(
(dpu + dpv)

1/p − dp−1
u − dp−1

v

)
,

GZSO3(G) =
∑

uv∈E(G)

(dp−1
u + dp−1

v )(dpu + dpv)
1/p,
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GZSO4(G) =
∑

uv∈E(G)

(dpu + dpv)
1/p

dp−1
u + dp−1

v

,

GMSO1(G) =
∑

uv∈E(G)

(
(dpu + dpv)

1/p + dp/2u dp/2v

)
,

GMSO2(G) =
∑

uv∈E(G)

(
(dpu + dpv)

1/p − dp/2u dp/2v

)
,

GMSO3(G) =
∑

uv∈E(G)

dp/2u dp/2v (dpu + dpv)
1/p,

GMSO4(G) =
∑

uv∈E(G)

(dpu + dpv)
1/p

d
p/2
u d

p/2
v

.

Recently, the various topological indices of some classical networks are

calculated extensively. Imran et al. [19] calculated the general Randić,

first Zagreb, ABC, and GA indices for butterfly networks, Benes net-

works, mesh derived networks. Aslam et al. [1] computed the general

Randić, first and second Zagreb, general sum connectivity, first and sec-

ond multiple Zagreb, hyper Zagreb, ABC and GA indices for Optical

Transpose Interconnection System (OTIS) networks. For other related

results, one may refer to [18,24] and the references therein. In this paper,

we compute the Sombor-type, Estrada-Sombor-type, logarithmic-Sombor-

type and Zagreb-Sombor-type indices for butterfly network, augmented

butterfly networks, enhanced butterfly networks, Benes networks , mesh

derived networks and the Optical Transpose Interconnection System

(OTIS) networks , which provide a new kind of prediction indices for these

networks. The definition, application and research value of these networks

are followed in [1, 19], we omit here.

2 Results for butterfly networks

Theorem 1. Let G be the r-dimensional butterfly network BF (r). Then

(1) SO(G) = 2r+3(
√
2r +

√
5− 2

√
2).

(2) SOred(G) = 2r+1(3
√
2r + 2

√
10− 6

√
2).

(3) SOavg(G) = 2r+3

r+1 [
√
r2 − 2r + 5 +

√
2(r − 2)].

(4) eSO(G) = 2r+1
[
(r − 2)e4

√
2 + 2e2

√
5
]
.
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(5) eSOred(G) = 2r+1
[
(r − 2)e3

√
2 + 2e

√
10
]
.

(6) eSOavg(G) = 2r+1[2e
2
√

r2−2r+5
r+1 + (r − 2)e

4
√

2
r+1 ].

(7) ln(SO(G)) = 2r[2 ln 20 + (r − 2) ln 32].

(8) ln(SOred(G)) = 2r[2 ln 10 + (r − 2) ln 18].

(9) ZSO1(G) = 2r+3[(2 +
√
2)r +

√
5− 2

√
2− 1].

(10) ZSO2(G) = 2r+3[(
√
2− 2)r +

√
5− 2

√
2 + 1].

(11) ZSO3(G) = 2r+4[4
√
2r + 3

√
5− 8

√
2].

(12) ZSO4(G) = 2r+1
[√

2
2 (r − 2) + 2

√
5

3

]
.

(13) MSO1(G) = 2r+3[(4 +
√
2)r +

√
5− 2

√
2− 4].

(14) MSO2(G) = 2r+3[(
√
2− 4)r +

√
5− 2

√
2 + 4].

(15) MSO3(G) = 2r+6[2
√
2r +

√
5− 4

√
2].

(16) MSO4(G) = 2r−1(
√
2r + 2

√
5− 2

√
2).

Proof. By the definition of the r-dimensional butterfly network, we ob-

tain the basic information on the r-dimensional butterfly network in the

following table.

|V (G)| |E(G)| m2, 4 m4, 4

(r + 1)2r r2r+1 2r+2 (r − 2)2r+1

(1) For SO(G), we have

SO(G) = 2r+2
√

22 + 42 + (r − 2)2r+1
√
42 + 42

= 2r+3(
√
2r +

√
5− 2

√
2).

(2) For SOred(G), we have

SOred(G) = 2r+2
√

12 + 32 + (r − 2)2r+1
√

32 + 32

= 2r+1(3
√
2r + 2

√
10− 6

√
2).

(3) For SOavg(G), we have that the average vertex degree of G is 4r
r+1 .
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Thus

SOavg(G) = 2r+2

√(
2− 4r

r + 1

)2

+

(
4− 4r

r + 1

)2

+(r − 2)2r+1

√(
4− 4r

r + 1

)2

+

(
4− 4r

r + 1

)2

=
2r+3

r + 1
[
√

r2 − 2r + 5 +
√
2(r − 2)].

(4) For eSO(G), we have

eSO(G) = 2r+2e
√
22+42 + (r − 2)2r+1e

√
42+42

= 2r+1
[
(r − 2)e4

√
2 + 2e2

√
5
]
.

(5) For eSOred(G), we have

eSOred(G) = 2r+2e
√
12+32 + (r − 2)2r+1e

√
32+32

= 2r+1
[
(r − 2)e3

√
2 + 2e

√
10
]
.

(6) For eSOavg(G), we have

eSOavg(G) = 2r+2e

√
(2− 4r

r+1 )
2
+(4− 4r

r+1 )
2

+ (r − 2)2r+1e

√
(4− 4r

r+1 )
2
+(4− 4r

r+1 )
2

= 2r+1[2e
2

√
r2−2r+5

r+1 + (r − 2)e
4
√

2
r+1 ].

(7) For ln(SO(G)), we have

ln(SO(G)) = 2r+2 ln
√
22 + 42 + (r − 2)2r+1 ln

√
42 + 42

= 2r[2 ln 20 + (r − 2) ln 32].

(8) For ln(SOred(G)), we have

ln(SOred(G)) = 2r+2 ln
√
12 + 32 + (r − 2)2r+1 ln

√
32 + 32

= 2r[2 ln 10 + (r − 2) ln 18].
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(9) For ZSO1(G), we have

ZSO1(G) = 2r+2(
√
22 + 42 + 6) + (r − 2)2r+1(

√
42 + 42 + 8)

= 2r+3[(2 +
√
2)r +

√
5− 2

√
2− 1].

(10) For ZSO2(G), we have

ZSO2(G) = 2r+2(
√
22 + 42 − 6) + (r − 2)2r+1(

√
42 + 42 − 8)

= 2r+3[(
√
2− 2)r +

√
5− 2

√
2 + 1].

(11) For ZSO3(G), we have

ZSO3(G) = 2r+2(6
√
22 + 42) + (r − 2)2r+1(8

√
42 + 42)

= 2r+4[4
√
2r + 3

√
5− 8

√
2].

(12) For ZSO4(G), we have

ZSO4(G) = 2r+2

(√
22 + 42

6

)
+ (r − 2)2r+1

(√
42 + 42

8

)

= 2r+1

[√
2

2
(r − 2) +

2
√
5

3

]
.

(13) For MSO1(G), we have

MSO1(G) = 2r+2(
√

22 + 42 + 8) + (r − 2)2r+1(
√

42 + 42 + 16)

= 2r+3[(4 +
√
2)r +

√
5− 2

√
2− 4].

(14) For MSO2(G), we have

MSO2(G) = 2r+2(
√

22 + 42 − 8) + (r − 2)2r+1(
√

42 + 42 − 16)

= 2r+3[(
√
2− 4)r +

√
5− 2

√
2 + 4].

(15) For MSO3(G), we have

MSO3(G) = 2r+2(8
√
22 + 42) + (r − 2)2r+1(16

√
42 + 42)
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= 2r+6[2
√
2r +

√
5− 4

√
2].

(16) For MSO4(G), we have

MSO4(G) = 2r+2

(√
22 + 42

8

)
+ (r − 2)2r+1

(√
42 + 42

16

)
= 2r−1(

√
2r + 2

√
5− 2

√
2).

This completes the proof.

3 Results for augmented butterfly networks

Place an new edge on the antipodal vertices in a cycle in BF (r). The

resulting graph is called an augmented butterfly networks ABF (r). The

normal and diamond representations of 2-dimensional and 3-dimensional

augmented butterfly network are given in Fig. 3.1, respectively.

Fig. 3.1 Graphs ABF (2) and ABF (3).

By the definition of the r-dimensional augmented butterfly network,

we obtain the basic information on the r-dimensional augmented butterfly

network in the following table. By a similar reasoning as the proofs of

Theorem 1, we have Theorem 2.

|V (G)| |E(G)| m3, 3 m3, 6 m6, 6

(r + 1)2r 3r2r 2r 2r+2 (3r − 5)2r
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Theorem 2. Let G be the r-dimensional augmented butterfly network

ABF (r). Then

(1) SO(G) = 2r(18
√
2r + 12

√
5− 27

√
2).

(2) SOred(G) = 2r(15
√
2r + 4

√
29− 23

√
2).

(3) SOavg(G) = 2r

r+1 (12
√
r2 − 2r + 5 + 21

√
2r − 33

√
2).

(4) eSO(G) = 2r
[
(3r − 5)e6

√
2 + 4e3

√
5 + e3

√
2
]
.

(5) eSOred(G) = 2r
[
(3r − 5)e5

√
2 + 4e

√
29 + e2

√
2
]
.

(6) eSOavg(G) = 2r[e
3
√

2(r−1)
r+1 + 4e

3
√

r2−2r+5
r+1 + (3r − 5)e

6
√

2
r+1 ].

(7) ln(SO(G)) = 2r−1[ln 18 + 4 ln 45 + (3r − 5) ln 72].

(8) ln(SOred(G)) = 2r−1[ln 8 + 4 ln 29 + (3r − 5) ln 50].

(9) ZSO1(G) = 2r[18(2 +
√
2)r + 12

√
5− 27

√
2− 18].

(10) ZSO2(G) = 2r[18(
√
2− 2)r + 12

√
5− 27

√
2 + 18].

(11) ZSO3(G) = 2r[216
√
2r + 108

√
5− 342

√
2].

(12) ZSO4(G) = 2r
[
3
√
2

2 r + 4
√
5

3 − 2
√
2
]
.

(13) MSO1(G) = 2r[18(6 +
√
2)r + 12

√
5− 27

√
2− 99].

(14) MSO2(G) = 2r[18(
√
2− 6)r + 12

√
5− 27

√
2 + 99].

(15) MSO3(G) = 2r[648
√
2r + 216

√
5− 1053

√
2].

(16) MSO4(G) = 2r
[√

2
2 r + 2

√
5

3 −
√
2
2

]
.

4 Results for enhanced butterfly networks

Place a new vertex in each 4-cycle of BF (r) and join this vertex to the

four vertices of the 4-cycle. The resulting graph is called an enhanced

butterfly networks EBF (r). The normal and diamond representations of

2-dimensional and 3-dimensional enhanced butterfly network are given in

Fig. 4.1, respectively.

By the definition of the r-dimensional enhanced butterfly network, we

obtain the basic information on the r-dimensional enhanced butterfly net-

work in the following table. By a similar reasoning as the proofs of Theo-

rem 1, we have Theorem 3.

Theorem 3. Let G be the r-dimensional enhanced butterfly network

EBF (r). Then
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Fig. 4.1 Graphs EBF (2) and EBF (3).

|V (G)| |E(G)| m3, 4 m3, 6 m4, 6 m6, 6

(3r + 2)2r−1 r2r+2 2r+1 2r+2 (r − 1)2r+1 (r − 2)2r+1

(1) SO(BF (r)) = 2r+1[2
√
13(r − 1) + 6

√
2(r − 2) + 6

√
5 + 5].

(2) SOred(G) = 2r+1[
√
34(r − 1) + 5

√
2(r − 2) +

√
13 + 2

√
29].

(3) SOavg(G) = 2r+1

3r+2 [
√
65r2 − 148r + 100 + 2

√
53r2 − 36r + 180

+(r − 1)
√
20r2 − 16r + 208 + 2

√
2(r − 2)(r + 6)].

(4) eSO(G) = 2r+1
[
e5 + 2e3

√
5 + (r − 1)e2

√
13 + (r − 2)e6

√
2
]
.

(5) eSOred(G) = 2r+1
[
e
√
13 + 2e

√
29 + (r − 1)e

√
34 + (r − 2)e5

√
2
]
.

(6) eSOavg(G) = 2r+1[e

√
65r2−148r+100

3r+2 + 2e

√
53r2−36r+180

3r+2

+ (r − 1)e

√
20r2−16r+208

3r+2 + (r − 2)e
2
√

2(r+6)
3r+2 ].

(7) ln(SO(G)) = 2r[2 ln 5 + 2 ln 45 + (r − 1) ln 52 + (r − 2) ln 72].

(8) ln(SOred(G)) = 2r[ln 13 + 2 ln 29 + (r − 1) ln 34 + (r − 2) ln 50].

(9) ZSO1(G) = 2r+1[2
√
13(r − 1) + 6

√
2(r − 2) + 22r + 6

√
5− 4].

(10) ZSO2(G) = 2r+1[2
√
13(r − 1) + 6

√
2(r − 2)− 22r + 6

√
5 + 14].

(11) ZSO3(G) = 2r+1[20
√
13(r − 1) + 72

√
2(r − 2) + 54

√
5 + 35].

(12) ZSO4(G) = 2r+1
[√

13
5 (r − 1) +

√
2
2 (r − 2) + 2

√
5

3 + 5
7

]
.

(13) MSO1(G) = 2r+1[2
√
13(r − 1) + 6

√
2(r − 2) + 60r + 6

√
5− 43].

(14) MSO2(G) = 2r+1[2
√
13(r − 1) + 6

√
2(r − 2)− 60r + 6

√
5 + 89].

(15) MSO3(G) = 2r+1[48
√
13(r − 1) + 216

√
2(r − 2) + 108

√
5 + 60].

(16) MSO4(G) = 2r+1
[√

13
12 (r − 1) +

√
2
6 (r − 2) +

√
5
3 + 5

12

]
.
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5 Results for Benes networks

By the definition of the r-dimensional Benes network, we obtain the basic

information on the r-dimensional Benes network in the following table.

|V (G)| |E(G)| m2, 4 m4, 4

(2r + 1)2r r2r+2 2r+2 (r − 1)2r+2

Theorem 4. Let G be the r-dimensional Benes network B(r). Then

(1) SO(G) = 2r+3(2
√
2r +

√
5− 2

√
2).

(2) SOred(G) = 2r+2(3
√
2r +

√
10− 3

√
2).

(3) SOavg(G) = 2r+3

2r+1 (
√
4r2 − 4r + 5 + 2

√
2r − 2

√
2).

(4) eSO(G) = 2r+2[e2
√
5 + (r − 1)e4

√
2].

(5) eSOred(G) = 2r+2[e
√
10 + (r − 1)e3

√
2].

(6) eSOavg(G) = 2r+2[e
2
√

4r2−4r+5
2r+1 + (r − 1)e

4
√

2
2r+1 ].

(7) ln(SO(G)) = 2r+1[ln 20 + (r − 1) ln 32].

(8) ln(SOred(G)) = 2r+1[ln 10 + (r − 1) ln 18].

(9) ZSO1(G) = 2r+3[2(
√
2 + 2)r − 2

√
2 +

√
5− 1].

(10) ZSO2(G) = 2r+3[2(
√
2− 2)r − 2

√
2 +

√
5 + 1].

(11) ZSO3(G) = 2r+4(8
√
2r + 3

√
5− 8

√
2).

(12) ZSO4(G) = 2r+2[
√
5
3 +

√
2(r−1)
2 ].

(13) MSO1(G) = 2r+3[2(
√
2 + 4)r − 2

√
2 +

√
5− 4].

(14) MSO2(G) = 2r+3[2(
√
2− 4)r − 2

√
2 +

√
5 + 4].

(15) MSO3(G) = 2r+6(4
√
2r +

√
5− 4

√
2).

(16) MSO4(G) = 2r(
√
2r +

√
5−

√
2).

6 Results for mesh derived networks

By the definition of the MDN1(m, n) network, we obtain the basic infor-

mation on the MDN1(m, n) network in the following table.

Theorem 5. Let G be the mesh derived network MDN1(m, n). Then

(1) SO(G) = (8
√
13 + 24

√
2)mn+ (20 + 6

√
5− 8

√
13− 48

√
2)(m+ n)

+ 112
√
2− 8

√
5− 80.
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|V (G)| 3mn−m− n
|E(G)| 8mn− 6(m+ n) + 4
m2, 4 8
m3, 4 4(m+ n− 4)
m3, 6 2(m+ n− 4)
m4, 6 4(mn−m− n)
m4, 4 4
m6, 6 4(mn− 2m− 2n+ 4)

(2) SOred(G) = (4
√
34 + 20

√
2)mn+ (4

√
13 + 2

√
29− 4

√
34− 40

√
2)(m

+ n) + 8
√
10− 16

√
13− 8

√
29 + 92

√
2.

(3) SOavg(G) = 8
√
(10 + 8−20mn

3mn−m−n )
2 + (8 + 8−20mn

3mn−m−n )
2

+ 4(m+ n− 4)
√
(9 + 8−20mn

3mn−m−n )
2 + (8 + 8−20mn

3mn−m−n )
2

+ 2(m+ n− 4)
√

(10 + 8−20mn
3mn−m−n )

2 + (8 + 8−20mn
3mn−m−n )

2

+ 4(mn−m− n)
√

(8 + 8−20mn
3mn−m−n )

2 + (6 + 8−20mn
3mn−m−n )

2

+ 4
√
2(8 + 8−20mn

3mn−m−n ) + 4
√
2(mn− 2m− 2n+ 4)(8

+ 8−20mn
3mn−m−n ).

(4) eSO(G) = 8e2
√
5 + 4(m+ n− 4)e5 + 2(m+ n− 4)e3

√
5 + 4(mn−m

− n)e2
√
13 + 8e4

√
2 + 4(mn− 2m− 2n+ 4)e6

√
2.

(5) eSOred(G) = 8e
√
10 + 4(m+ n− 4)e

√
13 + 2(m+ n− 4)e

√
29 + 4(mn

−m− n)e
√
34 + 8e3

√
2 + 4(mn− 2m− 2n+ 4)e5

√
2.

(6) eSOavg(G) = 8e

√
(10+ 8−20mn

3mn−m−n )2+(8+ 8−20mn
3mn−m−n )2

+ 4(m+ n− 4)e

√
(9+ 8−20mn

3mn−m−n )2+(8+ 8−20mn
3mn−m−n )2

+ 2(m+ n− 4)e

√
(10+ 8−20mn

3mn−m−n )2+(8+ 8−20mn
3mn−m−n )2

+ 4(mn−m− n)e

√
(8+ 8−20mn

3mn−m−n )2+(6+ 8−20mn
3mn−m−n )2

+ 4e
√
2(8+ 8−20mn

3mn−m−n ) + 4(mn− 2m− 2n+ 4)e
√
2(8+ 8−20mn

3mn−m−n ).

(7) ln(SO(G)) = 4 ln 20 + 4(m+ n− 4) ln 5 + (m+ n− 4) ln 45 + 2(mn

−m− n) ln 52 + 4 ln 32 + 2(mn− 2m− 2n+ 4) ln 72.

(8) ln(SOred(G)) = 4 ln 10+ 2(m+n− 4) ln 13+ (m+n− 4) ln 29+ 2(mn

−m− n) ln 34 + 4 ln 18 + 2(mn− 2m− 2n+ 4) ln 50.

(9) ZSO1(G) = (8
√
13+24

√
2+136)mn+(6

√
5−8

√
13−48

√
2−166)(m+n)

+ 96
√
2− 8

√
5− 184.
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(10) ZSO2(G) = (8
√
13+24

√
2−88)mn+(6

√
5−8

√
13−48

√
2+110)(m+n)

+ 112
√
2− 8

√
5− 168.

(11) ZSO3(G) = (80
√
13+288

√
2)mn+(54

√
5+140−80

√
13−576

√
2)(m

+ n) + 1280
√
2− 120

√
5− 560.

(12) ZSO4(G) = ( 4
√
13
5 + 2

√
2)mn+ ( 2

√
5

3 + 20
7 − 4

√
13
5 − 4

√
2)(m+ n)

+ 10
√
2− 80

7 .

(13) MSO1(G) = (8
√
13 + 24

√
2 + 288)mn+ (6

√
5− 8

√
13− 48

√
2

− 224)(m+ n) + 112
√
2− 8

√
5 + 398.

(14) MSO2(G) = (8
√
13 + 24

√
2− 240)mn+ (6

√
5− 8

√
13− 48

√
2

+ 320)(m+ n) + 112
√
2− 8

√
5− 448.

(15) MSO3(G) = (192
√
13 + 864

√
2)mn+ (108

√
5 + 240− 192

√
13

− 1728
√
2)(m+ n) + 3712

√
2− 304

√
5− 960.

(16) MSO4(G) = (
√
13
3 + 2

√
2

3 )mn+ (
√
5
3 + 5

3 −
√
13
3 − 4

√
2

3 )(m+ n)

+ 11
√
2

3 + 2
√
5

3 − 20
3 .

By the definition of the MDN2(m, n) network, we obtain the basic

information on the MDN2(m, n) network in the following table.

|V (G)| 2mn−m− n+ 1
|E(G)| 8(mn−m− n+ 1)
m3, 6 4
m3, 5 8
m5, 6 8
m5, 5 2(m+ n− 6)
m6, 8 4
m5, 8 2(m+ n− 4)
m5, 7 4(m+ n− 6)
m7, 7 2(m+ n− 8)
m6, 7 8
m7, 8 6(m+ n− 6)
m8, 8 8mn− 24(m+ n) + 72

Theorem 6. Let G be the mesh derived network MDN2(m, n). Then

(1) SO(G) = 64
√
2mn+(6

√
113+2

√
89+4

√
74− 168

√
2)(m+n)+ 12

√
5

+ 8(
√
34 +

√
61 +

√
85) + 524

√
2 + 40− 8

√
89− 24

√
74− 36

√
113.
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(2) SOred(G) = 56
√
2mn+ (2

√
65 + 8

√
13 + 6

√
85− 148

√
2)(m+ n)

+ 4
√
29 + 16

√
5 + 8

√
41 + 4

√
74 + 8

√
61 + 456

√
2

− 8
√
65− 48

√
13− 36

√
85.

(3) SOavg(G) = 4
√

(13− 16mn
2mn−m−n+1 )

2 + (10− 16mn
2mn−m−n+1 )

2

+ 8
√
(13− 16mn

2mn−m−n+1 )
2 + (11− 16mn

2mn−m−n+1 )
2

+ 8
√

(11− 16mn
2mn−m−n+1 )

2 + (10− 16mn
2mn−m−n+1 )

2

+ 2
√
2(m+ n− 6)(11− 16mn

2mn−m−n+1 )

+ 4
√
(10− 16mn

2mn−m−n+1 )
2 + (8− 16mn

2mn−m−n+1 )
2

+ 2(m+ n− 4)
√

(11− 16mn
2mn−m−n+1 )

2 + (8− 16mn
2mn−m−n+1 )

2

+ 4(m+ n− 6)
√
(11− 16mn

2mn−m−n+1 )
2 + (9− 16mn

2mn−m−n+1 )
2

+ 2
√
2(m+ n− 8)(9− 16mn

2mn−m−n+1 )

+ 8
√

(10− 16mn
2mn−m−n+1 )

2 + (9− 16mn
2mn−m−n+1 )

2

+ 6(m+ n− 6)
√

(9− 16mn
2mn−m−n+1 )

2 + (8− 16mn
2mn−m−n+1 )

2

+
√
2[8mn− 24(m+ n) + 72](8− 16mn

2mn−m−n+1 ).

(4) eSO(G) = 4e3
√
5 + 8e

√
34 + 8e

√
61 + 2(m+ n− 6)e5

√
2 + 4e10 + 2(m

+ n− 8)e
√
89 + 4(m+ n− 6)e

√
74 + 2(m+ n− 16)e7

√
2 + 8e

√
85

+ 6(m+ n− 6)e
√
113 + [8mn− 24(m+ n) + 72]e8

√
2.

(5) eSOred(G) = 4e
√
29 + 8e2

√
5 + 8e

√
41 + 2(m+ n− 6)e4

√
2 + 4e

√
74

+ 2(m+ n− 4)e
√
65 + 4(m+ n− 6)e2

√
13 + 2(m+ n− 8)e6

√
2

+ 8e
√
61 + 6(m+ n− 6)e

√
85 + [8mn− 24(m+ n) + 72]e7

√
2.

(6) eSOavg(G) = 4e
√

(13− 16mn
2mn−m−n+1 )

2+(10− 16mn
2mn−m−n+1 )

2

+ 8e
√

(13− 16mn
2mn−m−n+1 )

2+(11− 16mn
2mn−m−n+1 )

2

+ 8e
√

(11− 16mn
2mn−m−n+1 )

2+(10− 16mn
2mn−m−n+1 )

2

+ 2(m+ n− 6)e
√
2(11− 16mn

2mn−m−n+1 )

+ 4e
√

(10− 16mn
2mn−m−n+1 )

2+(8− 16mn
2mn−m−n+1 )

2

+ 2(m+ n− 4)e
√

(11− 16mn
2mn−m−n+1 )

2+(8− 16mn
2mn−m−n+1 )

2

+ 4(m+ n− 6)e
√

(11− 16mn
2mn−m−n+1 )

2+(9− 16mn
2mn−m−n+1 )

2

+ 2(m+ n− 8)e
√
2(9− 16mn

2mn−m−n+1 )

+ 8e
√

(10− 16mn
2mn−m−n+1 )

2+(9− 16mn
2mn−m−n+1 )

2

+ 6(m+ n− 6)e
√

(9− 16mn
2mn−m−n+1 )

2+(8− 16mn
2mn−m−n+1 )

2

+ [8mn− 24(m+ n) + 72]e
√
2(8− 16mn

2mn−m−n+1 ).

(7) ln(SO(G)) = 2 ln(45) + 4 ln 34 + 4 ln 61 + (m+ n− 6) ln 50 + 4 ln 10
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+ (m+ n− 4) ln 89 + 2(m+ n− 6) ln 74 + (m+ n

− 8) ln 98 + 4 ln 85 + 3(m+ n− 6) ln 113 + [4mn− 12(m

+ n) + 36] ln 128.

(8) ln(SOred(G)) = 2 ln 29 + 4 ln 20 + 4 ln 41 + (m+ n− 6) ln 32 + 2 ln 74

+ (m+ n− 4) ln 65 + 2(m+ n− 6) ln 52 + (m+ n

− 8) ln 72 + 4 ln 61 + 3(m+ n− 6) ln 85

+ [4mn− 12(m+ n) + 36] ln 98.

(9) ZSO1(G) = (64
√
2 + 128)mn+ (6

√
113 + 2

√
89 + 4

√
74− 168

√
2

− 290)(m+ n) + 12
√
5 + 8

√
34 + 8

√
61 + 8

√
85 + 524

√
2

+ 464− 8
√
89− 24

√
74− 36

√
113.

(10) ZSO2(G) = (64
√
2− 128)mn+ (6

√
113 + 2

√
89 + 4

√
74− 168

√
2

+ 168)(m+ n) + 12
√
5 + 8

√
34 + 8

√
61 + 8

√
85 + 404

√
2− 160

− 8
√
89− 24

√
74− 36

√
113.

(11) ZSO3(G) = 8192
√
2mn+ (26

√
89 + 48

√
74 + 90

√
113− 24280

√
2)(m

+ n) + 108
√
5 + 64

√
34 + 88

√
61 + 104

√
85 + 560

+ 71000
√
2− 104

√
89− 288

√
74− 540

√
113.

(12) ZSO4(G) = 4
√
2mn+ (2

√
89

13 +
√
74
3 + 2

√
113
5 − 10

√
2)(m+ n) + 4

√
5

3

+
√
34 + 8

√
61

11 + 8
√
85

13 + 20
7 + 34

√
2− 8

√
89

13 − 2
√
74− 12

√
113
5 .

(13) MSO1(G) = (64
√
2 + 512)mn+ (6

√
113 + 2

√
89 + 4

√
74− 168

√
2

− 1168)(m+ n) + 12
√
5 + 8

√
34 + 8

√
61 + 8

√
85 + 404

√
2

+ 1602− 8
√
89− 24

√
74− 36

√
113.

(14) MSO2(G) = (64
√
2− 512)mn+ (6

√
113 + 2

√
89 + 4

√
74− 168

√
2

+ 832)(m+ n) + 12
√
5 + 8

√
34 + 8

√
61 + 8

√
85 + 404

√
2

− 1082− 8
√
89− 24

√
74− 36

√
113.

(15) MSO3(G) = 32768
√
2mn+ (80

√
89 + 140

√
74 + 336

√
113− 97368

√
2)(m

+ n) + 216
√
5 + 120

√
34 + 240

√
61 + 336

√
85 + 1920

+ 289924
√
2− 320

√
89− 840

√
74− 2016

√
113.

(16) MSO4(G) =
√
2mn+ (

√
89
20 + 4

√
74

35 + 3
√
113
28 − 91

√
2

35 )(m+ n) + 2
√
5

3

+ 8
√
34

15 + 4
√
61

15 + 4
√
85

21 + 5
6 + 369

√
2

35 −
√
89
5 − 24

√
74

35 − 9
√
113
14 .

7 Results for OTIS networks

By the definition of the OTIS swapped network OPn
, we obtain the basic

information on the OTIS swapped network OPn
in the following table.
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|V (G)| |E(G)| m1, 3 m2, 2 m2, 3 m3, 3

n2 3n(n−1)
2 2 3 6n− 14 3(n−2)(n−3)

2

Theorem 7. Let G be the OTIS swapped network OPn
. Then

(1) SO(G) = 9
√
2

2 n2 + (6
√
13− 45

2

√
2)n− 14

√
13 + 33

√
2 + 2

√
10.

(2) SOred(G) = 3
√
2n2 − (15

√
2− 6

√
5)n− 14

√
5 + 21

√
2 + 4.

(3) SOavg(G) = 9
√
2

2 n2 − 45
√
2

2 n− 9
√
2

n − 30
√
2 + 2

n

√
4n2 − 12n+ 18

+ 6n−14
n

√
n2 − 6n+ 18.

(4) eSO(G) = 2e
√
10 + 3e2

√
2 + (6n− 14)e

√
13 + 3(n−2)(n−3)

2 e3
√
2.

(5) eSOred(G) = 2e2 + 3e
√
2 + (6n− 14)e

√
5 + 3(n−2)(n−3)

2 e2
√
2.

(6) eSOavg(G) = 2e

√
4n2−12n+18

n + 3e
√
2(1− 3

n ) + (6n− 14)e

√
n2−6n+18

n

+ 3(n−2)(n−3)
2 e

3
√

2
n .

(7) ln(SO(G)) = 2 ln
√
10 + 3 ln(2

√
2) + (6n− 14) ln

√
13 + 3(n−2)(n−3)

2
ln(3

√
2).

(8) ln(SOred(G)) = 2 ln 2+3 ln(
√
2)+(6n−14) ln

√
5+ 3(n−2)(n−3)

2 ln(2
√
2).

(9) ZSO1(G) = 9
√
2+54
2 n2 + (6

√
13− 45

2

√
2− 57)n− 14

√
13 + 33

√
2

+ 2
√
10 + 24.

(10) ZSO2(G) = 9
√
2−18
2 n2 + (6

√
13− 45

2

√
2 + 15)n− 14

√
13

+ 33
√
2 + 2

√
10− 4.

(11) ZSO3(G) = 27
√
2n2 + (30

√
13− 135

√
2)n+186

√
2+ 8

√
10− 70

√
13.

(12) ZSO4(G) =
√
2
4 n2 + ( 6

√
13
5 − 5

√
2

4 )n+
√
10
2 + 3

√
2− 14

√
13

5 .

(13) MSO1(G) = 9
√
2+27
2 n2 + (6

√
13− 45

2

√
2− 63

2 )n− 14
√
13 + 33

√
2

+ 2
√
10 + 9.

(14) MSO2(G) = 9
√
2−27
2 n2 + (6

√
13− 45

2

√
2 + 63

2 )n− 14
√
13 + 33

√
2

+ 2
√
10− 15.

(15) MSO3(G) = 81
√
2

2 n2 + (36
√
13− 405

√
2

2 )n+ 267
√
2 + 6

√
10− 84

√
13.

(16) MSO4(G) =
√
2
2 n2 + (

√
13− 5

√
2

2 )n+ 2
√
10
3 + 9

√
2

2 − 7
√
13
3 .

By the definition of the OTIS swapped network ORk
, we obtain the

basic information on the OTIS swapped network ORk
in the following

table.

Theorem 8. Let G be the OTIS swapped network ORk
. Then

(1) SO(G) = (k+1)2
√
2

2 n2 + [k
√
2k2 + 2k + 1−

√
2(1+2k)(k+1)

2 ]n.
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|V (G)| |E(G)| mk, k+1 mk+1, k+1

n2 n2(k+1)−n
2 kn n2(k+1)−n(1+2k)

2

(2) SOred(G) = k(k+1)
√
2

2 n2 + [k
√
2k2 − 2k + 1−

√
2k(1+2k)

2 ]n.

(3) SOavg(G) = k[
√
n2 − 2kn+ 2k2 +

√
2n(k+1)−(1+2k)

2 ].

(4) eSO(G) = nke
√
2k2+2k+1 + n2(k+1)−n(1+2k)

2 e
√
2(k+1).

(5) eSOred(G) = nke
√
2k2−2k+1 + n2(k+1)−n(1+2k)

2 e
√
2k.

(6) eSOavg(G) = nke

√
n2−2kn+2k2

n + k n2(k+1)−n(1+2k)
2 e

√
2

n .

(7) ln(SO(G)) = nk ln(
√
2k2 + 2k + 1) + n2(k+1)−n(1+2k)

2 ln(
√
2(k + 1)).

(8) ln(SOred(G)) = nk ln(
√
2k2 − 2k + 1) + n2(k+1)−n(1+2k)

2 ln(
√
2k).

(9) ZSO1(G) = (k+1)2(
√
2+2)

2
n2 + [k

√
2k2 + 2k + 1−

√
2(1+2k)(k+1)+2k(1+2k)

2
]n.

(10) ZSO2(G) = (k+1)2(
√
2−2)

2
n2 + [k

√
2k2 + 2k + 1− (1+2k)(k+1)

√
2−2(1+2k)

2
]n.

(11) ZSO3(G) =
√
2(k + 1)3n2 + n[k(2k + 1)

√
2k2 + 2k + 1

−
√
2(k + 1)2(1 + 2k)].

(12) ZSO4(G) =
√
2(k+1)

4 n2 + [k
√
2k2+2k+1
2k+1 −

√
2(1+2k)

4 ]n.

(13) MSO1(G) = (k+1)2(
√
2+k+1)

2 n2 + n[k
√
2k2 + 2k + 1

−
√
2(1+2k)(k+1)+(1+k)(3k+1)

2 ].

(14) MSO2(G) = (k+1)2(
√
2−k−1)

2 n2 + [k
√
2k2 + 2k + 1

−
√
2(1+2k)(k+1)−(1+k)(3k+1)

2 ]n.

(15) MSO3(G) =
√
2(k + 1)3n2 + n[k(2k + 1)

√
2k2 + 2k + 1

−
√
2(k + 1)2(1 + 2k)].

(16) MSO4(G) =
√
2
2 n2 + [

√
2k2+2k+1

k+1 −
√
2(1+2k)
2(k+1) ]n.

By the definition of the Biswapped network Bsw(Pn), we obtain the

basic information on the Biswapped network Bsw(Pn) in the following

table.

|V (G)| |E(G)| m2, 2 m2, 3 m3, 3

2n2 3n2 − 2n 4 8(n− 1) 3n2 − 10n+ 4
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Theorem 9. Let G be the Biswapped network Bsw(Pn). Then

(1) SO(G) = 9
√
2n2 + (8

√
13− 30

√
2)n+ 20

√
2− 8

√
13.

(2) SOred(G) = 6
√
2n2 + (8

√
5− 20

√
2)n+ 12

√
2− 8

√
5.

(3) SOavg(G) = 6
√
2n+ 8(n− 1)

√
n2−4n+8

n − 16
√
2.

(4) eSO(G) = 4e2
√
2 + 8(n− 1)e

√
13 + (3n2 − 10n+ 4)e3

√
2.

(5) eSOred(G) = 4e
√
2 + 8(n− 1)e

√
5 + (3n2 − 10n+ 4)e2

√
2.

(6) eSOavg(G) = 4e
√

2(n−2)
n + 8(n− 1)e

√
n2−4n+8

n + (3n2 − 10n+ 4)e
2
√

2
n .

(7) ln(SO(G)) = 4 ln(2
√
2) + 8(n− 1) ln

√
13 + (3n2 − 10n+ 4) ln(3

√
2).

(8) ln(SOred(G)) = 4 ln
√
2 + 8(n− 1) ln

√
5 + (3n2 − 10n+ 4) ln(2

√
2).

(9) ZSO1(G) = (9
√
2 + 18)n2 + (8

√
13− 30

√
2− 20)n+ 20

√
2− 8

√
13.

(10) ZSO2(G) = (9
√
2− 18)n2 + (8

√
13− 30

√
2 + 20)n+ 20

√
2− 8

√
13.

(11) ZSO3(G) = 54
√
2n2 + (40

√
13− 180

√
2)n+ 104

√
2− 40

√
13.

(12) ZSO4(G) = 3
√
2

2 n2 + ( 8
√
13
5 − 10

√
2

2 )n+ 2
√
2− 8

√
13
5 .

(13) MSO1(G) = (9
√
2+27)n2+(8

√
13−30

√
2−42)n+20

√
2−8

√
13+4.

(14) MSO2(G) = (9
√
2−27)n2+(8

√
13−30

√
2+42)n+20

√
2−8

√
13−4.

(15) MSO3(G) = 81
√
2n2 + (48

√
13− 270

√
2)n+ 104

√
2− 48

√
13.

(16) MSO4(G) =
√
2n2 + ( 4

√
13
3 − 10

√
2

3 )n+ 10
√
2−4

√
13

3 .

8 Conclusion

Based on the Sombor-type indices, we propose the Estrada-Sombor-type,

logarithmic-Sombor-type, Zagreb-Sombor-type and general Zagreb-Som-

bor-type indices, and calculate these indices for butterfly networks, aug-

mented butterfly networks, enhanced butterfly networks, Benes networks,

mesh derived networks and the Optical Transpose Interconnection System

networks, which provide a new kind of prediction indices for these net-

works. In addition, the bound and the extremal value problem of these

new indices would be interesting.

Acknowledgment : The author would like to thank Professor Ivan Gut-
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