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Abstract

Let G be a graph of minimum degree at least 1. Denote by
d; the degree of a vertex v; in G. The notation 7 ~ j is used to
indicate that the vertices v; and v; are not adjacent in G. A graph
of maximum degree at most 4 is known as a molecular graph. A
connected graph having the same order and size is called a unicyclic
graph. The symmetric division deg coindex of G is defined as
SDD(G) = X jis 1, (d? +d3)(did;)~". In this paper, new bounds
for the coindex SDD(G) as well as relations between SDD(G) and
some other topological indices/coindices are obtained. From one of
the obtained results, it follows that the star graph (cycle graph,
respectively) uniquely minimizes symmetric division deg coindex
among all trees ((molecular) unicyclic graphs, respectively) of a
given order.

*Corresponding author.
TThis author passed away prior to the submission of this paper.


https://doi.org/10.46793/match.94-2.461A

462
1 Introduction

A graph invariant is a property that remains the same under graph isomor-
phism. Examples of graph invariants include the order, size, and degree
sequence. In chemical graph theory, real-valued graph invariants are often
referred to as topological indices [17] (see also [35]). Many of the topolog-
ical indices are defined as simple functions of the degrees of the vertices
of a (molecular) graph. Most of the (vertex-)degree-based topological in-
dices can be viewed as the contributions of all pairs of adjacent vertices.
These types of indices are known as the bond incident degree indices (BID
indices in short), see for example [5,39]. Also, the literature contains var-
ious degree-based topological indices defined via contributions of all pairs
of non-adjacent different vertices, which we refer to as the bond incident
degree (BID) coindices.

Let G be a simple graph with vertex set V = {vy,va,...,v,} such that
diy >dg > --->d, >0, where d; is the degree of v;. If the vertices v; and
v; are adjacent in G, we write ¢ ~ j, while if they are nonadjacent in G,
we write ¢ » j. The set of all different vertex degrees of GG is known as the
degree set of G.

A bond incident degree (BID) index of the graph G is defined [24, 36,
38,39,41] as

BID(G) = Y. F(di,d;),
inj
where F is a symmetric real-valued function defined on the Cartesian
square of the degree set of G. The BID coindex of G, corresponding to
BID(G), is defined [18] as

BID(G)= > F(di,d;).

i J50 £V

The concept of coindices was introduced in [11]. Details on certain coindi-
ces can be found in [6,13,18,19,26-28,31,34,42].

In the text that follows, we recall definitions of some topological indices
and coindices that are of interest for our consideration.

One of the most popular and extensively studied topological indices is
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the first Zagreb index that was appeared in a formula derived by Gutman
and Trinajsti¢ in [23]. This index for G is defined as

Mi(G) = d;.
i=1
It is known (see Exercise 10.30 in [25]) that M; can be also represented as

My(G) =) (di+dy).

i~j

The second Zagreb index was introduced in [22] and for the graph G

it is defined as

My(G) = dd, .

invj

The corresponding coindices are defined [11] as

Mi(G)= Y (di+dj) and My(G)= >  did;.

1]V FV; 100 FV;
More details about the above-mentioned Zagreb indices and coindices can
be found in [3,6-8,11,13,18,19,21-23,26-28, 30, 34].
Multiplicative versions of the first and second Zagreb coindices were

introduced in [42]. These multiplicative Zagreb coindices for G are defined

as

(G = [[ (d+dj) and Ta(G)= [] did;.

100 J50; AV 0090 £V

The inverse degree index of G is defined [14] as

—~ 1
ID(G) = —.
©-Y
Let TI(G) be the degree-based topological index of the form

TI(G) = _Zf(do,
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where f is a real-valued function defined on the degree set of G. In [12]

(see also [13]), it was proven that
> (f(di) + f(d)) =D dif(d). (1)
i i=1

In [18], the following identity was derived:

n

Y. () + () =) (n—1—di)f(d). (2)
ine 30 £V i=1
From (1) and (2), it is concluded that the following identities are valid:
11 — ~(n—1—d
ing \ J i=1 i

For the graph G, the geometric-arithmetic index [40] and its corre-

sponding coindex are defined, respectively, as

2.\/d;d; S 2.\/d;d;
GAG)=> ——* and GA(G)= 2.
(@) Zdi+dj an @)= Z di +d;
i~vj 1000 £V
Albertson [1] introduced the following topological index, which was later
referred to as the Albertson index [20] and also the third Zagreb index [15]:

Alb(G) =Y |d; — dj].

inj

We call that the Albertson coindex satisfies the identity

AB(G) = > |di—dy] = ABG),

100 ;0 #v;

where G is the complement of G.
A family of 148 topological indices was introduced and analyzed in [41]
(see also [38]). An especially interesting subclass of these indices consists

of 20 indices which are useful for predicting certain physicochemical prop-
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erties of chemical compounds. Two of them are the inverse sum indeg (ISI)

index and the symmetric division deg (SDD) index, which are defined as

2 2
@+ dy

ISI(G) :Z% and SDD(G) = T
le K3 vl (2ad]

i~g

The ISI index is a significant predictor of the total surface area for octane
isomers, while the SDD index is a significant predictor of the total surface
area of polychlorobiphenyls, see [41]. For the graph G, the ISI coindex and
the SDD coindex [31] are defined as

i + dz
did;

16 = Y AU ad 5DDG)= Y
? J

i f50i AV 1% J50i AV

For details about most of the topological indices defined above, see the
surveys [2-4,7,9,17,32] and references listed therein. In this paper, we
prove a number of inequalities, which give upper and lower bounds for

SDD(G) and its relationship with other topological indices/coindices.

2 Main results

We start this section by establishing a relationship between SDD(G) and
GAG).

Theorem 1. Let G be a simple graph of order n, size m, and minimum

degree at least 1. Then,
2 (SDD(G) + n(n — 1) — 2m) [GAG)]* > (n(n—1) —2m)*. (3

Equality in (3) holds if and only if either G is the complete graph or there

exists a positive real number £ such that

for every pair of nonadjacent different vertices v; and v; of G.

Proof. Certainly, the equality in (3) holds for the case where G = K,,. In
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what follows, we assume that G 2 K,,. Let vy, vs,...,v, be the vertices
of G. First, we notice that the following equality holds:

(di +d;)° &2 + d?
RS e )
> Tag - 2 \ag t

iV F£V; 0]V FV;

= SDD(G) + 2m, (4)
where
_ nn—=1)—2m
m=——a

On the other hand, by using Cauchy—-Bunyakovsky—Schwarzs inequality,

we have 5

d+d) d; +d;
DY idd, - 2 2\/did; | )

10§50 £V 100 £V

with equality if and only if , / —|— A / is constant (and hence the square of

’ / L \/ is constant) for every pair of nonadjacent different vertices v;
and v; of G From the inequality between the arithmetic and harmmonic

means, that is the AM—HM inequality (see e.g. [29]), we have

2

Z;;izdmm

o030 #v; 10 ji0; £V

which yields

Z di + d; m2 (©)
1000 £V 2 % d d

with equality if and only if /5 by \/ is a constant for every pair of
nonadjacent different vertices v; and v; of G. Now, from (5), (6) and (4)
we obtain

(SDD(G) + 2m) [GA(G)]* > 4m®. (7)

n(n—1)—

Since m = 5 2 from (7) we arrive at (3). |

Corollary 1. Let G be a simple graph of order n, size m, and minimum
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degree at least 1. Then,

SDD(G) > n(n—1) —2m, (8)
with equality if and only if d; = d; for every pair of nonadjacent different
vertices v; and v; of G.

Proof. Let vy, vs,...,v, be the vertices of G. From the inequality between
the arithmetic and geometric means, that is the AM-GM inequality (see
e.g. [29]), we have

2\/didj S Z lzn(n—l)—Qm (9)

GA(G) - Z d; + dj 2 ’

1000 v 1000 £V

with equality if and only if d; = d; for every pair of nonadjacent different
vertices v; and v; of G. Now, (8) follows from (3) and (9). |

The next two results are direct consequences of Corollary 1.

Corollary 2. If T is a tree with n > 2 vertices, then
SDD(T) = (n—1)(n—2),

with equality if and only if T is isomorphic to the star Ky 1.

By a unicyclic graph, we mean a connected graph having the same

order and size.

Corollary 3. If U is a unicyclic graph of order n, then
SDD(U) > n(n —3),

with equality if and only if U is isomorphic to the cycle C,,.

Remark. A graph of maximum degree at most 4 is known as a molecular
graph. From Corollary 1 (or particularly, from Corollaries 2 and 3) it fol-
lows that the star K; ,_1 (cycle Cy,, respectively) uniquely minimizes the
SDD coindex among all trees ((molecular) unicyclic graphs, respectively)
of order n > 4.
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Corollary 4. Let G be a simple graph of order n and minimum degree at
least 1. Then,

SDD(G)+ SDD(G) > n(n—1), (10)
with equality if and only if G is reqular.

Proof. In [37], it was shown that SDD(G) > 2m , with equality if and only
if G is regular. Hence, from (8), we obtain (10). |

The next two results follow directly from (9).

Corollary 5. Let T be a tree with n > 2 vertices. Then

aar) < =2
with equality if and only if T = Ky 1.

Corollary 6. Let U be a unicyclic graph of order n. Then

— n(n — 3)
GAWU) < —

with equality if and only if U = C,.

Corollary 7. Let G be a simple graph of order n and minimum degree at

least 1. Then,
n(n—1)
—

Equality in (11) holds if and only if G is regular.

GA(G)+GA(G) < (11)

Proof. Note that GA(G) < m, with equality if and only if G is regular
(see for example [9]). Hence, from (9), we obtain (11). [

Next, we establish an inequality involving SDD(G), M1 (G) and M>(G)
for a given graph G.

Theorem 2. Let G be a simple graph of order n, size m, and minimum

degree at least 1. Then
<4m2 ~ My(G) — 2M2(G)) SDD(G) + n(n—1) — 2m)

> 2(2m(n —1) - Ml(G)>2 . (12
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Equality in (12) holds if and only if either G is the complete graph or
there exists a positive real number £ such that % + % = { for every pair
i J

of nonadjacent different vertices v; and v; of G.

Proof. Certainly, the equality in (23) holds for the case where G = K,,. In
what follows, we assume that G 2 K,,. Let v1,vs,...,v, be the vertices

of G. By using Cauchy—Bunyakovsky—Schwarzs inequality, we have

2
d; +d; 2
Z didj Z % > Z (dz + dj) )
00030 £V 10030 £V v 0]V FV;
that is (di +d)
— i+ aj; — 2
M, (G) Z didj > [M.(G)]", (13)
i ;0 £V, I

where the equality in (13) holds if and only if there exists a positive real
number £ such that % + % = / for every pair of nonadjacent different
i j

vertices v; and v; of G. In [8] (see also [6,19,26]), it was proven that
M1(G) =2m(n —1) — M1(G). (14)
Also, it holds [8] that
My (G) = 2m?* — %Ml(G) — M3 (G). (15)

Now, by using (4), (14) and (15) in (13), we arrive at (12). |

Next, we establish a relationship between SDD(G), II1(G) and II1(G)
for a given graph G.

Theorem 3. Let G be a simple graph of order n, size m, and minimum
degree at least 1, such that G 2 K,,. Then,

— 2\ FTH =T
SDD(G) > 2m—n(n—1)+ "= 12) —2m (“11112((?)} ) . (16)

Equality in (16) holds if and only if there exists a positive real number £
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such that

di  dj
ztz =t

for every pair of nonadjacent different vertices v; and v; of G.

Proof. Let {v1,va,...,v,} be the vertex set of G. Let m = M
From the AM—GM inequality we have

1/ m
(d; + dj)2 _ (d; + dj)2
A s A
2 did; = 11 did; ’

100 FV; 100 J 50 AV

which yields

@t d)? o= 1) —2m ([M@)) ™
2 a2 5 (HQ(G) .oan

i jvi £V,

The equality in (17) holds if and only if % (that is, j—; + Z—-Z +2) is
constant for every pair of nonadjacent different vertices v; and v; of G.
Now, by using (4) in (17), we obtain (16). |

If G is a connected graph of order n and size m, then it holds [42] that

[T (G)]? > 2n( D=2, (@) . (18)
Motivated by (18), we now establish an inequality involving the coindices
ﬁl and ﬁg.

Theorem 4. Let G be a simple graph of order n, size m, and minimum
degree at least 1, such that G 2 K,,. Then,

n(n—1)—2m

< (2200

(19)
Equality in (19) holds if and only if there exists a positive real number £
such that

11
4=y
A
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for every pair of nonadjacent different vertices v; and v; of G.

Proof. Let {v1,va,...,v,} be the vertex set of G. By keeping in mind the
identity (2) and the definition of ID(G), we have

di+d; ~n—1-—d;
2 d,»djjzz d;

100 £V i=1

=(n-1)ID(G)—n. (20)

Let m = W By using the AM—GM inequality, we obtain

1) m
Z d; + dj > T d; + d]‘ 7
did; dyd,;

10030 £V i

which yields

L. 1) T ey
Z dz+dj>n(n 1) —2m (Hl(G)> . (21)

didj 2 II2(G)

i J;0i £V,

The equality in (21) holds if and only if d;_g%j is constant for every pair of
nonadjacent different vertices v; and v; of G. Now, from (20) and (21) we
obtain (19). u

Let ¢ = (z;) and a = (a;), i = 1,2,...,n, be two sequences, where
a; > 0 and z; > 0 for every i. Then, for any non-negative real number 7,

the following inequality holds [33]:

n r+1
n {E;+1 - (Zi:l SL‘Z‘)
= .

= Y (Z:;l ai)
Equality in (22) holds if and only if either » = 0 or

Ti_ T2 _ In

ai az Qp

Theorem 5. Let G be a simple graph of order n, size m, and minimum
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degree at least 1. Then,

(4m2—M1(G)—2M2(G)) (@(G)—n(n—mum) > 2 [AIB(G))°. (23)

Equality in (23) holds if and only if either G is the complete graph or there

exists a positive real number £ such that

=/

L
4 d;

for every pair of nonadjacent different vertices v; and v; of G.

Proof. Certainly, the equality in (23) holds for the case where G = K,,. In
what follows, we assume that G 2 K,,. Let {v1,va,...,v,} be the vertex
set of G. We note that

S di + dz
DD(G) = e
SDD(G) , Z did,
100507V,
C— d.)2
= > Ldj” + 2m, (24)
10030 £V v
where
_ nn-=1)—-2m
m= =

On the other hand, by taking r = 1, z; := |di - dj|, a; := d;dj, and the
summation over all edges of the complement G of G, the inequality (22)

gives
2
Z ’di - dj’2 > (Ziwj;v,-;éuj |d; — dj‘)
100 J;0i #V; did; a Ziwj;vi;ﬁvj did, ’
that is 2
)2 Al
> (4~ dy)” , [ABE)] (25)
v A; did; M>(G)

Equality in (25) holds if and only if % (that is, |d% - %D is constant

for every pair of nonadjacent different vertices v; and v; of G. Now, from
(24), (25) and (15), we obtain (23). |
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