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Abstract

Let G be a graph with vertex set V and edge set E. A topological
index has the form

TI=TIG)= Y f(da(u),da(v)),

uwveE

where f = f(z,y) is a pertinently chosen function which must be
symmetric and real-valued for all x, y pertaining to vertex degrees of
the graph G. Particularly interesting are the Sombor index and the
elliptic Sombor index, defined by the functions f(z,y) = \/x? + y?

and f(z,y) = (z + y)/x? + y?, respectively. Let ¢ = 2f(2,3) —
£(2,2) — f(3,3). In this paper, we characterize the extremal graphs
that achieve the upper bounds of the topological index T'I for ben-
zenoid systems, where T'I satisfies the conditions 0 < g < @ or

—@ < q < 0, respectively. In addition, we provide a lower bound
for the Sombor index on benzenoid systems.

1 Introduction

Let G = (V, E) be a graph with vertex set V = V(G) and edge set E =
E(G). As usual, we denote n = n(G) = |V(G)| and m = m(G) = |E(G)|.
For each vertex u € V(G), we use dg(u) to denote the degree of v in G.
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A topological index has the form

TI=TIG) = 3. f(do(w),da(v)), (1)

uwveE

where f = f(z,y) is a pertinently chosen function which must be sym-
metric and real-valued for all z, y pertaining to vertex degrees of the
graph G. Particularly interesting are the recently created elliptic Sombor
index and Sombor index, which are defined by the functions f(z,y) =
(x4 y)v/22 + 42 and f(z,y) = /22 + y2, respectively. For recent results
on the Sombor index, we refer the reader to [3,5,8,11,16,19]. Both topo-
logical indices were conceived based on geometric considerations and have
demonstrated good predictive potential [6,9,18].

Benzenoid systems are finite, 2-connected plane graphs in which all
interior regions are mutually congruent hexagons. They provide a natural
graphical representation of benzenoid hydrocarbons, which are of great
importance in chemistry. For notation and basic concepts on benzenoid
systems, we refer the reader to [7].

Let HSh be the set of benzenoid systems with A > 2 hexagons. For an
edge of H € HS},, connecting a vertex of degree ¢ and a vertex of degree
J, is called an (4,j)-edge. The number of such edges will be denoted by
m; ;(H). An edge shared by two hexagons is called an internal edge,
while an edge belonging to only one hexagon is called an external edge.
We use m;(H) and m¢(H) to denote the number of internal edges and
external edges of H, respectively. The external edges form a cycle, which
is referred to as the perimeter of the benzenoid system. The vertices of a
benzenoid system lying on its perimeter are called external vertices, while
the remaining vertices are referred to as internal vertices. We use n;(H)
and n.(H) to denote the number of internal vertices and external vertices
of H, respectively. Clearly, m.(H) = n.(H).

In [10], Harary and Harborth proved that

0 < ny(H) < 2h+1— [vV12h — 3]. 2)

The benzenoid system that attain the lower bound of (2) are called cat-
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acondensed benzenoid system, a class that has been studied in [17]. The
benzenoid system that attain the upper bound of (2) are called anacon-
densed benzenoid system. For results on anacondensed benzenoid system,
we refer the reader to [4]. In particular, if n; > 0, the benzenoid system is

classified as pericondensed.

fissure

Fig. 1. The twelve possible types of hexagons in benzenoid system and some structural
features on the perimeter.

The hexagons in a benzenoid system are classified as Ly, Lo, L3, Ly,
Ly, Lg, As, A3, Ay, P», P3 and Py, depending on the number and position
of the hexagons adjacent to it. Their definition is clear from Fig. 1, where
an example is also provided.

Fig. 1 also illustrates the structural features on the perimeter of the
benzenoid system: fissures, bays, coves, and fjords. The numbers of these
features in H are denoted by f(H), B(H), C(H), and F(H), respectively.
The number of inlets of H is

r(H)= f(H)+ B(H)+C(H) + F(H).

In 2016, Cruz et al. [2] proved that r(H) > [\/3(h — 1)] for each H € HS},.
The bay regions of H, denoted by b(H), and defined as

b(H) = B(H) +2C(H) + 3F(H), (3)

which counts the number of edges on the perimeter, connecting two vertices

of degree 3. If b(H) = 0, then we say that H is a convex benzenoid system.
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The results on the convex benzenoid system are referred to in [1].

In [17], Rada et al. presented lower and upper bounds for the Sombor
index and the elliptic Sombor index of catacondensed benzenoid systems.
In this paper, we focus on analyzing the Sombor index and the elliptic
Sombor index for benzenoid systems, including both catacondensed and
pericondensed structures. First, we characterize the extremal graphs that
achieve the upper bounds of the topological index T'I for benzenoid sys-
tems, where T'I satisfies the condition 0 < g < @ or —@ <q <0,
respectively. This result contains the upper bound of the Sombor index
identified by Cruz et al. [3]. In addition, Cruz et al. [3] also proposed the

following problem:

Problem 1. Among all hexagonal systems with h hexagons, which hexag-

onal systems have minimal value of SO?

In the fourth section of this paper, we provide a lower bound for the
Sombor index on benzenoid systems and analyze the benzenoid systems

that attain the minimal value of the Sombor index.

2 Preliminary results

A hexagon of H, containing some external edge of H, is said to be on the

boundary of H. In this section, we obtain two useful lemmas.

Lemma 1. Let H € HS} and let hy be a hexagon on the boundary of
H such that H \ hg is connected. If H' is the benzenoid system obtained
from H by moving hy to an inlet of H such that n;(H') > n;(H), then
r(H)—4<r(H)<r(H)+2.

Proof. Since H \ hy is connected and hg is on the boundary of H, hg must
be a hexagon of type Ly, L3, Ls, P, or Py. However, if hg is a hexagon of
type Ls, then there does not exist an inlet 7y in H such that, by moving hg
to ro, a new benzenoid system H’ is obtained, satisfying n;(H’) > n;(H).
Thus, we need to consider the cases when hg is a hexagon of type Lq, L3,
Py, or Py.

Case 1: hg is a hexagon of type L.
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Obviously, moving hg to any inlet of H results in a benzenoid system
H'’ such that n;(H') > n;(H). We classify three types of hexagons in
mode Ly as LY, L', and L2 (see Fig. 2), such that, when a hexagon of
type LY, Ll_l, or L1_2 is removed, the number of inlets remains unchanged,
decreases by one, or decreases by two, respectively.

Fig. 2 also shows the three possible forms of each inlet in H: a1, as, and
as for fissures; by, bo, and b3 for bays; and ¢, co, and c3 for coves. These
forms depend on whether the number of inlets increases by one, remains
unchanged, or decreases by one when adding a hexagon to a fissure, bay,
or cove, respectively. Specially, the three possible forms of fjords in H
are f1, fo, and f3, determined by whether the number of inlets remains
unchanged, decreases by one, or decreases by two when adding a hexagon

to a fjord, respectively. These notations will also be used in later proofs.

Fig. 2. The three types of hexagons in mode L;, and the three possible forms of

fissure, bay, cove and fjord on the perimeter of H.

Subcase 1.1: hg is the type of L1_2.

If H' is obtained from H by moving L2 to ay, by or ¢y, then r(H') =
r(H) — 1. If H' is obtained from H by moving L1_2 to ag, ba, co or fi,
then r(H') = r(H) — 2. If H' is obtained from H by moving Li? to as,
bs, c3 or fa, then r(H') = r(H) — 3. If H' is obtained from H by moving
ho to f3, then r(H') = r(H) — 4.

Subcase 1.2: hg is the type of Lfl.
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If H' is obtained from H by moving Ll_1 to ay, by or ¢y, then r(H') =
r(H). If H' is obtained from H by moving Lfl to asg, ba, ¢ or fi, then
r(H') = r(H) — 1. If H' is obtained from H by moving L] to a3, b3, c3
or fy, then r(H') = r(H) — 2. If H' is obtained from H by moving L;* to
f3, then r(H") =r(H) — 3.

Subcase 1.3: hyg is the type of LY.

If H' is obtained from H by moving L? to ay, by or ¢y, then r(H') =
r(H)+ 1. If H' is obtained from H by moving LY to as, b, c2 or f1, then
r(H') = r(H). If H' is obtained from H by moving LY to as, b3, c3 or
fo, then 7(H') = r(H) — 1. If H' is obtained from H by moving L{ to fs,
then r(H') = r(H) — 2.

Case 2: hg is a hexagon of type Ps.

Clearly, placing hg in a bay, cove or fjord of H will result in a benzenoid
system H' with n;(H') > n;(H). The hexagons in mode P» also have three
types: Pyt PY, and Py * (see Fig. 3). When a hexagon of type Py™*, P9, or
Py ! is removed, the number of inlets increases by one, remains unchanged,

or decreases by one, respectively.

Subcase 2.1: hg is the type of Py '

If H' is obtained from H by moving P, * to by or ¢1, then r(H') = r(H).
If H' is obtained from H by moving hg to ba, co or fi, then r(H') =
r(H) — 1. If H' is obtained from H by moving P{l to b3, c3 or fo, then
r(H') = r(H) — 2. If H' is obtained from H by moving P; * to f3, then
r(Hy=r(H)-3.

Subcase 2.2: hg is the type of PY.

If H' is obtained from H by moving PY to by or ¢1, then r(H') =
r(H) + 1. If H' is obtained from H by moving PY to by, co or fi, then
r(H') = r(H). If H' is obtained from H by moving P to b3, c3 or fa,
then r(H') = r(H) — 1. If H' is obtained from H by moving P to f3,

(
then r(H') = r(H) — 2.



269

Fig. 3. The three types of hexagons in mode P>, and the three possible forms of bay,

cove and fjord on the perimeter of H.

Subcase 2.3: hg is the type of PQH.

If H' is obtained from H by moving Py to by or ¢, then r(H') =
r(H) + 2. If H' is obtained from H by moving Py to by, ¢z or fi, then
r(H') = r(H) + 1. If H' is obtained from H by moving Py to b3, c3 or
f2, then #(H') = #(H). If H' is obtained from H by moving Py* to fs,
then r(H') = r(H) — 1.

Case 3: hg is a hexagon of type Ls.

Obviously, moving hg to a cove or fjord of H will result in a benzenoid
system H’ such that n;(H') > n;(H). The three types of hexagons in
mode Lz are L', LY, and L3 (see Fig. 4).

Subcase 3.1: hg is the type of L3

If H' is obtained from H by moving L3 ' to ¢y, then r(H') = r(H). If
H' is obtained from H by moving Lz to ¢ or fy, then r(H') = r(H) — 1.
If H' is obtained from H by moving L3 ' to c3 or fo, then r(H') = r(H)—2.
If H' is obtained from H by moving L3 ' to fs, then r(H') = r(H) — 3.

Subcase 3.2: hq is the type of L.
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If H' is obtained from H by moving LY to c¢;, then r(H') = r(H) + 1.
If H' is obtained from H by moving L3 to ¢y or f1, then r(H') = r(H). If
H' is obtained from H by moving LY to c3 or fa, then 7(H') = r(H) — 1.
If H' is obtained from H by moving L to f3, then r(H') = r(H) — 2.

Fig. 4. The three types of hexagons in mode L3, and the three possible forms of cove
and fjord on the perimeter of H.

Subcase 3.3: hg is the type of L.

If H' is obtained from H by moving L3 to ¢y, then r(H') = r(H)
If H' is obtained from H by moving L' to ¢y or fi, then r(H') = r(H)
If H' is obtained from H by moving L3* to c3 or fa, then r(H') = r(H).
If H' is obtained from H by moving L' to fs, then r(H') = r(H) — 1.

_|_
_l’_

Case 4: hg is a hexagon of type Pj.

It is evident that placing P, into a fjord of H produces a benzenoid
system H' with n;(H') > n;(H). Fig. 5 shows the three possible forms
P L P}, and P, 1 of a hexagon of type P, in H, as well as the three
distinct forms of fjord in H: f1, fo and fs.

Subcase 3.1: hg is the type of P, '

If H' is obtained from H by moving Py * to fi, then r(H') = r(H) — 1.
If H' is obtained from H by moving P; ' to fo, then r(H') = r(H) — 2. If
H' is obtained from H by moving P; ' to fs, then r(H') = r(H) — 3.
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Subcase 3.2: hg is the type of PJ.

If H' is obtained from H by moving P to fi, then r(H') = r(H). If
H' is obtained from H by moving P to fo, then r(H') =r(H) — 1. If H’
is obtained from H by moving P{ to f3, then »(H’) = r(H) — 2.
Subcase 3.3: hg is the type of P;'.

If H' is obtained from H by moving P;™* to f1, then r(H') = r(H)+ 1.
If H' is obtained from H by moving P;"! to fo, then r(H') = r(H). If H’
is obtained from H by moving P;* to f3, then r(H') = r(H) — 1.

Fig. 5. The three types of hexagons in mode Py, and the three possible forms of fjord
on the perimeter of H.

It is well known that the number of (2, 2)-edges in a benzenoid system

is at least six. Similar to Lemma 1, we obtain the following lemma.

Lemma 2. Let H be a pericondensed benzenoid system with h hexagons,
and let hg be a hexagon on the boundary of H that contains internal vertices
of H, such that H\ hg is connected. If H" is the benzenoid system obtained
from H by moving hg to a (2,2)-edge in H, then r(H) —2 < r(H") <
r(H)+ 4.

Proof. Let hg be a hexagon on the boundary of H that contains internal
vertices of H. Since H \ hg is connected, hg must be of type L1, L3, Ls,
P, or Py. From the proof of Lemma 1, it follows that the number of inlets
in H decreases by at most 2 or increases by at most 2 after removing hy.

However, after attaching a hexagon to the (2,2)-edge of H, the inlets of
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H may remain unchanged, increase by 1, or increase by 2. Let H” be the
benzenoid system obtained from H by moving hg to a (2,2)-edge in H.
Then r(H) —2 < r(H") <r(H)+ 4. |

3 The upper bound of Sombor index and

elliptic Sombor index of benzenoid systems

Let H € HS},. The benzenoid system possess only vertices of degree 2 and
3. Consequently, all their edges are of type (2,2), (2,3) and (3,3), and so
for H,

TI(H) = f(2, 2)m272 + f(2, 3)m273 + f(3, 3)TTL3737 (4)

where TT is a topological index of the form (1). For convenience, let
w22 = f(2,2), w23 = f(2,3) and w33 = f(3,3). We can obtain an
expression for the topological index of H in terms r(H) and n;(H) as

shown below.
Theorem 2. Let H € HS;,. Then

TI(H) = (2¢22+3¢33)h+ (2023 — a2 — @33)r(H) — paoni(H)
(42,2 — 3p3,3).
Proof. The result follows from (4) and the previously known relations given

in [12]:
meo(H)=n(H)—2h—r(H)+ 2,

m2,3(H) = 27’(H),
m3,3(H) =3h— T(H) — 37
and [7]
n(H)=4h+2 —n;(H). (5)
|
Let K = —%22 ____ The following theorem can be established.

2p2,3—p2,2— P33
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Theorem 3. Let H be a pericondensed benzenoid system with h hexagons,
and let hg be a hexagon on the boundary of H that contains internal vertices
of H, such that H\ hg is connected. If H" is the benzenoid system obtained
from H by moving hg to a (2,2)-edge in H, then

TI(H") > TI(H),
where TI is a topological index of the form (4) such that K < —4 or K > 2.

Proof. By Theorem 2, we have

TIH")—TI(H) = (2p23— 22— 33)(r(H")—r(H))
— p22(ni(H") —ni(H)).

To establish TI(H") > TI(H), it suffices to show that TI(H")-TI(H) >

0, i.e.
(2023 — 2,2 — 3,3)(r(H") = r(H)) > pa2(ns(H") —ni(H)).  (6)

If K = Mﬁ < 747 then 2@273 — @272 — @3,3 < 0 Therefore,

(6) is equivalent to

< w2,2(ni(H") — ni(H))

r(H") —r(H) 2023 — P22 — P33

Suppose that n;(H"”) = n;(H) — a, where 1 < a < 4. We have

r(H") < r(H)+ L 7
(H) (H) 2023 — P22 — 33 (@)

s $2,2 . —p2,20a
ince s—22— < —4, we obtain 5——22-—— > 4, By Lemma 2
S 22, 3—p2,2— P33 < ’ 2¢p2 3—p2,2—¥3,3 > y ’

r(H") < r(H)+ 4. Thus the inequality (7) holds for any pericondensed
benzenoid system H. Thus, (6) holds.

If K = Wﬁ > 2, then 2@2,3 — Y22 — P33 > 0. Hence, (6)
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reduces to the following inequality

p22(ni(H") —ni(H))

r(H") —r(H) >
( ) ( ) 2023 — p2,2 — P33

Since n;(H") = n;(H) — a, we have

r(H") > r(H) + —$2,29 . 8
() (H) 2023 — P22 — P33 ()

Since 5——22—— > 2 and 1 < a < 4, we obtain ;——222%—— < -2,
$2,3—¥2,2—¥3,3 $2,3—P2,2—P3.3

By Lemma 2, »(H") > r(H) — 2. So, the inequality (8) holds for any

pericondensed benzenoid system H. Thus, (6) holds as well. The proof is

complete. [

Recall that a catacondensed benzenoid system H is a benzenoid system
with n;(H) = 0. We can immediately obtain the following corollary from

the above Theorem.

Corollary 1. Let T1 be a topological index of the form (4), subject to
the condition that K < —4 or K > 2. If Hy € HS} is a pericondensed
benzenoid system, then there exists an Ho € HS}y that is a catacondensed
benzenoid system such that TI(Hy) < TI(Hy).

Ly, Ey, Ey

Fig. 6. The linear benzenoid chain Lj, and the catacondensed benzenoid system FE}

correspond to the cases where h is odd and even, respectively.
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Two special catacondensed benzenoid systems are L and Ej, shown
in Fig. 6. It was shown in [13] that if H is a catacondensed benzenoid

system with h hexagons then,

P(Bn) = [ +1] < r(H) < 2(h— 1) = r(Ly). 9)

Let ¢ = 22 3 — 2.2 — 3,3. For a catacondensed benzenoid system, we

immediately obtain the following theorem.

Theorem 4. Let H be a catacondensed benzenoid system with h hexagons,
and let TI be a topological index of the form (4). Then

(1) if ¢ > 0, then TI(H) < TI(Ly);

(2) if g <0, then TI(H) < TI(Ep).

Proof. According to the definition of catacondensed benzenoid system and

Theorem 2, the topological index TI(H) can be expressed as:

TI(H) = (2p22+3p33)h+ (2023 — @22 —p33)r(H)
+ (4922 — 3¢3.3).

The result is obtained by applying inequality (9) to this expression. |

By combining Corollary 1 with Theorem 4, we obtain one of our main

results.

Corollary 2. Let H € HS},, and let T1 be a topological index of the form
(4). Then

(1) if 0 < q < 232, then TI(H) < T1(Ly);

(2) if —£22 < ¢ <0, then TI(H) < TI(Ep,).

Example 1. Recall that the Sombor index of a benzenoid system H, is

defined as
SO(H) = Y /2 +d2.

wveE

Note that in this case

q=2p235— P22 — 33 =2V13 —2V2 - 3v2 ~ 0.14. (10)
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Since 0 < ¢ < £22 = /2. We have SO(H) < SO(Ly,).

This result is consistent with the result in [3], which are shown below.

Theorem 5. [3] Let H be a benzenoid system with h hexagons. Then
SO(H) < SO(Ly,).

Example 2. Consider now the elliptic Sombor index of a benzenoid sys-
tem H, is defined as

ESO(H) = Y (du + dy)\/d2 + d2.

uveE

Thus,
q= 2(,02_]3 — P22 — P33 = 10\/ﬁ — 8\/§ — 18\[2 ~ —0.714.

Clearly, —2v/2 = —£22 < ¢ < 0. We have SO(H) < SO(Ey,).

4 The lower bound of Sombor index and elliptic Som-

bor index of benzenoid systems

4.1. Lower bound of elliptic Sombor index of benzenoid systems
In [14], Rada et al. proved the following theorem.

Theorem 6. ( [1}]) Let H € HSy, and let T1 be a topological index of
the form (4). If —f(2,2) < ¢ <0, then

TI(H) = TI(W),

where W is the convex benzenoid system with h hexagons and 2h + 1 —

[V12h — 3] internal vertices.

In particularly, for elliptic Sombor index, —f(2,2) < ¢ < 0. Thus, we

have the following theorem.
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Theorem 7. If H € HS), then
ESO(H) > 54v/2h + (10V/13 — 18v/2)[V12h — 3] — 30V/13 + 48V/2,

with equality if and only if H is a convexr benzenoid system with 2h + 1 —

[V12h — 3] internal vertices.

Proof. Let Hy be a convex benzenoid system with h hexagons and 2h +
1 — [v/12h — 3] internal vertices. By Theorem 6, it follows that

ESO(H) > ESO(Hy).
From the relations in [15],
ma2(Ho) = 6 + b(Hyp). (11)
Since b(Hp) = 0, we have r(Hp) = f(Hy). Therefore,
me(Ho) = ma2(Ho) + 2f(Ho) = 6 + 2r(Hyp).
Furthermore,
n(Ho) = ni(Ho) + ne(Ho) = ni(Ho) + me(Ho) = ni(Ho) + 6 + 2r(Ho).  (12)
Using equations (5) and (12), we derive
r(Ho) = 2h — n;(Hp) — 2. (13)

By substituting n;(Hop) = 2h + 1 — [v/12h — 3] into (13) and applying

Theorem 2, we obtain

ESO(Hy) = 54v/2h + (10v/13 — 18v/2)[v/12h — 3] — 30v/13 + 48v/2.

4.2. Lower bound of Sombor index of benzenoid systems

Unfortunately, for the Sombor index, we have ¢ > 0. Therefore, we now
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focus on determining the lower bound of the Sombor index of benzenoid

systems.

Lemma 3. If H € HS),, then
2[V12h — 3] < me(H) < 4h — 2,

with left equality if and only if n;(H) = 2h + 1 — [\/12h — 3], and with
right equality if and only if n,(H) = 0.

Proof. Combing n(H) = n;(H) + n.(H) with (5), we get

ne(H) = 4h + 2 — 2n;(H). (14)
Since m.(H) = n.(H), by inequality (2), it follows that

2[V12h — 3] < m.(H) < 4h — 2.

Theorem 8. Let H € HSy, and let hg be a hexagon on the boundary of
H such that H \ hq is connected. If H' is the benzenoid system obtained
from H by moving hg to an inlet of H such that n;(H') > n;(H), then

TI(H') < TI(H),

where TI be a topological index of the form (4) such that K > 2.

Proof. By Theorem 2, we have

TI(H/) - TI<H) = (2@2,3 — P22 — @3,3)(T(H/) - 7'<H))
— paa(ni(H') —ni(H)).

To establish TI(H') < TI(H), it suffices to show that TI(H')—TI(H) < 0,

which is

(2p23 — a2 — @33)(r(H') = r(H)) < pa2(ni(H') —ni(H)).  (15)
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. _ Lp . .
Since K = m > 2, it follows that 2p23 — w29 — w33 > 0,

Therefore, the inequality (15) is equivalent to

< p22(ni(H') —ni(H))
2023 — P22 — P33

Suppose that n;(H') = n;(H) + a, where 1 < a < 4. We have

2,20
r(H') <r(H)+ : . 16
() (H) 2023 — P22 — P33 (16)
Since ;——222 > 2 we have —*22% > 2. By Lemma 1,

22, 3—p2,2—¥3,3 22, 3—p2,2—¥3,3
r(H') < r(H) 4+ 2. Thus, the inequality (16) holds for any benzenoid

system H. Thus, inequality (15) is satisfied, completing the proof. |

Based on the proof of Lemma 1, we derive the following conclusions:
(1) moving a hexagon of type Ly into any inlet of H results in a benzenoid
system H' such that n;(H') > n;(H); (2) for any cove or fjord of H, there
exists a hexagon hg such that moving hg to a cove or fjord of H produces
a benzenoid system H' with n;(H') > n;(H). Therefore, we have the
following corollary.

Corollary 3. Let T'I be a topological index of the form (4) with K > 2.
If Hi € HSy contains a cove, a fjord, or a hexagon of type Li, then
there exists an Hy € HSy, that lacks these features and satisfies TI(Hy) >
TI(Hs).

Example 3. For the Sombor index of a benzenoid system,

_ P22 _ 2v/2
2003 — 22— @33 213 —2v/2—3V2

Thus, the benzenoid system that minimizes the Sombor index does not

~ 20.198 > 2.

contain coves and fjords. Below, we provide an expression for the Sombor

index on a benzenoid system without cove and fjord.

Theorem 9. If H € HS), with C(H) = F(H) =0, then

SO(H) = 9v2h + (2v13 — 3V2) f(H) + (2V13 — V2) B(H) + 3V2.
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Proof. By equations (3) and (11), we have mo 2(H) = 6 + B(H). Further-

more,

ne(H) = me(H) = ma(H) + 2f(H) + 3B(H) = 2f(H) + 4B(H) + 6. (17)
Combing n(H) = n;(H) + n.(H) with (5) and (17), we get
ni(H) = 2h — f(H) — 2B(H) — 2. (18)
Since r(H) = f(H) + B(H), By Theorem 2, it follows that
SO(H) = 9v2h + (2v13 — 3V2) f(H) + (2V13 — V2) B(H) + 3V2.

Next, we give a lower bound for the Sombor index on benzenoid systems

without cove and fjord.

Theorem 10. If H € HS), with C(H) = F(H) =0, then

SO(H) > 9v2h + (V13 — g)[\/l% —3] - 3V13 + 97‘/5

Proof. By equation (17), we have f(H)+2B(H) = m"{ﬁ. By Theorem 9,

we have

SO(H) = 9vV2h+ (2V13 = 3V2)f(H) + (213 — V2)B(H) + 3v2
> 0VBh+ (VB — Y2 1) + (VT3 — VI B(H) + 33
= 9V2h+ (V13— g)(f(H) +2B(H)) + 3V2
= 9V2h+ (V13— g)me;(; +3v2

By Lemma 3, m.(H) > 2[v/12h — 3], we have SO(H) > 9v/2h+(v/13—
?)(ﬁ/ 12h — 3] — 3) + 3v/2. Thus, the result holds. |

By combining Corollary 3 with Theorem 10, we obtain a lower bound

for the Sombor index on benzenoid systems as follows.
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Corollary 4. If H € HS}, then

SO(H) > 9v2h + (V13 — g)wm —3] - 3V13 + 97‘5

4.3. The benzenoid systems have minimal value of Sombor index

As is known, for an H; € HS), with n;(H;) < 2h + 1 — [/12h — 3],
then there exists an Hy € HS) with n;(Hs) > n;(Hy). Suppose that
n;(Hz) —n;(Hy) > a where a > 0. As shown in Example 3, and the proof
of Theorem 8, it is sufficient to show that r(Hs) < r(H;) + 20a in order
to establish SO(Hsy) < SO(Hy). This statement is generally true, but we
have not yet found an appropriate way to prove it. Thus, we propose the

following conjecture.

Conjecture 1. If H; € HSy with n;(Hy) < 2h + 1 — [/12h — 3], then
there exists an Hy € HS), with n;(Hs) > n;(Hy) such that SO(Hy) <
SO(Hy).

The correctness of the above conjecture means that the benzenoid sys-
tem attains the minimum of Sombor index is the anacondensed benzenoid

system.

Here, we address and rectify an error found in Theorem 5.3 in [3].
According to [3], the expression for TI(H) is given by:
TI(H) = (4p23+ps33)h+ (02,2 — 2023+ ¢3,3)b(H)
+(p3,3 — 202,3)n:(H) + (6922 — 4923 — ©3,3).
Since H is a catacondensed benzenoid system, we analyze the term ¢ =
2()02,3 — P22 — P33 and find that:

o if ¢ > 0, then @29 — 2923 4+ w33 < 0, and T'I is minimized when

b(H) is maximized.

e Similarly, if ¢ < 0, then 22 — 2923 + ¢33 > 0, and T'1 attains its

minimum when b(H) is minimized.

Therefore, the corrected statement of Theorem 5.3 in [3] is as follows.
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Theorem 11. Let TI be a topological index of the form (4). Let q =

2023 — @22 — w33. Then
(1) if ¢ =0, then TI is constant over anacondensed benzenoid system;

(2) if ¢ > 0, then Vi (resp.Uy) attains the maximal (resp. minimal)
value of T1 over anacondensed benzenoid system;
(3) if ¢ < 0, then Up(resp.Vy) attains the maximal (resp. minimal)

value of T1 over anacondensed benzenoid system.

By combining (10) with Theorem 11, we guess that Uy, as defined in [3],

attains the minimum Sombor index.

In particular, in [3], Cruz et al. proved that there is a unique anacon-
densed benzenoid system with h = 3k(k — 1) 4+ 1, as depicted in the figure

below.

Fig. 7. The anacondensed benzenoid system with h = 3k(k — 1) + 1 when k = 3.

We use Ay to denote the anacondensed benzenoid system with h =
3k(k — 1) + 1. Since n;(Ag) = 2h + 1 — [v/2h — 3], by (13) and Theorem
2, we get

SO(Ag) = 9V2h + (213 — 3v2)[V12h — 3] — 6V13 + 12V/2.

Let SOn—min(H) = 9v/2h+ (V13— 2)[V12h — 3] -3V13+ 22, which
represents the lower bound of the Sombor index of benzenoid systems, as
derived in Corollary 4. Let f(h) = SOp—min(H) and s(h) = SO(Ay). We
can see f(h) and s(h) nearly overlap from the Fig. 8 (a). Let g(h) =
SO(Ag) — SOpn—min(H). From the Fig. 8 (b), we can see that g(h) is

growing slowly.
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/
/
S

/

s(h) = SO(Ay)

J(h) = SOn_min(H)

<

y=g(h)

(a) (b)

Fig. 8. (a) show the function of f(h) and s(H), and (b) show the function of g(h).

To further demonstrate that SO, _mn(H) is very close to the tight

lower bound of the Sombor index on the benzenoid system, let

SO(Ao) — SOp—min(H)

ih) = S0(Ao)
(VI3 — 22)[VI2h — 3] - 3VI8 + 152
9v2h 4 (2¢/13 — 3v/2)[V12h — 3] — 64/13 +12/2°
Since

i (VI3 - BA)[VIsh—3] -3+ 152
noo 0v/2h + (2vI3 — 3v2)[VIZh - 8] - 6VIB + 12v2

the difference between SO(Ag) and SO, —pmin(H), when compared to
SO(Ay), is almost negligible.

To sum up, we find that although the lower bound of the Sombor index
for the benzenoid systems obtained in Corollary 4 is not sharp, it appears

to differ very little from the true lower bound.
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