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Abstract

This paper gives the optimal values of the sum of a topological
index and its reciprocal version of fixed-order unicyclic graphs for
the cases of the first Zagreb index, second Zagreb index, forgotten
topological index, and Sombor index. For each of the aforemen-
tioned four topological indices, the cycle graph uniquely attains the
minimum value of the mentioned sum and the graph formed by in-
serting one edge in the star graph uniquely attains the maximum
value of this sum in the considered class of graphs. These findings
extend the results of the recent paper [W. Gao, MATCH Commun.
Math. Comput. Chem. 93 (2025) 535-547] from trees to unicyclic
graphs. The results about the minimum values remain valid for
fixed-order molecular unicyclic graphs.
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1 Introduction

Topological indices play a particular role in predicting physicochemical
properties of molecules based solely on their structural features [7, 18].
According to [8], “Topological indices are mathematical entities encoding
the structure of molecules which are depicted as graphs. In these graphs,
the vertices correspond to the atoms and the edges represent the bonds
between these atoms”. More precisely, real-valued graph invariants are
commonly referred to as topological indices in chemical graph theory [20,
21], where a graph invariant is a property of graphs that remains the same
under graph isomorphisms [12]. The graph-theoretical terms (chemical-
graph-theoretical terms, respectively) used here but not defined in this
paper can be found in the books [4,6] (]20,21], respectively).
We consider the following topological indices of a graph G:

TI(G)= Y ®(uv) and RTIG)= Y.

weE(G) weEE(G)

)

O (u,v)

where @ is a positive-valued function defined on the Cartesian square of
the vertex set V(G) of G. Following [14], we call the index RTI(G) as
the reciprocal version of TI(G) and vice versa. Let dg(w) denote the
degree of a vertex w € V(G). If we take ®(u,v) = dg(u) + dg(v), or
®(u,v) = dg(u)dg(v), or ®(u,v) = (dg(u))? + (dg(v))? or ®(u,v) =
V/(dG(u))? + (dg(v))? in the above definitions of TI(G) and RTI(G), we
obtain (T'I, RTI) = (21,RZ1),or (TI,RTI) = (Z3,™Z3),0r (TI,RTI) =
(F,RF), or (TI,RTI) = (SO,™S0), respectively; where Z; is the first
Zagreb index [5,16], 2RZ; is the harmonic index [3,9], 25 is the second
Zagreb index [5,15], ™2, is the modified second Zagreb index [19], F
is the forgotten (topological) index [10], RF is the reciprocal forgotten
(topological) index, SO is the Sombor index [13], and ™SO is the modified
Sombor index [17].

Recently, Gao [11] characterized the graphs attaining the minimum

and maximum values of the following topological indices from the class
of all fixed-order trees: Zy + RZ1, Z5 + ™25, F + RF. The primary

goal of the present study is to extend the results of Gao [11] to unicyclic
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graphs not only for the aforementioned three sums but also for the sum
SO+™SO, where a unicyclic graph is a connected graph of the same order
and size. The obtained results concerning minimum values are valid also

for molecular graphs, which are the graphs of maximum degree at most 4.

2 Preliminary lemmas

In this section, we provide several preliminary results, which are used in

the subsequent section. By an n-order graph, we mean a graph of order n.

Lemma 1. [2] Let G be an n-order connected graph of size m > 2. Let
h be a function defined on the Cartesian square of the set of real numbers
greater than or equal to 1 such that h(x1,22) = A(xe,x1) > 0 for all zq
and zo belonging to the domain of i and A(x1,x2) > 0 for x1 # xo. Define
the function ® on the Cartesian square of the set of positive integers as

2h(1, 2)(7"11“2 —7ry — 7“2) n h(2,2)(27”1 + 2r9 — 3’/‘17"2)

r1T2 r1ir2

@(7‘1,7“2) = FL(T1,7‘2) +

such thatn—1>ry > 1 > 1 and (r1,7r2) € {(1,2),(2,2)}. If ®(r1,72) >0
then

> hdg(u),da(v) > 2[A(1,2) — h(2,2)]n + [3h(2,2) — 2h(1,2)]m,
weEE(G)

with equality if and only if G is either path graph P, or cycle graph C,,.

By a k-cyclic n-order graph, we mean a connected n-order graph of
size n + k — 1. Particularly, for Kk = 0 and k = 1, such graphs are called

n-order trees and n-order unicyclic graphs, respectively.

Lemma 2. [1] Let i be a strictly increasing function defined on the Carte-
sian square of the set of real numbers greater than or equal to 1 such that
Wz, 22) = Mxa,x1) > 0 for all x1 and xs belonging to the domain of
h, and the following inequalities hold for 2 < z4 +1 < z3 < x1 and
1 <xy <uxy:

h(l’l + 1'4,IE2) — h(xl,ﬂﬁg) + h(Ig — 1‘4,172) — h(:l?g,xg) Z 0,



842

h(a:l + X4,23 — I4) — ﬁ(l‘l, 333) > 0.

If G is a graph having the mazimum value of 3, c (e Mda(u), da(v))

among all n-order k-cyclic graphs, then the mazimum degree of G isn—1.

Lemma 3. The function [ defined as

1
fz1,20) = /a2 + 23 + ﬁ, with £1 > 1 and xo > 1,
x

17T T3
is strictly increasing (in both variables).

wi(w?-ﬁ-xg—l) ]

Proof. For i = 1,2, we have g—i(xl,m) =

Lemma 4. For the function f defined in Lemma 3, the inequality
flxr+t,e—t) — f(z1,¢) >0

holds for2 <t+4+1<c¢<x.

Proof. Take g(x1,¢,t) = f(z1 +t,¢c—t) — f(x1,¢). Since

(142t —c) ((z1 +t)2 + (c—t)* = 1)
((z1+1)2 + (e — 1)2)*?

0
79(37170715): > 0,

ot
we have g(z1,¢,t) > f(z1+1,c—1)—f(x1,¢) > 0for2 <t+1<c<z;. A
Lemma 5. For the function f defined in Lemma 3, the inequality

f(z1 + 24, 2) — f(w1,22) + f23 — 245 22) — f(23,22) >0
holds for2 < axy+1<x3<z1 and 1 < x5 < 7.
Proof. We take
(21, 2, 73, 24) = f21 + 24, 22) — f21,22) + f23 — 24, 2) — (23, 72).

Since the function A defined as

i tys - 1)

(y% +y§)3/2 with 1 > 1 and y3 > 1,

h(yhyz) =
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is strictly decreasing in y», we have

0P
a—(mhmx&m) = h(x2,73) — h(w2, 23 —24) <0
3
and
0P
T(I1,$2,I3,I4) = h(l‘g,fl)g — :Z}4) — h(IQ,ZL'l + £174) > 0.
T4
Hence, ®(x1, 22, x3,24) > P(21,29,21,1) > 0. [ ]

Lemma 6. The function ¢ defined as

1/)(1‘17352) = j(l’l,l’g) + ma

with x1 > 1 and xo > 1, is strictly increasing (in both variables), where

j(z1,m2) € {x1 + 32,23 + 23} . Also, the inequality

Y(xy + 24, 02) — Y(21, 22) + P(23 — 24, 22) — Y(23,22) >0 (1)

holds for2 < xy+1<x3 <z and 1 < x5 < x71.

Proof. We only prove (1). If j(x1,z2) = 21 + 22, then

(@1 + 24, 22) — (21, 22) + V(23 — 24, T2) — Y(23, 22)

iy 4 2a0a] + w3xd + a4 (@] — a3) + 2wows (v — 3)

> 0.
(1 + x2) (k2 + x3) (T2 + 235 — 24) (x1 + T2 + T4)

In what follows, we assume that j(z1,z2) = 2?2 + 23 and we take

Yp (21, 2, T3, T4) =(1+ T4, T2) —Y(21, T2) + (23 — T4, T2) — (X3, T2).

Then, %(%1,.’1)2,$3,x4) is equal to

9 < 3 Z3 + Ty >
_ — ,
@ +23)? @3+ (es—20)2)2 ' (@F+ (w3 —20)?)?

which is negative under the given constraints. Hence,

VYr(T1, 02,23, 04) > (21, T2, 01, T4).
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Now,
M 2 (x1 — 4) 2 (@1 +74)
- \L1,T2,T1,T =4z + B 7
B, (21, 22, 21, 24) PR (1 —2a) )2 (@ (1 +2a)2)2

which is positive because of the given conditions. Hence,

Yr(x1, 22,23, 24) > Y21, 2,21, 24) > Yp (21, 22,21, 1)

2(af + 3232t + 4af + 2§ + 225 + 21 (323 — 2) — 1)
(22 +22) (23 — 221 + 23+ 1) (2 + 221 + 23+ 1)

>0,

as r1 > 2 and xo > 1. |
Lemma 7. For the function v defined in Lemma 6, the inequality
w(xl —|—t,C— t) - ¢($1,C) > 0

holds for2 <t+4+1<c¢<x.

Proof. If j(xz1,x2) = x1 + 22, then ¥(xz1 +t,c —t) — ¥(x1,¢) = 0. Next,
assume that j(xy,22) = 23 + x3. Then, 1 (z1 +t,c —t) — 1(x1, ) equals

2¢%t (w1 — ¢) + 2¢22 + 26223 + 2ta3 (v — ) — 1 n 1
2+ a2 (c—1)2+ (x1 + )2’
which is positive for 2 <t+1 < ¢ < 3. [ |
3 Results

For a vertex z of a graph G, let Ng(x) be the set of neighbors of z in G.
First, we study the sum Z5 + ™Z5 of the second Zagreb index and its
modified version. For finding the maximum value of this sum over the

class of fixed-order unicyclic graphs, we need the following two lemmas:

Lemma 8. Let G be an n-order unicyclic graph of mazimum degree at
mostn—2. Let x,y,y1 € V(G) provided that xy,yy1 € E(GQ), zy1 € E(G),
x has the maximum degree in G, and |Ng(x) N Ng(y)| = 1. Also, let
Ne(W)\Ng(z) :={z,y1,...,yr} withr > 1. If G’ is a new graph such that



V(G :=V(G) and E(G") :== (E(G)\{yy; : 1 <i<r}PHU{ay; : 1 <i<r}
(see Figure 1), then Z5(G) + MZ2(G) < Z2(G’) + ™Z5(G").

Figure 1. The unicyclic graphs G and G’ used in Lemma 8.

Proof. For any s € V(G) = V(G'), we assume that d; = dg(s). We define
O 1= Z5(Q) + "Z3(G) — Z2(G’) — "Z5(G"). We note here that d,, = r+2.
If Ng(z) N Ng(y)| = {w}, then we have

2 1 272 1
o— Z (dedu)*+1  (do +7)°dy +
ueNgG (z)\{w,y}

+ZT: <(T+2)2d5i +1 (de+7)%dy, + 1)

i (r+2)dy, (ds + 1)dy,
(de(r+2))*+1  4(ds+7)*+1
d.(r+2) 2(d, + 1)

B r(dy —2)(dy + 1+ 2)
2d,dy(r +2)(dy + 1)

Since the functions ¢ and v defined as

(tita)® +1 (b +13)*13+1
t1to (t1 +t3)t2

P(t1,ta,t3) =

((tz +2)t2)2 + 1 (t; +t3)%2 +1
,(/J(tlat27t3) = -
(t3 +2)ta (t1 +t3)t2

witht; > ¢; > 1,4 =2,3, and t; > 3, are strictly decreasing in t2, Equation
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(2) yields
2+1  (de+r)+1
eg(d"’”_2>< de (s +7) )
(r+22%+1 (dg+7r)?+1
—l—r( 7+ 2 B (ds + 1) )
(de(r+2))*+1  4(ds +7)*+1
de(r+2) 2(d, + 1)

B r(dy —2)(dy + 1+ 2)
2d,dy(r+2)(dy + 1)
_ U(dy, dw,r)
 2(r +2)(dy +1)dedy’ (3)

where ¥(d,,d,,,r) is equal to
r(dy — 2) (2(742 +2r — )dydy + di ((2r +4)d2 — (2r +3)) +dy + 7+ 2),

which is positive because d, > 3, d, > 2, and r > 1. Therefore, the
right-hand side of (3) is negative and hence © < 0, as desired. |

Lemma 9. Let G be an n-order unicyclic graph of mazimum degree at
most n — 2. Let x,y,y1 € V(G) such that zy,yy1 € E(GQ), zy1 € E(GQ),
x has the mazimum degree in G and |Ng(x) N Ng(y)| = 0. Moreover,
let No(y) =4z, 91,92, .., yr} withr > 1. If G' is a new graph such that
V(G') = V(G) and E(G') = (B(G)\{yyi : 1 <1 < rD)U{ayi 1 1< i <7},
then Z5(G) + ™Z2(G) < Z2(G') + ™Z2(G").

Proof. With the same notations as used in the proof of Lemma 8, we have

d2+1 (d;+7r)?+1
<(d, — 1) ="~ —
0 =(d )( dy dy + 1 )
(r+1)*+1 (dy+7)?+1
+7r —
r+1 dy + 7
(de(r+1))*+1  (de+7)*+1
dy(r+1) de +7

r(dy = 1)(rdy +dp — 1)
T (r+1)d,

<0, (4)
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because r > 1 and d, > 3. Therefore, (4) yields © < 0, as desired. [ |

For n > 3, let S;" denote the graph formed by adding an edge (between

any two vertices of degree 1) in the n-order star graph S,,.
Theorem 1. If G is an n-order unicyclic graph, then

An3® —4n? +1Tn — 21
4(n —1) ’

Z5(G) + "22(G) <

with equality if and only if G = S;.

Proof. Among all n-order unicyclic graphs, let G* be a graph such that
Z5(G*) + MZ2(G*) is maximum. Then

Z5(G) + ™Z5(G) < Z2(G*) + "Z2(GY). (5)

We claim that the maximum degree of G* is n — 1. Contrarily, suppose
that the maximum degree of G* is less than n—1. Let z,y,y; € V(G*) such
that zy, yy1 € E(G*), zy1 € E(G*), x has the maximum degree in G* and
|[Ng=(z)NNg=(y)] < 1. Moreover, let Ng«(y)\Ng=(x) := {z,y1,92, .-, Yr}
with > 1. If G’ is a new graph such that V(G’) := V(G*) and E(G’) :=
(E(GH\{yyi : 1 <i<r})U{ay; : 1 <i<r}, then by Lemmas 8 and 9
we have Z5(G*) 4+ MZ2(G*) < Z2(G’) + ™Z5(G"), a contradiction. Hence,
the maximum degree of G* is n — 1 and so it is isomorphic to S;". Thus,

4n® —4n® + 17n — 21

26" + "Ea(0) = T T (6)

Now, the desired inequality follows from (5) and (6). |

Theorem 2. Let G be an n-order connected graph of size |[E(G)| > 2.

Then a1 .
Z3(G) + "2:(G) > Z|E(G)\ — 3™

with equality if and only if G is either the path P, or the cycle graph C,,.

Proof. We take hi(x1,z2) = z172 + ——. Then, the function ® defined in

T1T2 "
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Lemma 1 becomes

M,7T2) = 1 79 2 nra 27“2 4 '

If ro > rqy > 2, then we have

(r1 — 2)(4r3 + 8r% — 1511 — 2)

> 0.
47“%

D(ry,re) > @(ry,1m1) =

If r; € {1,2} and ro > 3, then

3677 — 79, + 46

O(r1,re) > P(r1,3) = 2, > 0.

Hence, by Lemma 1, we have

31 7
Z5(G) + "25(G) > ?|E(G)\ -3

with equality if and only if G is either the path graph P, or the cycle
graph C,. ]

Remark. For |[E(G)| =n (|[E(G)| = n — 1, respectively) Theorem 2 gives
the best possible lower bound, in terms of only n, on Z; + ™25 for n-order
unicyclic graphs (n-order trees of size at least 2, respectively); remarks

similar to this one, hold for (forthcoming) Theorems 3, 4, and 5.

Theorem 3. Let G be an n-order connected graph of size |E(G)| > 2.
Then

SO(G) + "SO(G) > [(45\/5 —16V5)|E(G)| + (16V5 — 30v/2 )n] ,

3
20

with equality if and only if G is either the path P, or the cycle graph C,,.

Proof. We take h(zi,x2) = /22 + 23 + 21+ —. Then the function
TiTT
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defined in Lemma 1 becomes

B(r1,rs) = — (24\/5 (—2 _2 +2> +45v/2 <2 42 —3)

20 T2 1 T2 1

20
1204/r7 413 4 —— | .
VT T
If ro > rqy > 2, then we have

(r1 —2) (20v/2r; +48V/5 — 95V/2)

<I>(r1,r2) Z CID(rl,rl) = 20’[“1

> 0.

If 1y € {1,2} and ro > 3, then ®(ry, 7o) > ®(r1,3) > 0. Hence, by Lemma

1, we have the required inequality. |

Corollary 1. If G is an n-order unicyclic graph, then

9
2V2

with equality if and only if G is the cycle graph C,,.

SO(G) + "SO(G) >

n,

Theorem 4. Let G be an n-order connected graph of size m > 2. Then

13
FG)+RF(G) = (43m - 18n),

with equality if and only if G is either the path P, or the cycle graph C,.

Proof. We take h(z1,79) = 23 + 23 + Then the function ¢ defined

in Lemma 1 becomes

1
v
xi+trs

117 1 117 559

2 2
Plrre) =it og Y e Y ag, a0

If ro > rqy > 2, then

(r1 — 2)(80r3 + 1607 — 239r; — 10)

Q(ry,m2) > ®(ry,7m1) = 10,2
1

> 0.

If 1y € {1,2} and ry > 3, then ®(ry,r3) > ®(r1,3) > 0. Hence, by Lemma

1, we have the desired conclusion. |
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Corollary 2. If G is an n-order unicyclic graph, then

F(G)+RF(G) > % n,

with equality if and only if G is the cycle graph C,,.

Since the proof of the next result is similar to that of Theorem 4, we

omit it.

Theorem 5. Let G be an n-order connected graph of size m > 2. Then

1
21(G) +RZ:(G) >

(73m _ 22n),
with equality if and only if G is either the path P, or the cycle graph C,,.
Corollary 3. If G is an n-order unicyclic graph, then

1
2,(G) + RZ,(G) > {n

with equality if and only if G is the cycle graph C,,.

Theorem 6. If G is a graph having the maximum value of any of the
following indices over the class of all n-order k-cyclic graphs, then the

mazimum degree of G isn—1: SO+"S0, 21+ RZ,, F+RF.
Proof. The result follows from Lemmas 2, 3, 4, 5, 6, and 7. |
The next result follows immediately from Theorem 6.

Corollary 4. In the class of all n-order unicyclic graphs (n-order trees, re-
spectively), the graph S; (Sy, respectively) uniquely attains the mazimum
value of any of the following indices: SO +"S0O, Z, + RZ,, F + RF.

We end this paper with the remark that Theorems 2, 3, 4, and 5 remain

valid if we consider molecular graphs in these results.

Acknowledgment: This research has been funded by the Scientific Re-
search Deanship at the University of Ha'il - Saudi Arabia through project
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