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Abstract

The Randi¢ index is a popular topological graph index that mea-
sures the extent of branching of a graph. It has many applications
in chemistry and network data analysis. In this paper, we study
the limiting distribution of the Randi¢ index in a random geomet-
ric graph. We prove that the centered and scaled Randi¢ index
converges in law to an infinite sum of functions of independent chi-
square random variables. It is interesting that the limiting distribu-
tion is not the standard normal distribution as in the Erdos-Rényi
random graph case. However, the Randi¢ index of the random geo-
metric graph is asymptotically the same as the Erdés-Rényi random
graph.

1 Introduction

A network or graph consists of a set of nodes or vertices and a set of
edges. Edges in a graph represent interactions between nodes. Networks
are widely used to understand many real-world problems [7,21]. Networks
can be employed to investigate the relationship between papers, authors,
and scientific work [23]. In biology, network is used to detect gene-gene

interactions [9]. In sociology, networks are used to model relationships
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among social actors and study dependence structures among social units
[22].

The Randié¢ index is a summary statistic that measures the extent of
branching of a network [4,24,25]. It has been used to understand quanti-
tative structure-property and structure-activity relations in chemistry and
pharmocology [25,26]. The Randi¢ index also finds many applications in
network data analysis. For example, it is used to measure how hetero-
geneous the degrees of the nodes are [14,15]. It is also used to measure
robustness of networks [11,12] and quantify similarity of networks [15,16].
Moreover, the Randi¢ index has many interesting mathematical proper-
ties [5,6,8,10,18].

One of the important research topics is to study the Randi¢ index
in random graphs. Recently, [1,19,20] perform simulation studies of the
Randi¢ index in the Erdés-Rényi random graph and a random geometric
graph. It is observed that the Randi¢ index is approximately equal to
one half of the number of nodes in the graph [1, 19, 20]. [2] conduct a
simulation study of the relationship between the Randi¢ index and the
Shannon entropy in a random geometric graph. [28,29] derives the limit
and asymptotic distribution of the Randi¢ index in a heterogeneous Erdés-
Rényi random graph.

In this paper, we are interested in limiting distribution of the Randié¢
index of a random geometric graph. In this random geometric graph,
each node is independently assigned a position in the unit sphere and an
edge exists between two nodes if and only if their distance is less than
some pre-specified constant. The random geometric graph can capture
the dependence structure and inherent geometric features of many real
networks [13,17]. Due to dependence of edges, it is more challenging to
theoretically analyze the Randi¢ index of the random geometric graph. We
prove that the centered and scaled Randi¢ index converges in distribution
to an infinite sum of functions of independent chi-square random variables.
This result is different from that in the Erd6s-Rényi random graph, where
the limiting distribution is the standard normal distribution [29]. More-
over, we show that the Randi¢ index is asymptotically equal to one half of

the number of nodes in the random geometric graph, which is the same as



769

in the Erdés-Rényi random graph [28,29]. In this sense, the Randié¢ index
itself cannot detect geometry in a network, but its limiting distribution
can be used to detect geometry. This highlights the necessity to study
asymptotic properties of the Randi¢ index in random graphs.

The structure of the article is as follows. In Section 2 we present the
main results. In Section 3, we present the proof.
Notation: We adopt the Bachmann-Landau notation throughout this
paper. Let a, and b, be two positive sequences. Denote a,, = O(b,,) if
c1by, < an < coby, for some positive constants cj,ca. Denote a,, = w(by,)
if lim,, o0 ‘Z—: = oo. Denote a,, = O(b,) if a, < cb, for some positive
constants c¢. Denote a,, = o(b,,) if lim,,_, ‘Z—: = 0. Let X,,, X be random
variables. Then X, = X means X, converges in distribution to X as n
goes to infinity. Denote X,, = Op(a,) if 2= is bounded in probability.

Qn

Denote X,, = op(ay) if Xu converges to zero in probability as n goes to

an

infinity. Let E[X] and Var(X) denote the expectation and variance of a

random variable X respectively. P[E] denote the probability of an event E.
exp(z) denote the exponential function e”. For positive integer n, denote
[n] = {1,2,...,n}. Given a finite set F, |E| represents the number of
elements in E, E€ represents the complement of the set E. For a positive
integers i, j, k, i # j # k means i # j,j # k, k # i. Given positive integer
t, Z“##m#t means summation over all integers 41,42, ..., in [n] such
that [{i1,72,...,%}| =t. > ; _;,....;, Mmeans summation over all integers
i1,42,...,% in [n] such that i1 < iy < .-+ < 4;. [[F] is the indicator
function of an event E, that is, I[E] =1 if E occurs, I[E] = 0 otherwise.

2 Main result

Given a positive integer n, an undirected graph on V = [n] is a pair G =
(V,E), where £ is a set of edges. An edge e € £ is a subset of V such that
le] = 2. The elements in V are called nodes or vertices of the graph. A
graph can be conveniently represented as an adjacency matrix A, where
A;; = 1if {i,j} is an edge, A;; = 0 otherwise and A;; = 0. Since graph
G is undirected, the adjacency matrix A is symmetric. The degree d; of

vertex 4 is the number of edges that connect it, that is, d; = > y Ajj.
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If A;;(1 < i < j < n) are random variables, the graph is said to be
random. The most popular random graph is the well-known Erdés-Rényi
random graph, where A4;;(1 < ¢ < j < n) are independent Bernoulli
random variables with success probability p. Next we introduce a variant
of the Erdés-Rényi random graph—the random geometric graph, which is
relevant to the modelling of real networks with geometry and dependence
structures [13,17].

Definition 1. Let n,m be positive integers and r be a positive real num-
ber. Let X = (Xi,...,X,) be a vector of independent and uniformly
distributed random variables on the unit sphere S™. The random geomet-

ric graph G(n,m,r) is defined as follows:
Ay =I[[|Xs = Xjll2 <7], i<y

where Aj; = A for 1 <i<j<mand A; =0fori=1,2,...,n.

In G(n,m,r), the vector X models the latent position of each node in
the unit sphere. The presence of an edge between two nodes depends on
their distance. If the distance between two nodes is less than r, then an
edge exists between them. The parameter » models the sparsity of the
random graph. Larger r produces a graph with more edges and smaller r
leads to a graph with less edges. If » > 2, then the graph is the complete
graph, that is, there is an edge between every pair of nodes. If » = 0, then
there is no edge in the graph. Due to the random latent position vector X,
A;;(1 < i< j < n) are not independent. It is therefore more difficult to
study properties of G(n,m,r) than the Erdés-Rényi random graph. More

general random geometric graphs can be found in [13,17].

Definition 2. The Randié index of a graph G = (V, €) is defined as [24]

1

{i,j}€€

The Randi¢ index in random graphs has been widely studied [1,3,19,
20,28,29]. Especially, [28,29] derives the limit and asymptotic distribution

of the Randi¢ index in a heterogeneous Erdds-Rényi random graph. It is



771

shown that the scaled and centered Randi¢ index converges in distribution
to the standard normal distribution [28,29].
In this paper, we study limiting distribution of the Randi¢ index in the

random geometric graph G(n,m,r).

Theorem 1. For the random geometric graph G(n, m,r) with fized m and

constant r € (0,1), we have
(o]
1617 (R — E[Ry]) = Y A;(Z7 — 1),
j=1

as n goes to infinity, where

E[R,] = g (1 +0 (;)) :

w = P(|X1 — Xsl|l2 £ 1), Z; are independent standard normal random

variables and \; are the eigenvalues of the kernel function g(x1,x2) defined

g(z1,22) = 2E [I[d(xl,xg,) < P I[d(X3, Xa) < r]I[d(Xa, 22) < 7“]]
—uE [I[d(xl,Xg) < P Id(X3,22) < r]]
Moreover,
Ry = g(1+0p(1)).

Remark. Let F be the uniform distribution on S™ and Ly(S™, F) be the
space of square-integrable functions. For a symmetric function f(x1,22) €
Lo(S™, F), define an operator T' as

7)) = [ Fena@)dF). g€ LaE" F).
The eigen-vectors g; and eigen-values \; of T is defined as
T(gi) = Xigi-

According to Theorem 1, the centered and scaled Randié¢ index of the
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random geometric graph G(n,m,r) converges in distribution to an infinite
sum of functions of independent chi-square random variables. However, in
the Erdés-Rényi random graph, the centered and scaled Randié index con-
verges in distribution to the standard normal distribution [29]. This result
signifies the difference between the random geometric graph G(n,m,r) and
the Erdés-Rényi random graph.

Moreover, the Randi¢ index of the random geometric graph G(n, m, )

n

is asymptotically equal to 3, that is,

Rn=—=(14o0p(1)).

|3

This result theoretically confirms the empirical observation obtained in
[1]. Note that the Randi¢ index in the Erdés-Rényi random graph is also
asymptotically equal to § [28,29]. In this sense, the Randi¢ index itself
cannot distinguish the random geometric graph G(n, m,r) from the Erdds-
Rényi random graph. However, its limiting distribution can detect the
geometry in a network. This highlights the necessity to study limiting
distribution of the Randi¢ index in random graphs.

Due to the dependence of edges in the random geometric graph G(n,m,
r), the proof of Theorem 1 is more challenging than in the Erdés-Rényi
random graph case. Our proof strategy is to express R, as a sum of
leading term and reminder term, followed by showing the leading term
is a degenerate U-statistic and the reminder term is negligible. Since the
limiting distribution of degenerate U-statistic is known [27], then the proof

is complete.

3 Proof

For given indices i < j, denote dy(;y = 14314, iy Au and dj(;) = 1+
Zl¢{i’j} Aji. For convenience, we still write d;(;) as d;. Then the Randi¢

index of a graph G can be written as

A
Rn = E o . (2)
i<j V did;
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Before prove Theorem 1, we provide a lemma first.

Lemma 1. Let a,, = logn and €, = (logn)~3. For the random geometric

graph G(n,m,r), we have

np

P(dydy < e,n?p?) = e an (o),

Proof of Lemma 1. Recall that we denote d;(j) = 1+ >7;4(; -y Au and
djiy =1+ Zlg{i,j} Aji, and we still write d;(;) as d; for convenience. Note
that

Z Ay Z Ay | = Z AiAj + Z AirAjr.

1¢{i.5} 1¢{i.5} k. l¢{i.g}.k#l k¢ {i.g}

Simple algebra yields

did; = (1+ Z Ai)(1+ Z Ajk)

k¢{ig} k¢{i,5}
= 1+ Z Aik + Z Ajk
k¢{i,j} k¢{i,i}
+ Z AikAjl-F Z AikAjk- (3)
klg{i,j} k#l k¢{ig}
Then
P(didy < epn®p?) < P Z A Ao < enn®u®

kl¢{1,2},k#l

n
an

< P Z i A Ay < enn?u? | . (4)

k=3 l=2+1

We claim that Aj;, (3 < k < n) are independent. To see this, we use
the moment generating function to prove that Ai3, A14 are independent.
Since X1, Xo, ..., X, are independent and uniformly distributed on sphere
S™, then

P (X1 — Xilla <7v|X1) =p, i€{2,3,4,...,n}.
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The joint moment generating function of A3, A14 is equal to

[et1A13+t2A14}
{]E {etlf[uxrxgnzgr]’)(l} E {etgf[\\xlfxuhg] |X1} }

[(etlu +1—p)[(ep+1- u)}
[etlAlg] E [etzAM} s t1,t2 € R. (5)

Hence A;3, A14 are independent. Similarly, we can prove Aj; (3 <k < n)

are

independent.
Moreover, A1 (3 < k < n/a,) are independent of Ay (n/a, +1 <

I <n). Let S be a subset of {3,4,..., -} and 6, = (logn)~!. Denote
AlS = {A1k|k S S} Then

P (i 2": A1r Ao < €nn2,u2)

—3]=_n_
k=31=1 11

nén n_
= z": Z P (Z Z A Ao < enn2,u2’Als =1,A,5¢c = 0)

t=1 |S|=t k=3 1= +1
n

xP(A1s =1,A;4¢ =0)

+ z": Z P (i: Z A1l < €nn2,u2’A1s =1,A,4c = 0)

t=n0n y1|SI=t \k=3l=g% +1

xP(A1s =1,A;4¢ =0)

nén

z": Z P(Ais =1,A,45c =0)

t=1 |S|=t

+ in: Z P (i Z AgAg < en’p?|Ais =1, A 5c = 0) .

t=ndn 1 |S|=t k=3 1= 41

IN

(6)
Note that for ¢t < aﬂ, we have

> P(Ais=1,A150 =0) = (at")/it(l —p)an b < el
S| =t
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where

f@®) —tlog— —tlogt+t+tlogu + ( —t) log(1 — p).

n

The derivative of f(t) is equal to

() = log —E_ _logt,
f(@) Sai—p) %

Recall that f(¢) is increasing if f'(¢) > 0, and f(¢) is decreasing if f'(¢) < 0.
When ¢t < %, it is easy to verify that f’() > 0. Hence f(t) is

increasing if ¢t < m Then for ¢t < ®n < W’ we have
ro < (™ <75 lo L+ﬂ—ﬁ =~ u(1 +o(1)).
- an, g5 (1—p) an, an'u ,u
Hence
Z D P(Ays =1, Agc = 0) < e an D), (7)
t=1||=t

On the other hand, given ai <t < 2 and [S| =t, we have

n

an

P Z Z A1 Ay < en®p?|A1s = 1,A15¢ =0
k=31=2 41
i EnT 2
= P Z Ag <
=241
ennan
< P Z Ay < omant ) (8)
= 11

Let k be a non-negative integer less than M Then

n 1
P TR AL C ) b W SRR BT
Z 21 k M ( lu) n >~ € )

=2 41
an
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where

1
g(k) = klog (n (1 - a)) —klogk 4k + klog u

n

- (n (1 - aln> - k) log(1 — p).

The derivative of g(k) is equal to

1
n(l—a)ﬂ

g (k) = log —logk.
L—p
n(l— L n(1— L
Then g(k) is increasing if k < (1?‘1:)# For k < 6’””5‘2"“2 < (11_“; )“, we
have
€ Np 12
gk) < g T
2 2
EnNAy [ 1 EnNCnp [ 1
< log e T —nu(l—)
On (1 — ﬂ)%inn On Gn
= —np(l+o(1)).
Then
n 1
nl—-=- n 1y
Pl Y Au=k| = ( ( “")>Mk(1—ﬂ) (=an)—h
=2 +1
< efn,u(lJro(l)).
Hence,

n 2 9
P Z Azl < EpNap L < €nn;n:u e—nu(l-‘rt)(l)) _ e—nu(l-‘,—o(l)). (9)

J
=241 "

By (4), (6)-(9), the proof is complete.
|

Proof of Theorem 1: For convenience, we denote A;; = A;; — E[A4;;],
p = E[A;;] and let b, = E[d;] = 1+ (n — 2)u. Given i < j, denote



T

Eldid;] = 1+2(n—2)u+ (n—2)(n—-3)u" + (n—2)p
= 14+2(n—2)u+ (n—2)%u
= E[4]E[d)] (10)

By (10), straightforward calculation yields

did; — E[did;] = did; — E[d;|E[d;]

By Taylor expansion, we have

Aij(did; — E[d;d;])
Z _72 J J - J
v/ E dd 2

i<j 1<j (]E[dldj]) :

43 3 Aij(did; — Eld;d;])?
8 1<J (E[dldﬂ)i

5 3 Aij(did; — Eldid;])°
16453 Z

; (12)

where Z,; is between d;d; and E[d;d;]. Then

Ry — E[Rn]
B 1 < 4ij(didj — Eldid;]) — E[A;(did; — E[d;d;])]
; 2 ; (Eldid;])*
3 Aij(didj — Eldid;])* — E[Ayj(did; — E[did,])?]
s ; (Eld;d)*
5 Aij(did; — E[d;d;])?
16 &~ 73

1<J

5 Ayj(did; — Eldid;))®
i p: |
i<j ij

: (13)

Next we isolate the leading terms in (13).

Consider the last two terms of (13) first. Let ¢, = (logn)~2 as
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in Lemma 1. It is easy to get

[ Aii(did; — Eld;d;])3
E Z ]( J ; [ ]])
L i<i Zij
A d. — 113
S E Z A1]|d7fd.7 ZE[dZd]H I[sz 2 €nn2]
i<i Z;
A.ld.d: — Eld.d.13
+E [ il 5 did] 1[Zi; < enn®] | . (14)
i<j ij

By a similar argument as in Lemma 3.2 of [30], we have E[d?*] = O(n®)

for positive integer s. By (11) and the Cauchy-Schwarz inequality, one has

E[|did, ~Bla,d)*] < 3° (BIBE| +EIES +EIE3)

< 3 <\/E[d?]E[d§]+\/E[d?]b;°;+ ]E[d?]bf;)
= O(nS\/nﬁ).
Hence
Nd.d. — d:113 El|d;d; — E[d;d;]|?
B |y duldids “ B o ) oy Elldid — Bldid]P]
i<j Zij i<j ean’

o(Ly)
Vneq

Suppose Z;; < e,n®. Note that €,n? = o(n?) and E[d;d;] = ©(n?). If
Zi; < d;d;, then Z;; cannot be between d;d; and E[d;d;]. Hence Z;; >
d;d;. Moreover, d;d; > 1. Then by Lemma 1, we get

Ayjldid; — Eldid;]?
Z J‘ J _ [ ]” I[Zij<enn2]

. 2
Li<i Z

< B> Ayldid; — Eldid;)[*Idid; < e,n”]

1<j
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n® max]}’(didj < €,n?)

IN

s

= e logn(lJrO(l)). (16)
Combining (14), (15) and (16) yields

A did; Aij(did; — E[d;d;])?
-y E[did;])* *E[Z ( [ ])}

7
2 . 2
1<j Z 1<J Zij

= op(1). (17)

Now consider the first two terms of (13). By (10) and (11), we

have

A;i(d;d; — El|d;d; A;id;id; A (d; +d;
Z J( J [% ]]):Z Jb3 J+Z J(b2 J). (18)
i<j (Eldid;]) i<j o i<j n

Since A;; is independent of d; given X;, then
and

i<j n

Moreover, simple algebra yields

Z A”(dgz—F dJ) _ Z Az](dz + dJ) i Z ,u(di + dJ) . (19)

i<j n i<j n i<j
It is easy to verify that

i<j n i<j

Note that




2 A OB

The first term of (19) is equal to

/L CL’ +d,; 2 - - -
Z 7']( b2 ]) == biz Z (A”Alk + AjiAjk + Aszk]) (22)
i<j n ni<j<k

The first term of (18) can be written as

Ai;d;d; 1
S LS g 3 A
i<y " b i#jAk#l " itj#tk
% Z AzkAjl + Z AlkAjk
On iz (it
Then

Aigdid, Aydd;
Z Jb3 *—E Z Jb;%l :

i<j n i<j
= Z A A Ay + 5 0 Z (AijAikAjy — EB[Aj; Ak Aji))
Zséaséksél " itj#tk
% Z Alk?A]l + 3 Z AzkA]k (23)
it kAl " itj#tk

We show the last three terms of (23) are op(1). Note that

2
1 - 1 i1
2l X i) | = ¥ Eludidandin]
" itjtk oiEjEk
i1#J1#£k

If ¢ & {i1,71, %1}, then X, is independent of Xy, X;, X;,, X,,, Xk, . Recall
that E [ka|Xk] = 0. Then

E [AiAjk iy, Ajik, | = E[ [Air| Xi] A; AnklAhkl] =0.
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Hence 7 € {il,jl,kl}. Similarly, Jj e {il,j1, kl} Since |AikAjkAi1k1Aj1k1|
<1, then

s | - o)) e

" itk

Similarly, it is easy to get

1 _ 1
Ellw Z A Ay = O(nz) (25)

" i jAkA

The second moment of the second term of (23) is equal to

2

1 I o
E = Z (AijAinAjr — E[A;j AiAjy))

" itj#k
1 o -
= 6 >, E[(AiinkAjk — E[A;; AinAji))
" iAjAk
i17£j17k1
X (Ailjlfiilklfijlkl - E[Ailjl Ailklfijlkl])} .

If {Z,j,]f} n {il,jlakl} = @, then AiinkAjk and Ai1j1Ai1k1Aj1k1 are
independent. Hence

E[(z‘_lij/_lik/_ljk — E[Aj; A Ajr])

X (Ailjl Ailkllejlkl - E[Ailjl Ailklfijlkl])} =0.

Then [{i,J,k,i1,71,k1}| <5 and

2
E ([)13 Z (AiinkAjk - E[AiinkAjk])) =0 <Tll> . (26)

it jtk
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1 Aij(did; — Eldid)])
; \/W 2 ; (Eldid;]) ?

1 o o o
= > (Aiink-f-AjiAjk-f-AkiAkj)—F > AyAgdy

nici<k Nt itkAl
1
(0] — . 27
+ p( ﬁ) (27)

Now consider the third term of (13). By (10) and (11), we have

T Aqj(did; — Eldid;])*> 3 Aijdi 3 'y 24;jd;d;(d; 4 d;)by,
5 - 5 5
i<i (Eldid;))* = i< b
Aii(ds + )8
+Z—J( = i) b (28)
i<j n

Note that 0 < A;; < 1. By the Cauchy-Schwarz inequality, one has

B E[d/|E[d}]
A, dzd= VRS, (1) (20)

Z zjbsz J S Z bg

1<j i<j

Ai;d2d;b,

13"

b

E

>

i<J

n

E[d}]E[d]
] Szb‘l_0<\/17€>' (30)

i<j n

Then the first two terms of (28) are op(1).
Now we study the third term of (28). Straightforward calculation yields

3 Ay (di + d;)*b7,

b5
i<j n
Ayyd; Aijdid;
= DGt R
iz " i

Ay;d? Ay dd d (L i
_ Z b]3 i +Z ] ZM o T (31)

i#j " i#j ] bn ]
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Next we get the leading terms of (31). Note that

d? — IE d?] A A A2 — IE A
Z 1% (1 Z Mk Al zk il Z A — L pAG | Iz zk:} (32)
i#j i#jEkAL b i#j#k
It is easy to get

Z MAzkAzl: n—3)u Z ZkAzl (33)

i#jAhAL g On

2

E{l Y (AT, — E[AG]) :o(é), (34)

ik

pd;d; pAig Ay pAin Ak _ 1
Z 3 Z b3 + Z b3 - OP n ) (35)

% U aa U itk "

Ayd? A A Ay Ay A% 1
Z bji% = Z : % + Z ;)3 OP(\/ﬁ)? (36)

i itithA itk "

SN

A;idid; Aij Ak Ay
DT Y Tt 3 Aududi (37)
it " itigipr  On i#j#k
By (13), (17), (27), (28)-(37), we get

1 AjjAgA; 1
Rn—E[R.] = ¢ > S Z
TSI o

op(1).(38)

Next we derive the asymptotic distribution of the first two terms of
(38) by showing the first two terms of (38) is a degenerate U-statistic. Let
d(X1, Xa) = [| X1 — Xa|2,

hl(X17X2,X37X4) = (I[d(Xth) S 7‘] — ,u) (I[d(X&Xz;) S T} - ,u)
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—_— — — —_ — —_ — — — — —
=1 3 =3 3 = 3 3 3 3 =1 3
| _ _ _ [ _ [ | _ [ _

= = = = = = = = = = =

VI VI VI VI VI VI VI VI VI VI VI

= ) 0 = 0 =) = > - = =
> < > > > < > > > > >
<f [a] <f (] [ap] — <t — o — [a]

= X X X KX X K X X X X
=, =, =, =, =, =, =, =, =, =, =,

) = ¥ ) =t ) o ) o= o =

o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~~~ o~~~ o~~~

(39)

and

hQ(Xla X27X3a X4)

(I[d(Xl,XQ) < 7"] — ,u) (I[d(XQ,XB) < 7"] — ,u)
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s T s s s s s s s s s

~ o~ o~ o~ o~ o~ o~ o~ o~~~

Y N N N~ N N N N N N N

~— O Y Y N N~ S~
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> (X, X5, Xi, Xi), (41)
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and

(42)

> ha(Xi, X5, Xe, X0).
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Let h(X;, X, Xi, X1) = (X5, Xj, Xi, Xi) — pho( X, X, X, X1).

bining (38), (39), (40), (41) and (42) yields

(43)

(nUn) + op(1),

(i)

Anb?

Rn —E[R,]

where

> h(Xi, X, Xp, X).

1<j<k<l

v
(1)

Next we show U, is a degenerate U-statistic. It is easy verify that

U, =

0,

E[h(X1, X2, X3, X4)]
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E[h(X1, X2, X3, X4)|X1] = 0.

Let
g(x1,22) = E[M(X1, X2, X3, X4)| X1 = 21, Xo = 23],

g1(z1,22) = E[h (X1, X9, X3, X4)| X1 = 21, Xo = 22,
g2(x1,x2) = E[ha(X1, X2, X3, X4)| X1 = 21, Xo = 2]
Straightforward calculation yields
g(x1,72)

= g1(x1,72) — ga(w1, 72)

= 2E[(I[d(m1, X3) < 1] — p) (Id(Xs, X4) < 7] — o)

< (I[d(X 4, 3) < 7] — u)]

2 [ (I[d(r, Xs) < 1] = 1) (1[d( X3, 22) < 1] = )|
= 9E [I[d(wl, X3) < r)I[d(Xs, X4) < rI[d(Xy, z2) < r]]

“OuE [I[d(xl,xg) < Id( X3, 22) < r]}.

Since r € (0, 1), there exists positive constant € such that (2+¢)r < 2. For
X1, xo satisfying 2r < d(z1,x2) < (2 + €)r, we have

E[I[d(:pl, X3) < r)I[d(X3,22) < 7] =0,

but
E[I[d(xl,xg) < Id(X3, Xa) < r)I[d(Xa, 22) < 7]| > 0.

Let B = {2r < d(X1, X3) < (2+ €)r}. Since
E|9(X1, Xo)I[E] + g(X1, X2)[[E*]| = E[g(X1, X2)] = 0,
then
E[g(X1, X2)I[E]] = —E|g(X1, X2)T[E°]].

Note that P(E) > 0 (Lemma 36 in [17]). Then the variance of g(X7, Xs)
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can be bounded as follows

Varlg(X1, Xa)] = Var[g(X1, X2)I[E] + (X, Xz)I[E]
> 2000 (9(X0, Xa)I[E]. g(X, Xo)I[E7])
- 72]E{g(Xl,Xg)I[E]}E[g(Xl,XQ)I[EC]]
= 2(E[g(X1,X2)I[E}D2 > 0.
Hence, U, is a degenerate U-statistic. By the result in Section 5.5.2
of [27],
nU, = 6§:Aj(zj —-1),

Jj=1
where Z; are independent standard normal random variables and A; are

the eigenvalues of the kernel function g(x1,z2). By (43) and the fact

4(72*23 = 961u3 (14 o(1)), the proof is complete.
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