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Abstract

For a given graph G, let GU ) denote the graph obtained by the
deletion of vertex v; from G. The difference &(G)—&(GY)) quantifies
the change in the energy of G upon the removal of v;, termed as the
local energy of G at vertex vj, as defined by Espinal and Rada in
2024. The local energy of G at vertex v is denoted by £g(v). The
local energy of the graph G, therefore, is the summation of these
vertex-specific local energies across all vertices in V(G), expressed
by e(G) = Y &c(v). Two graphs of the same order are defined
as locally equienergetic if they have identical local energy. In this
paper, we have investigated several pairs of locally equienergetic
graphs.

1 Introduction

Let G be a graph with vertex set {vy,va,...,v,}. If there is an edge
between two vertices of G, we say they are adjacent. The adjacency matrix
A(G) of G is defined such that a;; equals 1 if vertices v; and v; are adjacent,
and 0 otherwise, for 7,5 = 1,2,...,n. The eigenvalues of A(G) are called
the eigenvalues of G. The energy &(G) of the graph G is defined as the

sum of the absolute values of its eigenvalues. The concept of energy was
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introduced by Gutman [5] in 1978. A more in-depth understanding of
graph energy is provided in [1,3,6,9].
Let GU) be the graph obtained from G by deleting vertex v;. The
quantity
&(Q) — &(GW))

represents the variation in the energy of G when vertex v; is deleted. This
variation is called the local energy of G at vertex v; and is denoted by
€c(vj). Espinal and Rada [4] have shown that Eg(v;) < 24/d;, where d;
is the degree of vertex v;. Moreover, &g(v;) = 24/d; if and only if the
connected component of G' containing v; is isomorphic to a star tree with
v; as its center.

The local energy of graph G is defined in [4] as

e(G) = Z Ea(v).

veV(G)

Espinal and Rada [4] have obtained the local energy of several known graph

families as follows:

1. e(Kp) =2n

T Q .
2n —2ncot — +4ncot —, if n =0 (mod 4)

2n 2n
7T 71' .

2. e(Cn) =< 2n —2ncot — +4ncsc —, if n=2 (mod 4)
2n 2n

2n, ifn=1 (mod 2)

3. e(Kpq) = 2(p+a)ypq — 2p/(p — 1)g — 2¢/(g — 1)p

As it is seen that K, and C,, have equal local energies for odd integer n.
This observation raises a natural question: Are there other pairs of graphs
with equal local energies?

In this paper, we introduce the concept of locally equienergetic graphs,
then we give locally equienergetic graphs under disjoint union operator.
Furthermore, we present an exhaustive listing of all pairs of locally equi-

energetic graphs of order less than 11. Our findings reveal that the only
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pair of locally equienergetic simple, undirected, and connected graphs is
(K, Cy) for odd n < 11.

The paper is structured as follows. In Section 2, we examine the behav-
ior of local energy under the disjoint union operation. Section 3 provides
a comprehensive list of all locally equienergetic graphs of order less than

11. Finally, we conclude our study in Section 4.

2 Local energy of disjoint union

The local energy of the disjoint union of two graphs is equal to the sum of

the local energies of the two individual graphs.
Theorem 1. Let G and H be two graphs then e(GU H) = e(G) + e(H).

Proof. Let G and H be two graphs with adjacency matrices A(G) and
A(H), respectively. The adjacency matrix of the disjoint union of G and
H, denoted G U H, is given by
AG 0
A(GUH) = (@) .
0 A(H)

The local energy of the graph G U H is given by

e(GUH) = > Ecunlv)
veEV(GUH)
= > &eun)+ > Eaun(v
veV(G) veV (H)

= > &GUH)-&G"UH)
veV(G)

+ ) E&GUH)-EGUHY)
veV(H)

= > &@ H) - &(GY) — &(H)

veV(Q)
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This completes the proof. |

3 Locally equienergetic graphs

Two graphs G; and G5 of the same order are defined as equienergetic if
E(G1) = &(G2). More results related to equienergetic graphs are given
in [2,7,8,10]. Extending this concept, we introduce the notion of locally
equienergetic graphs. Two graphs G; and G of the same order are said
to be locally equienergetic if e(G1) = e(Gs2). By applying the preceding
theorem, we now construct locally equienergetic graphs composed of unions

of complete graphs K.

Theorem 2. Let n € Z™ and suppose n can be decomposed as n = ny +

ng + -+ +ng. Then, the local energy of the complete graph K, is
e(Ky) =e(Kp, UKp, U---UK,,).

Proof. Tt is known that e(K,) = 2n for the complete graph K, with
n vertices. Let n = n; + ny 4+ -+ 4+ ni and consider the graph K,, U
K,,U---UK,,, which represents the disjoint union of the complete graphs
K,,, Ky,,..., K,,. By the additivity property of local energy over disjoint

unions, we have
e(Kp, UK, U-- UK, ) =e(Kn,)+e(Kp,) + - +e(Ky,).
Since e(K,,) = 2n; for each i, it follows that

e(Kn, UK, U-- UK, ) = 2n1+2ns+- - -+2ng = 2(ng +ng+- - -+nyg) = 2n.
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Therefore, we conclude that
e(Ky)=e(Kp, UK, U---UK,,),

which completes the proof. |

To record the construction of the simplest locally equienergetic graphs,

we present the following corollary.

Corollary 1. For all k € Z" such that 2 < k <n — 2, we have
S(Kn) = G(Kn_k U Kk)

Example 1. The following graphs of same order have same local energies:
a) e(Ky) = e(Ko U K>)
b) e(K5) = e(K3U K3)
c) e(Kg) =e(KsUK3) =e(K3UK3) =e(KyUKyUKy)

Given that e(K,) = 2n for all n > 2 and e(C),) = 2n when n is odd,
we conclude that K,, and C,, are locally equienergetic for odd n. For
convenience, we define the local energy of the trivial graph K; (a single
isolated vertex) as zero, i.e., (K1) = 0. This definition implies that adding

an isolated vertex to any graph G does not alter its local energy:
e(GUK7) = e(Q). (1)

Based on an exhaustive computer search for all graphs of order < 10,
we have identified the following sets of locally equienergetic graphs. Their
proofs directly follow from Theorem 1, Theorem 2, Corollary 1 and Equa-
tion (1). Let P, denote the path graph of order n, and S,, denote the star
graph of order n.

Proposition 3. The only locally equienergetic graphs of order 4 are Ky
and Ko U K, i.e., e(Ky) = e(Ko U Ky).

Proposition 4. There are 2 classes of locally equienergetic graphs of order
5:
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(Z) €(K5) = 6(K3 U Kg) = 6(05)

(’LZ) €(K4 @] Kl) = e(Kg UKyU K1)

Proposition 5. There are 3 classes of locally equienergetic graphs of order
0:

(Z) G(KG) = €(K4 U KQ) = e(K3 U Kg) = €(K2 @] K2 @] KQ)
(ZZ) €(K5UK1)=€(K3UK2UK1):€(C5UK1)
(’L’LZ) €(K4UK1 UKl):e(KQUKQUKl UKl)

Proposition 6. There are 5 classes of locally equienergetic graphs of order
7:

(Z) €(K7) == 6(K5 U KQ) == 6(K4 U K3) == 6(K3 U K2 U KQ) = 6(07) ==
6(05 UKQ)

(’LZ) G(KG UKl) = €(K4 UK2 UKl) = 6(K3 UK3 UKl) = G(KQ UKQ U
Ky UKy)

(Z’LZ) €(K5 U K, UKl) = e(K3 UKy UK, UKl) = 6(05 U K, UKl)
(ZU) 6(K4 UK1 UK1 UKl) = 6(K2 UKQ UK1 UK1 UKl)
(U) €(K4 UP3) = e(K2 U Ko UP3)

Proposition 7. There are 12 classes of locally equienergetic graphs of

order 8:

(Z) e(Kg) = e(KG @] KQ) = 6(K5 UKS) = 6(2K4) = 6(2K3 UKQ) =
6(05 U Kg) = 6(4K2)

(ZZ) €(K7UK1) = €(K5UK2UK1) = €(K4UK3UK1) = €(K3U2K2UK1) =
6(07 U Kl) = 6(05 UKy U K1)

(ZZZ) €(K6U2K1) = €(K4UK2U2K1) = €(K3UK3U2K1) = 6(3K2U2K1)
(iv) €(K5 @] 3K1) = €(K3 UKyU 3K1) = 6(05 U 3K1)

(’U) 6(K4 U 4K1) = 6(2K2 U 4K1)
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(Ui) €(K4 UP3U Kl) = €(2K2 UP3U Kl)
(vii) e(K4UCy) = e(2K2 U Cy)

(viti) e(K4 U CY) = e(2Koy U CY), where Cj is the graph of 4-cycle with a

diagonal.
(ZCL') 6(K4 @] 54) = 6(2K2 U 54)
(.1’) €(K4 U P4) = 6(2K2 U P4)

(zi) e(K4UPy) = e(2K2 U Py), where Py is the graph with 3-cycle with a

tail.
(CE’LZ) €(K5 U P3) = G(Kg UKyU Pg) = 6(05 U P3)

A similar classification of locally equienergetic graphs exists for orders

9 and 10. Summarizing our exhaustive search, we establish the following:

Corollary 2. There exists no simple, undirected, and connected locally

equienergetic graph of order n < 10 except the pair (K,,C,) for odd n.
This observation leads to the following conjecture:

Conjecture 1. There exists no simple, undirected, and connected lo-
cally equienergetic graph other than the pair of locally equienergetic graphs
(K, Cy) for odd n.

4 Concluding remarks

In conclusion, this paper has explored the structure and properties of lo-
cally equienergetic graphs, providing significant insights into the concept of
local energy in graph theory. The introduced concept of locally equiener-
getic graphs has potential implications for the analysis of graph robustness,
particularly in contexts where the impact of vertex removal is relevant,

such as network resilience and vulnerability assessments.
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