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Abstract

Let G = (V (G), E(G)) be a graph with adjacency matrix A(G).
The energy E(G) of G is defined as the sum of the absolute val-
ues of eigenvalues of A(G). An open problem posed by Gutman is
to determine how to change the energy of graphs when an edge is
deleted or added. In this paper, we prove that, for a bipartite graph
G and e ∈ E(Gc), if each cycle Ci of G+ e containing e has length
|V (Ci)| ̸≡ 0 (mod 4), then E(G) < E(G + e), where Gc is the com-
plement of G. We also prove that, for a tree T and e = uv ∈ E(T c),
if the unique cycle C of T +e satisfies |V (C)| ≡ 0 (mod 4) and there
exists a pendent vertex of T + e adjacent with one of vertices of C
different from u and v, then E(T ) < E(T + e).

1 Introduction

Throughout this paper, we only consider simple graphs. Let G =

(V (G), E(G)) be a graph with vertex set V (G) = {v1, v2, . . . , vn} and

edge set E(G) = {e1, e2, . . . , em}. Denote the adjacency matrix of G by

A(G). The characteristic polynomial of G, denoted by Φ(G, x), is defined
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as the characteristic polynomial of A(G). That is,

Φ(G, x) = det(xI −A(G)) =

n∑
i=0

ai(G)xn−i,

where I is an identity matrix of order n. Thus G and its adjacency matrix

A(G) have the same eigenvalues, denoted by λ1, λ2, . . . , λn. The set of

eigenvalues of G is called its spectrum. Graph energy is an important

graph spectral invariant [17] defined as the sum of the absolute values of

its eigenvalues. That is,

E(G) =

n∑
i=1

|λi|.

The concept of graph energy was first introduced by Gutman [7] based

on findings during his research in theoretical chemistry. He discovered that

there was a correlation between the total π-electron energy in molecules of

conjugated hydrocarbons and the energy of the molecular graphs in Hückel

Molecular Orbital (HMO) theory [9, 11]. The graph energy has been the

subject of extensive study and research in the fields of mathematics [8,9,11]

and chemistry [10,16].

An intriguing topic in the study of graph energy is how the graph energy

changes [4, 5, 19] when the edge set of a graph changes. In 2001, Gutman

[8] proposed to characterize the graphs G and their edges e for which

E(G − e) < E(G). This problem has been studied by many researchers.

Day and So in [4, 5] utilized a classical inequality for singular values of a

matrix sum to analyze graph energy changes due to edge deletions and

proved that the graph energy decreases when a cut edge is deleted as

follows.

Lemma 1 ( [5]). If e is a cut edge in a simple graph G, then E(G− e) <

E(G).

Gutman and Shao [12] used the Ky Fan inequality to extend the dis-

cussion of Day and So in [4, 5] to the case of weighted graphs. Shan et

al. [21] and Gutman et al. [12] studied some sufficient conditions for the

energy change of the single-cycle or bipartite graph to decrease when a
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non-cut edge is deleted, where a graph is called single-cycle if it contains

a unique cycle (Obviously, if a single-cycle graph is connected, then it is a

unicyclic graph).

Lemma 2 ( [12, 21]). Let G be a single-cycle or bipartite graph, and e be

a non-cut edge of G. Denote by Ce(G) the set of all cycles containing e in

G. Suppose that each cycle C in Ce(G) satisfies |V (C)| ̸≡ 0 (mod 4), then

E(G− e) < E(G).

Cioǎba [5] studied the family of graphs with energy increases when an

edge is removed, and found the regular complete bipartite Kn,n of order

2n with n ≥ 2 has this property. That is, E(Kn,n) < E(Kn,n − e) for any

edge e ∈ E(Kn,n). Akbari, Ghorbani and Oboudi [1], and Shan, He and

Yu [20] in turn extended to complete multipartite graphs: For any edge

e of Kn1,n2,...,nk
, if k ≥ 2, ni ≥ 2 for 1 ≤ i ≤ k, then E(Kn1,n2,...,nk

) <

E(Kn1,n2,...,nk
− e). And if min{n1, n2, . . . , nk} = 1, how does the energy

of Kn1,n2,...,nk
change when e is deleted.

Wang and So [23] stated that the cycle Cn with n vertices has more

energy than the path Pn with n vertices except n = 4, that is, for a cycle

graph Cn, if n ̸= 4, then E(Cn − e) < E(Cn). Shan et al. [21] and Zhu

[26] presented several novel edge grafting operations, and examined their

impact on the energy of unicyclic graphs and bipartite graphs. Recently,

Tang et al. [22] gave a new sufficient condition for E(G− e) < E(G) where

e is not necessarily to be a cut edge.

Although there has been extensive research on the graph energy, the

question of how edge modifications affect graph energy is still not com-

pletely solved. This property of energy change has been applied to study

extremal energy problems on certain graph classes, and it has great re-

search value [6, 9, 13–15,18,24,25].

In this paper, we mainly consider that some sufficient conditions such

that E(G) < E(G + e) for a bipartite graph G, where e ∈ E(Gc). These

extend the problem posed by Gutman in [8]. We mainly prove the following

Theorems 1 and 2.

Theorem 1. Let G be a bipartite graph and e ∈ E(Gc). If each cycle Ci of

G+ e containing e has length |V (Ci)| ̸≡ 0 (mod 4), then E(G) < E(G+ e).
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Theorem 2. Let T be a tree and e = uv ∈ E(T c). If the unique cycle C

of T + e satisfies |V (C)| ≡ 0 (mod 4) and there exists a pendent vertex w

of T + e adjacent with one of vertices of C different from u and v, then

E(T ) < E(T + e).

Remark 1. Let G be a bipartite graph with bipartition (V1, V2) in Theorem

1. Then, for any edge e = xy ∈ E(Gc) such that x, y ∈ V1 or x, y ∈ V2, G+

e is non-bipartite and each cycle C of G+e containing e satisfies |V (C)| ≡
1 or 3 (mod 4). Hence there exist many edges e ∈ E(Gc) in a bipartite

graph G satisfy the condition in Theorem 1. Particularly, Theorem 1 is

different from the result in Lemma 2.

Remark 2. Note that Shan, Shao, Gong, et.al [21] and Gutman, Shao

[12], proved that, for a tree T and e ∈ E(T c), if the unique cycle C of T+e

satisfies |V (C)| ̸≡ 0 (mod 4), then E(T ) < E(T +e). A natural question is:

If |V (C)| ≡ 0 (mod 4), how about E(T ) and E(T +e)? Theorem 2 answers

partially this question.

In the next section, we first present some preliminaries. In Section 3,

we give proofs of Theorems 1 and 2.

2 Preliminaries

In this section, we introduce a way of comparing the energies of two

graphs G+e and G. This method is based on the Coulson integral formula.

Secondly, we introduce several lemmas that play a key role in proving the

main results.

2.1 A technique for comparing the energies of G + e

and G

The well-known Coulson integral formula [8, 11, 16] shows that the

energy E(G) of a graph G can also be expressed in terms of the coefficients
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of its characteristic polynomials Φ(G, x) as follows:

E(G) =
1

2π

∫ +∞

−∞

1

x2
log

[⌊n
2 ⌋∑

j=0

(−1)ja2j(G)x2j

2

+

⌊n
2 ⌋∑

j=0

(−1)ja2j+1(G)x2j+1

2 ]
dx.

For any graphs G1 and G2 with n vertices, here we may define the quasi-

order ”⪯”, similar to the one in [11,16], as G1 ⪯ G2 if

0 ≤ (−1)ja2j(G1) ≤ (−1)ja2j(G2)

and

0 ≤ (−1)ja2j+1(G1) ≤ (−1)ja2j+1(G2) or

0 ≤ (−1)j+1a2j+1(G1) ≤ (−1)j+1a2j+1(G2)

for all j. Furthermore, if there is at least one index j in the above in-

equalities such that the inequality holds strictly, then we say G1 ≺ G2.

Obviously, the increase in graph energy is positively related to the quasi-

order. In other words,

G1 ⪯ G2 =⇒ E(G1) ≤ E(G2), G1 ≺ G2 =⇒ E(G1) < E(G2).

2.2 Some Lemmas

For bipartite graphs, the coefficients of characteristic polynomials are

related to the following lemma.

Lemma 3 ( [2, 3]). Let G be a bipartite graph. Then (−1)ja2j(G) ≥ 0

and a2j+1(G) = 0 for all j. Particularly, if T is a tree or a forest, then

(−1)ja2j(T ) equals the number of j-matchings of T .

A j-matching of G is defined here as a subgraph of G consisting of j

disjoint edges. Denote m(G, j) by the number of j-matchings of G. In
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general, to study the characteristic polynomial of a graph, we typically

pay attention to the following crucial lemma.

Lemma 4 ( [3]). The characteristic polynomial of graph G satisfies:

Φ(G, x) = Φ(G− e, x)− Φ(G− u− v, x)− 2
∑

Ce∈Ce(G)

Φ(G− Ce, x),

where Ce(G) denotes the set of all cycles containing edge e = uv in G, and

the sum ranges over all cycles Ce in Ce(G).

3 Proofs of Theorems 1 and 2

Now, we can give the proofs of our main results as follows.

Proof of Theorem 1. Let G be a bipartite graph with n = |V (G)| =
|V1 ∪ V2| vertices and bipartition (V1, V2). Let e = uv ∈ E(Gc) and let

Ce(G+ e) be the set of all cycles containing e = uv in G+ e.

If there exists a cycle C ∈ Ce(G + e) such that |V (C)| is even, then

u ∈ V1, v ∈ V2 or u ∈ V2, v ∈ V1. Hence G+ e is bipartite. Note that each

cycle Ci of G+ e containing e has length |V (Ci)| ̸≡ 0 (mod 4). By Lemma

2, then E(G+ e) > E(G).

We assume that, for any cycle C ∈ Ce(G+ e), |V (C)| ≡ 1 (mod 2), i.e.,

|V (C)| ≡ 1 or 3 (mod 4). Obviously, u, v ∈ V1 or u, v ∈ V2. We first prove

the following claim.

Claim. For any possible positive integer j,

0 ≤ (−1)ja2j(G) ≤ (−1)ja2j(G+ e). (1)

Particularly, −a2(G) = |E(G)| < |E(G+ e)| = −a2(G+ e).

By Lemma 4,

Φ(G+ e, x) = Φ(G, x)− Φ(G− u− v, x)− 2
∑

C∈Ce(G+e)

Φ(G− C, x).

Denote by nc the number of vertices of C and p = min{nc|C ∈ Ce(G+
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e)}. Hence, if 2 ≤ s < p, then

as(G+ e) = as(G)− as−2(G− u− v),

if s ≥ p, then

as(G+ e) = as(G)− as−2(G− u− v)− 2
∑

C∈Ce(G+e)

as−nc
(G− C).

Note that G − C is bipartite for each C ∈ Ce(G + e), and both n − 1

and n− nc = |V (G− C)| have the same parity. It is not difficult to show

that, for any 0 ≤ j ≤ ⌊n
2 ⌋, a2j−nc

(G− C) = 0 if nc ≤ 2j ≤ n, that is,

a2j(G+ e) = a2j(G)− a2j−2(G− u− v). (2)

Multiplying both sides of Eq. (2) by (−1)j , we obtain

(−1)ja2j(G+ e)− (−1)ja2j(G) =(−1)j−1a2j−2(G− u− v). (3)

Note that both G− u− v and G are bipartite graphs. By Lemma 3,

(−1)j−1a2j−2(G− u− v) ≥ 0, (−1)ja2j(G) ≥ 0.

Hence, by Eq. (3), the claim holds.

Using the well-known Coulson integral formula and the claim above,

E(G+ e) =
1

2π

∫ +∞

−∞

1

x2
log

[⌊n
2 ⌋∑

j=0

(−1)ja2j(G+ e)x2j

2

+

⌊n
2 ⌋∑

j=0

(−1)ja2j+1(G+ e)x2j+1

2 ]
dx

≥ 1

2π

∫ +∞

−∞

1

x2
log

⌊n
2 ⌋∑

j=0

(−1)ja2j(G+ e)x2j

2

dx
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>
1

2π

∫ +∞

−∞

1

x2
log

⌊n
2 ⌋∑

j=0

(−1)ja2j(G)x2j

2

dx

= E(G)

which implies that the theorem holds.

Proof of Theorem 2. Note that the unicyclic graph T + e with the

unique cycle C of length l ≡ 0 (mod 4). Hence both T and T +e are bipar-

tite graphs. By Lemma 3, a2j+1(T ) = a2j+1(T + e) = 0, (−1)ja2j(T ) ≥ 0

and (−1)ja2j(T + e) ≥ 0.

For convenience, set bs(T ) = (−1)sa2s(T ) and e = uv. Then

Φ(T, x) =

⌊n/2⌋∑
s=0

(−1)sbs(T )x
n−2s, Φ(T + e, x) =

⌊n/2⌋∑
s=0

(−1)sbs(T + e)xn−2s.

Since b1(T + e) = |E(T + e)| > |E(T )| = b1(T ), by the Coulson integral

formula, to prove E(T ) < E(T + e), it suffices to show that, for all 0 ≤ j ≤
⌊n/2⌋,

bj(T ) ≤ bj(T + e).

By Lemma 4,

Φ(T + e, x) = Φ(T, x)− Φ(T − u− v, x)− 2Φ(T + e− C, x),

bj(T + e)− bj(T ) =

bj−1(T − u− v) ≥ 0, if j < l/2,

bj−1(T − u− v)− 2bj−l/2(T + e− C), otherwise.

Note that T − u− v and T + e−C are forests which contain no cycle.

Hence, for any l/2 ≤ j ≤ ⌊n/2⌋, by Lemma 3,

bj−1(T−u−v) = m(T−u−v, j−1), bj−l/2(T+e−C) = m(T+e−C, j−l/2).

Let G1 be the subgraph of T +e induced by {w}∪V (C)\{u, v}, which
is a path with l− 1 vertices or a graph with l− 1 vertices obtained from a

path Pl−2 with l−2 vertices by attaching a pendent edge to one of vertices
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of degree two in Pl−2. Obviously, m(G1, l/2− 1) ≥ 2. Particularly,

m (T − u− v, j − 1) ≥ m(G1, l/2− 1)×m (T + e− C − w, j − l/2)

= m(G1, l/2− 1)×m (T + e− C, j − l/2)

≥ 2m (T + e− C, j − l/2) .

So we have proved that, for all 0 ≤ j ≤ ⌊n/2⌋, bj(T + e) ≥ bj(T ). Hence

the theorem follows.
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