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Abstract
Let G be a simple connected graph. For a vertex-degree-based
topological index TI¢(G) = Y. f(du,dv), where f(z,y) is a
uweE(G)

pertinently chosen symmetric real function, the topological index
RTI;(G) = Z( : m is called the reciprocal index of T'I¢. In
wveE(G

this paper, for the first Zagreb index (f(x,y) = = + y), the second
Zagreb index (f(z,y) = zy), and the forgotten index (f(z,y) =
x? 4+ y?), we prove that the star S, and the path P, achieve the
maximum and minimum values of TI; + RTI; among all trees of
order n, respectively. In addition, we show that the same conclusion
holds for some other vertex-degree-based topological indices.

1 Introduction

All graphs considered are assumed to be simple and connected. Let G
be such a graph with vertex set V(G) and edge set E(G). The degree d,,
of a vertex v € V(G) is the number of vertices adjacent to v in G. Let T,
be the set of all trees of order n. S,, and P,, denote the star and the path

of order n, respectively.
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A vertex-degree-based topological index (VDB topological index) of G

is defined as

TI; =TI;(G)= Y fldudy), (1.1)
weE(G)

where f(x,y) is a pertinently chosen symmetric real function with z > 1

and y > 1. The reciprocal index of T'I; is the topological index defined as

RTI; = RTI;(G) = > o (1.2)
w€eE(G)

Among the topological indices existing in the current literature, there
are quite a few (T'Iy, RTIy)-pairs (see [5]). Recently, a number of pa-
pers appeared, concerned with the product of a topological index and its
reciprocal [1,3,5,6,12-14].

In this paper, we are interested in the relations between T/ and RTIy,
and especially in the properties of the sum T'I; + RT'I;. For the following

three vertex-degree-based topological indices:

e First Zagreb index (f(z,y) =z +y) [8]:

Mi(@) = Y (dtd);

weE(G)

e Second Zagreb index (f(z,y) = zy) [7]:

= ) dudy;

weE(G)
e Forgotten index (f(z,y) = 2% + y?) [2]:

FG)= ) (d;+dy),

wweE(G)

we prove that the star S, uniquely maximizes 1'I; + RTI; among all trees
of order n, and the path P, uniquely minimizes T/; + RTI; among all
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trees of order n. In Section 4, we show that this result also holds for some

other vertex-degree-based topological indices.

2 Some lemmas

Lemma 2.1. Let f(z,y) be one of the three functions x + y, xy, and

with x > 1, y > 1, and z > 2. Then the function H(x,y,z) is strictly

mcereasing on .

Proof. If f(z,y) = x + y, then

1 1
H(z,y,z) = — +z—1.
(z,9.2) zr+y+z z+y+1
So
O0H(x,y,2) 1 B 1 >0
oy  (ety+1)? (wty+z2)?
If f(z,y) = zy, then
1 1
H(x,y,z) = — +y(z—1),
(2,9,2) Py — y(z—1)
and OH (2, y, %) | 1
x’y7z
= — +z—-1>0.
dy (z+1)y*  (z+2)y°

If f(z,y) = 2% + y?, then

1
H(x,y,z) = — +2x(z— 1)+ 2% —1,
©vd) = e e Y
and
O0H (z,y, 2) 2y 2y
= 5 — 5 > 0.
Ay (z+1)2 493" ((z+2)2+y?)
The lemma holds. [ |

Lemma 2.2. Let S, #T € Tp, and e = wv € E(T) be a non-pendent
edge of T. Let T’ be the tree obtained from T by deleting the edge uv,

identifying u and v, and adding a new pendent vertex w adjacent to u. If
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f(x,y) is one of the three functions x + vy, xy, and x + y?, then

TI¢(T) + RTIf(T) < TI;(T') + RTI;(T").

w
T T

Figure 1. The trees T and T’ in Lemma 2.2

Proof. Let dr(u) = s+ 1, dr(v) = t + 1, Np(u) = {v,u1,...,us}, and
Nr(v) ={u,v1,...,v¢}. Then s >1,¢t > 1,

TI(T) =TI (T")

s t
= fls+1dy)+ Y ft+1dy)+ f(s+1Lt+1)
i=1 j=1

=D flsHt+ldy) =Y fls+t+1,dy) = fls+t+1,1),
=1

j=1
and
RTI(T) — RTI;(T')
t
1 1
= + +
Zfs+1d> ]Z_:lf(tﬂ,dm) Fe+Li+1)
_Z 1 zt: 1 1
fs+ttldy) = f(s+t+1dy) S fsHt+1,1)
So

TI{(T) + RTI;(T) — (TI;(T") + RTI;(T"))
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1 1
“3 (e g e - )

1 1
+Z( S+ 1,du) m‘“s”“’d%)‘m)

+f(s+1,t+1)+m—f(s+t+1»1)—m-
By Lemma 2.1,
TI;(T)+ RTI;(T) — (TI;(T") + RTI;(T"))
gs(f(s+1,1)+7f(s+ll,l) ff(s+t+1,1)fM)
+t(f(t+1,1)+mff(s+t+1,1)*M)
+f(s+1,t+1)+m*ﬂs”*m%m
t
=S LD L)+ S+ L+ )+ 5t + s
+m—(s+t+l)f(s+t+l,l)—]é:+:il)
st st ) o) =
= stettery it f(z,y) = v,
st-A : , if f(z,y) = 22 + 92,

- (s242s+2) (t242t+2) (s242s+t2+2t+2) (s2+25t+25+t2+2t42)

where

A=3s" (2 +2t+2) + s° (9> + 42> + 66t + 48) + s° (12" + 90> + 246¢°
+312t +179) + 25" (6t” + 54t" + 207t + 408t + 425t + 201)
+ 57 (9t° +90° + 414¢* + 1080¢> + 1665t + 1450t + 580)
+ 57 (3t7 4 42t° + 246> + 816t" + 1665¢” + 2118t” + 1566 + 536)
+ 25 (3t7 + 33t° + 156t° + 425t" + 725¢" + 783t + 496t + 146)
+ 617 + 48t° 4+ 179t° 4 402" + 580> + 536t + 292t + 72.

Thus TI;(T) + RTIf(T) < TI(T') + RTI;(T"). |

Lemma 2.3. LetT) € T, and T] = Th — vvy + vivy be trees depicted in
Figure 2, where Ty is a subtree of Ty and dp,(v) > 3. Let f(x,y) be one
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of the three functions x +y, zy, and 2% + y?. Then

TIf(Tl) + RTIf(Tl) > TIf(Tll) + RTIf(Tll)

o U2
v U1 e v U1 V2

T T

Figure 2. Trees 77 and Tl’ in Lemma 2.3

Proof. Let dr, (v) = s+ 2, and Np, (v) = {v1,v2,u1,...,us}. Then s > 1,

TI;(Ty) = TIp(T)

= Zf($+2,dui)+2f(3+271)_Zf(8+1,dui)_f(8+1,2)_f(2,1)7
i=1

i=1

and

RTIf(T1) — RTI;(Ty)

s 1 Z 11
_izlf(8+27d“i) 3+21 f8+1d Cfs+1,2) f20)
By Lemma 2.1,

TI(T1) + RTI;(T1) — (TI;(T}) + RTI;(T}))

1 1
= 3 (2 + gy — o+ L) = T )

2 1 1

+2f(5+271)+ _f(5+172)_f(271)_

Ter2D) fs+12)  f(2.1)
1 1
2S(f(5+2’1)+m_f(s+l’l)_m)
2 1 !
2+ 2 )+ sy ~ s+ L) 2 - fls+1,2)  f(2,1)
s+2 5

=(s+2)f(s+2,1)+ —sf(s+1,1) —

f(s+2,1) f(s+1,1)
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1 1
- 1,2) — f(2,1) — —

(6524295431 .

W, if f(z,y) =2+,
iy gy i fa,) = oy,

5(15574+16555+8395°+26025% +528857 4699252 455345+2115) 9 2

5(s2+25+2) (s24+25+5) (s2+45+5) , i fle,y) =2 +y”

So TIf(T) +RTIf(T) > TIf(T/) +RTIf(T/) |

Lemma 2.4. Let Ty € T, and Ty = To — vvpq1 + v:v41 be trees depicted
in Figure 3, where Ty is a subtree of Ta, dp,(v) > 3 and t > 2. Let f(z,y)
be one of the three functions x +y, xy, and x* + y>. Then

TIf(TQ) + RTIf(Tg) > TIf(Té) + RTIf(Té)

v v T U Ut

Figure 3. Trees Tp and T3 in Lemma 2.4

Proof. Let dr,(v) = s+2, and N, (v) = {v1, v¢41,U1,...,us}. Then s > 1,
TIf(To) = TIf(T3) = Y f(s+2,du,) + f(s +2,2) + f(s +2,1)
i=1

_Zf(s+1adui)_f(s+172)_f(272)7
=1

and

RTIf(Ty) — RTI;(T3) =

i=1

1 1 1
fe+2dn)  FG122)  fst2l)

S

1 1 1
> fs+1,dy)  f(s+1,2)  f(2,2)

i=1
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So by Lemma 2.1,

TI¢(T2) + RT1(Ty) — (T1(Ty) + RTI¢(Ty))

S

-y (f<s+27du,-) o e ) - 1)

i=1 8+27du1) f(8+17dUI)
1 1
+ f(s+2,2)+ f(s+2,1)+ f(s+2,2) * fls+2,1)
1 1

,f(5+1,2)*f(272)*f(3+1 2) (2,2

1 1
= 2,1)+ ———— — L)
s(f(s+ : )+f<5+2’1) f(s+1,1) f(s+1’1)>
1 1
2,2 2,1
+ fs+2,2)+ f(s +2, )+f(8+2’2)+f(5+271)
1 1
— f(s+1,2) — £(2,2) — _
R PR N R CX)
LG G (et it f(2,9) =2+,
=4 Serner it f(a,y) = ay,

B : _ 2. .2
ST 1) (7125 75) (T A T5) (T as 1) 0 fle,y) =2+ 4%

where

B = 2450 4+ 360s” + 2591s% + 11652s” + 358965° + 78498s°
+121679s* + 128934s% + 8498252 + 27384s.

Thus TI¢(T2) + RT1;(T) > T1;(T3) + RTI1¢(T3). [ |

Lemma 2.5. Let T3 € T,, and T4 = T3 — vwy + vewy be trees depicted in
Figure 4, where Ty as a subtree of Ts, dr,(v) > 3, r > 2, and t > 2. Let
f(x,y) be one of the three functions x +y, zy, and 2% + y>. Then

TI(Ts) + RTI;(Ts) > TIp(T4) + RTI;(TY).
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Wr
w1
v v v v o1 v wi  wn
/
T3 T3

Figure 4. Trees T3 and T} in Lemma 2.5
Proof. Let dr,(v) = s+ 2, and N, (v) = {v1, w1, u1,...,us}. Then s > 1,
TI;(T3) — TI;(T3) = Zf (s +2,du,) +2f(s +2,2) + f(2,1)

_Zf(s+1aduz)_f(3+1,2)—2f(2,2)7

and
RTI1;(Ts) — RTI4(T3) zs: 2 + =
A 7(15) ”fs+2d T ier22 T
_ZS: B 1 2
P f(5+17du@) fls+1,2)  f(2,2)
By Lemma 2.1,

TI¢(T3)+ RTI;(Ts) — (T1;(T5)+ RTI¢(T3))

1 1
Z( s+2du Mf(5+1ad7‘i)M)

2 1
+2f(s+2,2)+ f(2,1) + Fs12.2) + 72.1)
1 2

—fls+1,2) -2f(2,2) -

fls+1,2)  f(2,2)

zs(f(s+2,1)+f(5j21)—f(s+1,1)_f(5+111)>

) 1
T2/ +2)+fRD+ ot e
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1 2
— +1,2) —2f(2,2) — —
fed 12 =27@:2) = o5y~ 7o )
125* 410752 4+3035% 42625 : _
SRR i f) =2+
= 6;(5_:118)9(5—:121)‘;’ if f($7y) =Ty,

c : 2y 2
20(s2+25+2)(s2+2515)(s2+4515)(s2+4518)’ if f(z,y) =2 +y7,

where
C = 60s'0 + 900s” + 647955 + 291485" + 89848s% + 196650s°
+305171s* + 32392253 + 21398252 + 69240s.
So TIf(Tg) +RTIf(T3) > TIf(Té) —|—RTIf(Té) |

3 Main result

Theorem 3.1. Let f(x,y) be one of the three functions x + vy, xy, and
22 +y%. Then for any T € T,,

TI;(P,)+ RTI;(P,) < TI;(T)+ RTI;(T) < TI;(Sn)+ RTI(Sy).

The left equality holds if and only if T = P,,, and the right equality holds
if and only if T =2 S,,.

Proof. Let T € T,,. If T # S, then T has at least one non-pendent edge.
By Lemma 2.2, there is a tree T” € 7, such that TI;(T) + RTI;(T) <
TI;(T")+ RTI;(T"). Thus the upper bound holds.

If T # P,, then by Lemmas 2.3, 2.4 and 2.5, there is a tree 7" € T,
such that TI;(T) + RT1;(T) > TI;(T') + RTI;(T'). The lower bound
holds. |

4 Conclusions

In this paper, for three vertex-degree-based topological indices (first
Zagreb index, second Zagreb index, forgotten index), we show that the

star S,, and the path P, achieve the maximum and minimum values of
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TI; + RTI; among all trees of order n, respectively.
It can be verified that Lemmas 2.2, 2.3, 2.4 and 2.5 also hold for some

other vertex-degree-based topological indices. For example,

e First hyper-Zagreb index (f(z,y) = (z +y)?) [15]:

HM(G) = > (du+dy)%
uwweE(G)

First Gourava index (f(z,y) = z 4+ y + zy) [10]:

GO1(G)= > (du+dy+dydy);
weE(G)

Second Gourava index (f(z,y) = (z + y)zy) [10]:

GOQ(G) = Z (du + dv)dudv;

w€EE(G)

Reciprocal Randi¢ index (f(z,y) = \/zy) [4]:

RR(G)= Y dudy;
wweE(G)

e First K Banhatti index (f(z,y) = [z+ (z+y—2)]+[y+ (z+y—2)])
[9,11]:

Bi(G)= > ldu+ (du+dy— 2)] + [dy + (du + dy — 2)]];
weE(G)

Second K Banhatti index (f(z,y) = z(z+y—2)+y(z+y—2)) [9,11]:

By(G) = > [du(du+dy —2) +dy(dy + dy — 2)].
uwveE(G)

So for each of the topological indices T'/; above, by Theorem 3.1, the star
Sy, uniquely maximizes TI; + RT'I¢ over 7T,, and the path P, uniquely
minimizes TI; + RTI; over Tp,.
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Note that for each topological index mentioned in this article, the star
S, and path P, reach their maximum and minimum values among all
trees of T,, respectively. For their reciprocal indies, the results are just

the opposite. So we believe that the following conjecture is true.

Conjecture 4.1. If TI;(P,) < TI§(T) < TI¢(S,) and RTI¢(S,) <
RTI¢(T) < RTI;(P,) for any T € T,, then

Acknowledgment: The author would like to thank the anonymous re-
viewers for their valuable comments and suggestions.
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