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Abstract

Benzenoid chains, also known as hexagonal chains, are a class
of organic compounds that consist of an arrangement of hexago-
nal rings fused together. In this article, we first present reduction
formulas to compute the matching polynomial and independence
polynomial of any benzenoid chain by utilizing the transfer matrix
technique. Subsequently, computational formulas for the Hosoya
index and Merrifield-Simmons index of benzenoid chains are de-
rived. Furthermore, the expected values of the Hosoya index and
Merrifield-Simmons index for random benzenoid chains are also ob-
tained.

1 Introduction

Let G = (V(G), E(GQ)) be a graph with vertex set V(G) and edge set
E(G). A matching in a graph is a set of edges in which no two edges
share a common vertex. The size of a matching refers to the number of
edges it contains. The matching (generating) polynomial of a graph is a

polynomial that counts the number of matchings of different sizes in the
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graph [6,13]. For a graph G, it is defined as

$(Gia) = 3 mi(G)at,

k>0

where my(G) denotes the number of matchings of size k in graph G.

An independent set in a graph is a set of vertices in which no two
vertices are adjacent. Similar as matching polynomial, the independence
polynomial [9] counts the number of independent sets of different sizes in
the graph G, it is defined as

9(Gsx) = 3 in(G)at,

k>0

where i (G) denotes the number of independent sets in G with k vertices.

It is well known that the matchings and independent sets, along with
their associated polynomials, are fundamental in graph theory and have
far-reaching implications in diverse fields. They provide powerful tools
for analyzing graph structures, optimizing real-world problems, and un-
derstanding the fundamental properties of complex systems. Clearly, if
the matching (independence) polynomial of a graph can be expressed con-
cisely, the coefficients of the polynomial can be examined to fully determine
the distribution of matchings (independent sets) on the graph. Hence,
studying the computation of the matching polynomial and independence
polynomial of a graph holds significant importance.

The Hosoya index [10], also known as z-index, is particularly useful in
the study of molecular structure-activity relationships and chemical simi-

larity analysis [20]. The Hosoya index of a graph G is defined as

z2(G) = Z mi(G).

k>0

Obviously, the Hosoya index of a graph G can be obtained from the match-
ing polynomial (G;x) by setting x = 1, ie., 2(G) = ¥(G;1). The
Merrifield-Simmons index, also known as o-index, was introduced by R.
E. Merrifield and H. E. Simmons [14]. The Merrifield-Simmons index of a
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graph G is defined as

o(G) = ir(G).

And the Merrifield-Simmons index of a graph G can be also obtained by
the way of that o(G) = ¢(G;1). Both the Merrifield-Simmons index and
Hosoay index provide valuable insights into the structure and properties of
graphs and chemical compounds, and have garnered significant attention
from numerous scholars [1,3,5,11,15,21].

Benzenoid systems are a class of organic compounds characterized by
a cyclic structure consisting of six carbon atoms arranged in a hexago-
nal shape. These systems have been widely studied due to their unique
electronic and structural properties, making them important in various
fields such as organic chemistry, drug design, and materials science. A
benzenoid (hexagonal) chain refers to a linear arrangement of benzene
rings connected in a chain-like fashion. Each benzenoid chain Bj; with
h hexagons can be obtained from a benzenoid chain Bj_; by attaching
it to a new hexagon. Hence, a benzenoid chain can be constructed in-
ductively. The number of hexagons in a benzenoid chain is called the
length. There are three ways for attaching a hexagon C’éh) to a benzenoid
chain Bp_; with h — 1 hexagons C’él),Cé2),...,C'éh71). Let [ be a di-
rect line from the center of CéhiQ) to C’G(hfl). If Céh) is on the line [, it
is called a-type fusing. If C’éh’) is on the left-hand of line [, it is called
B-type fusing. If Céh) is on the right-hand of line [, it is called y-type
fusing. Any benzenoid chain By, h > 3, can be obtained from Bs by se-
lecting a f-type fusion at each step to obtain, where 6 € {a,,~v}. Let
B(03,04,...,0;) be a benzenoid chain with h hexagons obtained from Bj
by Os-type, 64-type, ... ,0n-type fusing, successively. Then B(q, q, ..., @)
is called a linear chain, B(g, 5,...,8) or B(v,7,...,7) is called a helicene
chain, B(8,7, 8,7, ) or B(v, 8,7, 5, ) is called a zig-zag chain. A ben-
zenoid chain B(v, «, 8,7, 7, «, 8, 8,7, B) is shown in Figure 1. In addition,
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it can be seen that, for ¢ € {3,4,...,h},

a, if6; =«

B(03,04,...,60n) = B(64,0},...,0;) when 0, = { 3, if 6, = ~:
v, if 0; = 8.

A random benzenoid chain By, (p1,p2,ps) with h hexagons is a benzenoid
chain obtained by stepwise addition of terminal hexagons. At each step ¢,
t € {3,4,...,h}, arandom selection is made from one of the three possible

constructions:
(i) B(03,04,...,0:—1) — B(03,0y4,...,60;_1,a) with probability p;;
(11) B(Qd, 947 - 79t71) — B(93, 94, - 79t717 ﬂ) with probability D2,

(111) B(Qg, 94, ceey Ot_l) — 3(03, 94, - 70t—177) with probablhty pP3 = 1—

b1 — P2

Figure 1. A benzenoid chain B(vy, o, 3,7,7,«,3,8,7,8).

Up to now, researchers have conducted extensive investigations into
the enumeration and extremal problems related to various topological in-
variants on benzenoid chains. Gutman [8] obtained the extremal ben-
zenoid chains with respect to Hosoya index, perfect matchings, Merrifield-
Simmons index, Wiener index and largest graph eigenvalue. Bermudo,
Higuita and Rada [2] gave bounds for the domination number in ben-
zenoid chains. The benzenoid chains with the first three maximal Mostar
indices and the first three minimal Mostar indices have been obtained
in [22] and [23] respectively. The explicit analytical expressions of the

expected values and variances for the Sombor index of benzenoid chains
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were obtained in [25]. Li and Yan [12] enumerated the number of span-
ning trees with a Kekulé structure in the linear benzenoid chains. Extremal
benzenoid chains concerning k-matchings and k-independent sets were de-
termined in [24]. Cruz et al. [4] gave a method based on some transfer
matrices to compute the Hosoya index of catacondensed benzenoid sys-
tems in 2017, and Oz and Cangul [18] computed the Merrifield-Simmons
indices of benzenoid chains and double benzenoid chains. Furthermore,
based on transfer matrix technique, Oz and Cangul [16,17] have stud-
ied the computation of k-matchings and k-independent sets in benzenoid
chains. Inspired by the findings of the aforementioned literature, in this
paper, we approach the counting of matchings and independent sets on

benzenoid chains from the perspective of graph polynomials.

2 Preliminaries

All graphs considered in this paper are simple and finite. The vertex set
and edge set of a graph G are denoted by V(G) and E(G) respectively.
The neighbor set N(v) of v in G is the set of vertices that are adjacent to
v. The closed neighborhood of a vertex v, denoted as N[v], is the set that
includes v and all its neighbors. If S is a vertex set of G, then by G — S
refers to the graph obtained by removing all vertices in S and all the edges
incident to those vertices from G. Specifically, if v € V(G), then G — v is
the graph obtained by deleting the vertex v along with its incident edges
from G. Analogously, for {u,v} C V(G), G — u — v denotes the graph
obtained by removing both vertices u and v, as well as their incident
edges. Furthermore, if wv € E(G), then G — uwv, then G — uv represents
the subgraph of G obtained by deleting the edge uwv, while preserving all
other vertices. A path consisting of n vertices is represented by P, while
a cycle with n vertices is denoted as C,,.

The following two lemmas serve as useful tools in the computation of

matching polynomials and independence polynomials.
Lemma 2.1 ( [13]).

(i) Let G be a graph and uwv € E(G). Then (G;z) = (G — uv;z) +
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(G — {u, v});
(ii) Let G = G1 UGy U--- UGy be a graph consisting of k components
Lemma 2.2 ( [9]).
(i) Let G be a graph and uw € V(G). Then ¢(G;z) = ¢(G — u;x) +
(ii) Let G = G1 UGy U--- UGy be a graph consisting of k components

For path P, and cycle C,,, the matching polynomials and independence

polynomials can be written respectively as

o =3 (" et v =3 (M)

k=0 k=0

wl3
N3

and

=)

13
$(Puz)= Y <n+;—k)xk7 $(Ci ) = nﬁ]f(n;k)xk

k=0

In particular, we have

(i) v(Pisz) = 1, p(Py2) = 1+, p(Py2) = 1+ 2z, p(Pyz) =1+
3z + 22, (Ps;x) = 1+ 4a + 322 and ¥(Cs;2) = 1+ 62 + 922 + 223;

(ii) ¢(Pr;z) = L+, ¢(Po;x) = 142z, ¢(P;2) = 143z +2?, ¢(Pysz) =
1+ 4z + 322, ¢(Ps;x) = 1+ 5z + 622 + 2% and ¢(Cg;x) = 1 + 62 +
922 + 223.

3 Matching polynomials of benzenoid chains

In order to compute the matching polynomial of benzenoid chains, we in-

troduce a column polynomial vector that relates the matching polynomial
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Figure 2. The graphs used in Lemmas 3.1-3.3, and Lemmas 4.1-4.3.

at an edge uv € E(G) in the following manner:
Yun (G5 2) = ((G52), (G — w32), (G — v32), (G —u—v;2)) "

Lemma 3.1. Let G be a graph obtained from the edge-coalescence of H
and a hexagon Cg = uvqtsp at edge st, see Figure 2(a). Then we have
wuv(va) = A(x)¢st(H7x), where

14+3z+22 z+222 4222 22+23
Alz) = 1+ z+z? oz x?

1+ T 42  x?

1 T T x?

Proof. By the definition of the column vector ¥, (G; x) at a given edge uv,
we just need to consider the values ¥(G;z), (G — u;x), (G — v;z) and
(G —u—w;z). Note that ¢(Py;x) =1, p(Pe;z) = 14z, ¢(P3;z) = 142z
and ¥ (Py;x) = 1 + 32 + 22. Then by using Lemma 2.1 we have

(G z) =¢(G = ps;x) + 2p(G — p — s;.7)
=9(G —ps —tg;z) + 2p(G —ps —t — ¢; z)
+2p(G—p—s—tgz)+2°P(G—p—s—t—qx)
=¢(Py;x)Y(H; x) + 2 (P z)p(H — t;x)
+ 2p(Ps; ) (H — s;2) + 2% (Pa; 2)(H — s — t; 1)
=(14 3z + 2*)(H; 2) + (z + 22°)(H — t;x)
+ (2 + 2% (H — s32) + (2% + 2" ) (H — s — t; )
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=143z + 2% o+ 22%, o + 222, 2% + 23 (H; 1),

V(G —u;z) =(G —u—ps;z) + 2 (G —u—p— s;x)

=(G —u—ps—tqx)+ap(G—u—ps—t—q;x)
+2(G —u—p—s5—tgz) + 2°Y(G — {u,p,s,t,q¢}; 2)

=y (P a)y (P a)(H; @) + ap(Prix) ) (H — tix)
+ap(Pos2)(H — s32) + (P a)y (H — s — t; )

=(1+2)(H;z) + (x + 22 (H — s; )
+ap(H —t;2) + 22(H — s — t; 1)

=(14z,0 + 22, 2,23 (H; ),

(G —v;x) =p(G —v—ps;z) + (G —v—p—s;x)

=y(G —v—ps—tg;x)+2v(G—v—ps—t—qx)
+2(G —v—p—s—tgx) +22P(G — {v,p, s,t,q}; )

= (Pr; )Y (Po; o)y (Hs @) + ap(Pos ) (H — t )
+ap(Pra)*Y(H — s;a) + 2*P(Pra)p(H — s — tix)

=1+ 2)(H;z) + 2(H — s;2) 4+ (x + 2*)p(H — t;x)
+a2%p(H — s — t;z)

=14z, 2,2 + 2%, %) (H; ),

PG —u—v;z) =(G—u—v—ps;z)+2p(G—u—v—p—s;x)
=(G —u—v—ps—tq;x)
+a2p(G—u—v—ps—t—qx)
+2Yp(G—u—v—p—s—tgux)
+ 222G —u—v—p—s5—1t—qz)
(P2 2) + (P b (H — 1.2)
TPy a)O(H — s;) + 22 (H — s — )
=y(H;z)+xy(H — s;x) + ap(H — t;x)
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+ 22 p(H — s — t; 1)
=(1,z,z,2%) s (H; x).

Thus, we get 77[}1“)(6;733) = A(x>7/}st(H7I) u

Lemma 3.2. Let G be a graph obtained from the edge-coalescence of H
and a hezagon Cg = uvqtsp at edge ps, see Figure 2(b). Then ¢, (G;x) =
B(z)yps(H; ), where

14+3z+22 2+222 4222 22423
B(x) = 1+ 2z 0 z+a2? 0

1+ r+z? =z z?

14z 0 T 0

Proof. By the use of Lemma 2.1 one can obtain that

(G x) =(1 + 3z + 2H)(H; z) + (z + 222)¢Y(H — s;x)
+ (@ + 202 Y (H — pyx) + (2 + 2°)p(H — p — 5;2)
=143z + 2%z + 222, 2 + 222 2% + 23\, (H; ),

V(G —uyx) =1+ 22)(H; z) + (x + 2*)Y(H — s;2),
=(1+22,0,2 + 22, 0)p,s(H; ),

(G —v;x) =(1+ 2)p(H; ) + (¢ + 2?)(H — p; )
+ap(H — s;2) + 22 p(H — p — s; x)
=(1 42,2+ 2%, 2,27 (H; )

and

Y(G —u—viz) =(1+z)p(H;z) +zy(H — s;z)
=(142,0,2,0)Y,s(H; x).

Hence, we get 9, (G; z) = B(x)vps(H; x). |
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Lemma 3.3. Let G be a graph obtained from the edge-coalescence of H
and a hexagon Cg = uvqtsp at edge tq, see Figure 2(c). Then 1), (G;x) =
C(z)q(H; ), where

14+3z+22 4222 4222 22+23
Clz) = 14+ T 42 22

1+ 2x z+z2 0 0

1+2x T 0 0

Proof. Similarly, by the use of Lemma 2.1 we have

V(G z) =1+ 3z + 2)(H; z) + (x4 222)(H — t; z)
+ (z+22*)(H — ;) + (¢° + 2*)p(H —t — g x)
=143z + 2%z + 22, 2 + 22% 2% + 2°)by, (H; x),

Y(G —usz) =1+ 2)p(H; x) + 2 (H — t;2) + (z + 2*)(H — ¢; 7)
+2%(H —t — q; )
=1+4+z,z,2+ :EQ,mQ)z/th(H;x),

O(G —v;x) =(1+ 22)p(H; ) + (x + 2®))(H — t;2)
=(1+4+2z,z+ z2, 0,0)¢(H; x),

V(G —u—v;x) =14+ 2)(H;x) + 2p(H — t; )
:(1 + J"7x70a0)1r/)tq(H;z)'
Thus, the desired result ¥, (G;x) = C(z)¢y(H; ) is obtained. |
By Lemmas 3.1, 3.2 and 3.3, one can get the following conclusion.

Theorem 3.1. Let B(03,0y,...,0p) be a benzenoid chain with h hexagons.
Then the matching polynomial of B(03,04,...,0}) is given by

2/)(3(93, 947 N 79]1); (E) = XTMQ(x)M3($) s thl(.’b)y,
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where x = (1 + 3z + 22,0 4+ 222, 2 + 222,22 + 23)T, y = (1 + 62 + 922 +
2231 +4x + 322, 1 + 42 + 322, 1 + 3z + 22)T and

A(z) ifbiy1 =q,
MZ(J?) = B(SU) if i1 = B,
C(x) ifb0i1=1.

Proof. For a benzenoid chain B(63,0y,...,0,) consisting of an arrange-
ment of hexagons Cél), 06(2), ey Céh) consecutively, we denote the com-
mon edge shared by Céi) and CéH_l) by wv; , i € {1,2,...,h — 1}, and
denote the unique parallel edge of uyv; on C’él) by ugvg. Let G; = Cf(ji) U
C’éiﬂ) U--- C’éh) be the vertex induced sub-chain of B(03,6y,...,60;). Then
by Lemma 3.1 we have 1y, (B(05,04,...,01);2) = A(2)u,0, (G2; ).
By the use of Lemmas 3.1, 3.2 and 3.3, we have 1., (G2;z) = Ma(z)
Yugwy (G3;2), where Ma(z) = A(z) if 5 = o; Ma(z) = B(z) if 03 = 5;
M;(z) = C(z) if 03 = ~. It can be verified that for any edge uv of a
hexagon Cg we have 1, (Cg) = (1 + 6z + 922 + 223, 1 +4a + 322, 1 + 4w +
3221+ 3z + 22)T = y. Tteratively, we can get that

Yugv (B(03,04,...,0n);2) = A(z)Ma(x)Ms(x) - - - Mp_1(2)y.

Thus, we have w(B(H?n 947 B eh)vx) = XTMQ(LU)Mg(ZU) e Mh—l(x)y7
where x = (1 + 3z + 2%, 2 + 222, 2 + 222, 2% + 23T, y = (1 + 62 + 922 +
2231 + 42 + 322, 1 + 4o + 32%,1 + 3z + 22)T and

A(x) if 9i+1 = Q,
M;(z) = { B(z) if ;41 = B,

Therefore, the proof is concluded. |

Theorem 3.1 demonstrates that the matching polynomial of any ben-
zenoid chain can be derived by an appropriate multiplication of three
4 x 4 matrices with two terminal vectors. For example, by applying The-

orem 3.1 one can get the matching polynomial of the benzenoid chain
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G = B(y,a,8,7,7,, 8, 8,7, 8) as described in Figure 1. That is

¥(G;x) =x" C(x)A(z)B(x)C(z)C(x)A(z)B(x)B(z)C(x)B(z)y
=3082%° + 2736922 + 86125822 + 13491411222 4 12366203122
+ 73131236527 + 297786358029 + 874105923928
+ 1912794825727 + 3200027326126 + 4171739877520
+ 429987660722 4 3542238495323 + 23505158443 212
+ 126276049442 + 5506294323210 + 19488570562.°
+ 5583259602 4 12870479027 + 2363536445 + 340468725
+ 3757722 + 3063423 + 173627 + 61z + 1.

By considering isomorphisms, it can be readily verified that there are
precisely 10 benzenoid chains of length 5 and 25 benzenoid chains of length
6. By applying Theorem 3.1, the matching polynomials of all the benzenoid
chains of length 5 and benzenoid chains of length 6 are listed in Appendix.

Since the Hosoya index of a graph G can be obtained by z(G) = ¥(G; 1),

then from Theorem 3.1 we have

Theorem 3.2. Let B(03,04,...,0p) be a benzenoid chain with h hexagons.
Then the Hosoya index of B(03,04,...,0y) is given by

Z(B(93,94, ey gh)) = uTM2M3 s thlw,

Aa if9i+1:a;
where u = (5,3,3,2)T, w=(18,8,8,5)1, M; = (B, if ;41 = f3; and
(j7 zf01+1:'y
5 3 3 2 5 3 3 2 5 3 3 2
2 2 1 1 2 2 1 2 1
A= ,B = 30 0 ,C =
2 1 2 1 2 2 1 1 3 2 0 0
1 1 1 1 2 01 0 2 1 00
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By applying Theorem 3.2, the Hosoya indices for all benzenoid chains
of length 5 and benzenoid chains of length 6 can be obtained directly, and
they are listed in Table 1 and Table 2, respectively.

Corollary 3.1. For a linear chain Ly with h > 3 hexagons, we have
z(Ly) = uTA" 2w,

Corollary 3.2. For a helicene chain Hyp with h > 3 hexagons, we have
2(Hp) = uTB" 2w = uTC' 2w.

Corollary 3.3. For a zig-zag chain Zy with h > 3 hexagons, we have

uT(BC)%W if h is even,

h—3

2(Zn) =
uT(BC) = Bw if h is odd.

Now, we give the expected value of Hosoya index of a random benzenoid

chain.

Theorem 3.3. The expected value of the Hosoya index of a random ben-

zenoid chain Bh(plap2ap3)7 p3 = 1 — P1 — D2, 18 given by
E(Z(Bh(plaanp?)))) = uTSh_2W7

where u = (5,3,3,2)T, w = (18,8,8,5)T and

5 3 3 2
S _ 2+ po 3pr+p2—1 2—-p 1—p2
3—p1—p2 2—-m 2p1 +p2 p1+D2
2—p 1—po p1+p2 D1
Proof. Let

S :plA +p2B +ng

5 3 3 2
| 2+p2 3prt+pe—1 2—p1  1—po
3—p1—p2 2—-m 2p1+p2 p1+Dp2

2—p 1—po p1+Dp2 D1
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Then by the law of total expectation [7,19] and Theorem 3.2, we have

E(z(B(03,04,...,0))) =E(uTMyMs - - - M;_;w)
= E(u™, - M, _sAw|0), = a)

+ p2E(u"My - My,_oBw|0), = 3)

+ psE(u"MoMs - - My _oCw |0, = )
=E(u"M;Mjs - Mp_2(p1A + p2B + p3C)w)
=E(u"™M,Ms; - - - M;,_,Sw)
=pE(u™M, - - M;,_3ASw|0,_; = )

+ pE(u™™, - - M, _3BSw|0,_1 = )

+ p3sE(uTMyM; - - My, _3CSw|6,_1 = 7)

=p1E(uTAS" 3w|03 = a)
+p2E(u'BS" P wlds = §)
+ p3sE(uTCS" 3w|f; = 7)

=u(p1A +p:B + ng)Sh_?’w =uTs"?w.

Therefore, we complete the proof. |

4 Independence polynomials of benzenoid

chains

To derive the reduced formula for computing the independence polynomial
of benzenoid chains, we need a column polynomial vector relating the

independence polynomial at an edge uv € E(G) as follows:
Pu(Gs ) = ($(G52), (G — w;2), §(G — v;2), (G —u —v;x))".

Lemma 4.1. Let G be a graph obtained from the edge-coalescence of H

and a hexagon Cg = uvgtsp at edge st, see Figure 2(a). Then we have
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¢uv(G§ 33) = P($)¢st(H; I), where

142z z4+22 z4+22 22
P(z) 142 z4+22 =z z2
142 = z+x? 22
1 T T x>

Proof. By the definition of the column vector ¢,,,(G; z) at a given edge uv,
we just need to consider the values ¢(G;x), (G — u;x), ¢(G — v;x) and
¢(G—u—v;z). Bearing in mind that ¢(Pr;z) = 14+ and ¢(Pe; z) = 142z,
by using Lemma 2.2 we deduce that

¢(G;x) =¢(G — p;x) + 2¢(G — N[p]; )

=¢(G —p—q;z) + 2¢(G —p— Nlg}; z)
+a¢(G — Nlp] — g:) + 2°¢(G — Nlp] — Nlg; )

=¢(Po; 2)¢(H; x) + xp(Pryx)p(H — ;@
+a¢(Pi;a)p(H — s;2) + 2 ¢(Pr; x)¢

=(1+22)¢(H; ) + (z +a*)p(H — s;)
+ (x + 2?)p(H — t;2) + 2°p(H — s — t; 2)

=142z, 2+ 22z + 2%, 2% ¢s (H; 2),

)
(H—-s—t;x)

(G —u;z) =¢(G —u — p;x) + 2¢(G — u — N[p|; 2)
=¢(G—u—p—qz) +2¢(G—u—p—Ng;z)
+2¢(G —u— N[p| — ¢; )
+2%¢(G —u — N[p] - Nigl; )
=¢(P;2)9(H; ) + x¢(H — t;2)
+ad(Piyx)p(H — s;2) + 2 ¢(H — s — ;)
=(1+2)¢(H;2) + (x +27)¢(H — 57)
+ad(H —t;2) + 2°¢(H — 5 — t; 2)
=1+, 2+ 2% z,2%)po (H; 2),
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O(G —viw) =¢(G — v —p;x) + 2¢(G — v — N[p]; )
=p(G —v—p—gr)+2¢(G—v—p—Nlg;z)
+2¢(G —v — N[p] - ¢;2) + 2¢(G — v — N[p] — N[q]; z)
=¢(Pr;2)¢(H; ) + x¢(Pr; 2)p(H — t; 1)
+axd(H — s;2) + 2°¢p(H — s — t; 2)
=(1+z)p(H;z) + 2zp(H — s;)
+ (x4 2H)o(H — t;x) + 22¢(H — s — t;x)
=(1+z,z,2+ 2% 2%) g (H; x)

and

(G —u—viz) =¢(G —u—v—px)+2¢(G —u—v—Npz)
=p(G—u—v—p—qz)+zd(G—u—v—p— N[g|;z)
+2¢(G —u—v—Nlp| — g z)
+2%¢(G —u—v— Np| — Nlg];z)
=¢(H;x) + 2¢(H — s;2) + 2¢(H — t;x)
+ 22p(H — s — t; )
=(1,z,x,2%) o (H; ).

Combining the above four equations, we get ¢, (G;x) = P(z)dst(H; x).
|

Lemma 4.2. Let G be a graph obtained from the edge-coalescence of H
and a hexagon Cg = uvqtsp at edge ps, see Figure 2(b). Then ¢, (G;x) =
Q(2)¢ps(H; ), where

1422 z+4+22 z+22 2
14+2x 0 T+ 22
142z 422 =z
1+2 0 T

Q(z) =

o 8 O R
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Proof. By utilizing Lemma 2.2 we have

0(G2) =(1 + 20)$(H; ) + w6 (H — p; ) + w6 (H — 5;3)
+a?¢(H —p — s;2)
=1+ 22,2 + 2%z + 22, 2?) s (H; 7),

H(G —w;z) =1+ 22)¢(H; x) 4 (2 + 22)p(H — s;2)
=(1+22,0,2 + 22,0)¢,s (H; 2),

O(G = viz) =(L+2)(H; ) + (z+ 2*)(H — p;2)
+xp(H — s;xz) + 22p(H —p — $;x)
:(1+I7I+I2,$,I2)¢pS(H;I),

and

H(G —u—viz) =(1+)p(H;z) + 2¢(H — s;2)
=(1+4x,0,2,0)¢ps(H; ).

Thus we get ¢u.(G;7) = Q()¢ps (H; ).

Lemma 4.3. Let G be a graph obtained from the edge-coalescence of H

and a hezxagon Cg = uvgtsp at edge tq, see Figure 2(c). Then ¢, (G;x) =

R(x)py(H; ), where

142 422 z+22 2

T

R(z) l1+z =« x4+ a2 z2
I ==

142 z+4+2%2 0 0

142 = 0 0

Proof. By employing Lemma 2.2 we have the following four equations.

P(Gsx) =(1+ 22)p(H; ) + (v 4 2°)p(H — t; x)
+ (2 +2?)p(H — ;) + 2°¢(H — q — t; )
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:(1 + 2%‘,37 + .132,.13 + $2,$2)¢tq(H;$),

&G —u;w) =(1+2)p(H; ) + 2p(H — t; 1)
+ (z+2*)p(H — g;x) + 2°¢(H — t — q; ),
=(1 —Hc,:Jc,x—|—962,:r2)¢tq(11f;:10)7

O(G —viz) =14 22)p(H; z) + (x + 22)p(H — t; z)
=(1+4+2z,z+ z2,0, 0)puq(H; ),

(G —u—vix) =(1+2)p(H;z) + 2p(H — t;2)
=14 z,2,0,0)¢4(H; ).

Hence, we get ¢y, (G; ) = R(x)diq(H; ). |

Using a method similar to Theorem 3.1, by Lemmas 4.1, 4.2 and 4.3,

one can get the following conclusion.

Theorem 4.1. Let B(03,6y,...,0p) be a benzenoid chain with h hexagons.
Then the independence polynomial of B(03,04,...,0y) is given by

#(B(03,04,...,01);x) = £ My (2)Ms(x) - - - My _1(z)h,

where £ = (1 +2x,z + 2%, 2+ 22, 22)T, h = (14 62 + 922 +22%,1 + 5z +
622 + 23,1 + 52 + 622 + 23,1 + 4o + 32%)T and

P(J?) Zf ei-‘rl =,

M;(z) = § Q(z) if 611 = B,

R(z) if Oip1=1.
Theorem 4.1 shows that the independence polynomial of any ben-
zenoid chain can be derived by multiplying particular 4 x 4 matrices

and two terminal vectors. As an example, for the benzenoid chain G =
B(v,«a, 8,7,7,a, 8, 8,7, B) illustrated in Figure 1, applying Theorem 4.1
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one can get easily that

¢(G;z) =f"R(2)P(2)Q(2)R(2)R(z)P(2)Q(2)Q()R(z)Q(x)h
=227 4 1492°* + 47162 + 842192% 4 9449392>" + 71139212°
+ 37612865 + 144452239z + 413698802z + 9024063092 "°
+ 15252026592"° + 2025080563z + 2135176098z
+ 180224521122 + 1224596278z + 6718984322 ™°
+ 2978310952° + 1064155012° + 304794162" + 69310792°
+ 12325822° 4 167478z" + 167662° + 11642° 4 502 + 1.

For all the benzenoid chains with 5 hexagons and benzenoid chains with
6 hexagons, the independence polynomials are listed in Appendix.

Since the Merrifield-Simmons index of a graph G can be obtained by
0(G) = ¢(G; 1), then from Theorem 4.1 we have

Theorem 4.2. Let B(03,04,...,0,) be a benznoid chain with h hexagons.
Then the Merrifield-Simmons index of B(0s,0y,...,0p) is given by

0(3(93794, ey Hh)) = STMgMg tee Mh,1t7

Pa Zf 9i+1 = Qa;
where s = (3,2,2, 1)1, t =(18,13,13,8)", M; =1 Q, if ;41 = B; and

R, ifb0i1=1v
3 2 2 1 3 2 2 1 3 2 2 1
2 2 1 1 3 0 2 0 2 1 2 1
P = Q= R =
2 1 2 1 2 2 1 1 3 2 0 0
1 1 1 1 2 01 0 2 1 0 0

Applying Theorem 4.2, the Merrifield-Simmons indices of benzenoid
chains with h hexagons are listed in Table 1 and Table 2 for h = 5 and
h = 6, respectively.
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The explicit closed formula for the Merrifield-Simmons index of linear

chain Ly, is in the following.

Corollary 4.1. For a linear chain Ly with h > 3 hexagons, we have
o(Ly) = sTPI -2 = B/ (LoD 4 8080 (1y8) ",

Proof. We can diagonalize matrix P as

0 0 0 0
0 1 0 0
U 'PU=
7—/33 )
0 0 =8
00 0 Ty
where
1 0 3(5v/33-29)  3(5v/33+29)
7v/33—39 7v/33+39
1 -1 11v/33-63 11133463
U= 7/33—39 7v/33+39
1 1 114/33-63 111/33463
7/33-39 7v/33+39
1 0 1 1
and
1 _1 _1 1
1 4 1 4
1 1
U-1— 0 ~3 2 0
= —5v33—-11 1 1 1 1 34 13
88 8 8/33 8 833 8 ' 833
5v/33-11 V33433 V33433 3 _ _13
88 264 264 8  8V33
Then,
0 0 0 0
0 1 0 0
Ph—2 :U B U—l
0 0 (=) 0
0 0 0 (YB3aTy" 2

Thus, by Theorem 4.2 we get o(Ly) = sTP" 2t = %(%m)h +

33—5@(7—@)@ [ ]

22 2

Corollary 4.2. For a helicene chain Hy with h > 3 hexagons, we have
o(Hp) =sTQ' 2t = sTR" 2.
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Corollary 4.3. For a zig-zag chain Zy with h > 3 hexagons, we have
h—2

sT(QR) =t if h is even,

oz == VL
s (QR) = Qt if h is odd.

In the following, we give the expected value of Merrifield-Simmons

index for a random benzenoid chain.

Theorem 4.3. The expected value of the Merrifield-Simmons indezx of a

random benzenoid chain By(p1,p2,ps), p3 = 1 — p1 — pa, is given by
E(o(Bn(p1,p2.p3))) =s' W"2t,

where s = (3,2,2,1)T, t = (18,13,13,8)T and

3 2 2 1
W — 2+ p2 L=pi+p2 2—p1  1-po
3—p1—p2 2—p 2p1 +p2 p1+Dp2
2—p 1—po pL+p2  Pp1
Proof. Let

W =p:P 4+ p>Q + psR

3 2 2 1
| 2+p l—=pi+p2 2—p1  1-p2
| 3-pi-p 2-m 2p1 +p2 p1+Dp2
2—-p 1—p2 pL+p2  p1

Then by the law of total expectation [7,19] and Theorem 4.2, we have

E(o(B(03,04,...,01))) =E(s"MyMs - -- M, _1t)
=p1E(s"™; - - - M;,_»Pt|0), = «)
+ poE(s"™My - - - M Qt|6), = )
+ p3B(sTMyM3 - - - My, _oRt|6) = 7)
=E(s"M2M3 - - Mj,_o(p1P + p2Q + psR)t)
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=E(sTMyMs; - - - Mj,_oWt)

= E(s™™, - - M;,_3sPWt|0,_1 = «)
+peB(sTMy - - - My, _3QWt|6),_1 = j3)
+ p3B(sTMoMs3 - - My, _3sRWt|0),_1 = )

=p1E(sTPW"3¢|05 = «)
+p2E(sTQW"Pt|d = )
+psE(s"RW" 2t = )

=sT(p1P + p2Q + psR)W" 3¢ = sTW" ¢,

Therefore, we complete the proof. |

5 Conclusion

In this paper, we have effectively obtained reduction formulas for the
matching polynomial and independence polynomial of benzenoid chains
through the utilization of the transfer matrix technique. These formu-
las have facilitated the computation of the Hosoya index and Merrifield-
Simmons index for benzenoid chains with h hexagons, and have also en-
abled the derivation of explicit formulas for the expected values of these
indices in random benzenoid chains. Moreover, the techniques developed
in this study can be naturally extended to compute matching polynomials
and independence polynomials for catacondensed benzenoid systems and
k-polygonal chains, such as polyomino chains, pentagonal chains, heptag-

onal chains, and octagonal chains.

Appendix

1. The matching polynomials of benzenoid chains with 5 hexagons.

Y(B(a,a,a);z) = 6z + 281210 + 27062 + 1040728 + 2031427 +
2265325 + 153822 + 6557x* + 175823 + 28722 + 262 + 1;
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Y(B(a,a, B);z) = 9z + 330210 + 294529 + 1092228 + 2087227 +
929762 + 1548325 + 6573z* + 175923 + 28722 + 261 + 1;

P(B(a, B,a);z) = 102t + 337210 + 297829 + 109712° + 2090327 +
2298525 + 154842 + 6573x* + 175923 + 28722 + 262 + 1;

(B(a, B, 8);x) = 11att 4 364210 + 31342° + 113442° + 2133827 +
9325325 + 1557325 + 65882 + 176023 + 28722 + 262 + 1;

Y(B(a, B,7); 1) = 11zt + 366210 + 315427 + 1140728 + 2141727 +
2329726 + 1558425 + 6589z + 176027 + 28722 + 262 + 1;

Y(B(B,a, B);x) = 1221 4 379210 + 31842 + 1143728 + 2143027 +
232992° + 155842° + 6589z + 176023 + 28722 + 262 + 1;

(BB, a,y);z) = 1221 + 380210 + 31902° + 1144828 + 2143627 +
233002° + 155842° + 6589x* + 176023 + 28722 + 267 + 1;

W(B(B,5,8);x) = 1321 + 400210 + 332022 + 117622% + 2180327 +
2353025 4 15663z° + 6603x* + 176123 + 28722 4 26z + 1;

W(B(B, B,7);z) = 132! + 400210 + 332729 + 117972® + 2185927 +
2356626 + 1567325 + 66042 + 176123 + 28722 + 262 + 1;

Y(B(B,7,B);x) = 13z + 402210 + 33472° 4 118602° 4 2193827 +
2361028 + 156842° 4+ 66052% + 176123 + 28722 + 262 + 1.

. The matching polynomials of benzenoid chains with 6 hexagons.

Y(Bla,a,a,a);x) = Tz'? + 46922 + 63742 + 3483620 + 982132° +
16197328 + 16791927 + 11415725 + 5202425 + 15962z + 32472% + 41922 +
3l + 1;

Y(Bla,a,a, B);2) = 112" + 57122 + 70992 + 3718520 + 10227027 +
16600328 + 17031527 + 1150192° + 522072° + 15983x* + 324823 + 41922 +
3l + 1;

W(Bla,a, B,8);x) = 142" 4 64122 + 7660z + 390932 + 10562427 +
16938328 + 17236627 + 115778x° + 523742 + 16003x* + 324923 + 41922 +
3lx + 1;

Y(B(a, B, o, a); x) = 132" + 59122 + 7223z + 3749820 + 1026402° +
1662342°% + 17039427 + 1150332° + 522082° + 15983z + 32482 + 41922 +
3lx 4+ 1;
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W(B(a, B,a,B);x) = 172" 4 69322 + 7948z + 398472 + 1066972 +
1702642°% + 17279027 + 1158952° + 523912° + 16004z + 32492 + 41922 +
3lx 4+ 1;

Y(B(a, B,a,7);x) = 172" + 69522 + 7968z + 399102 + 10677627 +
17030828 + 17280127 + 1158962° + 523912° 4 16004z* + 32492° + 41922 +
3lx 4+ 1;

¥(Bla, B, 8, );x) = 152" 4 65322 + 7744 + 393242 + 1059142° +
16957428 4+ 17243527 4+ 1157912° 4 523752 + 16003z* + 324922 + 41922 +
3lx + 1;

W(Bla, B,8,7);z) = 18z + 7282'2 4 8313z + 413002'° 4 10953627 +
17333628 + 17474227 + 1166382° + 525575 + 16024z + 32502 4+ 41922 +
3l + 1;

¥(B(a, 8,7, a);z) = 1523 + 6572'2 + 78002 + 395962'° 4- 1064782 +
17016328 + 17276727 + 1158932 + 523912 + 16004x* + 324923 + 41922 +
3l + 1;

W(B(a, 8,7, ); ) = 18z + 7322'2 4 83692 + 4157220 4- 1101002° +
17392528 + 17507427 + 1167402 + 525732 + 160252* + 325023 + 41922 +
3lz + 1;

Y(B(B, o, o, B); ) = 162 + 68422 + 78702 + 3962620 4 1064192° +
17007928 + 17272227 + 1158822° + 523902° + 16004z + 32492 + 41922 +
3lx 4+ 1;

(BB, a,a,7);x) = 162 + 68522 + 78762 + 3963720 4+ 1064252° +
170080z% 4 17272227 4 115882x° + 523902° + 16004z* + 324923 + 41922 +
3lx 4+ 1;

(BB, o, B,7);x) = 1923 + 7572'? 4 8480z + 4177320 4 1102882° +
17401728 4+ 17509627 4+ 1167422° 4+ 525732 + 160252* + 325022 + 41922 +
3lx + 1;

Y(B(B, o, v, B);x) = 1923 + 7592'2 4 85002 + 418362'° 4 1103672 +
17406128 + 17510727 + 1167432° + 5257325 + 160252 + 32502 + 41922 +
3l + 1;

W(B(B,a,7,7);x) = 192" + 755212 4- 84442 4 4158020 4- 1098352° +
17349628 + 17478327 + 1166422 + 525572 + 16024x* + 325023 + 41922 +
3l + 1;
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W(B(B, B, B);x) = 1923 + 75522 + 84372 + 415452 + 10977927 +
1734602°% + 17477327 + 1166412° + 525572° + 16024z + 32502 + 41922 +
3lx 4+ 1;
W(B(B, B, B,a);x) = 18z 4+ 72922 + 83062*" + 412072 + 1092422° +
17294528 4 174485z 4 1165502° + 525422° + 16023z* + 32502° + 41922 +
3lx + 1
(BB, 8,5, 6); z) = 21z® + 80522 + 8868zt + 430902 + 112570z° +
17631628 4+ 17653527 4+ 117309z° 4+ 527092° + 16043z* + 325122 + 41922 +
3lx + 1;
W(B(B, B, B,7);x) = 21z + 807x'? 4 88972 + 4324120 4 1129322° +
17674528 + 17680227 + 11739825 + 5272445 + 16044z + 32512 + 41922 +
3l + 1;
W(B(B, B,v,a);x) = 18z + 7292'2 4 83202 + 413332'° 4 10958527 +
17336728 + 17475127 + 1166392 + 525572 + 16024x* + 325023 + 41922 +
3l + 1;
W(B(B, 8,7, B);x) = 21z + 807x'2 4 89112 + 4336720 4 1132752° +
17716728 + 17706827 + 1174872 + 527392° + 160452* + 325123 + 41922 +
3lz + 1;
W(B(B, B,7,7);x) = 212" + 80522 4 8868z + 4313920 4 1127662° +
1766102% + 17674527 + 1173862° + 527232° + 16044z + 32512 + 41922 +
3lx 4+ 1;
P(B(B,7, a,a);x) = 14z + 6442 + 77092 + 393322'° + 1061392° +
16994128 4+ 172689z 4+ 1158792° + 523902° + 16004x* + 32492° + 41922 +
3lx 4+ 1;
Y(B(B,7,8,7);x) = 21z" + 811x'% + 8967z"" + 436232'° + 113807z +
1777322° + 17739227 + 1175882° + 527552 4 16046z* 4 32512° + 4192° +
3lx + 1;

W(B(B,7,7,B);x) = 212" + 807z 4 8911z + 4335120 4 1132432° +
17714328 + 17706027 4 1174862° + 527392° + 16045z* + 32512° + 41922 +
31z + 1.

. The independence polynomials of benzenoid chains with 5 hexagons.

#(B(a,a,a);z) = 221 +81210 47302 4292128 + 635627 + 821025 +
65702° + 33222* + 105873 + 20522 + 222 + 1;



804

&(B(a, a, B); ) = 22 + 69210 + 66227 +27862° + 623427 + 815525 +
65582 + 332121 + 105823 + 20522 + 222 + 1;

d(B(a, B, a); z) = 221 + 65210465027 +27732°% 4622827 + 815425 +
65582 + 332121 + 105823 + 20522 + 222 + 1;

&(B(a, B, B);x) = 22" +612'0 +6142° +26842° + 613627 + 810825 +
654725 + 332021 + 105823 + 20522 + 22z + 1;

B(B(a, B,7); ) = 2211 + 61210 +6062° + 26602° + 611427 +81002° +
654625 + 332024 + 105823 + 20522 + 227 + 1;

#(B(B, a, B);x) = 22 46120 4+6022° + 26562 +-611327 + 810025 +
65462° + 33202 + 105823 + 20522 + 222 + 1;

&(B(B,a,); x) = 201 + 61210 +5982° +26522° + 611227 4+ 810025 +
65462° + 33202 + 105823 + 20522 + 222 + 1;

#(B(B, B, B); ) = 22 +57210 +5702° +25832° + 603827 + 806125 +
65362° + 33192 + 105823 + 20522 + 222 + 1;

&(B(B, B,7);x) = 221 + 57210 +5702° 4257128 + 602227 4805425 +
65352 + 33192 + 105823 + 20522 + 222 + 1;

&(B(B,7,B); ) = 221 + 57210 +5622° 4+ 254728 + 600027 4 804625 +
653425 + 331924 + 105822 + 20522 4+ 22z + 1.

4. The independence polynomials of benzenoid chains with 6 hexagons.

d(B(a, o, v, ) ) = 2213 + 109212 4 130621 + 7058210 + 2134229 +
39803x% + 4816227 + 3886026 4+ 211822 + 7795x* + 190223 + 29422 +
26z + 1;

d(B(a, o, , B); ) = 2013 + 93212 + 11622 + 6582210 + 2056627 +
3910928 + 4780627 + 3875625 +211662° + 779424 + 190223 + 29422 +
26z + 1;

&(B(a, a, B3, 8); ) = 2213 + 81212 + 105821 + 6231210 + 199712 +
385532° + 4750727 + 3866425 4+ 211512° + 7793x* + 190223 4 29422 +
26z + 1;

&(B(a, B, o, a); ) = 2213 + 85212 + 112221 + 6504219 + 204902° +
3907028 + 4779627 4+ 3875525 + 211662° + 779424 + 190223 + 29422 +
262 + 1;
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&(B(a, B, a, B);x) = 223 + 77212 + 10102 + 6074210 + 197442° +
3838528 + 4744127 4+ 3865125 + 2115025 + 77934 + 190223 + 29422 +
26z + 1;

&(B(a, B, a,y);x) = 2213 + 77212 + 1002211 + 6050210 + 197222 +
3837728 + 4744027 4+ 3865125 + 2115025 + 77934 + 190223 + 29422 +
26z + 1;

&(B(a, B, B,a); x) = 2213 + 77212 + 10342 + 6178210 + 199142 +
3852128 + 4749827 4+ 3866325 +211512° + 77932+ + 190223 4 29422 +
26z + 1;

&(B(a, B, B,7);x) = 223 + 7322 + 95821 + 5837210 + 192602° +
3788228 + 4715427 + 3856025 + 211352 + 7792x% + 190223 4 29422 +
26z + 1;

d(Bla, B,v,a); ) = 2213 + 77212 + 1018211 + 6098210 + 197662° +
383932° + 4744227 + 386512° + 211502 + 7793z% + 19022 + 29422 +
261 + 1;

&(B(a, B,7,B);x) = 22 + 73212 + 9422 + 5757210 + 191122° +
3775428 + 4709827 + 3854826 4+211342°% + 77922* + 190223 + 29422 +
26z + 1;

&(B(B, o, i, B); ) = 2213 + 81212 + 10342t + 6123210 + 197972 +
3841628 4+ 4745027 + 386522 + 211502° 4+ 7793z + 190223 4 29422 +
26x + 1;

&(B(B, o, ,7); ) = 22" + 8122 + 10302 + 611920 4 1979627 +
3841628 + 4745027 + 386522 + 211502° + 77932+ + 190223 + 29422 +
26z + 1;

&(B(B, a, B,7);x) = 2213 + 7322 + 94221 + 5745210 + 190962° +
3774728 + 4709727 + 3854820 + 211342° 4+ 77922* + 190223 4 29422 +
26z + 1;

&(B(B,a,7,B);x) = 22 + 73212 + 9342 + 5721210 + 190742° +
3773928 + 4709627 + 3854825 + 2113425 + 779224 + 190223 + 29422 +
26z + 1;

#(B(B,a,7,7);x) = 22 + 73212 + 946211 + 5789210 + 192092° +
3786122 +47151z" 4+ 3856026 4+211352°% + 77922* + 190223 + 29422 +
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26z + 1;

&(B(B,8,a, B);x) = 2213 + 73212 + 9462t + 5801210 + 192252 +
37868x% + 4715227 + 385602 +21135x° + 77922 + 190223 + 29422 +
2%z + 1;

#(B(B, B, B,a);x) = 2213 + 73212 + 9542t + 5849210 + 1932720 +
3796628 + 4719927 4+ 3857125 +211362° + 779224 + 190223 4 29422 +
26z + 1;

#(B(B, B, B, B);x) = 213 + 6922 + 8902 + 5552210 + 187642° +
3741928 + 4690127 + 3847920 + 2112125 + 77912 + 190223 + 29422 +
26z + 1;

&(B(B,8,5,7);x) = 223 + 69212 + 8862t + 5520210 + 186792 +
373288 + 4685527 + 3846825 4+ 2112025 4+ 7791x* 4+ 190223 + 29422 +
26z + 1;

&(B(B, B,7v,a);x) = 223 + 7322 + 95421 + 5825210 + 1924720 +
3787628 + 4715327 4+ 3856025 + 2113525 + 77922* + 190223 + 29422 +
26z + 1;

&(B(B, B,7,B);x) = 223 + 69212 4 8862 + 5496210 + 1859927 +
3723828 + 4680927 + 3845725 +211192° + 779124 + 190223 + 29422 +
262 + 1;

&(B(B, B,7,7);x) = 223 + 69212 + 890zt + 5552210 + 1872829 +
3735928 + 4686427 + 384692 4+211202° + 77912* + 190223 + 29422 +
26z + 1;

&(B(B,7,a,a);x) = 22" 4+ 8122 + 10462 + 616320 4 1983627 +
3843128 4+ 4745227 + 3865228 +211502° + 77932 + 19023 4 29422 +
26z + 1;

&(B(B,7,8,7);x) = 2213 + 69212 + 874x'! + 5428210 + 184642° +
3711628 + 4675427 4+ 3844525 + 2111825 + 779124 + 190223 4 29422 +
26z + 1;

&(B(B,7,7, B);x) = 22! + 69212 + 890zt + 5508210 + 1861227 +
3724428 + 4681027 + 3845726 +211192° + 77912* + 190223 + 29422 +
260 + 1.
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Table 1. The z-index and o-index of benzenoid chains with 5 hexagons.

Benzenoid chain  z-index o-index ‘ Benzenoid chain  z-index o-index

) 80378 20478 | B(B,a,8) 83988 28686
( ) 82183 29073 | B(B,a,y) 84013 28677
(a,8,0) 82314 29037 | B(B,B,8) 85169 28452
( ) 83679 28758 | B( ) 85314 28416
( ) 83899 28695 | B( ) 85534 28353

Table 2. The z-index and o-index of benzenoid chains with 6 hexagons.

Benzenoid chain  z-index o-index ‘ Benzenoid chain  z-index o-index

B(a,o,a,a) 655632 187842 | B(B,a,7,8) 699691 180336
) 670362 185259 | B(B,a,7,y) 697836 180741
) 682636 183234 | B ) 697691 180777
) 671516 185007 | B ) 695748 181092
) 686246 182550 | B ) 707968 179211
) 686466 182487 | B ) 700313 178941

,B,B,a) 683528 183054 | B ) 697024 180840
) B )
) B )
) B )
) B )
) B )
)

=

696893 180876 710589 178689
685464 182613 708809 179067
698829 180435 684441 182829
685392 182721 712444 178284
685417 182712 710508 178725
699471 180399
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