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Abstract

Let G be a graph with adjacency matrix A. The energy of G is
denoted by £(G) and defined as the sum of the absolute values of the
eigenvalues of A. In this paper we study the problem of variation
of the energy when a vertex is deleted. Concretely, we show that if
G is a graph and GY) is the graph obtained from G by deleting the
vertex v; of G, then

E(G) — £(GV)) < 2/dj,

where d; is the degree of v;. Moreover, equality occurs if and only if
the connected component of G containing v; is isomorphic to a star
tree and v; is its center. Afterwards, we introduce a new approach
to the local energy of a vertex and initiate the study of its basic
properties.

1 Introduction

Let G be a graph with adjacency matrix A. The energy of G is denoted
by £(G) and defined as the sum of the absolute values of the eigenvalues
of A. We refer the reader to [9,12] for further information on graph energy

and [1,2,10] for recent results.

*Corresponding author.


https://doi.org/10.46793/match.92-1.089E

90

The problem of how the energy of a graph changes when some of its
edges are deleted was first studied by Day and So [5,6], and more recently
in [13]. Tt is our main concern in this paper to study the problem of the
variation of the energy when a vertex is deleted. Concretely, based on Ky
Fan’s triangular inequality theorem for the trace norm, we show that if G
is a graph and GU) is the graph obtained from G by deleting the vertex
v; of G, then

E(G) - E(GY)) < 24/d;,

where d; is the degree of v;. Moreover, equality occurs if and only if the
connected component of G' containing v; is isomorphic to a star tree and
v; is its center.

Intuitively, £(G) — £(GY)) measures the contribution of the vertex v;
to the energy of G. So in Section 3, we define naturally the local concept of
energy of G at vertex v; and initiate the study of its basic properties. This
new approach should be compared to the interesting concept of energy of
a vertex introduced in [3], defined as the diagonal elements of the matrix
(AA*)% . Finally, we introduce a new energy defined as the sum of the
local energies, and show that it is upper bounded by the regular energy of

a graph.

2 Graph energy change due to vertex dele-
tion

Recall that a real symmetric matrix M is positive semidefinite when-
ever it satisfies " Mz > 0 for all + € R"™. This is well-known to be
equivalent to the fact that all eigenvalues of M are nonnegative [11]. We
will use in our arguments below the property that if the diagonal element
[M],,. of a positive semidefinite matrix M is equal to zero, then all ele-
ments in the row k£ of M and all elements in the column k of M are equal
to zero.

Recall that the trace norm of the matrix M, denoted by ||M]., is
the sum of its singular values. When M is real and symmetric, | M]||. is

precisely the sum of the absolute values of its eigenvalues. The following
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result will be crucial in our study of the variation of the energy when a

vertex is deleted.

Theorem 1. [5], [8]. Let X,Y be square matrices of the same size. Then
1+ Yl < [[X [+ (Y]]

Equality holds if and only if there exists an orthogonal matrixz P, such that
PX and PY are both positive semidefinite.

Let G be a graph with set of vertices V(G) = {v1,...,v,} and G the
graph obtained from G by deleting the vertex v;. Let A be the adjacency
matrix of G and AU) the matrix obtained from A by deleting the row and
the column j. Clearly, AY) is the adjacency matrix of GU). Let B be
the matrix obtained from A by substituting the row and column j of A by

zeroes.

Theorem 2. Let v; be a vertex of a graph G of degree d;. Then
0 < E(Q) — E(GV) < 2./d;.

Equality in the left occurs if and only if v; is an isolated vertex. Equality
in the right occurs if and only if the connected component of G containing

v; 48 isomorphic to a star tree and v; is its center.

Proof. The left inequality and equality condition is well known [12, Theo-
rem 4.19].
Next we prove the right inequality. Note that

E(GQ)=E(GD) = ||All.— AV = | A~ 1BV < |[A=BY|.. = 2,/d;.
(1)

Suppose that £(G) — £(GY)) = 2\/d>j. Without loosing generality, we
may assume that 5 = 1. By (1), ||A[« — [|BM|, = ||A — BM||, which

implies
I(A=BW)+BW|. = [A]. = [|A= BV + |BV]..

It follows from Theorem 1 that there exists an orthogonal matrix P = (p;;)
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such that P(A — BM) and PBM are positive semidefinite. Note that
P(A— BW) and (A — BW)P are similar matrices since PT = P~! and

(A—BW)P=P"PA-BY)P.
In particular, (A — BM)P is also positive semidefinite.

Let vg, . .., v, be the vertices of G that are adjacent to v;. Then A—B®)
is the 2 x 2 block matrix

where C' is the s x s matrix

0 1

1 0
c=1|1 0’

: 0

1 0 0 0

and the rest are zero matrices of the adequate size. It easily follows that

(A—B<1>)P=<X Y),
O O

where X is the s x s matrix

P21+ +Ps1 P2+ +DPs2 o P2s Tt Pss
P11 P12 P1s
X = p11 P12 T P1s ,
P11 P12 P1s

and Y is the s X (n — s) matrix
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P2s+1+  + Pss+1 P22t FPss+2 0 P2n o+ Psin
P1,s+1 P1,s+2 e Pin
Y = P1,s+1 P1,s+2 et Pin
Pi1,s+1 pl,s+2 e Pi,n

Since (A — BM)P is positive semidefinite and the diagonal elements

[(A B B(l))P} K 0

for all s+ 1 < k < n, we deduce that Y = 0. Moreover, the diagonal
elements pi2, P13, ..., p1s of X are all strictly positive, otherwise we would

have a zero row in the orthogonal matrix P, a contradiction.
On the other hand,

{PB(I)} o ;Plk [B(l)}m =0

Since PBW is positive semidefinite and p1; = 0 for all s +1 < k < n, it
follows that

0= [PB(I)} y = ;pw {B(l)} . = P12a2; + p13a3; + - - + D1sQs;

for all 2 < j < mn. But pp > 0 for all 2 < k < s implies that ay; = 0 for
all 2 <k <sand 2 < j <n. In other words,

(5

This clearly implies that the connected component containing v; is a star
tree and vy is its center.

Conversely, assume that G is isomorphic to the direct sum of a star
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tree S with center vertex v; and a graph L. Then clearly

(@) —EGM) = £(5) =2V/d;. [

3 Local energy of a graph at a vertex

We keep the notation introduced in the previous section. Intuitively,
E(G) — E(GY)) measures the contribution of the vertex v; to the energy
of G.

Definition 1. Let G be a graph with set of vertices {v1,...,v,}. We

define the local energy of G at vertex v; as
Ea(v;) = £(G) = £(GY). (2)

Directly from Theorem 2 we deduce the following result.

Corollary 1. Let G be a graph and v € V(G) with degree d,,. Then

0 < Ea(v) < 2V/d,.

Moreover, equality in the left inequality occurs if and only if v is an isolated
vertex. Equality in the right inequality occurs if and only if v is the center

of a star.
Example 1. Let us compute the local energy for some special graphs.

1. Let G = K, the complete graph with n vertices. We know that
E(K,) =2(n—1) and €(K7(,j)) = 2(n —2), for all vertex v; of K,.
Hence

¢k, (vj))=2(n—-1)—2(n—2) =2,

for all j.

2. Let G = C), be the cycle on n vertices. Then
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deot T if m =0 (mod 4)
E(Ch) =<(4cescZ  if n=2 (mod4),
2csc g if n=1 (mod 2)

and for each vertex v; in Cy,

£(CY) = £(Py_y) = 2cot 5= —2 if n=0 (mod 2) .

! 2csc 4= —2 if n=1 (mod 2)

Hence,

Ec,(v;) = E(Cy) — E(CY)
2—2cot 5 +4cot T if n=0 (mod 4)
=492—2cot g~ +4csct if n=2 (mod 4) -
2 if n=1 (mod 2)

Note that the complete graph and the cycle are regular graphs for which
the local energy is constant for every vertex. This is not always the case

for general regular graphs.

SG(UQ) ~ 1.26
Ec(v1) =~ 2.56 V2 Ec(v3) ~ 2.56

(J
U7
Ea(vr) ~ 1.26

[ ] (]
U4\ /’U6
£c(va) ~ 2.56 s £c(v6) ~ 2.56
Ea(vs) =~ 1.26

Figure 1. A regular graph with different local energies.
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Example 2. Consider the graph G depicted in Figure 1. G is a 4-regular

graph, however, the local energy is not constant at every vertex.
The following problem naturally arises.
Problem 1. Assume that the local energy of a graph is constant at each
vertex of the graph. Is the graph regular?

Next we consider the local energy of the complete bipartite graph K, ,.

Example 3. Let G = K, ,, the complete bipartite graph with p + ¢
Assume that P is the set of p vertices and @ is the set of ¢

vertices.
vertices of G. Then (K, 4) = 2,/pg and for v; € P and v; € Q,

(KM =2/(p—1)q,

and
E(KY)) =2/plg—1).
Consequently,
5Kp~q (Ui) = 2\/1T -2 (p - 1)(]7
and
€k, ,(v5) = 2¢/pqg — 2+/p(q — 1).

In particular, in the star tree S, the local energy at the center vertex v;

is

gsn (1}1) = 2\/71 — 1,

and for any leaf v;

Es, (vj) =2Vn—1-2vn—2.
L is nonincreasing in the

z—1

From the fact that the function g (x) =
interval [2, +00], we easily deduce that if ¢ > p > 1 then

€k, ,(vi) > €k, ,(v),
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for all v; € P and v; € Q. In other words, if u,v € K, 4 and d,, > d,, then

€k, ,(u) > Ek, ,(v). This is not always the case for general graphs, as we

can see in our next example.

Example 4. Consider the graph G depicted in Figure 2. Although d,, <
dy,, we have that Eg(v1) &~ 2.02 > 1.34 ~ Eg(va).

gg(vg) ~ 1.34

Ea(v1) =~ 2.02 " Ea(vs) =~ 1.34
2
U1 o V3
[ ] (]
(] (]
Vg () Ve
Us
Ec(va) =~ 2.02 Ea(ve) =~ 1.34

Ea(vs) = 1.34

Figure 2. Local energy is not increasing with respect to the degree of
the vertices.

Recall that if G is a bipartite graph with n vertices, then

a(x) =Y (=1)"m(G. k)z" 2, (3)

k>0

where m(G, k) is the number of k-matchings of G (that is, the number of
selection of k independent edges of G). If Gy and G4 are bipartite graphs
such that m(G1, k) > m(Ga, k) holds for all k& > 0, then we write G; = Ga.
If m(Gy,k) > m(Ga, k) for at least one k, then we write G1 > Ga. It is
well known [9] that

G- Gy = 5(G1) > S(GQ) (4)

Proposition 3. Let v; and v; be vertices of the bipartite graph G. If
G = GUY) then Eg(v;) > Ea(v;).

Proof. By (4), if G® = GU) then £(G™) > £(GW). Now by Definition



98

Ealv)) — Ealvy) = E(GD) — E(GV) > 0,
Hence, Eq(v;) > Ea(vi). |
Example 5. Let P, be the path on n vertices. For alli =1,...,n,

P =P _1UP,_,,

where Py is the empty graph. Let n = 4k + s, where s € {0,1,2,3}.
By [12, Lemma 4.6],

P » PO o o plR+D) o pR) o p2k=2) o pM) o p(2),
It follows from Proposition 3 that

gpn (Ul) < an (Ug) <0< gpn (v2k+1) < Epn (UQk-)

< gpn (’UQ}C,Q) << 5pn(1]4) < 5pn(’U2).

We end this section with the following natural question: if H is a
subgraph of the graph G and v is a vertex of H, is it true that g (v) <
Ea(v)?

Eky 5 (v2) = 1.10

5K3‘3(v1) ~ 1.10 SKS,S(U3) ~ 1.10
U2
U1 ° U3
[ ) ( J
(] (]
V4 ° Ve
Us
5K3‘3(v4) ~ 1.10 SKS,S(UG) ~ 1.10

8K3=3(U5) ~ 1.10

Figure 3. Complete bipartite graph K3 3.

Example 6. Let H be the graph depicted in Figure 2. Note that this is a
generator subgraph of the complete bipartite graph K33 3 (shown in Figure
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3), since it is obtained by adding the edge vivs. However, Ex(vy) =~
2.02 > 1.10 = &k, ,(v1). Consequently, adding an edge to a vertex does
not necessarily increase the local energy at the vertex.

On the other hand, consider the graph G depicted in Figure 4 and the
cycle Cy. Clearly, Cy is an induced subgraph of G. However, £, (v2) =~
118 > 1.12 & Eg(vs).

Eq(v1) ~2.14 Eq(va) = 1.12 Eo,(v1) = 1.18 Eco,(vg) = 1.18
U1 V4 U1 V4
o o— o o— o
Ec(vs) = 1.60
[ J
Us \
o — e o— o
V2 U3 V2 U3
Eq(v2) = 1.12 Ea(v3) ~ 2.76 Ec, (v2) ~ 1.18 Ec, (v3) ~ 1.18

Figure 4. The cycle C4 as an induced subgraph of G.

4 Local energy of a graph

We introduce now a new type of graph energy.

Definition 2. Let G be a graph. The local energy of G is defined as

(@)= Y &)

vEV(G)
Example 7. Let us compute the local energy of some special graphs.
1. Let K,, be the complete graph on n vertices. By Example 1 item 1,

e(Kn)= Y. &k, (v)=2n

veV(Ky)

2. Let C}, be the cycle on n vertices. By Example 1 item 2,
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]
a
3
=

I

> o, (v)

veV(Cy)

2n — 2ncot 5 +4ncot = if n =0 (mod 4)

2n —2ncot 5 +4ncsc T if n=2 (mod 4) -

2n if n=1 (mod 2)

3. Let K, 4 be the complete bipartite graph. It follows from Example
3,

e(prq) = Z ng,q (U)

vEV(Kp,q)
=Y &k, )+ > &k, ,(v)
vEP veEQ

= 2p (vpa— Vo —1a) + 24 (vbi— vola - 1))
=2(p+q)v/pg — 2p/(p — 1)g — 20/p(g — 1).

In particular,

e(Sp) =2nvn—1-2(n—1)vVn—2.
We have the following bounds on the local energy of a graph.

Theorem 4. Let G be a graph. Then,

0<e(@) <2 > V. (5)

Equality in the left inequality occurs if and only if G is totally disconnected.
Equality in the right inequality occurs if and only if G is a direct sum of

copies of Ko plus some isolated vertices.

Proof. The left inequality (and equality condition) follows directly from
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Corollary 1. To see the right inequality, note that again by Corollary 1,

(@)= Y &)< Y 2/ (6)

veV(G) veV(G)

If

€(G) = Z dU7

veV(G)

then by the inequality (6) we deduce that

Z gG(U): Z 2@7

veV(G) veV(G)

and so by Corollary 1, £(v) = 2/d,, for all v € V(G), which implies that
every vertex in G is the center of a star tree. This is equivalent to say that
all connected components of G are K5 or isolated vertices.

Conversely, if G is a direct sum of r copies of K5 plus s isolated vertices,

where r, s are nonnegative integers, then it is clear that

e(G) =4r = Z 2v/d,. |

veV(G)

We can improve the upper bound given in Theorem 4 for the local

energy of a graph using the regular energy of a graph.

Theorem 5. Let G be a graph. Then

e(G)<26(G) <2 > V. (7)

veV(G)

Proof. We first show the left inequality in (7). Let A be the adjacency
matrix of a graph G on n vertices and AU) the matrix obtained from A by
deleting the row and the column j. Let BU) be the matrix obtained from

A by substituting the row and column j of A by zeroes. Observe that

n

(n—2)A=Y BY, (8)

j=1
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and |AYD ||, = || BY|,, for all j =1,...,n. Hence,

* *

(n—=2)[|[All. = ll(n — 2) All. = Hzn:B(j) < En: HB(J‘> _ zn: HA(j)
j=1 L =1 j=1

(9)

In other words,
(n—2)£(G) <Y E(GY),
j=1
or equivalently,
oG =3 (E(G) - E(GU))) <28(Q)
j=1

The right inequality in (7) was shown in [3, Theorem 3.1]. |

Remark. The equality holds in the right inequality of (7) if and only if
G is a direct sum of copies of K5 plus some isolated vertices. This is a
consequence of [3, Proposition 3.2], since £(G) = X, cy () V/d, if and only
if every vertex of G is the center of a star.

On the other hand, it is clear that if G is a direct sum of r copies of
K plus s isolated vertices, then e(G) = 4r = 2&(G). So for these graphs,
equality holds in the left inequality of (7).

An interesting problem to solve is the following.

Problem 2. Characterize graphs G such that e(G) = 2E(G).

References

[1] A. Aashtab, S. Akbari, N. J. Rad, H. Kamarulhaili, New upper bounds
on the energy of a graph, MATCH Commun. Math. Comput. Chem.
90 (2023) 717-728.

[2] S. Akbari, H. Lin, Improved lower bound on the energy of line graphs,
Lin. Algebra Appl. 674 (2023) 442-452.

[3] O. Arizmendi, J. Fernandez-Hidalgo, O. Juarez-Romero, Energy of a
vertex, Lin. Algebra Appl. 557 (2018) 464-495.



103

[4]

[11]

[12]
[13]

D. Cvetkovic, M. Doob, H. Sachs, Spectra of Graphs: Theory and
Application, Academic Press, New York, 1980; 2nd revised ed.: Barth,
Heidelberg, 1995.

J. Day, W. So, Singular value inequality and graph energy change, EL
J. Lin. Algebra 16 (2007) 291-299.

J. Day, W. So, Graph energy change due to edge deletion. Lin. Algebra
Appl. 428 (2008) 2070-2078.

R. del Vecchio, I. Gutman, V. Trevisan, C. Vinagrea, On the spectra
and energies of double-broom-like trees, Kragujevac J. Sci. 31 (2009)
45-58.

K. Fan, Maximum properties and inequalities for the eigenvalues
of completely continuous operators, Proc. Nat. Acad. Sci. USA 37
(1951) 760-766.

I. Gutman, Acyclic systems with extremal Hiickel m-electron energy,
Theor. Chim. Acta 45 (1977) 79-87.

I. Gutman, J. Monsalve, J. Rada, A relation between a vertex-degree-
based topological index and its energy, Lin. Algebra Appl. 636 (2022)
134-142.

R. Horn, C. Johnson, Matriz Analysis, Cambridge Univ. Press, Cam-
bridge, 1985.

X. Li, Y. Shi, I. Gutman, Graph Energy, Springer, New York, 2013.

L. Tang, M. Lin, Q. Li, Graph energy change on edge deletion,
MATCH Commun. Math. Comput. Chem. 90 (2023) 709-716.



	Introduction
	Graph energy change due to vertex deletion
	Local energy of a graph at a vertex
	Local energy of a graph

